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Editorial Introduction

The present volume, entitled “Interpolation, Schur functions and moment prob-
lems II”, contains a selection of essays on various topics in Schur Analysis and
addresses the goals set in 2006 in Volume 165 “Interpolation, Schur functions and
moment problems” of the OT Series.

The origins of Schur Analysis lie in I. Schur’s remarkable 1917/1918 two-part
paper [33] which includes his insightful approach to constructing an algorithm for
solving the coefficient problem for functions holomorphic on the unit disk D :=
{z € C : |z] < 1} that are also bounded by 1. The class of all such functions is
now referred to as the Schur class. The algorithm has come to be known as the
Schur algorithm. The English translation of Schur’s paper [33] and research papers
on the Schur algorithm were published in volume 18 of the OT Series (see [19]).

Schur’s parametrization ([33]) of a Schur function’s Taylor coefficients using
a sequence of contractive parameters was the starting point for many applications
of Schur analytic methods to various types of block matrices. Schur showed that
lower triangular Toeplitz matrices resulting from the Taylor coefficient sequence
of a Schur function are contractive. Schur’s results represent a particularly note-
worthy special case, which opened the gateway to more general cases and led to
the development of Schur analytic methods for other block matrices. The theory
developed for non-negative Hermitian matrices is a particularly interesting exam-
ple of these later developments. More specifically, it was shown that non-negative
Hermitian matrices can be fully described using their diagonal blocks and a trian-
gular configuration of contractive matrices, often referred to as a choice triangle.
Every non-negative Hermitian matrix corresponds to a triangular configuration
of matrix balls. A contractive parameter taken from the choice triangle then in-
dicates the position of the relevant block within the corresponding matrix ball.
Further information on Schur Analysis of block matrices and related topics can
be found, for instance, in Bakonyi/Woerdeman [9], Constantinescu [11] as well as
Dubovoj/Fritzsche /Kirstein [12] and references therein.

R. Nevanlinna deserves particular mention for being among the first to rec-
ognize, adapt and further develop Schur’s ideas. In his dissertation (see [27]),
R. Nevanlinna arrived at a modification of the Schur algorithm with which he
was able to describe all Schur functions satisfying certain interpolation conditions.
Nevanlinna was unaware of the fact (likely due to the tumultuous times of World



2 Editorial Introduction

War I in which he obtained his results) that Pick [30] had already determined nec-
essary and sufficient conditions for the aforementioned interpolation problem in
terms of whether or not a particular matrix (later given the name Pick matriz) con-
structed from the given data was non-negative Hermitian. Interpolation problems
remained a favourite subject of R. Nevanlinna. His most significant achievements
in this field are found in his 1929 article [29] in which he discusses many new
ideas on characterizing the connection between limit point and limit circle cases.
It should be mentioned that reprints of the papers Schur [33], Nevanlinna [29]
and Pick [30] as well as Herglotz [23] and Weyl [36] are all to be found in the
collection [17].

R. Nevanlinna is also responsible for introducing a very interesting approach
to power moment problems on the real axis (see [28]). Inspired by his work on
interpolation problems in [27], R. Nevanlinna found a way to restate the Ham-
burger moment problem on the real axis as an equivalent problem. The equiva-
lent problem involves finding functions holomorphic in the open upper half-plane
It :={z€C : Imz € (0, +oo0)} with a given asymptotic expansion and having
non-negative imaginary parts. This reformulation of the problem makes it possi-
ble to apply Schur’s method for power moment problems. The, up to this point,
groundbreaking work of Stieltjes [34] and Hamburger [20] was based on continued
fractions methods. A survey of the theory of classical power moment problems is
found in Akhiezer [5].

Bolstered by the advances in operator theory and influenced by the needs
of electrical engineering, signal transmission and processing, as well as prediction
theory for stationary stochastic processes, Schur’s method experienced a renais-
sance near the end of the 1960s. The publications of Adamjan—Arov—Krein [1-4]
laid the groundwork for this resurgence of the Schur method and led to intensive
research on matrix and operator versions of classical interpolation and moment
problems. The flexibility and variety of Schur analytic methods led to the publish-
ing of an exceptionally large number of books dedicated to this topic: Alpay [6],
Alpay/Dijksma/Rovnyak/de Snoo [7], Bakonyi/Constantinescu [8], Bakonyi/-
Woerdeman [9], Ball/Gohberg/Rodman [10], Constantinescu [11], Dubovoj/Frit-
zsche/Kirstein [12], Dym [13], Foias/Frazho [15], Foias/Frazho/Gohberg/Kaas-
hoek [16], Helton [24], Katsnelson [25] (see also [26], which is the English trans-
lation of the first part of [25]), Rosenblum/Rovnyak [31], Sakhnovich [32]. These
books share the common feature that they all deal with matrix and operator gen-
eralizations of Schur’s method.

Schur Analysis’ rapid growth and evolution is documented by the numerous
articles, particularly the many recent articles, published on topics in Schur Anal-
ysis. It is to be expected that these developments will continue for quite a while
to come. This volume addresses a number of current trends and developments in
Schur Analysis. By and large, the focus is on matricial generalizations of Schur’s
and Nevanlinna’s earlier described classical results.

The first central theme of this volume involves matrix versions of power mo-
ment problems on partial intervals of the real axis as well as how these problems
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might be approached. The solvability of such moment problems can be character-
ized by regarding a block Hankel matrix constructed from the initial data and con-
sidering its Hermitian non-negativeness. This leads to a need to know more about
the inner structure of block Hankel matrices. Before going into further detail on
this, it is worth recalling a similar topic, very much related to non-negative Hermit-
ian block Toeplitz matrices. As part of developing approaches to matrix versions of
interpolation problems for the Carathéodory and Schur function classes, much was
done in the 1980s to describe the inner structure of non-negative Hermitian and
contractive block matrices (see, for instance, Dubovoj/Fritzsche/Kirstein [12]).
The focus was on block Toeplitz matrices and it was determined that a non-
negative Hermitian block Toeplitz matrix could be uniquely described with a se-
quence of contractive parameters. This parameter sequence, often referred to as a
Schur parameter sequence, contains considerable information on the inner structure
of a given block Toeplitz matrix. The next task was to find a similarly useful inner
parametrization for non-negative Hermitian block Hankel matrices. The canonical
Hankel parametrization, which was introduced in [14] and [18], proved to be a
very effective tool. A number of questions concerning the inner structure of spe-
cial non-negative Hermitian block Hankel matrices could thus be resolved. Closely
related to the search for these answers is the need for a corresponding Schur-type
algorithm for finite and infinite sequences of complex matrices.

The second main theme of this volume relates to the theory of matricial
Carathéodory functions and deals with various aspects of this theory. The close
connection to the theory of orthogonal rational matrix functions on the unit circle
is among the most important tools used in discussing these topics.

This volume contains six papers, and we now review their contents.

Reciprocal sequences (of finite and infinite sequences of matrices) and their
applications: The paper “On the concept of invertibility for sequences of complex
p X q matrices and its applications to holomorphic p X q¢ matriz-valued functions”
by B. Fritzsche, B. Kirstein, C. Madler and T. Schwarz focuses on a type of in-
vertibility for finite and infinite sequences of complex p X g matrices. The problem
of characterizing all invertible sequences of complex p X ¢ matrices naturally leads
to what will be referred to as first term dominant sequences of complex p X ¢ ma-
trices. Given an invertible sequence of complex p x ¢ matrices, the question of how
to determine its inverse sequence (of complex ¢ X p matrices) is answered using a
recursively defined sequence of ¢ X p matrices, called its reciprocal sequence. This
definition opens up many possibilities for analyzing and solving a great number of
matricial complex function theory problems. This includes, for example, the prob-
lem of characterizing the holomorphicity of a holomorphic p X ¢ matrix-function
F’s Moore-Penrose inverse F''.

The paper “On reciprocal sequences of matricial Carathéodory sequences and
associated matrixz functions” by B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn
discusses, among other topics, applications of reciprocal sequences to a particular
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subclass from matricial complex function theory. The focus is, in particular, on the
case p = ¢q and the class Cq (D) of all ¢ x ¢ Carathéodory functions on the open
unit disk D := {w € C: |w| < 1}. These are all ¢ x ¢ matrix-functions  that are
holomorphic in D and for which j [Q(w) + Q*(w)] is non-negative Hermitian for
all w € D. As an important result, it is shown that for any function Q € C, (D),
the Moore-Penrose inverse Q1 of this function again belongs to C, (D). It is also
determined that the Taylor coefficient sequence of Q7 is the reciprocal sequence
to Q’s Taylor coefficient sequence.

In the paper “On a Schur-type algorithm for sequences of complex p X q ma-
trices and its interrelations with the canonical Hankel parametrization” by
B. Fritzsche, B. Kirstein, C. Méadler and T. Schwarz, a further application of
reciprocal sequences is discussed. The central focus is on special classes of se-
quences of complex g X ¢ matrices that are closely related to a number of different
matricial versions of the Hamburger Moment Problem on the real axis R. Given
a sequence (s, );.io of complex p x ¢ matrices, the reciprocal sequence of complex

q X p matrices (SJri
of p X ¢ matrices. This makes it possible for an algebraic approach to matricial
versions of the Hamburger Moment Problem to be modelled on the basis of this

algorithm.

);‘io is used to develop a Schur-type algorithm for sequences

Matricial power moment problems: With “The multiplicative structure of
the resolvent matrix for the truncated Hausdorff matriz moment problem”, Abdon
E. Choque Rivero offers a continued look into topics from his earlier collaborations
with Yu.M. Dyukarev, B. Fritzsche and B. Kirstein. These collaborations yielded a
constructive approach to obtaining a special polynomial resolvent matrix. Choque
Rivero derives a factorization of this polynomial as a product of linear factors.

The paper “On a special parametrization of matricial «-Stieltjes one-sided
non-negative definite sequences”, by B. Fritzsche, B. Kirstein and C. Madler, deals
with topics concerning the matrix version of the Stieltjes moment problem for a
half-infinite closed interval. The authors obtained characterizations of the solvabil-
ity for the relevant moments in earlier collaborations with Yu.M. Dyukarev. These
solvability criteria say that the initial data sequence must be one-sided a-Stieltjes
non-negative definite. The class of all such matrix sequences serves as a starting
point for this paper. The objective here is to derive an inner parametrization for
sequences of this class. This parametrization should, in a particular manner, reflect
the one-sided a-Stieltjes structure of the aforementioned sequences. The authors
used a similar approach in their earlier work regarding Hankel non-negative definite
sequences. There, they obtained that the structure of these sequences was clearly
recognizable in their canonical Hankel parametrizations. The authors, furthermore,
constructed a Schur-type algorithm which yielded the Hankel parametrization as
part of its result. The approach used here for the a-Stieltjes case is quite similar.
The first step involves a detailed look at the constructed a-Stieltjes parametriza-
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tion. In particular, a relationship between this parametrization and the Hankel
parametrization is established.

Orthogonal rational matrix-valued functions: In a series of papers, over the
past decade, B. Fritzsche, B. Kirstein and A. Lasarow worked out essential features
of a Szeg6 theory for orthogonal rational matrix-valued functions on the unit circle
and applied this theory to corresponding interpolation and moment problems. The
paper “On mazximal weight solutions of a moment problem for rational matriz-
valued functions” continues these studies and focuses on special canonical solutions
of the matricial moment problem under consideration. These canonical solutions
turn out to be molecular non-negative Hermitian measures on the unit circle, which
means that they are concentrated on a finite set of points of the unit circle. It is
shown that these canonical solutions have a particular extremal property which is
connected to a maximal mass condition in a prescribed point of the unit circle.
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On the Concept of Invertibility for Sequences
of Complex p X g-matrices and its Application
to Holomorphic p X g-matrix-valued Functions

Bernd Fritzsche, Bernd Kirstein, Conrad Madler and Tilo Schwarz

Abstract. The main topic of this paper is the invertibility of finite and infinite
sequences of complex p X g-matrices. This concept was previously considered in
the mathematical literature for the special case in which p = ¢, under certain
regularity conditions, in the context of matricial power series inversion. The
problem of describing all (finite and infinite) invertible sequences of complex
p X g-matrices leads directly to the class of “first term dominant” sequences
(s; );:0 of complex p X g-matrices. These sequences have the property that
the null space of sg is contained in the null spaces of all s;, while the range of
so encompasses the range of every s;. The inverse sequence (s;c )j:O in C?*P
for an invertible sequence ('s;)}_, in CP*4 is then constructed. This leads, in
conjunction with the concept of power series inversion, to a general recursive

method for constructing a reciprocal sequence (sé1 );:0 in C?*? to any given

sequence (s;)_, in CP*9. It is shown that if (s;)}_, is invertible, then its
inverse and reciprocal sequences coincide, i.e., (sj’j )K = (sﬁ‘ )K .
J/5=0 J/5=0

Using reciprocal sequences allows for interesting new approaches to a
number of fascinating problems in matricial complex analysis. This paper
considers the holomorphicity of the Moore-Penrose inverse of a p X g-matrix-
function, using an approach based on analyzing the structure of Taylor coef-
ficient sequences. A main result of this paper states that the Moore-Penrose
inverse F'' of a complex p X g-matrix-function F which is holomorphic in an
open disk K of the complex plane C is holomorphic in K if, and only if, the

Taylor-McLaurin coefficient sequence (s;)7_, for F' at the center 2o of K is
invertible. When this is the case, the reciprocal sequence (55 );=0 to (s5)7
is the Taylor-McLaurin coefficient sequence for F! in z.

Mathematics Subject Classification (2010). 30E05; 15A09.

Keywords. Inverse sequence corresponding to an invertible sequence of com-
plex px g-matrices, reciprocal sequence corresponding to an arbitrary sequence
of complex matrices, invertible sequences of complex p X g-matrices.
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0. Introduction

Let ¢ be a positive integer and let f be a holomorphic g x ¢g-matrix-valued function,
defined in some disk, K, around the origin, and satisfying

det [f(2)] #0,
for all z € K. The ¢ x g-matrix-valued function,
7t K — C74, defined by FHz2)=1f(2)]"

is then also holomorphic in K. Suppose that the Taylor series of f and f~! around
the origin are given by

f(Z)ZiSij and f_l(Z)Ziszj.
=0 =

Kaluza [13] was the first to study the relationship between the sequences (r; );‘io
and (s, )?’;0 for the scalar case, ¢ = 1. Jurkat [12], Lamperti [14], Brietzke [3] and
Baricz/Vesti/Vuorinen [1] also continued to study this relationship. It should be
mentioned that Kaluza’s results are useful in the study of renewal sequences (see
Horn [11], Hansen/Steutel [10]).

For each non-negative integer n, the sequences (r; );’;0 and ( s );io are then
linked by the formulas

so 0 - 0\ fro 0O - 0
S1 S0 ... O 1 0 e 0

= I(n+1)q7 (0 1)
Sn Sp—1 - S0 ™ Tn—-1 - To

where I, 11y is the unit matrix of order (n +1)q. Thus, for each non-negative
integer n, the matrices of the left-hand side of (0.1) are non-singular and
-1

so 0 - 0 o 0 - 0
51 sp -+ O rn ro - 0
Sn Sn—1 e S0 Tn Thn-1 e L)

We are interested in a generalization of these results to the case in which p and ¢
are positive integers and f is a holomorphic p x g-matrix-valued function, defined
in some disk, K, around the origin.

For each complex p x g-matrix A, we will use A’ to denote the Moore-Penrose
inverse of A. Given f, we define

ff: K —coe as ) =[f()]".

We want to find suitable characterizations of the holomorphicity of f1 in K. Specif-
ically, our goal is to characterize the holomorphicity of fT in terms of the sequence,

(85 );’io, of Taylor coefficients belonging to f.
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We are, thus, naturally led to consider the class of p X g-matrix-sequences,
(sj)52,, for which there exists a ¢ x p-matrix-sequence (7; ), such that for each

j=0" j=0
non-negative integer n:
T
So 0 -0 0 0 e 0
s1 s - 0 rn ro - 0
=1. . . .| (0.2)
Sp Sp—1 " S0 ™ Tn—-1 =~ To

Sequences of this type will be called invertible sequences and will serve as the main
focus of the first part of this paper. We will later give a complete description of all
invertible sequences of p x g-matrices. If (s, );io is one such invertible sequence,
then it will be shown that there exists a unique sequence, (7; );’io, satisfying (0.2)
for each non-negative integer n. We will, furthermore, present a concrete method
for constructing (r; )72 from (s;)Z, (see Theorem 4.21).

This paper is organized as follows. Section 1 serves as a quick review and
summary of some of the notation used in this paper.

In Section 2 we introduce the concept of invertibility for finite and infinite
sequences of complex p X g-matrices. We pay special attention to a particular
subclass of invertible sequences. The results we obtain for this subclass then dictate
how we proceed further. One of our main objectives for the remainder of this
paper then consists of extending the results for this subclass to the greater class
of invertible sequences.

We give an overview of important rules for working with invertible sequences
in Section 3.

Central to this paper is Section 4, in which we give a characterization of
invertible sequences and, furthermore, explicit formulas for constructing the inverse
sequence (see Theorem 4.21).

Section 4’s results give us a new perspective on the class of invertible se-
quences and thus serve as our motivation for Section 5. In particular, we take
an extensive look at the construction of reciprocal sequences for finite and infi-
nite sequences of complex p X g-matrices. This leads us to a characterization of
the invertibility of a sequence in terms of its reciprocal sequence (see Proposition
5.13).

To begin Section 6, we present some additional rules for working with in-
vertible sequences. The main result of Section 6 is Theorem 6.11, which offers
us important insight into the structure of a given invertible sequence ( s; )';’:0 of
complex p X g-matrices. Specifically, we find that every such sequence is gener-
ated (in a certain way) by a suitably constructed sequence, (§; );”:07 of complex
r X r-matrices with r := rank so and det 5y # 0.

Section 7 focuses on a special subclass of invertible sequences of complex
q X g matrices, called EP sequences (see Definition 7.1). These are sequences in
C?*4 for which every lower-triangular block Toeplitz matrix of the type defined in
Notation 2.1 is an EP matrix.
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In Section 8 we examine the properties of the Moore-Penrose inverse F'f, for
a holomorphic (in a non-empty open and connected subset, G, of C) p X g-matrix-
function F'. The main result of Section 8 is Theorem 8.9, which says that, if I is a
matrix-function, holomorphic in a point zy of its domain, then F is holomg)orphic
O (z0) )

in zg if, and only if, the sequence of F’s Taylor coefficients, ( Jt

1)
invertible. Whenever this is indeed the case, we also recognize ( (71) | (=0) )
7=0

FG () ) 0

it ) iy

In this paper, we will often draw upon the theory of Moore-Penrose inverses.

For this reason, we have summarized some of the relevant information on the

Moore-Penrose inverse in Appendix A. In particular, we look at the Moore-Penrose

inverse of a product of matrices (see Proposition A.5 and Proposition A.7) and

verify special results on the Moore-Penrose inverse of a block-matrix under certain
constraints (see Proposition A.10, Corollary A.11 and Corollary A.12).

as the inverse sequence to (

1. Some notation

Let C, R, Ng, and N be the set of all complex numbers, the set of all real numbers,
the set of all non-negative integers, and the set of all positive integers, respectively.
For every choice of o, f € RU{—00, 400}, let Zq g be the set of all integers k for
which o < k < 3. Whenever there is no ambiguity with regard to the size of a
matrix, we will omit the indices.

Throughout this paper, let p and ¢ be positive integers. If X' is a non-empty
set, then let XP*? be the set of all p X g-matrices with elements in X. We will
write Opxq for the zero-matrix in CP*9, and will use I, to denote the unit matrix
in C9%4,

We will write C{{? and CL*?, respectively, for the set of all Hermitian and
non-negative Hermitian complex ¢ X g-matrices. For each A € CP*?, let R(A) be
the range of A and let NV(A) be the null-space of A. If n € N and if (vj)}_, is a
sequence of complex p X g-matrices, then let

n

Gop = (V1,05 0p)"

r n

row(vg)p_q = (v1,V2,...,0p) and col(v;)

With A® B, we denote the Kronecker product of the matrices A = (a;x)j=1,..p €
k=1,...,q
CP*% and B € C"**: A® B := (a;yB)j=1,...,p. We draw attention to the fact that,
k=1,...,q
if s € CP*? and if m € Ny, then the (m+1)px (m+1)g-matrix diag(so, so,- - -, So)

can be expressed as I),+1 ® sg.

If M is a non-empty subset of C?, then M+ stands for the orthogonal com-
plement of M in C? (with respect to the Euclidean inner product). Furthermore,
if U is a linear subspace of CP and if V is a linear subspace of C%, then U @V is
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the set of all vectors w € CP*? which admit the representation w = (:j) for some

ueldandov e V.

2. A first look at invertible sequences in CP*¢

In this section we will introduce the concept of invertibility for finite as well as
infinite sequences of complex matrices. We begin with some notation, which will
help simplify things.

Notation 2.1. Given a x € NoU{ +00 } and a sequence ( s, );:0 in CP*4, we define,

for each m € Zy, ., the lower-triangular block Toeplitz matrix Sg}? as

50 0 0 - 0
S1 S0 0 L 0

s@i=|s2 s s 0 0 (2.1)
S, Sm—1 Sm—2 e So

Whenever it is clear which sequence is meant, we will simply write S,, instead
of Sg}i).

The following definition will prove to be, for our purposes, a very important
and useful one.

Definition 2.2. Let m € Ny. A sequence (sj);-”zo of complex p x g-matrices is called
invertible if there is a sequence (r;)}7, of complex g x p-matrices such that the

t
Moore-Penrose inverse [Sg;i) ] of the matrix Sg;i) coincides with the block Toeplitz
matrix Sg).

Remark 2.3. If m € Ny and (sj)gnzo is an invertible sequence of complex p X ¢-
matrices, then there is a unique sequence (rj);»”zo of complex ¢ x p-matrices such
that

{sg;)r — s, (2.2)

t
Recalling Corollary A.11, we see that this sequence, (T‘j);nzo, satisfies {S,(j)} =

S,(:) for each k € Zo .

Remark 2.3 leads us to the following definition, which complements Defini-
tion 2.2.

Definition 2.4. A sequence (Sj)?io of complex p x g-matrices is called invertible if

there is a sequence, (r;)72, of complex g x p-matrices such that (2.2) holds true
for each non-negative integer m.
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Notation 2.5. Given a k € No U {+o00}, we will use Z, x4, to denote the set of all
invertible sequences, (sj);f”:07 of complex p x g-matrices.

Definitions 2.2 and 2.4 along with Remark 2.3 lead us to:

Definition 2.6. Let x € No U {+oo} and (s;)5_g € Zpxq,x- The unique sequence
(75)5=¢ with (2.2) for each m € Zo, K, is called the inverse sequence corresponding

to (sj)—o and will be denoted by (s )J 0-
Remark 2.7. Let k € NoU {400} and (s; )';’:0 € Tpxgq,k- From Remark 2.3, we
see that the following statements hold:

(a) (85))2g € Lpxgm for all m € Zg, .

(b) For all m € Zy, ., the inverse sequence corresponding to ( s; );’;0 is (s§ );.n:O.

(¢) For the first element of the inverse sequence, we have S(i) = sg.

Remark 2.8. Let k € NoU {+o00} and (s;)5_g € Zpxq,x- Using (A.1) and recalling
Definitions 2.2 and 2.4, we see that (s;’j);”:o € Zyxp, and, furthermore, that (s;)5_,
is the inverse sequence corresponding to (5§)§:o~

Remark 2.9. Let r,s € N, U € C™P with U'U = I,, k € Ng U {400},

(85)5=0 € Lpxqn, and V € C?** with VV* = I;. Using part (c) of Lemma A.3, we
see that

[diag (U)}-y - Sy - diag (V)72,) " = diag (V)7 - 81, - diag (U*)12,,
for all m € Zy . Consequently, (UsjV) _o belongs to Z, s, and (V*s iU*) o 1S
the inverse sequence corresponding to (Usj V)« =0

We now consider a generic subclass of invertible sequences. The results we ob-
tain for this subclass (see, for instance, Proposition 2.11 and Proposition 2.14) will
later dictate how we proceed in studying the larger class of invertible sequences.
One of our goals will be to, in some way, extend these special-case results to the
greater class.

Notation 2.10. Given a £ € NU{ 400 }, we will use quq’ 1 to denote the set of all
sequences ( s; ) _o such that sg is invertible.

Applying [8, Lemma 5.6] yields the following useful properties for iqxrz, o
Proposition 2.11. If k € Ng U {400} and (s; ) 0 € Tyxq.r, then
(a) (sj ) 0 € Lyxq,w and (si )J 0 € Iqxq’

(b) The sequence (8§ );:0 is given by

50717 Zf k:O

k—1
Zsk,jsﬁ , if K€l x
i=0



Matrix-sequence Invertibility and Holomorphic Matrix-functions 15

or, alternatively, by

80_1, Zf k=0
Si _ k—1
— Zsi_jsj so” Y, if k€Zy k.
j=0

K . .y . i K .

() If (s5)i—o is a sequence of Hermitian matrices, then (sj )j:O is also a se-
quence of Hermitian matrices. Correspondingly, the inverse sequence for a
sequence of symmetric matrices will also be a sequence of symmetric matri-
ces.

—1 of
(d) det sl = (det s0)™ 40 and [Sg)} = Sg;, ), for each m € Zg ..

Next, we show that quq,,.{ is closed with respect to the Cauchy product,
which is defined as follows:
Notation 2.12. Let x € No U {+oc}. For sequences (s;)5_, and (t;)5_, in CP*4

and C7*7 respectively, we will denote the Cauchy product of these two sequences
by ((s @t) )J os 1.e., for all j € Zg:

J
(s@t); = anfj_z.

Remark 2.13. Let & € NoU{+oo}. Suppose, furthermore, that (s;)5_, and (t;)5_g
are, respectively, sequences in CP*9 and C?*". If (uj)j:() is a sequence in CP*"
then
(uj)i—o = (( ©t), ) . if and only if SWSH — 8w for all m € Zg .
j=
Proposition 2.14. Let £ € Ng U {+o0}. If (s, )j _o and (t; ) _o are sequences of

complex q X q-matrices, then:
(a) ((s Qt)j)j;O € Tyxq.x if and only if the sequences (SJ) _o and (t; );—0

both belong to quq -

K

(b) 1f ()} € Zyxaun and ()5 € Tyngns then ((s08),) € Ty

((s@t) )J . ((t*@si)j)::o.

Proof. (a) Follows directly from (s ®t), = soto-
(b) Let m € Zg, ;. Using part (d) of Proposition 2.11, we have

[852) } B = Sr(rfi), [ng) } - = Sr(rii) and [S%QS) } - = ST(,EtQS)i).

Combining this with Remark 2.13, we obtain

S = [0 [s6)] = [s0] " [s0]

and
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([s0][s0])" <[] =)
from which we get (b). O

Now that we have covered the class quqvm we again turn our attention
to the general class Z,x g, of invertible matrix-sequences. We next show that our
definition for invertibility could easily have been formulated using upper-triangular
instead of lower-triangular block Toeplitz matrices.

Notation 2.15. Given a £ € Ny U {+o00} and a sequence (s, );”:0 in CP*4, we

define, for each m € Zy_,, the upper-triangular block Toeplitz matrix Sg;i) as

So S1  S2 Sm
0 so s1 -+ Sm—1

s& =0 0 so - Smz)|. (2.3)
o o o .- S0

Whenever it is clear which sequence is meant, we will simply write S,,, for ngb).

Remark 2.16. It should be noted that, for each x € Ny U {+oo}, for each sequence
(sj);?:() of complex p x g-matrices, and for each m € Zy ., the block Toeplitz
matrices S,, and S,,, are connected via the equality

Sm = Up.mSmUqg.m, (2.4)

where Uy, = (5j,m—qu)}ﬂ,'k:o and J;, is the Kronecker symbol, i.e., d;, = 1 for
Il =n and 0, = 0 for I # n. Since the matrices U, ,, and U, are unitary and
Hermitian, we obtain the following identity from (2.4) and part (c¢) of Lemma A.3:

St =Ur,, St U =U,mS!Upm. (2.5)

qg,m—m=~ p,m
Remark 2.17. Let m € Ny. Furthermore, suppose that (s; )7, and (r;)7, are,
respectively, sequences in CP*? and C?2*P. Using (2.1) and (2.3), we see that

[SSZ) } = s if and only if (s );"':0 = (r;“ );n:O .

Proposition 2.18. If k € Ng U {400} and (s; )';’:0 is a sequence of complex p X q-
matrices, then the following statements are all equivalent:

(1) (Sj );:0 € IpX(],K,'

(ii) There is a sequence (r;)"

T
=0 of complex q X p-matrices such that {Sgﬁ)} =
SS:;) for each m € Zg, .

When condition (i) is met, the sequence (r; )';’:0 is uniquely determined andr; = st

J
for each j € Zo, m.-
Proof. Combine Remark 2.16 and Remark 2.3. g
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From Proposition 2.18 we see that, as announced, the concept of invertibility
could also have been based on upper-triangular block Toeplitz matrices.

3. The arithmetic of invertible sequences
In this section, we derive rules for working with invertible sequences.

Remark 3.1. If m € Ny and (s;)""

=0 is a sequence in CP*4, then

-loc -]

. T
where Ssrsl ) and SS{: ) are, respectively, the lower-triangular block-Toeplitz-ma-
trices (see (2.1)) corresponding to the sequences (s;‘ );,n:O and (s;: );,n:O.
Lemma 3.2. Suppose r € No U {+00} and that (s;)5_ is a sequence from CP*1.
Then

(87)5=0 € Zgxp if and only if (85)5=0 € Lpxq,n-
: " : , .
In this case, ((sj) >j:0 is the inverse sequence corresponding to (s%)5_g-
Proof. Combine Proposition 2.18 and Remark 3.1. g

Remark 3.3. Let k € No U {400} and let (s;)5_g € Zyxg,x- If 57 = s; for each j €
Zg, i, then, from Lemma 3.2, we see that the inverse sequence (S;t) %_o corresponding
to (sj);?:() is also a sequence of Hermitian matrices.

Proof. Use Lemma 3.2. O

Lemma 3.4. Suppose k € NoU{+o0} and that (s;)5_, is a sequence from CP*4. [t
then holds that

(S;:)f:o € Lyxpr if and only if (sj);”zo € Tpxgr-

K
In this case, ( (s§ )T) s the inverse sequence corresponding to (s;F )Ki .
=0 =0

Proof. Apply Proposition 2.18 and Remark 3.1. g

Remark 3.5. Let k€ No U {+oo} and let (s;)i_ € Zyxqn- If 5] = s, for each
J € Zy,, then we see from Lemma 3.4 and Remark 3.1 that the inverse sequence,
i

(5§)§:07 of (sj);”zo satisfies (sj)T = s} for each j € Zo ..

Lemma 3.6. If k € Ny U {+oo} and (s;)"

i=0 € Ipxqn, then, for each
mEZO,,{:

SiSh = Im+1 ® (s054), 81Sm = Im+1 ® (shs0) 3.1)
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and
SmSh = Im41 ® (s0s)), St.Sm = Ini1 ® (shs0)- (3.2)
If, furthermore, p=q and if R (so) = R (sy), then
SnS! =8!S, and SmSI = SI Sp,

for every m € Zy .

Proof. We start with the proof of the first identity in (3.1). Let m € Zg, . We see

from the construction of the sequence (s§ );:0 that

Si = s,(,fi). (3.3)

Let (C;)}_, = ( (sost )j )j:
For each j € Zg, y, we thus have

Y e
. be the Cauchy product of (s;);_, and (sj )j:0'

J
Cj = ZSjSiij. (34)

k=0

From (3.4) and part (c) of Remark 2.7, it follows that Cy = sosg). Using Remark
2.13 and (3.3), we obtain

of
S(@) — st = S,.S! . (3.5)

Since (S,,S1, )* =S,,S!,, we see from (3.5) that
(s§§>)* — SO, (3.6)

Using (3.6), Cyp = sosg and the definition of S (see (2.1)), we conclude that
S = mtl @ (Sosg ). Thus, equation (3.5) implies the first equation in (3.1).

The second identity in (3.1) can be similarly verified.

Having just proved (3.1), we can now use these identities to obtain (3.2),
since, using (2.4) and (2.5), the identities in (3.2) follow from (3.1).

If p=qand N(so) = N(s§), then from Proposition A.4 we see that

8088 = sgso. Thus, combining (3.1) and (3.2) yields the remaining assertions. [

Remark 3.7. If k € NgU{+00} and (s;)5_g € Zpxg,x, then the proof of Lemma 3.6

shows that (s ® st )j =00, sosg and (st ©® s)j =00, sgso for each j € Zg .
Now we turn our attention to the Cauchy product of invertible sequences of
complex matrices. The following result generalizes Proposition 2.14.

Proposition 3.8. Let v € Ng U {400} and (s; )';’:0 € Tpwqr- If (t; )';’:0 € Lyxrn
with R (s§) =R (to), then

((s@t)j)::OeIpw,n and ((s@t)ﬁ);0=((ti@si)j)jzo.
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Proof. Let m € Zy,,.. By assumption, we have

T st T 1
[sW] = s and [s®] = sit). (3.7)
Remark 2.13 yields
* gi ,i Si
S0 =8l . s and sites) — gt g, (3.8)

Formula (A.4) yields

55 (s5)" = sis0 (3.9)
and
0] ([s9]) = (s12)'st. (3.10)

Since R (s§) = R (to), part (b) of Lemma A.3 yields s ( s W= tot(‘;. Thus, from
(3.9), we see that

sbso = tot). (3.11)
Applying Lemma 3.6 gives us
t
[sﬁ,ﬂ S¢) = I, 11 ® (5850) (3.12)
and
t

m

s S“)} - m+1®(tot$). (3.13)
1

Using (3.10), (3.12), (3.11) and (
(0] ([0]) = [s2)'s82 = s @ (ko)
=1 ® (totg) =s® [sg,ﬂ*.
Thus, part (b) of Lemma A.3 yields

R([s])=r(s).

Hence, from Proposition A.7, we get

{s@s“)}T - {ss;)r [sgfgr. (3.14)

3.13), we get

m T m

Finally, applying (3.8), (3.14) and (3.7) yields

k0] - s - ] ) o8- -

m

which completes the proof. O
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If | € Z2 oo, £ € No U {400}, and (s;)5_ is a sequence in C7*¢ with
non-singular matrix s, then Proposition 2.14 yields (s;)5_q € Zgxgq,x- Further-
more, we know that the I-th Cauchy product of (s; );:0 is in Zgxgq,x, and that

(o) ) ;

is the inverse sequence to ( (@2:1 s) ) , l.e.

((09),) emme e ((0)) ~((09),)

If so satisfies R (so) = R (s ), then this result can be extended to the degenerate
case:

Proposition 3.9. Ifl € Z2 40, k € NgU {400}, and (sj)f:() € Lyxq,rx are such that
so satisfies R (so) = R (sg), then

((0),) emer o ((0) ~((09),) -

l
k=1 k=1 k=1

Proof. From Corollary A.8 for each k € N, we get R (sf) = R (so) and conse-
quently R ( sk ) =R (s}). Now the assertion follows by induction from Proposi-
tion 3.8. 0

From Remark A.9 we see that Proposition 3.9 works, in particular, for the
case in which sg is a normal matrix.

4. Constructing the inverse sequence

The main focus of this section will, firstly, be on coming to an explicit description of
the set T, q,1, Of all invertible sequences, ( s; );”:07 in CP*4, We will, secondly, focus
on finding an effective method for constructing the inverse sequence associated with
a sequence, (s, );:0 € Tpxgq,x- Our next task will be to find a suitable approach
to solving these problems. The following result will help point us in the right

direction.

Proposition 4.1. If m € N and ( s; );"':O € Lpxqm, then:

(a) R(sj) CR(s0) for each j € Zy, m.
(b) N (s0) CN(

(c) st = —sg) < Z smksi> .
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Proof. The proof relies on applying Corollary A.11, which requires taking corre-

(s")

sponding block partitions of the matrices Ss;i) and S;, 7 into account. From the
definition of the sequence (si» )m we see that

ilj=0
st (s) T
Sr(n—)l Ompxq | _ SS{:I) _ |:S(s):|T _ < Sy1 Ompxg) .
(s sha e ot) ol (s m) sy
(4.1)
(a) From (4.1) and Corollary A.11 we get R( (Sm 81)) C R(so),

from which (a) follows directly.

(b) Because of ( s, );.n:O € Tyxg,m, Lemma 3.2 yields (s );n:O € Zyxp,m- Thus,
(a) implies R (sj) C R (sg) for each j € Zo, . By going over to the orthogonal
complements, we obtain (b).

(¢) From (4.1) and Corollary A.11 we get

s T
(sh shoy o s ==sl(om smor o s [SEL ] @2
Remark 2.3 yields
S T Si
|:S£n)—1:| = S7(n—)1' (4.3)
Combining (4.2) and (4.3) gives us
55
S% m—1
Sfﬂ = —Sg) (Sm Sm—1 - 81) . = —Sg < Z Sm_k8£> .
I: k=0
Sm—2

*

J
the identity ( s )= (S(T) )* (see (A.2)), the assertion follows directly. O

(d) Applying (c) to the sequence (s );,n:O € Zyxp,m, recalling Lemma 3.2 and

It should be mentioned that, for the special case in which p = ¢ and
det sp # 0, the results of parts (¢) and (d) were obtained as part (b) of Proposition
2.11.

Remark 4.2. Let k € Nog U {+o0}. If (s );”:0 € Lpxq,x With so = Opxgq, then part
(a) of Proposition 4.1 yields that s; = 0,x4 for each j € Zg, .

Proposition 4.1 gives us a good starting-point and will play a large role in
the next few sections. Keeping the results of parts (a) and (b) of Proposition 4.1

in mind, we next introduce a class of sequences of complex matrices which, as we
will see, will continue to play a major role throughout the rest of this paper.

Definition 4.3. Let x € Ng U {400} and (s, );:0 be a sequence in in CP*2. We
then say that (s; );:0 is dominated by its first term (or, simply, that it is first
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term dominant) when
sp) C ﬂ N (s;) and U ) € R(s0)- (4.4)

The set of all first term dominant sequences (s;)%_, in CP*¢ will be denoted by
Dpxq,r-

We can now rewrite the results of parts (a) and (b) of Proposition 4.1.
Proposition 4.4. If k € Ng U {+00}, then Tpxg.x € Dpxg,e-

Proof. From the definition of the set Dpyq,, it is clear that the assertion follows
from parts (a) and (b) of Proposition 4.1. O

We now take a closer look at the class Dpxq,« and will obtain results, which
will later help us to show that Dyxg.x € Zpxg,x-

Remark 4.5. If K € Ny U {+o0} and if («a j);:o is a sequence in C, then
(aj ) o € Dix1,x if and only if ap # 0 or (« )';’:0 is the constant sequence with
Value 0

It should be noted that, for each x € No U {400}, the set Dgyq,. contains
all sequences (sj)’;ﬁzo of complex ¢ x g-matrices having non-singular matrix sg.
Additionally, we make the following simple observations:

Remark 4.6. Let k € No U {400} and (s;)5_, be a sequence of complex p x g-
matrices. Then

(55)7=0 € Dpxq.n if and only if (55)720 € Dpxq,m, for all m € Zg 4.

Remark 4.7. Let k € No U {400} and (s, ) o be a sequence of complex p x g-
matrices. If, for each j € Zg ., we set

T . Te. ol
;1= 80805500,
~ ~ K
then Sy = s and (3; )j:0 € Dpxg,n-

Remark 4.8. Suppose m € Ny and that (s;) =0 € Dpxg,m- Furthermore, suppose
that £ € Zym41,400 U {+00} and also that (A; )J m+1 18 a sequence of complex
g x p-matrices. If we set s; := s9A;so, for each j € Zy41,, then, clearly, we get a
sequence (s;)5_o belonging t0 Dpx g,

Our focus now will be on matters related to the column-space of the matrix
s& given in (2.1).

Lemma 4.9. If m € Ny and (sj)gn:() 18 a sequence of complex p X g-matrices, then
the following statements are all equivalent:

(i) R(s;j) € R(so) for each j € Zg m.

(ii) R(S;) = R(Ij+1 ® so) for each j € Loy m.

(iil) R(Sm) = R(Im+1 ® So)-
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Proof. The case m = 0 is trivial. Suppose m > 1.
“(i)=(ii)”: We prove (ii) by induction. There is an n € Z; ,, such that

R(S;) = R(Lj+1 ® s0) (4.5)
for each j € Zg ,—1. From (2.1), we obtain the block-partition

(Snl 0 >
Sn - ~ 3
Z1,n S0

where, in view of (i), it is obvious that the block Z1, = (sp Sn-1 -+ $1)
satisfies R(Z1,n,) € R(so). Hence, part (a) of Lemma A.13 yields
R(Sn) =R (diag(Sn-1,50)) - (4.6)

On the other hand, if we consider (4.5) for j =n — 1, we get
R (diag(Sn—1,0)) = R(Sn-1)DR(s0) = R(1,®50)DR(s0) = R(Ip+1®50). (4.7)

Thus, in view of (4.6) and (4.7), condition (ii) is proved by induction.

“(ii)=-(iii)”: This implication is obvious.

“(iii)=-(i)”: Let j € Zgm. Suppose that y € R(s;). There is, then, an x € C?
such that y = s;z. Obviously, w := col(sx)}"_, can be expressed as

w = Sy, - col(dj0z)7Ly-

Hence, from (iii) we see that w € R(I,ny1 @ s0). Thus, there exists a v € C+1)a
such that w = (1,41 ® so)v. Consequently,

Y= S5;x = ((S()qu7 51qu, .. ,5ijq)
= (do ilg; 0151, - - aémJIq)
= (00750,01550, - - - O S0)V
= S0 (503 51j q,...,dijq) .

In particular, y € R(so). This means R(s;) € R(so). Therefore, (i) holds true. O

Using part (a) of Lemma A.14 instead of part (a) of Lemma A.13, the fol-
lowing result can be proved in much the same way as Lemma 4.9.

Lemma 4.10. If m € Ny and (sj);»”zo is a sequence of complex p X q-matrices, then
the following statements are all equivalent:

(i) R(sj) € R(so) for each j € Zo m.

(i) R(Sj) = R(Ij+1 ® s0) for each j € Zo m.

(iil) R(Sm) = R(Im+1 ® s0)-

Having obtained Lemmas 4.9 and 4.10, we now present corresponding results
for null-spaces.

Lemma 4.11. Let m € Ny and let (sj);”zo be a sequence of complex p X q-matrices.
The following statements are all equivalent:

(i) N(so) CN(sj) for each j € Zo .

(ii) N(S;) =N(Ij41 ® so) for each j € Zom.
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(iii) N(Sm) = N(Im+1 ® S0)-
(iv) N(Sj) = N(Ij41 ® so) for each j € Lom.
(v) N(Si) = N(Im+1 ® s0)-

Proof. Consider the matrices S}, and S}, apply Lemma 4.9 and Lemma 4.10 to

the sequence (s;)gn:m and form orthogonal complements. O

Remark 4.12. Let k € NU{+oo} and let (s;)5_, be a sequence of Hermitian com-
plex g x g-matrices. Using Remark 2.17, Lemma 4.11, Lemma 4.10, Lemma 4.9 and
Lemma A.3 (specifically, parts (a) and (b)), we see that the following statements
hold:
(a) S; =8 for each j € Zg -
(b) The following statements are all equivalent:
(1) (s5)5=0 € Dygxq,n-
(i) NM(so) € N(s;) for all j € Zg,y.
(iil) R(sj) € R(so) for all j € Zg.
(iv) sjsgso =s;forall j €Zg .
(v) sosg)sj =s; for all j € Zy, .
(c) If condition (i) is met, then N(S}) = N(S;) and R(S}) = R(S;) for all
j € Zo’,{.

Our next objective can be described as follows: If m € N and (s;)20 € Dpxg,m;
then we want to show that (s, );"':O € Tpxq,m by explicitly constructing a sequence

i
(r)7Lo in C7*P such that {S%)} = S{). With this in mind and recalling part
(c) of Proposition 4.1, we proceed with the following definition:
Definition 4.13. Let x € No U {+oc} and let (s;)5_, be a sequence of complex
p X g-matrices. The sequence (sg»)f:() defined by
sd, if k=0
#

o k—1

st =

k .

—sg E sk,ls?7 itk eZ,
1=0

is called the reciprocal sequence corresponding to (Sj)f:o-

Notation 4.14. Given a r € No U {+oc} and a sequence (s;)_, of complex p x g-

matrices, we will always use ( sg- );:0 to denote the reciprocal sequence correspond-

ing to (s;)5_g. Also, for each m € Zo x, we set (using Notation 2.1, with (85 );:0
instead of (s; )';’:0):

5
St = s,(n ), (4.9)
Remark 4.15. If k € NU{+00} and (s; )';’:0 is a sequence in CP*?, then

sti = —558155.
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Ezample 4.16. Let sp € CP*? and k € Ng U {+00}. From Definition 4.13, we see
that if s; = dg, j - so for each j € Zg ., then sn- =00, sg for each j € Zg,..

Remark 4.17. Let k € No U {+oo}. If (s;)5_, is a sequence in CP*9, then it
immediately follows from Definition 4.13 that for each m € Zg, the reciprocal

sequence for (s;)7L is (sg );.n:O.

To prove that S, = Sf, for any sequence (55)720 € Dpxq,m, we will need the
following result on the Moore-Penrose inverse of the block Toeplitz matrix S,,

Lemma 4.18. Let k € NU {+o00} and let (s;)5_g € Dpxgn- For each m € 71,
the Moore-Penrose inverse S}Ln of the block Toeplitz matrix S,, admits the block
representations

sh Orm s} Ogxm
sIﬂ;( . 1T (’T“’> and sjn:< T 0 . q: “’), (4.10)
—8021,mSy,_1 50 =S 1Y1,mSy Sy
where

Zim = (Sm  Sm-1 -+ S1) and Y1,m = col(s;)L ;. (4.11)

Proof. Let m € Z . We will apply Corollary A.11. From (2.1) we see that S,,
admits the block partitions

S = (SAml 0) and Sm = ( %0 0 ) . (4.12)
Z1,m S0 Yi,m Smfl

Since (s;)7Ly € Dpxq,m, we have

0) C ﬂ N(s;) and U ) € R(s0)- (4.13)
- e
Clearly,
R(Z1,m) € R(so), (4.14)

Lemma 4.9 yields R(Sy—1) = R(Im ® so). Thus, taking part (b) of Lemma A.3
into account, we obtain

Sm—18!,_1 = (Im ® 50)(Inm ® 50)" = (I @ 50)(Im @ 88) = L ® (s088).  (4.15)
Formulas (4.13) and part (b) of Lemma A.3, together, yield sosgsj = s; for each
J € Zo,m. Using (4.15), this gives us
Sm_lsin_lyl,m = [Im ® (8088)} ~col(s;)jLy = col(sosgsj);-n:l = col(s;)7L1 = Y1,m-
Thus, using Lemma A.3, part (b), we obtain

R(Y1,m) € R(Sm—-1). (4.16)
The first inclusion in (4.13) gives us

N(s0) € N (y1,m)- (4.17)
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Lemma 4.11 yields N (S;,—1) = N (I, ® sp). Since the first inclusion in (4.13)
implies N (I, ® so) C N (Z1,m), we also get
N(Sm—l) g N(El,m)- (418)

Combining (4.12) with (4.14) and (4.18), and applying Corollary A.11 yields the
first block-representation of S! in (4.10). Similarly, to obtain the second block-
representation in (4.10), we combine (4.12) with (4.16) and (4.17). O

It should be noted that, for Lemma 4.18, a corresponding result can be shown
for the upper block Toeplitz matrices S,,, introduced via S,, := Sgi) and (2.3).

Notation 4.19. In the following, for each £ € NoU{+00}, for each sequence (s;)%_
of complex p x g-matrices, and for each m € Zg ., let the block Toeplitz matrices
St and St be given, respectively, by formula (4.9) and (using Notation 2.15, with

(sg- );:0 instead of (s;)]_):
Sﬁ . S(s”).

m T m

Given a sequence (s;)72g € Dpxq,m, we now have a new way of looking at
the Moore-Penrose inverses of the matrices S,,, and S,,

Proposition 4.20. If x € NoU{+oo} and (s;)_y € Dpxq,x, then, for eachm € Zo -
S =St and St =st.
Proof. The case k = 0 is trivial. Suppose, therefore, that £ > 1. Because Si = Sg7

there exists an m € Z; , such that st — Suk for each k € Zgm—1. From Lem-
ma 4.18, we then get

st 0
Si = . (4.19)
_ngl,msgﬂ,—l Sg
Hence, Definition 4.13 yields
m—2
—sgzl,mSEn_l = Z 80Sm—j J, Z 80Sm—1—j j,... ngsl jsg
7=0
= (st st .. sh. (4.20)

Combining (4.19) and (4.20), we obtain Sf, = Sf . Thus, by induction, we have
shown that S, = Sf for each m € Z . Furthermore, since the matrix U in (2.5)
is unitary, we see from part (c) of Lemma A.3 that S}, = U, ,,St,Up.m = Sk, for
each m € Zg O

We next come to the main result of this section.

Theorem 4.21. If k € Ny U {+00}, then

() Zpxgr = Dpxq,n-
(b) If (sj)5=0 € Zpxq,s, then the inverse sequence corresponding to (s;)5_q coin-
cides with the reciprocal sequence corresponding to (s; )g_o
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Proof. (a) From Proposition 4.4, we get Zyxq.x € Dpxq,x- To prove (a) we there-
fore only need to show that Z,xq,x 2 Dpxg,s- To this end, let (s;)5_ € Dpxg,n-
From Proposition 4.20 it follows that Sf = S¥ for all m € Z .. From (4.9) and
Definition 2.2 we then see that (s;)5_q € Zpxq,x, and thus, Zyxqx 2 Dpxg,-

(b) Suppose (s;)5_g € Zyxq,x- From Proposition 4.4, we see that (s;)5_, €
Dpxq.x- Using Proposition 4.20, we then obtain Sf = S¥ for all m € Zg .. From
Definition 2.6, we now see that the inverse sequence corresponding to (Sj)'j’:o

coincides with the reciprocal sequence (Sg')f:() corresponding to (s;)f_,. O

Corollary 4.22. If k € No U {400} and (s;)5_g € Dpxg,x, then the reciprocal
sequence corresponding to (sgi );:0 is (85)f=o-
Proof. Combine Theorem 4.21 and Remark 2.8. O

Corollary 4.23. Let k € NU {400} and (s; );:0 € Dpxgq, - For each m € Zy y,
then

(Sgn Sgn—l e S%) = —Sggl,mSIn_l and col (sj );n:1 = _Sin—lyl’msg)’

~

where Z1, m and y1_m are defined as in (4.11).

Proof. Consider the left lower blocks in the block partitions (4.10) and take into
account that Theorem 4.21 implies S = S¥ . O

Corollary 4.24. Let £ € Z, 4o U {+00} and (8;)7_ € Dypxg, - If k € L2, then

Si =5 (_Sk + 31,1@7152_21/1,1971 ) sd,

where Z1, m and y1_m are defined as in (4.11).

Proof. By Corollary 4.23, it follows that

(Sluc S?cfl Sg) = _Sggl,ksz—l = _58 (Sk Sk—1 " 81) SL—l‘
Thus,
b (ot g Ip
e e ()
I,
- —s(‘; (Sk Sk_q1 - 81) SL—1 (O(kf)po> . (4.21)

Lemma 4.18 gives us the block partition

;
Si_, = ( %0 0“““””).
l _SL—zyl’kfls(]; SL—Q

Thus, it follows that

I, st
S! ( P ) - 0 . 4.22
bt O(kfl)pxp _SL_le,kfls(]; ( )
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Furthermore,
(Sk Sk—1 - 51) = (Sk 31,16_1). (4.23)
Using (4.21)—(4.23), we obtain

T
gl (g %)

_SL—zyl,kflso

= —8881@53 + 5531,k—1511,2y1,k—15$

= Sg) (_Sk + 21, k_lsL_QyL k—1 ) 557

which completes the proof. O

5. A closer look at the set D)y, .. and reciprocal sequences

Theorem 4.21 shows us that the sets Z, x4, and Dpyq,« are equal to one another.
The same theorem also tells us that the problem of constructing a sequence’s
inverse amounts to constructing its reciprocal. To find out more about Z,xg ., we
can therefore look at D) xg4.. By examining the properties of reciprocal sequences
and determining the rules that apply when working with these sequences, we can
learn more about these same aspects as they apply to inverse sequences. This
section will serve that very purpose. We now take a closer look at the set Dpyxq,«
and its elements.

Proposition 5.1. If k € No U {+00} and (s;)5_, is a sequence in CP*?, then the
following statements are all equivalent:
(i) (Sj)?:o € Dpxq,n-
(i) M(so) € (YN (s;) and N(sp) € [ N(s))
§=0

=0
K

(i) |JR(s;) CR(so) and | JR(s) C R(s7):
=0 =0

(iv) (87)j=0 € Dygxp,n-
(v) sjséso =s; and sosgsj =s; forallj€Zo,x.
(vi) sosg)sjséso =5 forall j € Zo, .

Proof. Use parts (a) and (b) of Lemma A.3 and consider orthogonal complements.
U

Remark 5.2. If k € No U {+00} and (s7)5_g € Dpxq,x, then Remark 4.5 yields
(rank s;)5_g € Dix1x and (det s; );”:0 € Dix1,x-

Remark 5.3. If k € No U {+o0}, (@;)]_y € Dix1,x and (s;)5— € Dpxg,x, then,
taking Remark 4.5 into account, we see that (o;s; )';’:0 € Dpxg,r-
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Lemma 5.4. Suppose k € No U {+oo} and (s;)5_¢ € Dpxgn- Let L € CF*P and
R € C1*™ be such that R(so) € R(L*) and R(sy) C R(R). Then (LSJR) 0 €
Dixn,r, (Ls; );:0 € Dixq,rx and (sz)';’:O € Dpxn.k-
Proof. Because of (A.8), we have R (s}) = R(S(T)), and thus R(sg) CR(R).
Hence, part (b) of Lemma A.3 implies
RRTSO = sg (5.1)
Because of R (so) € R(L*), part (b) of Lemma A.3 yields L* (L*)" sy = so.
Using (A.4), we now get
LTLsy = so. (5.2)
Let j € Zy, .. Because of Proposition 5.1, we have
55 = 505085500
Thus, taking both (5.1) and (5.2) into account, we get
Ls;R = LsosgsjsgsoR
= Lso( RRYs))s;s) (LTLso) R
= (LsoR) (R'shsjsiL) (LsoR).
This implies

N (Ls;jR) CN (LsoR) and R(LsjR) CR(LsoR).
Hence, (szR);”:O belongs to Dixn,x. The two remaining assertions can be simi-
larly verified. U

Remark 5.5. Let L € CF*?, R € CT*", k € NgU{4o00}, and (s;)5_g € Dpxg,x- Sup-
pose, furthermore, that rank L = p and rank R = q. It follows then, that R (L*) =
CP and R (R) = C9. Thus, from Lemma 5.4 we then see that (Ls;R)5_y € Dixn,x-

Remark 5.6. Let (p;)¥_, and (g/)F_, be sequences in N and let x € Ny U {400}

For each | € Z; , let ( (l)) be a sequence in CP1*%. Setting p:= Zpl and

=1
k

q:= Z qi, we then see from (4.4) that
=1

(diag (sgl))le )j;o € Djxigr iff ( gl) )j 0 € Dpixqin, foralll € Zy.

Remark 5.7. Let k € No U {400} and (s;)_, be a sequence from CP*? such that
52141 = Opxq for all | € Ny with 21 +1 < k.

Recalling Definition 4.13, it can be shown by induction that
st = Ogxp for all [ € Ny with 21 +1 < &.



30 B. Fritzsche, B. Kirstein, C. Médler and T. Schwarz

Remark 5.8. Let a € C, k € No U {400}, and (s;)5_, be a sequence in CP*,
Recalling Definition 4.13, it can be shown by induction that

(o)), = (o),

i.e., that (afs ti) o is the reciprocal sequence corresponding to (as;)5_g.

Remark 5.9. Let o € C, k € Nog U {+00} and let (s;)%_, be a sequence in CP*,
Recalling Definition 4.13, it can be verified by induction that

((7s)") = (@),

We will next recognize that constructing the sequence reciprocal to a sequence
(85 );:0 in CP*4 always yields an element of Dyyp. .

Proposition 5.10. If k € No U {+oo} and (s;)5_q is a sequence in CP*9, then:
(a) (sri )j 0 € Dyxp.r-
(b) For each j € Zy, ., both of the following identities hold:

888085» = sg and sgsosg = 85».

k
sg lz sk._lslu‘| = Opxgq for each k € Zq .

=0

k
d) If U R(s;) CR(s0), then Zsl,ksg = Opxp for each k € Z 4.

j=1 =0
Proof. (a) From Definition 4.13 it is immediately clear that R( ) CR( g) for
each j € Zy . Using Definition 4.13, it follows by induction that J\/( g ) C N( )

for each j € Zg .

(b) Taking (A.1) and Definition 4.13 into account, we obtain sy = (sEr))Jr =
(sg)T. Thus, combining (a) and (4.4) with parts (b) and (a) of Lemma A.3, we
conclude that

- L #

505087 = so(so)ng =s; “sos) ;

and 87508 = sg(sg)ng = s,

for each j € Zg .
(¢) Using (b) and Definition 4.13, we get

E Sk lsl E Sk— ls]-sk—sk—Oqu

(d) Using part (b) of Lemma A.3 and (c), we see that

k
Zsk lsl Zsososk lsl =50 ( [Zsk_lsgl ) =50 0pxqg = Opxp- O
1=0

= sososk + 50
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We now characterize the case in which two sequences of complex px g-matrices
have the same reciprocal sequence.

Proposition 5.11. Let k € No U {+oo}. If (s;)F-y and (t;)}_, are sequences in
CP*4, then the following two statements are equivalent to one another:
(i) For every j € Zg.:
sosgsjsgso = totgtjtgto.
(ii) For every j € Zo x:

i 8
sj—tj.

Proof. From part (b) of Proposition 5.10 we obtain

888085» = sg and tgtotg = tg, for every j € Zg . (5.3)

“(i)=-(ii)”: From Definition 4.13, Remark 4.7 and (i) we see that

sg = sg) = sosgsosgso = totgtotgto = tzr) = tg. (5.4)

For k = 0, we have thus proved (ii).

Suppose now that £ > 1 and that for some m € Z; ,:

sg = tg,, for every j € Zo,m—1.

From Definition 4.13, (5.3), and (i) it then follows that

m—1 m—1
S):i = —SJr S Su 8 S :
m = ~5 m—jS; = 0503m 330505
7=0 7=0
m—1 m—1
= —t5 > tothtm—jtitott = —t§ Yty jth =15
=0 §=0

Thus we have proved (ii) by induction.
“(ii)=(i)”: From (A.1), Definition 4.13, and (ii), we obtain
s0.=(s5)" = ()T = (1)) = (1)) = to. (5.5)
Taking (5.5) into account, we see that 5055508880 = totgtotgto. For k = 0 we have
therefore proved (i).
Suppose now that x > 1. From Remark 2.17, (ii) and (5.5), we get
8088818850 = 80( — Sg )So = to( — tli )to = totg)tltg)to. (56)
We have thus proved (i) for k = 1.
Now suppose that x > 2 and that for some m € Zs ,.:

sosgsjsgso = totgtjtgto, for every j € Z1 m—1.
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From Definition 4.13, (5.3), (ii) and (5.5), we obtain

T T _f #
—808mSy = —sosmso

T
—so E Sm— js]—i—so sm j j

m—1
_ E : #
= +s sososm JSOS()S-
j=1

m—1
=th, + 15 Y tothtm—jthtot:
j=1

m—1

R MOSTT ) SO
j_

= —titth = _tgtmtg.

Taking (5.5) into account, we see that sosgsmsgso = totgtmtgto. By induction, we

have thus proved (i). O
Corollary 5.12. Let m € Ny and (s; ) o be a sequence in CP*9. Furthermore, let
55, ifm >0 and j € Zom—1
tj [p—
sosgsjsgso7 ifj=m

Then both (s; );.n:O and (t; );n:O have the same reciprocal sequence, i.e., tg- = sg
holds true for all j € Zo -

Proof. Use Proposition 5.11. O

Now we present a characterization of the invertibility of a sequence in terms
of the reciprocal sequence.

Proposition 5.13. Let k € NoU {4o0}. If (s; ) _o is a sequence in CP*? and if we

then define the sequence (5; )j: via 55 1= SOS(T)SJS(T)SO, for each j € Zy, s, then:

0

(a) Both of these sequences have the same reciprocal sequence, i.e.:

(5§ );:0 = (gﬁ );:0' (5.7)

(b) The sequence (s, );:0
sequence reciprocal to (s; )';:

is invertible and its inverse sequence (s;; )j:0 is the

0 €.

(sj);< € Tpxgr and (5?)'{ :(sg)K
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(¢) The reciprocal sequence ( (sg )ti )j:

(<)) =) (5.8)

(d) The following three statements are all equivalent:
. K . . ﬁ K
(i) (s )?;0 is tiie 1;eczpmcal sequence for (sj )j:O'
(11) (Sj )j:O = (Sj )j:O .
(i) (s5)—0 € Zpxq,n-
Proof. (a) Remark 4.7 gives us s9 = So. Thus, for each j € Zo, ., we obtain

st — T3 ote — T Tg. ol Te — Te. of
5050555050 = S0S5(9S;SpS0 = 8080(8080$j8050 )5050 = 505¢5550p50-

Hence, Proposition 5.11 yields (5.7).
(b) Recalling Remark 4.7, we see that

(5 );:0 € Dpxg,n- (5.9)

From (5.9) and part (a) of Theorem 4.21 we get (3, )';’:0 € Zpxgq,x- From part (b)
of Theorem 4.21 we get and (a) we conclude that

(gi );:0 = (gg );:0 = (35 );:0'

(¢) From (5.9) and Corollary 4.22, it follows that

(&) =)

or the sequence Sﬁ K satisfies
J/3=0
0

Thus, (a) implies (5.8).

(d) “(i) <= (ii)” This equivalence follows from (c).

“(ii) <= (iil)” This follows from Proposition 5.1 and part (a) of Theorem
4.21. U

Corollary 5.14. Let k € NU {400} and let ( s; );:0 € Dpxg.r- For each k € Z1 .,

k
then Z Sluiksl = Ogxgq-

1=0
Proof. Let k € Z; . It follows from part (a) of Proposition 5.10 and Definition
k
4.13 that U R( s?_k) C R( Sg). Thus, part (d) of Proposition 5.10 yields
1=0

k
#
Zsluik(sg) = Ogxq- (5.10)
1=0
Because (s, );:0 € Dpxgq,x, We see from part (d) of Proposition 5.13 that

(<)) = ().

§=0
Combining this with (5.10) completes the proof. O
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We next look to find generalizations of some parts of Lemma 3.2. We will
first need the following results.
Remark 5.15. Suppose that k € No U {+00 } and that (s; );”:0 is a sequence in
CP*4. For each j € Zg ., we set 5; := sosgsjsgso, tj == sj and t; = totg)tjtg)to.
Then, using (A.2), we get

* * ~%
S;.

t=s5(so) 85 (s5) s = s5(s) 85 (s) st = (soshsjshso)” =55

Proposition 5.16. Suppose that k € NoU{ 400} and that ( s; );”:0 s a sequence in

CP>49. Then i i
(5)7) = ((5)7)

Proof. For each j € Zo,,. we set 55 := sosgsjsgsm t; = s;f and tNJ = tot(];tjt(];to.
Then Remark 5.15 yields

() = (500 61
Part (a) of Proposition 5.13 yields (5.7) and
(tg‘ );:0 = (?]i );:0' (5.12)

Combining Remark 4.7 and part (a) of Theorem 4.21 we see that

(85);—0 € Toxaun- (5.13)

Because of (5.13), applying Lemma 3.2 yields ( 8} );:0 € Lyxp,x and

(&) =(E)) (519

=0 j=0"

In view of part (b) of Theorem 4.21, formula (5.14) can be rewritten as

(7)), = (), (5.15)
Using (5.7), (5.15), (5.11), (5.12) and (5.11) again, we obtain

() =(E)) = (&) _= @)= )= (())

Thus, the proof is complete. O

)

Corollary 5.17. If k € No U {+oc0} and (s, )';’:0 is a sequence in C4'?, then

K

. . X

(sg) is also a sequence in CI 7.
Jj=0

Taking part (b) of Theorem 4.21 into account, we see that Proposition 5.16
and Corollary 5.17 are extensions of Lemma 3.2 and Remark 3.3, respectively.
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Lemma 5.18. Let k € NoU{+o0} and (s;)§_, be a sequence in CP*9. Let L € Ckxp
and R € CT*™ be such that R(L*) = R(so) and R(s§) =R (R). Then

((szR)ﬁ):zo - (RngL*)::O, ((Ls; )u>::0 = (SW)::O’
and
(i), = (7).,

Proof. From Proposition A.7 we see that
(LsoR)' = RTs{L1. (5.16)

Combining (5.16) with Definition 4.13 gives us (LsoR)ﬁ = RngLT. Hence, there
is an m € Z; , such that
(Ls;R)* = RYS'LT, for all | € Zg 1.

Since R(L*) = R(sp), considering orthogonal complements, we obtain N (sf) =
N (L), and, because of (A.9), thus, N( sg) = N (L). Now part (a) of Lemma
A.3 yields

siLTL = st 5.17
0 0

Since we assumed that R (s§) = R (R), from (A.8), we get that R ( sg) ) =R(R).
Thus, Remark A.6 implies

RR's{ = sb. (5.18)

Consequently, if £ > 1, then from Definition 4.13, (5.16), (5.17), (5.18) and part
(b) of Proposition 5.10 we get

3

(LsymR)* = —(LsoR)" > (Lsm_iR)(Ls;R)*
1=

= o

3

= —R'SILTS" (Lsm_iR) (RTs'jL*)

= R (sgLTL) St (RRng) sosiLt
m—1

= —RTS(T) Z Srm—1 (sgsoslu) Lt = —RTS(T) Z Sm_lsgiLJr
=0

Thus, by induction, the first assertion is proved. The remaining two assertions can
be similarly verified. O
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Lemma 5.19. Let k € NoU{+o0o} and (s;)f_y be a sequence in CP*1. IfU € Ckxp
with U*U = I, and V € CT*" with VV* = I, then

(Us,;V)F = V*ng* for each j € Zo .
Proof. Using Definition 4.13 and part (c) of Lemma A.3, we get
(UsoV)E = (UsoV)T = Visius = v*siu™. (5.19)

Now suppose that m € Z; , and that the equation (UsjV)ti = V*ng* holds for
each j € Zo m—1. Then, using Definition 4.13 and (5.19), we conclude that

m—1
(UsmV)F = =(UsoV)' > (UsmiV)(UsiV)*
1=0
m—1
=—V'siU* Y Usp VV*s{U*
1=0
m—1
=V* <—s$ smls?> U* = V*sfnU*.
1=0
Thus, the proof is complete. O

Remark 5.20. Let (p;)7~; and (i)}, be sequences of positive integers and let

k € Ng U {+00}. Furthermore, for each | € Z; ,, let (sg-l)

CPr*a Tt is then not difficult to show, by induction, that

K .
)j*O be a sequence in

it n
diag (s©)" }:d ( 1) ﬁ) for all j € Z, .
[diag (), | = ding ( (s")°) or all j € Z,

As our final topic in this section, we now focus on a subclass of the class
Dpxq,m, introduced in Definition 4.3.

Notation 5.21. For each m € N we define 5p><q,m as the set of all sequences
(55)7Ly in CP*9, which satisfy (s; );n;Ol € Dpxgm—1-

Remark 5.22. Let m € N and (s; );n:O be a sequence in CP*9. For j € Zg, m, let
55 1= sosgsjsgso. Then Proposition 5.1 shows that

(85)14 € Dpxag,m if and only if ()75 = (575"
Remark 5.23. Let m € N. Remark 4.6 then yields Dpxg,m € 5p><q,m'

Because of part (b) of Theorem 4.21, the next result can be considered an
extension of part (d) of Proposition 4.1.

Proposition 5.24. Let m € N and (s; );.n:O € Dpxg.m. Then

m
an = — <Z sgnksk> sg.
k=1
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Proof. In view of Definition 4.13, we have sg = sg. Using this and Remark 2.17,
we get

1
. (ank> o = ebarst = _slorel = .
k=1

Thus, the assertion is proved for m = 1. Now let m € {2,3,...}. For each
J € Zo,m, let

55 1= sosgsjsgso.
Then Remark 5.22 yields

(5500t = (5 (5.20)

Combining Remark 4.7 and part (a) of Theorem 4.21 we see that

(55)j=0 € Ipxqm- (5.21)
Furthermore, part (a) of Proposition 5.13 gives us
u m _ A.ﬁ m
(sj )j:O = (sj )j:O' (5.22)

In view of (5.21), we see from Theorem 4.21 and part (d) of Proposition 4.1 that

(Z k) - (gggmsg .\ Z“ﬁ”ﬂ) e

k=1 k=1
From (5.20) and (5.22) we see that

m— 1 —
S 1S Z SkSO (5.24)
k=1
Because of Definition 4.13 and Remark 4.7, we obtain E)g = sg = 50 Thus, taking
Sg = sg into account, we get
omsh = sl (sosgsmsgso) = slsmsl = shsms). (5.25)

Combining (5.22), (5.23), (5.24) and (5.25) we conclude that

on(E )

This completes the proof. O

6. Further observations on invertible sequences

We again focus on the class of invertible sequences of complex p X g-matrices and
here begin with some simple observations. Throughout this section, let m and n
be positive integers.
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Remark 6.1. If k € Ng U {+00} and if (aj) _, 1s a sequence in C, then we see
from Remark 4.5 and part (a) of Theorem 4. 21 that (« )J: € Tix1,, if and only
if ag # 0 or (o );:0 is the constant sequence with value 0.

Remark 6.2. Let x € No U {+00}. If (s;)5_g € Zyxg,x, then we see from part (a)
of Theorem 4.21 as well as from Remark 5.2 that

(ranksj) "o €Lixik and (dets; );:0 € Tix1,x-

Remark 6.3. Let k € NoU{+o00}. If (5;)5_o € Zpxq,x, then we see from Remark 2.8,
part (b) of Theorem 4.21 and Remark 5.7, that

Sher1 = Ogxps for all k € Ny with 2k +1 < &
if and only if
S21+1 = Opxq, for all £ € Ny with 2k + 1 < k.

Remark 6.4. Let k € Ng U {4o00}. If (aj) _o € Tix1,x and (sj) —0 € Lpxq.x, then
we see from part (a) of Theorem 4.21 and Remark 5.3 that (aj 85)5=0 € Lpxq,n-

Remark 6.5. Let a € C and k € NoU{+o00}. If (57 )7_( € Zyxq,x, then Remark 6.4,
part (b) of Theorem 4.21 and Remark 5.9 give us that

. i K - A
(os; )J € Lpxgr and ((oﬂsj) )j:O = (oﬂsj )jZO'
Lemma 6.6. Let k € No U {+00}. If (s;)5_g € Zyxgn, L € C"*P and R € CT*"
such that R(so) C R(L*) and R(sf) CR(R), then (szR);”:O € Loxn,i-
Proof. Use part (a) of Theorem 4.21 and Lemma 5.4. O

Remark 6.7. Let x € No U {+oo}. If (s;)_y € Zyxgn, L € C™*P and R € CI*"
with rank L = p and rank R = g, then, R(L*) = C? and R(R) = C4. Thus,
Lemma 6.6 gives us that (LSjR);:o € Lxn.k-

Lemma 6.8. Let k € No U {+00}. If (s;)5_g € Zyxgn, L € C"*? and R € CT*"
with R(so) = R(L*) and R (s§) =R (R), then:

(a) (Ls;R)"_y € Tyuxn,e and ((szR)i>i = (RIstLT)" .

=0
®) ((£3)")" | € Tosqn and ((Ls))" = (21)7,

AN FACAN t
(© ((siR) )j:o € Tyenn and ((s;R) )j_o (Rist)_,.
Proof. Combine Lemma 6.6, part (b) of Theorem 4.21 and Lemma 5.18. O

Lemma 6.9. Let (p;)2, and (@)%, be sequences of positive integers and let r €
No U {+oc}. Suppose, for everyl € Zq m, that ( 0 )j:O is a sequence in CP1>q,
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m m
If we set p := Zpl and q := Z qi, then:
=1 =1

. l)\m r . )\ K
(dlag (sg ) )1:1 >j:0 € Ioxg,n iff (sg ) )j:0 € Lpyxq,s  SJor alll € Zq m,

J =1

(as ((<)°))

Proof. Use Theorem 4.21, Remark 5.6 and Remark 5.20. O

K
and if (diag (s(l) )m ) 1s indeed invertible, then it has the inverse sequence
j=0

Notation 6.10. Given an integer r with 1 < r < min (p, ¢) and a matrix A € C™*",
we will use the notation

A, if p = q =T

( A ) |
, ifp>qg=r

Alp.al .— O(p—r)xq
A Opx(g—r) ) s ifg>p=r
A —r
( Orx(g-r) ), ifmin{p, ¢} >r.
Op—ryxr  Op—r)x(g—r)

The following proposition offers us some important insight into the structure
of a given sequence (s; );:0 € Zpxq,x- We will see that when the first element of
this sequence is non-zero, i.e., so # Opxgq, it is naturally generated by a sequence,
(55 );:0 € Ly xr, x, where r := rank so.

Proposition 6.11. Let k € Ng U {+oo} and let (s; );”:0 € Tpxqr be such that
r := rank sg s positive. Let o1 > o9 > --- > o, > 0 be the singular values of
so and let A := diag (o1, 02, ...,0.). Furthermore, let U and V be, respectively,
unitary complex q X q- and p X p-matrices such that

so = VAP ady=, (6.1)
Let U be the left q x r-block of U and let V be the left p x r-block of V.. Then:
(a) The sequence (t; )';’:0 given by
tj = V*sj(:j for each j € Zy, (6.2)

belongs to -:i.rxr, o

(b) s; = ‘/}tj(:j* and sj = Vtgp’Q}U* for each j € Zy, .

(¢) Let (s;; );:0 and (t;: );:0 be, respectively, the inverse sequences for (sj );:0
and (tj );:0. Then 8§ = ﬁtif/* for each j € Zy, .
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Proof. From (6.1) we see that ¢ty = A. In particular, we see that the matrix to is
non-singular. Hence, Notation 2.10 and Proposition 2.11 yield (¢; );:0 € Lrxr, w-

Proposition 4.4 shows that (s; );:0 € Dpxg,x- Thus, from Proposition 5.1 we
conclude that

N (s7) (6.3)

J

N(So)gﬂ/\f(sj) and N (s5) C
=0

S,
Il ) =
o

hold true. Because of (6.1), if r < ¢, then the right ¢ x (¢ — r)-block U of U satisfies

the inclusion R(U ) C N (so) which, in view of (6.3), implies

;U = Oprgor for each j € Zyg, 1. (6.4)
Similarly, because of (6.1) and (6.3), if 7 < p, then the right p x (p — r)-block V
of V satisfies

s;‘N/ = Ogxp—r for each j € Zg . (6.5)

Using (6.2), (6.4), (6.5) and Notation 6.10, we then obtain V*s,;U = t;p’q] for each
J € Zy, . and consequently,

55 = Vtg-p’q]U* = ‘A/tjﬁ* for each j € Zg, 1. (6.6)

Using Remark 2.9, we get from (6.6) that s§ = At§‘7* holds true for each j €
ZO,H‘ O

7. Some considerations on EP sequences

A complex ¢ x ¢ matrix A is called range-Hermitian (also EP matrix) if R (A) =
R (A*). The class of range-Hermitian matrices belonging to C?*¢ is denoted by
CLY. The class CLY! was introduced in Schwerdtfeger [18]. It is important in
the theory of generalized inverses (see, e.g., the monographs Campbell/Meyer [4,
Chapter 4, Section 3] and Ben-Israel/Greville [2, Chapter 4, Section 4], and also
the papers Pearl [16] and Meyer [15]).

n

Definition 7.1. Let n € Ny and let (s, )?:0 be a sequence from C?*?. Then (s; );_,

is called an EP sequence (EP stands for Equal Projectors) if the matrix ng) defined
by (2.1) belongs to (C%L;qu(nﬂ)q.

Remark 7.2. Let ¢ € N, n € N and let (s; )?:0 be an EP sequence from C?*¢. For

k € No, then (s; )§:0 is an EP sequence. Indeed, this is a direct consequence of
the block decomposition
g — St Okt1)gx(n—1)q
! * Sh—(k+1)

of the matrix S&” and part (a) of Proposition A.15.
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Remark 7.2 leads us to the following definition, which complements Defini-
tion 7.1.

Definition 7.3. Let ( s; ) o be a sequence of complex ¢ x ¢ matrices. Then ( s; )j o
is called an EP sequence 1f, for each n € Ny, the sequence (SJ) _o is an EP

sequence. Let ¢ € N and k € Ny U { +00 }. Then ]-"IEIZ will stand for the set of all
EP sequences ( s; ) o from C7*4.

The following results show that EP sequences are particularly invertible.

Proposition 7.4. Let k € NgU {400} and let (s, )';’:0 be a sequence from CI*9.
(a) The following statements are equivalent:
(i) (85)f=0 € Fu-
(i) so € (C e and (SJ) 0 € Dgxgq, x-
(iii) so € CLY! and (s j)j:O € Lyxq. k-
(b) Let (i) be satzsﬁed. Then sosg = sgso. For each n € N, furthermore,
SnSL =111 ® (sosg) and SILS =111 ® (soso)

Proof. (a) 1.) “(i) = (ii)”. In view of (i) and Remark 7.2, we have sy € CL}l.
Let m € Zy,,;. Then, from (2.1) and (4.11), we get the block partitions in (4.12).
Because of (i), we obtain

S, € C{rsDox(mtna (71)
In view of (4.11), (4.12) and (7.1), applying part (a) of Proposition A.15 yields
(sm Sm—1 - 81) =Z1m= 808531,m = (sosgsm sosg)sm,l sosgsl)
and
col(85)iL) =y1,m = Y1, mSbs0 = col (sjsgso ):il :

Consequently, sosgsj = s; and SjSEr)So = s;, for each j € Zq ,,. Thus, Proposi-
tion 5.1 yields

() )T‘n:() € Dgxq,m- (7.2)

Since ('s; )(J) € Dyxgq,0 obviously holds true, we get from (7.2) and Remark 4.6
that (s; )j:O € Dyxgq, x- Thus, we obtain (ii).

2.) “(ii) = (iii)”. This follows from part (a) of Theorem 4.21.

3.) “(iii) :> (1)”. In view of (iii), we have sy € C%4}l. Thus, Proposition A.4
yields sosf = siso. Let m € Zq_ .. In view of (iii), we have (s ) o € Zyxq, »- Thus,
Lemma 3.6 implies

SmS:[n =Ini1 ® (sosg)) and S:EnlS =In ® (soso)

Thus, S,,S!, = S! S,,. Hence, Proposition A.4 yields S,, € C%rf;+1)qx(m+1)q.
Hence, (i) holds.
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(b) All assertions of (b) were already obtained in the proof of the implication
“(iil) = (i)”. O
Corollary 7.5. Let k € NgU{ +o00 } and let (s; ) o be a sequence from CI*? such
that so € CLil. For each j € Zg, , let 5; := sosgsjsoso Then (SJ) 0 € ]—'Ep

Proof. In view of Remark 4.8, we have 55 = so and (5; );”:0 € Dgxgq, - Thus,

taking into account that sg € C%qu and applying part (a) of Proposition 7.4 gives
us the assertion. O

Proposition 7.6. Let k € No U {400} and let (s; ) o be a sequence from CI*1.
Then (s »)j € FEY if and only if s € Cy.

Proof. In view of Definition 4.13, we have sg = sg Let (s ﬁ)j o e F,. Then

part (a) of Proposition 7.4 yields sh € CL. Hence, s} = s} implies s} € CL%2.

Consequently, Proposition A.4 gives us so € CLp

Conversely, abbume so € CLLL Then Proposition A.4 implies 50 e CLY.

Combining this with 50 = 587 we get 50 (C?EXP'] Part (a) of Proposition 5.10
yields (sgi );:0 € Dyxq n- Using this and s; € CLY, we see from part (a) of

Proposition 7.4 that (sg );:0 c _7:[‘1E712. -
Corollary 7.7. Let k € NgU{ 400 } and let (s; ) o € FEP Then (s )j:() e FEP.

Proof. Part (a) of Proposition 7.4 yields sg € CLy!. Thus, applying Proposition 7.6
completes the proof. O

8. Moore-Penrose pseudoinverses of holomorphic
matrix-malued functions

In the first part of this section, we study the holomorphicity of a p X g-matrix-
function’s Moore-Penrose inverse.

Remark 8.1. Let G be a non-empty open and connected subset of C. Since every
function f : G — C for which both f and f are holomorphic in G is necessarily
constant in G (see, e.g., [6, Ch. II, §2, Proposition 2.10]), the following statements
hold:
(a) If FF : G — CP*9 is a function for which both F' and F** are holomorphic in
G, then F' is constant in G.
(b) If H : G — C9%7 is a holomorphic function in G with Hermitian values,
then F' is constant in G.

Lemma 8.2. Let G be a non-empty open and connected subset of C. If F' : G —»
CP*4 4s such that both F and FT are holomorphic in G, then both FF' and F1F
are constant in G.
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Proof. Since FF' and F'F are holomorphic functions in G with Hermitian values,
the assertion follows from part (b) of Remark 8.1. O

The following result (which can be found in Campbell/Meyer [4, Theorem
10.5.4)) is, in a sense, converse to Lemma 8.2.

Proposition 8.3. Let G be a mon-empty open and connected subset of C. If
F : G — CPX4 s a function, holomorphic in G, such that both FF' and FTF
are constant in G, then F' is holomorphic in G.

These results lead us to a global characterization for the case of holomor-
phicity for the (pointwise) Moore-Penrose pseudoinverse of a holomorphic matrix-
function in a non-empty open and connected subset of C.

Proposition 8.4. If G is a non-empty open and connected subset of C, F: G —
CP*4 4s holomorphic in G, and z9 € G, then all of the following statements are
equivalent:

(i) FT is holomorphic in G.

(ii) For each z € G:

(FF")(2) = (FF")(20) and (FTF)(z) = (F'F)(20).
(iii) For each z € G:
N(F(2)) = N(F(20)) and R(F(2)) = R(F(20))-

Proof. “(i)=(ii)”: follows from Lemma 8.2.

“(ii)=(i)”: follows from Proposition 8.3.
“(ii) < (iii)”: Recalling Proposition A.1 and considering orthogonal comple-
ments, we see that F(2)FT(z) and I, — F1(2)F(z) are, for each z € G, the matrices
associated with the orthogonal projection from C? onto R(F(z)) and from C? onto
N (F(2)), respectively. Consequently, (ii) and (iii) are equivalent. O

Corollary 8.5. If G is a non-empty open and connected subset of C and F: G —
CP*4 then the following statements are all equivalent:

(i) For each w € G and each z € G:

N(F (w)) = N(F1 (2)) and R(F! (w)) = R(F'(2).
(ii) For each w € G and each z € G:
N(F(w)) = N(F(2)) and R(F(w)) = R(F(2).

If condition (i) is met, then F'' is holomorphic if and only if F is holomorphic.

Proof. From (A.8) it follows that
1

N (Fi) =N (FE) =R ((F@1)) =R ((FEINT) = REE)"
and

R (F1(2) =R (PE)]) =R (FE]) = [R(FEN)] =N FE)

hold true for all z € G, hence we see that (i) and (ii) are equivalent.
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Now suppose (i). Then (ii) is also true. Since (FT)T = F, we see from Propo-
sition 8.4 that FT is holomorphic if and only if F' is holomorphic. O

We now consider the case in which, for a holomorphic p x g-matrix-function
F and a zg in its domain, G:

F@ (z)\~
(F) et
J- §=0

We will see that the Moore-Penrose inverse F' of F' is holomorphic in a particular
neighbourhood of zy. We will, furthermore, determine the Taylor series for F'f.
For zp € C and R € (0, +00), we will use
K(z;R):={z€C : |z— 2| <R}
to denote the open disk with radius R, centered at z.
Notation 8.6. Let r be an integer with 1 < r < min (p, ¢). If G is a non-empty

subset of C and if ¢ : G — C"*" is a matrix-valued function, then, in view of
Notation 6.10, let gl? 4] : G — CP*? be defined by

gl (z) = [g(z)][p,q]‘

Proposition 8.7. Let G be a non-empty open and connected subset of C and let
F : G —> CP*Y be holomorphic in G. Suppose that zg € G is such that

7O (5 e

( (' o) ) € Ty g,o0-
J: §=0

Then:

(a) IfF'(z0) = Opxq, then there exists an R € (0, +00) such that K (z0; R) C G
and F (z) = 0pxq for all z € K (20; R).

(b) Let F(z0) # Opxqg and r :=rank F'(z). Let o1 > 09 > -+ > o, > 0 be the
singular values of F (z9) and let A := diag (o1, o2, .. .,0.). Furthermore, let
U and V', respectively, be unitary complex q X q- and p X p-matrices such that

F(z)=VvAlrady~,
Let U be the left ¢ x r-block of U and V be the left p x r-block of V.. Then:
(bl) The function
fi=V*FU (8.1)
18 holomorphic in G.
(b2) There exists an Ry € (0, +oc0) such that K (zo; Ry) C G and
det f(2) #£0 for all z € K (z; Ro).
(b3) If z € K (z0; Ry ), then
Fl(z)=T1f ()] P (3:2)

(b4) The function F' is holomorphic in K (zo; Ry ).
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Proof. (a) Remark 4.2 gives us that ( F(j)j(, %) ) is the constant sequence with
! =0
value Opxq. This implies (a).
(b1) This is obvious from the definition of f.
(b2) By construction, we have rank f (zp) = rankF (zp) = r. Thus,
det f (z0) # 0. Since the function det f is continuous, it follows that (b2) holds.
(

b3) For each j € Ny, we set

FU) (z)
S5 1= j' (83)
and
tj = V*ijj (84)
From (8.3), (8.4) and the definition of f, we see that
)
t; = ! ,('ZO) for each j € Ny. (8.5)
J!
Taking (8.4) into account, we see from part (b) of Proposition 6.11 that
55 = Vtg-p’(I]U* for each j € Ny. (8.6)
From (8.3), (8.5) and (8.6) we obtain
F(z)=Vvfra(z)u~. (8.7)

Using (8.7) and the fact that the matrices U and V are unitary, the formula
Fi(z)=1U [fT (z)][p’q] V* follows by applying part (c) of Lemma A.3. This
implies (8.2).

(b4) follows immediately from (bl), (b2) and (8.2). O

Remark 8.8. Let F and G be subsets of C such that the interior of F N G is non-
empty and let zg be an interior point of F N G. If the matrix-valued functions
F: F— CP*% and G: G — C?*" are holomorphic in zg, then

slrigle] — glra] for all m € N,

where Sg], SE] and SL,I;G] denote the matrices given by (2.1), substituting, respec-

tively, ( jllF(j) (20) >j:0’ ( jll GU)(z) )j:O and ( jl! (FG)Y) () >j:0 for (s;)7,-

Now we come to the main result of this section.

Theorem 8.9. Let G be a non-empty and connected subset of C. If zg is an interior
point of G and F: G — CP*? s holomorphic in zy, then

1 e
FT is holomorphic in z if and only if ( ,'F(J)(zo)> € Tpxg,4oo-
J: §=0
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. +oo
Whenever this is the case, (jl! (FT)(J)(zO)) ~is the inverse sequence correspond-
1 () e o
; J
ing to <j!F (20) >j:0
Proof. First suppose that FT is holomorphic in zy. From Remark 8.8 we then get

SIFIGIFT — glFrT] and SIFIIF] — glF'F]

for all m € Ny, where Sﬁf], S%ﬂ], S[ Fi] and S[F are given by (2.1) of No-
tation 2.1, using (jllF(j)(ZO)>j:07 (j! [FT](j)(ZO)>j:07 (jll (FFT)(j)(zo)) ~and

(J,l! (FTF)(j)(ZO)> L respectively, instead of (s; );.n:O. From the holomorphicity

of F and FT in zy, we see that FFT is holomorphic in zy. From Remark 8.8 we
obtain, for all m € Ny:

SIFFTIGIF] — gIFFTF] and SIFIGIFFT) — gIFTFFT]

where S [FFUF] and S[FTFF I are given by (2.1) using ( (F FTF)(J)(ZO)>m and

j=0
( (FTEETN ) (2) ) , respectively, instead of ('s; )j . Hence, we have
j—O
SIFISIFYIGIF] — gIFFIIGIF] — GIFF'F] _ gIF] (8.8)
and
SIFIGIFISIFT — gIFIGIFFT] — gIFTFFT] — gIF] (8.9)

for all m € Ny. Since F and F' are holomorphic in zo, there exists a positive real
number Ry such that F' and F' are holomorphic in K (zp; Ro). Then Proposi-
tion 8.4 yields

(FF)(2) = (FF)(20) and (FTF)(2) = (FTF)(z0),
for all z € K (z0; Ro ), which implies, for all j € N:
(FFN9 (29) = 0pxp and (FTF)9 (20) = 0gxq-

It thus follows, for all m € Ny, that

m

S = L o) (FFNO ()] and S = Ly o[, (FTF)© (zo)]
Hence, we can conclude, for all m € Ny, that
sl =S = L @ [(FF1)(20)]
L ® (F(zo) [F(20)]f ) € CimtDpx(m+p (8.10)
and, similarly,

S’[rgt]sr[rg] _ S[rgvTF] _ Im+1 ® ([F(ZO)]TF(ZO)) c C%m+1)¢1><(m+1)q. (811)
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Thus, from (8.8), (8.9), (8.10) and (8.11) it follows that

.
(sgfl) — slF] for all m € No.

Recalling Definition 2.6, we see that this implies

(jl! F(j)(20)>+°° € Tyxgtoo  and ( (F(”(Zo) )i>]+_°: _ ( [F1)0) (z0) ):_o:

j=0 J! J!

. +o0
Now suppose ( ;! FU)(z) >j70 € Lpxg,+o00- Then, parts (a) and (b4) of Propo-
sition 8.7 imply that 't is holomorphic in z. U

Appendix A. The Moore-Penrose inverse of a complex matrix

Here, we present some facts on the Moore-Penrose inverse. For a comprehensive
exposition of the theory of generalized inverses, we refer the reader, for instance, to
the monographs Ben-Israel/Greville [2], Campbell/Meyer [4], and Rao/Mitra [17]
or [7, Section 1.1].

If p, ¢ € N and A € CP*9  then (by definition) the Moore-Penrose inverse,
At of A is the unique matrix, AT € C7*P, which satisfies the conditions

AATA=A,  ATAAT = AT, (AAT)* = AAT  and  (ATA)" = ATA.

With the next proposition, we present a well-known characterization of the Moore-
Penrose inverse (see, for instance, [7, Theorem 1.1.1]).

Proposition A.1. If A € CP*9, then a matric G € CT*P s the Moore-Penrose
inverse of A if and only if AG = Ps and GA = Pg, where Pa and Pg are, respec-
tively, the matrices associated with the orthogonal projection in CP onto R(A)
and the orthogonal projection in C? onto R (G).

For the reader’s convenience, we provide (in the next two results, for which
we omit the proofs) a short review of basic properties of the Moore-Penrose inverse
used in this paper (see, e.g., [2], [4], [17])

Remark A.2. If A € CP*4, then from the definition of the Moore-Penrose inverse,
the following are obvious:

(ANt = A, (A1)
(AT)* = (a")T, (A2)
(AN = (AN, (A.3)

ATA = A% (AT, (A.4)
AAT = (AT A7, (A.5)
At = A% (44T, (A.6)
At = (A*A)T 4, (A7)
R(AT) = R(AY), (A.8)
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N(AT) = N(4Y), (A.9)
rank A = rank (AJr ) (A.10)
rank ( AAT ) = rank A, (A.11)
and
rank (AAT ) = rank (ATA). (A.12)

Lemma A.3. If A € CP*9) then the following statements hold:
(a) Ifr € N and B € C"™%9, then

N(A) CN(B) if and only if BA'A = B,
and
N(A) =N(B) if and only if ATA = B'B.
(b) Let s € N and C € CP*°, then
R(C) C R(A) if and only if AATC =,
and
R(A)=R(C) if and only if AAT = CCT.

c) Let r, s € N. For each U € C"*P with U*U = I, and each V € C9*5 with
(c) p
VV* =1, it holds that

(UAV)T = v ATU~.

We use the following characterizations of the class C%Lp of all complex g x g
range-Hermitian matrices, which can be found in the papers [5] and [19].

Proposition A.4. If A € C?*9, then all of the following conditions are equivalent:
(i) AeCqy.
(i) N (A) = N (4).
(iii) AAT = ATA,
(iv) AT € CLY.
v) There exists an X € CI*9 such that AX = A*.
(vi) There exists a Y € C1*? such that A*Y = A.

The formula (AB)~! = B71A~! which holds for all non-singular complex
q X g-matrices, can not be generalized to Moore-Penrose inverses without addi-
tional constraints. Since a particular sufficient condition we need for

ey S
(HAj )T = 14] (A.13)

can be easily proved, we will state the proofs.
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Proposition A.5. Let n € N and let (p; );‘;1 be a sequence of positive integers. For
each j € Z1,n, let the matrices A; € CPi*Pi+1 satisfy the conditions:

' S S T
(TT45)(T140) =aal  ana (TJ4D)(IT45) = 4hAn  (A14)
=1 =1 =1 =1

Then (A.13) as well as both of the following equations hold true:

W W
R(I[4;) =R (A1) and N(TT4:) =N (4n). (A15)
j=1 j=1
Proof. The case n =1 is trivial. Suppose n > 2. Let
' S
B, = HAj and Cp = HA; (A.16)
Jj=1 j=1
From (A.14) we get that
M M
BnCnBy = A1 Al B, = A, ATA [ [A; = A [ [4; = Bn
j=2 j=2

and, similarly, C,, B,,C,, = C,,. Obviously, (A.14) implies
(BnCn)" = (A41A])" = 41A] = B,C,
and
(CoBn) = (AL A,) = Al A, = C,B,.

Consequently, the definition of the Moore-Penrose inverse provides us with B} =
Cp. The proof of (A.13) is thus complete. Using (A.13), formulas (A.15) follow,
respectively, from (A.14) and parts (a) and (b) of Lemma A.3. O

Remark A.6. Let p, ¢, € N. If A € CP*? and B € C?*", such that R (A*) =
R (B), then, using (A.6) and part (b) of Lemma A.3, we see that

BBTAT = BB A* (AA* ) = A* (AA*)T = AT,
Furthermore, applying (A.4) and part (b) of Lemma A.3 yields
ATAB = A* (A*)' B = B.
Proposition A.7. Let n € N and let (p; )?:11 be a sequence of positive integers. For

each j € Zi,n, let Aj € CPi*Pitt sych that R (A;‘) = R(Aj+1). Then both of
the equations in (A.14) hold true. Furthermore, (A.13) and (A.15) are fulfilled.

Proof. The case n =1 is trivial. If n = 2, then the first equation in (A.14) follows
immediately from Remark A.6. Suppose now that n > 3. We proceed by induction
and we assume that

anlcnfl = AlAJ{a (A]'?)
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where B,,_1 and C,,_; are defined as in (A.16). Because of Remark A.6 and
R(A:_) =R(A,), we have
A AT AT = Al (A.18)
and, using (A.17) and (A.18), we then get
ByCp = By 1An AL AT Cho =By 1Al Chig = By 1Cy_q = A1 AL

Thus, the first equation in (A.14) is proved. The second equation can be checked
analogously. The rest follows from Proposition A.5. O

Corollary A.8. If A € CLY, then
A" (AT = AAl, (AT)" A" = Af 4, (AT = (af)",
R(A")=R(A) and N(A")=N(A).

Remark A9. If A € C?7%7 is a normal matrix, then R(A) = R(AA4A*) =
R(A*A) = R(A*). Thus we see that A € CL}! and therefore that Corollary
A.8 can, in particular, be applied to normal matrices.

Now we derive block representations for the Moore-Penrose inverse of a block
matrix with specified constraints on its blocks. Parts of the following result can be
found in Campbell/Meyer [4, p. 49, Exercise 7.3].

Proposition A.10. Let r, s € N and E € C@Ht)x(a+s) - Byrthermore, let

P (é g) (A.19)

be the block partition of E with p x q-block A. Let L := D — CA'B and let

(AT + ATBLTCAT —A'BLT
F = ( _ItoAt It . (A.20)
Then the following statements are equivalent:
(i) Et=F.

(ii) The equations
AA'B=B, LL'C=C, BL'L = B, CATA =C,
DL'L =D and  LL'D=D

hold.
(iii) The first four of the siz equations in (ii) hold.
(iv) The inclusions

R(B) CR(4), R(C)CR(L), N(L)CSN(B), N(A)CN(©Q),

N (L) CN(D) and R(D) C R(L) hold true.
(v) The first four of the siz inclusions in (iv) hold.
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Proof. Let G := EF,let H := FE, and let G = (G} ) =1 and H = (ij)?,kzl be
the block partitions of G with p x p-block G11 and H with q X g-block Hy1. Then
G = AA — (I, — AANYBLICAt, Gyy = (I, — AAN)BLY, Goy = (I, — LLT)CA,
G = LLT, Hyy = ATA — ATBLIC(I, — AtA), Hyy = A'B(I, — LL), Hy =
LTC(1, — ATA), and Hay = LTL.

First suppose (i), i.e., Ef = F. Thus, (EF)* = EF. For each x € C", then

(I, — AANBL 'z = Giox = G0 = (AN)*C* (I, — LL")x. (A.21)

The left-hand side of (A.21) belongs to N'(A') and consequently to R((AT)*)+, and
the right-hand side of (A.21) belongs to R((A")*). Hence G2 = Opxrs G21 = Orxp,
and Gq1 = AAT. Because of Ef = F, we have E = EFE = GE and therefore
AA'B = B, LL'C = C and LL'D = D. Taking into account (FE)* = FE and
FEF = F, we obtain analogously B = BL'L, C = CA'A and D = DL'L. Thus,
(ii) holds.

The implication “(ii) = (iii)” is trivial.

Now suppose that (iii) holds. Then the definition of the matrix L along with
LL'C = Cand BL'L = Bimply LL'D = D and DLTL = D. Thus, (ii) is fulfilled.

Finally, suppose that (ii) holds. Then we obtain EF = G = diag(AAT, LL") €
ng)x(pw) and

AATA AATB
EFE = (LLTC LLTD) =&

and similarly (FE)* = FE and FEF = F. Hence, ET = F. Consequently, the
implication “(ii)=-(i)” is verified.

From parts (a) and (b) of Lemma A.3 we see the equivalence of (ii) and (iv)
as well as the equivalence of (iii) and (v). O

Corollary A.11. Let A € CP*9, let C € C"*9, let D € C™**, and let

)
G = (é OIBS) and  H = (—DI?C e Ogg). (A.22)

(a) The following statements are equivalent:
(i) There are matrices W € C1*P| Y € C**P, and Z € C**" such that

W 0

T _ gxr
G _<Y VA )
(ii =

) Gt
(iii; R(C) € R(D ) and N(A) C N(C).

mm

(iv) DD'C = C and CATA = C.
(b) If (i) is satisfied, then

GG' = diag (AAT, DDT) and G'G = diag (ATA, D'D).
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Proof. (a) “(i) = (iii)”. Using (i) and the equations (GG')* = GG', (GTG)* =
G'G and GGG = G, we get C = DZC and C = CW A. In particular, (iii) is true.
“(iii) = (ii)”. Use Proposition A.10.
“(i) = (1)”. This implication is trivial.
“(ill) < (iv)”. Use parts (a) and (b) of Lemma A.3.
(b) Let (i) be satisfied. Then using (ii) and (iv), we get

AAt O0pxr
GG = P*" ) = diag (AAT, DD?
(c/ﬁ _ ppicAt DDT> tag ( )
and, similarly, G'G = diag (A‘LA7 DTD) . O
Corollary A.12. Let A € CP*9, [et B € CP*%, let D € C"**%, and let
A B At —ATBDft
G = (OT‘Xq D) and H = (Osxp Dt ) . (A.23)

(a) The following statements are equivalent:
(i) There are matrices W € CT*P, X € CI*", and Z € C**" such that

w X
T

¢ = (op Z) ‘
(i) Gt = H.

) G
(iii) (B) R(A) and N (D) C N(B).
(iv) AATB = B and BD'D = B.
(b) If (i) is satisfied, then

GG' = diag (AA", DDT) and G'G = diag (ATA, D'D).

Corollary A.12 can be proved analogous to Corollary A.11.
An alternate approach to Corollary A.11 and Corollary A.12 can be found in
Campbell/Meyer [4, Theorem 3.4.1].

Lemma A.13. Let A€ CP*4, C € C™*9, and D € C"*°. Let G be given by (A.22).

(a) The following statements are equivalent:
(i) R(C) € R(D).
(ii) R (G) = R(diag(4, D)).
(b) Let (i) be satisfied. Then rank G = rank A + rank D.

Proof. (a) “(i)=(ii)”: Part (b) of Lemma A.3 yields
DD'C = C. (A.24)

Let € R (G). Then there are y; € C? and y2 € C® such that 2 = G(y7,y3)*. In
view of (A.22) and (A.24), then

_ Ay _ Ay o Y1
r= (C’yl + Dy2> - (DDTCyl + Dyz - dlag(A7 D) DTCyl + Y2
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follows. In particular, z € R (diag(A4, D)). Hence,
c

R (G) C R (diag(A, D)) (A.25)
is proved. In order to check that
R (diag(A, D)) C R (G), (A.26)

we now consider an arbitrary x € R (diag(A, D)). Then there are y; € C? and
y2 € C*® such that « = diag(4, D) - (v}, y3)*. Using (A.24), this implies

= Ayl — Ayl — A 0p><s Y1
Dy2 Cy1 + D(yo — D'Cyy) ¢ D Yo — DTCy1 ) -

Hence, © € R (G). Thus, (A.26) is proved. From (A.25) and (A.26) we get (ii).
“(il)=(1)”: Let y € R(C). Then there is some z € C? such that y = Cux.
Setting z := Ax, we obtain

()= (2)=(2 %) (") =e(os)) ere.

Consequently, (i) implies () € R(diag(4, D)) and therefore y € R(D). Hence,
R(C) € R(D).
(b) This follows immediately from (a). O

The following result can be proved in the same way as Lemma A.13.

Lemma A.14. Let A € CP*1, B € CP** and D € C"**. Let G be given by (A.23).
(a) The following statements are all equivalent:
(i) R(B)SR(A).
(i) R(G) =R (diag(A,D)).
(b) If condition (i) is met, then rank G = rank A + rank D.

We now characterize lower block triangular range-Hermitian matrices.
Proposition A.15. Let A € CP*P, C' € C9*P, D € C9%? and G := (2 0,,;[,) .
(a) The following statements are equivalent:
. )% (p+
(1) G e C%)PQ)X(Z) fl).
(ii)) Ae CLF, DeCLY, R(C)CR(D) and N (A) CN(C).
(i) A€ CEY, D e CLY, DDIC =C and CATA=C.
(b) If (i) is satisfied, then GG' = diag (AAT, DD'), G'G = diag (ATA, D'D)

and
Gl = AT Opxq
-ptcat Dt -
Proof. (a) 1.) “(i) = (ii)”. In view of (i) the application of Proposition A.4 yields

the existence of matrices X, Y € CP+0x(»+9) guch that

GX =G (A.27)
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and
G'Y =G (A.28)
are satisfied. We use the block partitions
P Q T U
X = and Y = , (A.29)
K S Vv w
where P € CP*P and T € CP*P. From (A.27)-(A.29) we obtain
A CF AP AQ
= (A.30)
Ogxp D~ CP+DR CQ+DS
and
A 0, AT+ C*V AU + C*W
P = , (A.31)
Cc D D*V D*W

Comparing corresponding diagonal block on both sides of (A.30) and (A.31) we
get

A* = AP and D = D*W, (A.32)
respectively. In view of Proposition A.4 we see from (A.32) that
AeChy and D e CLY, (A.33)

respectively. Comparing the left lower ¢ x p-block on both sides of (A.31) we get
C = D*V. Thus, R(C) C R(D*). Otherwise, from (A.33), we have R (C) =
R (D*). Hence,

R(C)CR(D). (A.34

~—

Comparing the right upper p X ¢-block on boths sides of (A.30), we obtain C* =
AQ. Thus, R (C*) C R (D). Otherwise, from (A.33), we get R(A) = R(A*).
Hence, R (C*) = R(A*). Forming orthogonal complements yields N (A) C
N (C). In view of this, (A.33) and (A.34), we see that (ii) holds.

2.) “(ii) = (i)7. In view of (ii), we have R(C') C R(D) and N (A)
N (C'). Thus, Corollary A.11 yields

GG' = diag (AA", DDT) and G'G = diag (ATA, D'D).  (A.35)

N

In view of (i) we have A € CEY and D € C%L}l. Thus, Proposition A.4 yields
AAT = ATA and DD' = DT D. Combining this with (A.35) gives us
GG =G1aG. (A.36)
Thus Proposition A.4 yields (i).
3.) “(ii) < (iii)”. This follows from parts (a) and (b) of Lemma A.3.

(b) The first two identites follow from (A.35) and (A.36). The formula for G
is a consequence of Corollary A.11. g
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We now consider Proposition A.10 in the special case of a non-negative Her-
mitian block matrix, F.

Proposition A.16. Let E € (C(pr)x(pw) and (A.19) be the block partition of E
with p x p-block A. If F € C@+)x(P+7) 45 given by (A.20), then

Et=F if and only if N(L) CN(D).

Proof. 1If Et = F, then N'(L) C N(D) follows immediately from Proposition A.10.
Conversely, suppose N (L) C N (D). We apply a well-known block characteri-
zation of non-negative Hermitian block matrices to E (see, e.g., [7, Lemma 1.1.9]).
Then we have A € CZ*P, D € CI*", R(B) C R(4), R(C) € R(D), C = B*
and L € CL*". Consequently, we see that D — L = B*ATB € CL*", and hence,
N(D) C N(L) and R(L) € R(D). Thus, we have N'(D) = N(L), and we get

R(D)* C R(C)* = N(C*) = N(B),
= R(A)* CR(B)* = R(C*)* = N(0),
=N(D) = N(L)* = N(L*)" = R(L),

and hence R(C) C R(D) = R(L). From Proposition A.10, it then follows that
Ef =F. U

=
=
i
=
5
]
=
3
i

It should be mentioned that in Grofl [9] the block structure of the Moore-
Penrose inverse of a partitioned non-negative Hermitian matrix is discussed. The
special situation of Proposition A.16 can also be derived from [9, Theorem 1].
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Abstract. This paper provides a detailed discussion of reciprocal sequences of
finite and infinite matricial Carathéodory sequences, including an examina-
tion of the relationship a reciprocal sequence has to its original sequence. The
properties of such reciprocal sequences are described. Of particular interest
is the fact that the reciprocal sequence of a Carathéodory sequence is again
a Carathéodory sequence. Later, these results are applied to matrix-valued
functions. The natural focus is, in particular, on the matricial Carathéodory
functions associated with a matricial Carathéodory sequence and its recip-
rocal sequence. These matrix functions are then shown to be Moore-Penrose
inverses of each other. The implications of these results for non-negative Her-
mitian matrix measures on the unit circle are also discussed.
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0. Introduction

Several classes of sequences of complex matrices were discussed in [22]. There,
these classes were studied in the context of a generalization of the inversion of
power series with matrix coefficients. In particular, each finite or infinite sequence
in the set CP*? of all complex p X ¢ matrices was assigned a reciprocal sequence.
This was done in such a way (see Definition 1.1) that, for the special case p = ¢
and det sg # 0, the assigned reciprocal sequence was none other than the usual
reciprocal sequence of conventional power series inversion theory.

Our first main objective for this paper is to study the reciprocal sequences
of finite and infinite ¢ x ¢ Carathéodory sequences. We will see that the reciprocal
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sequence of a Carathéodory sequence is itself a Carathéodory sequence. Further-
more, we will see that the properties of such reciprocal sequences can be fully
expressed in terms of the original Carathéodory sequence. Later, starting with
an infinite ¢ x ¢ Carathéodory sequence and its reciprocal ¢ x ¢ Carathéodory
sequence, we consider their respective ¢ x g Carathéodory functions.

Our second main goal is to show that these functions are Moore-Penrose
inverses of one another on the complex open unit disk . This will, ultimately,
yield a new proof for the holomorphicity of the Moore-Penrose inverse of a g x ¢
Carathéodory function in D. An earlier proof of this result in [5, Theorem 4.5] was
based on an approach using the Cayley transform.

This paper is organized as follows. Section 1 offers a brief introduction to
reciprocal sequences of finite and infinite sequences of matrices in CP*9 (see Def-
inition 1.1). We also examine the class of first term dominant matrix sequences
(see Definition 1.4), which is particularly interesting and useful in the context of
reciprocal sequences. These observations are continued from [22]. In this section
we also look at EP sequences, earlier considered in [22, Section 7]. We build on
and expand these results (see Proposition 1.11 and Theorem 1.12).

In Section 2 we present a summary of preparatory results on finite and infi-
nite Toeplitz non-negative definite sequences in C?*%. The emphasis, here, is on
the inner structure of such sequences, which is described using matrix balls (see
Proposition 2.9). We also introduce a number of important subclasses of Toeplitz
non-negative definite sequences in C7*? (see Definition 2.12 and Definition 2.24).
Relevant results are drawn from [11] and [8, Section 3.5]. Proposition 2.7 shows
that Toeplitz non-negative definite sequences in C9*? are first term dominant.
This proposition connects Section 2 to Section 1.

Section 3 centers on a discussion of matricial Carathéodory sequences, in light
of their relationship to Toeplitz non-negative definite sequences. This relationship
shows that a certain duality exists between the two types of sequences and makes it
possible to define particular subclasses of matricial Carathéodory sequences using
Section 2 (see Definition 3.15 and Definition 3.22).

In Section 4, we focus on reciprocal sequences of matricial ¢ x ¢ Carathéodory
sequences. We show that g x ¢ Carathéodory sequences are EP sequences and rec-
ognize that they are first term dominant (see Proposition 4.1). We then use this
fact to apply the EP sequence results of Section 1 to g x ¢ Carathéodory sequences.
This leads directly to our first main result, namely, that the reciprocal sequence
of a ¢ x ¢ Carathéodory sequence is itself a ¢ x ¢ Carathéodory sequence (see
Theorem 4.4). This, in turn, brings us to the question of how a ¢ x ¢ Carathéodory
sequence is related to its reciprocal sequence and to what extent one can be used to
describe the other. In the second part of Section 4, we deal mainly with these ques-
tions. We will see that for the subclasses introduced in Section 3, both sequences
either belong to the relevant subclass or neither of them do (see Theorem 4.8
and Theorem 4.10). Furthermore, we describe the matrix ball structure of recip-
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rocal sequences to Carathéodory sequences in terms of the original Carathéodory
sequence (see Lemma 4.9).

The focus of Section 5 is on a particular reciprocal sequence operation for
matricial Toeplitz non-negative definite sequences. Because of how closely matricial
Toeplitz non-negative definite sequences and matricial Carathéodory sequences are
related, we are able to use Section 4 in constructing a new Toeplitz non-negative
definite sequence to associate with a given initial Toeplitz non-negative definite
sequence. Having established a procedure for constructing new sequences of this
type, we proceed with an extensive examination of the relationship between an
initial matricial Toeplitz non-negative definite sequence and the Toeplitz non-
negative definite sequence generated from it.

Section 6 includes a short introduction to the theory for the matricial Carathé-
odory class C, (D), where D := {w € C: |w| <1} is the open unit disk in the
complex plane C. The C, (D) class is made up of every ¢ x ¢ matrix function
that is holomorphic in D with non-negative real part at all w € D. Via Taylor
coefficients, we see that there is a well-known one-to-one correspondence between
the class C, (ID) and the set of all infinite ¢ x ¢ Carathéodory sequences (see Propo-
sitions 6.10 and 6.12). This suggests introducing a number of special subclasses of
Cq (D), which we do with the help of Section 3.

Section 7 is dedicated to an analysis of the Moore-Penrose inverse Q* of
a function Q € C, (D). We show that QF € C, (D) and also that the Taylor
coefficient sequence for QT is the reciprocal sequence to Q’s Taylor coefficient
sequence (see Theorem 7.3). We furthermore show that for the subclasses of C; (D)
defined in Section 6, both of the C, (D) functions 2 and QF either belong to the
relevant subclass or neither of them do (see Theorem 7.9 and Proposition 7.10).

We are also interested in applying these results to the theory of non-negative
Hermitian ¢ x ¢ measures on the unit circle T := {2z € C : |z| = 1 }. For this reason,
we include a brief review of results in matricial harmonic analysis on T. Because of
the matricial version of a classical result by G. Herglotz (see Proposition 8.1), we
know that (via Fourier coefficients) there is a one-to-one correspondence between
the set of all infinite Toeplitz non-negative definite sequences in C?*9 and the set
of all non-negative Hermitian ¢ x ¢ measures on the Borel g-algebra for the unit
circle. This one-to-one correspondence makes it possible to generate a reciprocal
non-negative Hermitian measure using an operation based on Section 5’s method of
generating a Toeplitz non-negative definite sequence “by reciprocation”. This idea
then informs how Section 8 develops. The aforementioned construction was already
considered in [8, Section 3.6] for the special case of a non-negative Hermitian
measure F' with non-singular matrix F(T). There, the focus was on the relationship
between associated pairs of orthogonal systems of matrix polynomials.

Our closing Section 9 concentrates on a class of matrix functions that are
holomorphic in the upper half-plane I, := {z€ C : Imz € (0, 4+00)}. This
matrix function class is particularly interesting in the context of the matrix version
of the Hamburger Moment Problem. The class R, (111 ) discussed in Section 9 is
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comprised of all matrix functions G : II; — C9%? that are holomorphic in II; and
having non-negative Hermitian imaginary part at all z € II;. There is a one-to-
one correspondence between R, (111 ) and C, (D), which makes it possible to show
that the Moore-Penrose inverse G of a function G € R, (1L} ) is holomorphic and
also that null space and range remain constant (see Theorem 9.4).

To conclude this introduction, we quickly review some notation. Throughout
this paper, let p and g be positive integers. We use N and Ny to denote the sets
of positive and non-negative integers, respectively. The set of all integers is Z. For
any o € Zand x € ZU {400}, welet Zy ,, :={0€Z : a<{l<sx}.

The set of all Hermitian matrices in C?*¢ will be denoted by C%?, while
CL*? and CL*? will stand for the sets of all non-negative and positive Hermit-
ian matrices, respectively. The set of all contractive p x ¢ matrices is defined as
Kpxg :={A€CP*? : ||A|ls <1} and the set of all strictly contractive p x ¢ ma-
trices as Dpyxq := {A € CP*7 : ||A|ls < 1}, where ||-||s is the operator norm in
CP*4. Suppose that A € CP*9, then N (A) is A’s null space and R (A) is its
range. The zero matrix in CP*? and the identity matrix in C?*? are denoted by
Opxq and I, respectively. Suppose A € CP*¢, then its adjoint will be denoted
by A* and its Moore-Penrose inverse by AT. For each A € C9%4, the matri-
ces ReAd := J (A+ A*) and ImA := ,, (A— A*) are, respectively, called the
real and imaginary parts of A. The determinant of A will be denoted by det A.
For n € N and any sequence ( A; );.L:l of complex p x ¢ matrices, we also define

T
row (A; )?‘:1 = (A1, Az, -+, Ay) and col (4 );.L:l = [row (AT );':1}
For each g € N, we let

Ry i={A€C™ :ReAeCL"} and T, :={A€C™ : ImAeCL}.

We also define
Ry > ={Ae€C™ : ReAeCL} and Z, - :={A€C™ :ImAeCL}.

Clearly, the set (Cq;q of all non-negative Hermitian complex ¢ x g matrices is a

subset of R, > and the set C2*? of all positive Hermitian complex ¢ x ¢ matrices
is a subset of R4, ~. A complex ¢ x ¢ matrix A is called range-Hermitian (or an EP
matrix) if R (A) = R (A*). The set of all range-Hermitian matrices in C9*? will
be denoted by CLy.

1. Reciprocal sequences

The approach to constructing a special transformation for sequences of complex
matrices considered here was introduced in [22]. The main theme of [22] was in-
vertibility for sequences of complex matrices. In this section, we provide a quick
review of relevant results from [22], because they will later be important.
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Definition 1.1. Let »r € NgU{+o00} and let (s; );‘{:0 be a sequence of complex p x ¢

matrices. The sequence (s Jﬁ );:0 of ¢ X p matrices defined by

s, if k=0,
st = k-t
—sar Z sk,lslﬁ7 itk e, s,
1=0

is called the reciprocal sequence corresponding to ( s; );’:O.

Remark 1.2. Let » € No U {400} and let (s; ) o be a sequence of complex

J
the reciprocal sequence corresponding to ( s; );.n:O is then (sgi );ﬂ:O

p X g-matrices with reciprocal sequence (s@ );;0. leen an arbitrary m € Zg, .,

Example 1.3. Let 5 € No U { +o0 }. Suppose (s; ) _o is a sequence in CP*? and
that u € C. For j € Zg, ,., suppose that s; , := u? sj. By induction, we then obtain
(sj,u)ﬁ—ujs for j € Zy, ..

We will see that reciprocal sequences are especially interesting when consid-
ered for the following class of matricial sequences.

Definition 1.4. Let 52 € No U {+00}. A sequence (s;);_, in CP* is called first

term dominant if

C (N (sy) and UR(s;) SR (s0)-
j=0 j=0

0

The set of all such sequences ( s; ) _o in CP*9 will be denoted by Dpx g, s-

Ezample 1.5. Let 3 € NoU{ +o0 }. All sequences ( s; ) o in C7*7 with det so # 0
belong to Dyxg, »-

Remark 1.6. Let 5 € No U {+o0} and (s;);_, be a sequence in CP*?. Then
(SJ) o € Dpxg, » if and only 1f(sj) GDqu m, for all m € Zg ...

Remark 1.7. Let (s; )j:O be a sequence in C?*7 and let (¢; )j:O be a sequence in
C\ {0}. Then (s;)7_, € Dyxq, » if and only if (e85 )72, € Dyxq, -

Given a » € NgU{ +oo } and a sequence ( s; )J in CP*1, we define, for each

m € Zo, 5, the lower triangular block Toeplitz matrices Sm

S0 0 0 ... 0
S1 S0 0 0

S = | sy S1 so . (1.1)
) ) ) 0
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and, whenever it is clear which sequence is meant, we will simply write S,,, instead

of 8. For each m € Z_ ., using (sjti )::0 instead of (s;)7,, we also set
o
Sk = SS,; ). (1.2)

The following result (see [22, Proposition 4.20]) is particularly useful.

Proposition 1.8. If > € Ny U {+00} and (SJ) o € Dpxq, s, then S}, = Sk for
each m € Zyg, ..

Ifr,s € N, A = (aji)j=1,...p € CP*? and B € C"**, then the Kronecker
k= 1, g
product A ® B of the matrices A and B is given by A® B := (a1 B);=1,.
k= 1, ,q

It should be noted that, if s € CP*? and if m € N, then the complex

(m+1)p x (m+ 1) ¢ matrix diag (so, So, ..., S0) can be expressed as ;11 ® So.

Lemma 1.9. If 5 € NoU{+00} and (s;)7_ € Dpxq, =, then, for each m € Zo, ..,

Sm S =l ® (Sosar) and S+S =In1® (SO So)
If, furthermore, p = q and if so € C4y, then S,,S;,, = S;5.S,, for every m € Zg ..
Proof. Combine part (a) of [22, Theorem 4.21] with [22, Proposition 3.6]. O

We now consider a special class of sequences of complex square matrices,
namely the set of EP sequences (see [22, Section 7]). If n € Ny and (s; )” o 1s a se-

quence in C9*9, then ( s; ) ., is called an EP sequence when st e (C(nH)qX(nH)q

where S is defined by (1.1). If n € N and (sj) _o i1s an EP sequence in C?*9,
then, for any k € Zg,,—1, it follows that (s; )§:0 is also an EP sequence (see
[22, Remark 7.2]). A sequence ( s; )oio in C?%9 is thus called an EP sequence when
(87)j—o is an EP sequence for all n € No. If 3 € NoU{ +o0 }, then Fob, will stand

for the set of all EP sequences (SJ) _, in C7%%. The following proposition (see

[22, Proposition 7.4]) shows that EP sequences make up a subclass of first term
dominant sequences (introduced in Definition 1.4).

Proposition 1.10. Let »x € NgU {+o00} and (s; ) o be a sequence in CT*9.
(a) The following two conditions are equivalent to one another:
(1) (55)720 € Fy -
(ii) so € (quq and (8;)7_ € Dgxq, =
(b) Suppose (i) is satisfied, then sosg = sg so and, for each n € Zg, .,
SuSH =111 ® (8083) and SIS, =1 ® (80 80)
Proposition 1.11. If > € NoU {+oo} and (s;)7_, € Fob . then (s )j:0 e Fob
and S} =S} for each n € Zg ..

Our next result will offer us further insight into the structure of EP sequences.
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Theorem 1.12. Let ¢ > 2, r € Zq, 4—1 and » € NgU{ 400 }. Suppose, furthermore,
that (s;5)7_, € Fi, with rank so = 7 (and therefore dim [N (s0)] = ¢ —r). Let
(us),_y be an orthonormal basis in R (so) and (us)i_, | be an orthonormal
basis in N (sg). For each £ € Zi,q, let Up := (ul7 Uz, ..., ug) and, for each
J €Ly, s, let 55 :=Us;U,. Then:

(a) (us)?_, is an orthonormal basis in C*** and the matriz Uy is unitary.

(b) Uys;U, = diag ('svj7 0(q_r)><(q_r)) for each j € Zg, ;.. The matriz 5o is, in

particular, non-singular.

Proof. By part (a) of Proposition 1.10, we get so € C%Lyl. Thus, it follows by
Proposition A.5 that N (sg) = N (sf). Hence, we see that C?*! = R (so) @
N (sp), from which we obtain (a). Furthermore, by part (a) of Proposition 1.10,
we have (sm ), _o € Dgxg, »- Recalling Definition 1.4, we then obtain N (sg) C
N (s;) and, since N (s9) =N (s§), it follows by [22, Proposition 5.1] that
N(s0) SN (s]). (1.3)
For each m € Z,41, 4, we have, by assumption, that u,, € N (sg ), which, because
of (1.3), implies sjum = 0gx1 and siu,, = Ogx1 for each j € Zg, .. Consequently,

U;Squ = (

= diag (5}, O(g—r)x (¢—r))

for each j € Zy, ,.. Since Uy is non-singular, it follows that

(uns oy we ) sy( un, ooy U ), (uns oy we ) sy ( g, s Ug ) )

(Urd1s oy Ug ) si( UL, s Up ), (Urd1s my Ug )85 ( Urg1, y Ug )

rank 5o = rank [diag ('507 0(q_r)><(q_r)) } = rank [U;squ] =rank sy =r1.

Thus, the matrix sy is non-singular. O

2. Matricial Toeplitz non-negative definite sequences

Our focus in this section will be on a special class of sequences in C?7*7. Before
we describe this class, we first introduce some notation. Given a » € Ny and a
sequence ( Cj )7:0 in C?*4 we define, for each n € Z_,., the block Toeplitz matrix

Cy Cf ... C:

TC) .= C} o (2.1)
: " . CF
C, ... Ci Cp

Whenever it is clear which sequence is meant, we will simply write T,, instead
of TSV). If n € Ny and (Cj)j— is a sequence in C?7, then (Cj)j_, is called

a Toeplitz non-negative definite sequence (or T-n.n.d. sequence, for short) if T, is
non-negative Hermitian. We call ( C; );.L:O a Toeplitz positive definite sequence (or

n

T-p.d. sequence) if Ty, is positive Hermitian. If n € N and (Cj);_, is a T-n.n.d.
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sequence in C7%9, then, for each m € Zg, ,,—1, so is (Cj ) o- Similarly, if (C; )j 0
is T-p.d., the same holds for (C} );"':0. Thus, we say that a sequence ( Cj );io is
Toeplitz non-negative definite (T-n.n.d.) if, for each n € Ny, the sequence (C; )?:0
is Toeplitz non-negative definite and Toeplitz positive definite (T-p.d.) if, for each

n € Np, the sequence (Cj )n_o is Toeplitz positive definite. For 3 € Ng U { +o00 },
the set of all T-n.n.d. sequences in C?*? will be denoted by 7, ,. and the set of all
T-p.d. sequences in C9*9 by T ...

Ezample 2.1. Suppose K € C?%4. For each j € {0,1}, let C; := KJ. A well-
known characterization of non-negative Hermitian block matrices (see, for instance,

[8, Lemma 1.1.9]) shows that (C} );:0 € Tg1 if and only if K € K,y4, and also
that (Cj );:O € Ty, 1 if and only if K € Dgy,.

Example 2.2. Let » € NgU {+oo}. If A € CL*? and Cj := A for each j € Zo, .,
then (Cj )7 € Tg, », since T, = D*AD € (C(;H)qx(nﬂ)q for all n € Zy, .., where
D= ([q7 I, -, I ) c Cax(n+l)q,

Remark 2.3. Let s € NoU {400} and (C} ) o € T4, Suppose, furthermore,
that A € C?*P. Then ( A*C} A) o € Tp, 5

Remark 2.4. Let > € NoU{ 400} and s € N. For each r € Z; g, let a,- € [0, +00)
and (C'( ) . € Tg, 5 Then (Zar T)) € Tq, 5. If, furthermore, there
j=

7=0

exists an 79 € Zp,s such that a,, € (0, +00) and (CJ(TO))' c %,%, then

( szlarc;ﬂ I

Remark 2.5. Let s € Ng U {+00} and 8 € Zs3, +00- Suppose, furthermore, that

(g; )js_ is a sequence in N and that ¢ = qu For each r € Z; 4, let (C(T))
r=1 J=0
be a sequence from C%*9% . Then:

(a) (dlag (C R 0(2) C;S)) )j: € Tq, » if and only if (C(T)> € T, 5

for all r € Zy .
D ~(2) O "\

(b) (diag (ciV, ¢, ... C )>j:o € T if and only if (C{”) € T
for all r € Zy 5.

Remark 2.6. Let 3 € No U {400 }.

(a) Suppose (b, );‘067'1 » and (C )7 € Ty, then (5;C; )7 € Ty,

(b) Suppose (b, )J 0 €T and (C)) ,OET,,{, then (b,C; ) 7067‘

With our next result, we establish a link to Section 1.
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Proposition 2.7. Let 5 € Ng U {400 }. Then Ty, 5 C Dyxg, -

Proof. The case in which s = 0 is trivial. We thus suppose that s« > 1. Let (C} )7—0

be a T-n.n.d. sequence in C?*? and ¢ € Z;, ,.. We thus have T, € C(e+1)q><(e+1)q
In particular, this implies that

CO Cg?k 2gX2q
(& &) e
It thus follows that R (C;) CR(Co), R(C;) CR(Co) and C5 = Cy (see, e.g.,
[8, Lemma 1.1.9]). Hence, we obtain

UR ) CR(Co) and O )CR(CY).

Finadly7 applying [22, Proposition 5.1] yields ( C; )j:O € Dyxg, »- O
A direct consequence of Proposition 2.7 is the following well-known fact:

Corollary 2.8. If s € No U {+oo} and (C;)7_, is a T-n.n.d. sequence in C7*1
with Co = Ogxq, then Cj = Ogxq for all j € Zo s

We will now take a more detailed look at the structure of Toeplitz non-
negative definite sequences in C7*9. We draw from [11] and [8, Section 3.4], where
the structure of Toeplitz non-negative definite sequences is discussed in detail.
This structure is described using special matrices. For each s € Ny U { +00 } and
any sequence (C; );’:0 in C1%9, we set

My = 0gxq, L, :=Cy and Ry :=Cy. (2.2)

If 5 > 1, then, for each n € Z; .., we furthermore define

Zy =row (Cryi—j )iy and Y, = col (Cj)7_, (2.3)
as well as
Lyps1:=Co— Z, T} |77, Ryt1:=Co— Y T! Y, (2.4)
(where we use the block Toeplitz matrix in (2.1)) and
M1 = Z, T} Y. (2.5)

The following proposition describes the inherent structure of a Toeplitz non-
negative definite sequence in C7*9.

Proposition 2.9. Let 5 € NoU {+00} and let (C; )7:0 be a T-n.n.d. sequence in
C9%4. Then:
(a) (Lj+1 ) _o and (Rjq ) _o are monotonically decreasing sequences, where
rank L1 =rank R; and det L1 = det Rj41,

for each j € Zy ... If ¢ = 400, then the sequences ( Ljt1 );.io and ( Rjt1 );io
converge to non-negative Hermitian matrices L and R, respectively. When
this is the case, det L = det R.
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(b) Suppose that »x > 1. For each n € Zy, ;.—1, the matriz
+
Kn+1 = ( \/Ln+1 ) (On+1 n+1 ( \/Rn+1 )

is contractive and

CnJrl - Mn+1 + \/Ln+1Kn+1 \/Rn+1~
If n > 1, then

Luyo=Lps1 (Ig = Kni1 K}y ) /Los,

n+2 \/Rn+1 ( - n+1Kn+1) \/Rn+1
and all of the following conditions are equivalent:
(1) Ln+1 Ln+2-
(11) n+1 n+2-
(iii) C n+1 = My 4o.
( ) n+l — quq
(c) If (C )7:0 is T-p.d. then, for each n € Zg, ;.—1, the matrices Lyp4+1 and Ry41q

are positive Hermitian and K11 is strictly contractive.
Proof. See [8, Remark 3.4.1, Theorem 3.4.1 and Remark 3.4.3]. O

If 2 € NU{+oc0} and (C; )” o is a T-n.n.d. sequence in C9*9, then the

sequence ( K )7, defined in Proposmon 2.9 is called the Schur parameter sequence

j=1
of (Cj ) o- Note that Schur parameter sequences appear, for instance, for Toeplitz
posmve deﬁmte sequences in [7, Definition 2.3], where a sequence of this type is

referred to as the sequence of canonical moments.

Definition 2.10. A sequence (C; )?’;0 € Ty, « is called totally Toeplitz positive defi-
nite if the matrix L from part (a) of Proposition 2.9 satisfies det L # 0. The set of
all totally Toeplitz positive definite sequences in 74, ~ will be denoted by 7;:‘“00

Proposition 2.9 shows that
Tob oo € Tgy c0- (2.6)

We next concentrate on the extension problem for finite Toeplitz non-negative
definite matricial sequences. If M, A, B € C?*9, then the set

R(M; A, B):={M+AKB : K €Kyuq}

is called the (closed) matrix ball with center M, left semi-radius A and right semi-
radius B and the set

R(M; A, B):={M+AKB : K €Dyyy}

is called the open matrix ball with center M, left semi-radius A and right semi-radius
B. The following theorem (see [8, Theorem 3.4.1]) gives us a complete answer to
the extension problem for finite Toeplitz non-negative definite sequences.

Theorem 2.11. Let n € Ny and (C} );.L:O be a sequence in C1*9. Then:
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(a) The set
C> | (C5)_y | =14 Cop1 €CT9 2 (Cy)1 ) €T,
> J75=0 n+1 . J/5=0 ,n+1

is non-empty if and only if (C,; );.L:O €Tgn-
(b) Suppose (C; )?:0 € Tyn- Then L1, Rpyq € (quxq and

C> {(Cj );L:o} :ﬁ(Mn—&-l; \/Ln+17 \/Rn+1).

In particular, M,11 € C> |:(Cj )?:0 } .
(c) The set

e [(C)iy | = { Crn e €0 - ()12 € Tonin }

§=0
is non-empty if and only if (C; )?:0 € ’7:1’”,
(d) Suppose (Cj)]_, € Taon- Then Lyi1, Ryt € CL7 and

C> [(Oj )?:o] =5 (Mn+13 VL1, \/Rn+1> :
In particular, Mp4+1 € Cs [(Cj );L:O } .

The following definition is motivated by the role which the matrix M}, (in-
troduced in (2.2) and (2.5)) plays in Theorem 2.11; more precisely, the fact that
M), appears as the center of the matrix balls in parts (b) and (d).

Definition 2.12. Let » € NU{+00} and (C;)_, be a sequence in C7*9.

(a) Suppose k € Zq,,.. We say that (C; );;0 is a central sequence of order k (or
an order k central sequence), if Cy, = My, for all j € Zj, ,., where M}, is given
by (2.2) and (2.5).
(b) Let k € Z1 ,.. We call (C} );':0 a central sequence of minimal order k (or a
minimal order k central sequence) if it has both of the following two properties:
(i) (Cj)j—, is order k central.
(i) If > > 2 and k € Zs, .., then (C; )7,
(¢) The sequence (C; );':0 is simply called a central sequence, if there exists a
k € Z, .. such that (C} );‘:

is not order k — 1 central.

o is order k central.

Remark 2.13. Let » € NU {400} and k € Z;, ,. Furthermore, suppose that
(Cj );‘:0 is an order k central sequence in C4*¢. For each ¢ € Zj,_ ., the sequence

(Cj );‘:0 is then also order ¢ central.

It is easy to characterize order 1 central sequences in C7*9.

Remark 2.14. Let e € NU{+o0} and (C} );‘{:0 be a sequence in C7%4,

(a) Inductively, we see from (2.4) and (2.5) that (C; );‘:0 is order 1 central when
Cj = Ogxq, for all j € Zy ;..
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(b) From (a) we see that (C; );‘:0 is T-n.n.d. and order 1 central if and only if
Co € CL and Cj = Ogxg, for all j € Zy ,..

(c) From (a) we furthermore see that (C; );;0 is T-p.d. and order 1 central when
Co € CL? and C; = 04xq, for all j € Z1,..

Our next steps will be towards characterizing central Toeplitz non-negative
definite sequences.

Proposition 2.15. Let 5 € NU{+00} and (C;)7_ be a T-n.n.d. sequence in C?*4
with Schur parameter sequence ( K );‘:1. Let, furthermore, k € Z1 ,.. All of the
following conditions are equivalent:

(i) (Cj)j=, is order k central.

(ii) Ljy1 =Ly for all j € Zy, .

(iil) Rj+1 = Rk for all j € Zy, ...

(iv) K; = 0gxq for all j € Zy, ..

Proof. The equivalence of (i)—(iv) follows directly from Proposition 2.9. O

Next, we arrive at recursion formulas for the elements of a central Toeplitz
non-negative definite sequence. The corresponding result, the following Theo-
rem 2.16, is an immediate consequence of [14, Proposition 1 and Remark 1].
A result equivalent to Theorem 2.16 is found in [15, Theorem 32] as well as in
[8, Theorem 3.4.3]. For the special case of a Toeplitz positive definite sequence, an
equivalent result to Theorem 2.16 was already included in [12, Theorem 20] with
two different proofs. The first of these proofs is based on applying an extension
problem result ( for the Wiener algebra W (T) ) by Dym/Gohberg [9, Theorem 6.1].
The second of these proofs uses results for orthogonal matrix polynomials on the
unit circle by Delsarte/Genin/Kamp [28]. For the special case of a Toeplitz pos-
itive definite sequence, a further equivalent result to Theorem 2.16 can be found
in Ellis/Gohberg [10, Theorem 2.2].

Theorem 2.16. Let 3 € Zy oo U{+0}, k € Z1,,.—1 and (C} );’:0 be an order k
central T-n.n.d. sequence in CI*9. Let s € Zyy1, 5. Suppose that

Zs, k= IOW (Cs—j )521 and ng k= col (C‘g_l_k_l’_j )521
and that Zy, and Yy, are given by (2.3). Then
CS = Zs,sz_lyk and CS = ZkTZ_lys,kw

Corollary 2.17. Let 3 € Zy ,,U{ 400} and (C; );‘{:0 be an order 2 central T-n.n.d.
sequence in CI*9. Suppose that s € Za, ;.. Then:

(a) Cs = Cs_1Cf Cy and Cs = C1CF Oy

(b) Cs=Cy (CFCy ) hand Cy = (C1CF) T Oy,

Proof. Part (a) follows directly from Theorem 2.16, while (b) follows from (a). O
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Given an n € Ny and a sequence (C;)" . in C9%9, we next consider the
J75=0 ’
unique extension of (C} )?:0 to an order n + 1 central sequence.

Remark 2.18. Let n € Ny and (C} )?:0 be a sequence in C?79. There exists a
unique order n + 1 central sequence (CNZ'J );‘io in C7%7 such that 5j = Cj for each

J € Zo, . This sequence is called the central sequence corresponding to ( C; )?:0.

We have now arrived at an idea central to our topic. Specifically, we now
consider central sequences for the case that our initial sequence is Toeplitz non-
negative or positive definite.

oo

Lemma 2.19. Letk € N and (C} )j;é be a sequence in C1*4. Suppose that (CN'J )j:O

is the central sequence corresponding to (C; )1?71 Then:
(a) (5j)j € Ty, if and only if (C )jOETk1

(b) All of the following conditions are equivalent:

(i) (CJ) € Tgloo

) (G5) g € Taoe
(111)( )JOETk 1
Proof. Part (a) follows immediately from parts (b) and (d) of Theorem 2.11.

(a
(b) “(iii)==(i)". Because of (iii), part (c) of Proposition 2.9 implies L), € Cce .
t o Via (2.2) -

(2.4) and that L:= lim Zs+1- Since Proposition 2.15 yields Es = L; for each
S——> 00

Suppose tha (LS_H ):io is the sequence constructed from (5j );i

5 € Zi, o0, We get that L= Lj,. Because the matrix Ly is positive Hermitian, it
follows that det L # 0 and we have (i).
“(i)==(ii)” follows directly from (2.6).
“(ii)=(iii)” follows from (CN'J )j:é =(C; )j é and the definition of 7:1 co- O

If k¥ € Nand (Cj )k = Tq, k—1, then Theorem 2.16 gives us a method

7=0
for recursively constructing the central sequence corresponding to (C} )j;é

anticipation of later applications, we formulate this result for the special case
k=1.

In

Corollary 2.20. Suppose that (C; ) j=o is a T-n.n.d. sequence in C?*1 and that

(CNZ'j );‘io is the central sequence corresponding to (Cj )j:O' Then

Co=C(Cfen )™ and Co=(CiCi) oy
for each s € Z 4oo-
Proof. We need only combine Corollary 2.17 with Remark 2.18. g

Ezample 2.21. Let K € K;x4. For each j € Ny, let C; := K. Using Example 2.1,
Corollary 2.20 and Lemma 2.19, it is easily verified that:
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(a) (C; );io is an order 2 central T-n.n.d. sequence in C7*? and if (and only if)
K # 0gxq, then (C; );io is minimal order 2 central.
(b) Ly =1, Ry = I, and, for each k € N, furthermore

Liyy1=1,—- KK* and Ryi1 =1, — K*K.
(c) (C );‘io € 7,0 if and only if K € Dy,
Ezample 2.22. Let K € Kgxq N (quxq and 7 € N. For each j € Ny, suppose
Cj = K", Then (C;)7Z,

can be recognized as follows. Since K € (quxq, part (b) of Lemma A.4 implies
KKT = KTK. Thus, by induction, we obtain

(K")" K™ = K. (2.7)

is an order 2 central T-n.n.d. sequence in C?*4, This

For each j € Ny, we have C; = ( VKT )*Kj VK. Combining this with the fact that
Example 2.21 yields ( K7 );io € Tg, o, we see by Remark 2.3 that ( C; );’io € Tg, 00

Therefore, (C; );:O € Tg,1. Thus, (2.7) implies

— s—1
Cl (CJCl )s 1 _ Kr+1 |:(Kr )+ Kr+1:| _ Kr+1Ks—1 — KT+S — Cs
for each s € Zy, o. Thus, Corollary 2.20 shows that ( C; );io is the central sequence

corresponding to (C; )jl,:o. Hence, (C; );io is order 2 central.

Remark 2.23. Let » € Ng U { +o0 }.
(a) If (Cj)7_y € Tg,» and w € DUT, then from part (a) of Remark 2.6 and
Example 2.21, it follows that (w/C; );:0 € Tq, s
(b) If (Cj)7g € Tq,» and w € D, then from part (b) of Remark 2.6 and Exam-
ple 2.21, it follows that (w/C; )::0 € ’7:1’%.

We now introduce another class of matricial sequences which will be partic-
ularly interesting when we again look at Toeplitz non-negative definite sequences.

Definition 2.24. Let > € NU {400 } and (C} )7:0 be a sequence in C?%9.

(a) Suppose k € Z1,,.. We will say that (C} );‘:0 is a canonical sequence of order
k (or an order k canonical sequence), if rank Tj,_; = rank T}.
(b) Suppose k € Z;,,.. We call (Cj );‘:0 a canonical sequence of minimal order k
(or a minimal order k canonical sequence) if it has the following two properties:
(i) (Cj)j_, is order k canonical.
(ii) If > > 2 and k € Zs ., then for each ¢ € Z; i, the sequence ( C; );’:0 is
not order ¢ canonical.
(c) (Cj );’:O is simply called a canonical sequence, if there exists a k € Z1, ,. such
that (Cj );‘:0 is order k canonical.
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We next arrive at a characterization of canonical Toeplitz non-negative defi-
nite sequences.

Lemma 2.25. If e € Ng U {+00} and (C} )J o 45 a T-n.n.d. sequence in CI*1,
then rank T, = rank T),_; +rank L1 for alln € Zy ;..

Proof. Apply [8, Lemma 1.1.7]. O

Proposition 2.26. Let x € NU {400} and (C; );‘{:0 be a T-n.n.d. sequence in
C9%4. Let, furthermore, k € Z1_,.. All of the following conditions are equivalent:
i) (C )” o is order k canonical.

(ii) Lk+1 = Ogxq-
ill) Rgt1 = Ogxq-
iv)
(v) R

—~

v LJ+1 = Ogxq for all j € Zy,, ..
V) Rjt1 = 0gxq forall j € Zk,%

Proof. Combining Definition 2.24 and Lemma 2.25 with part (b) of Proposition 2.9
yields the proof. O

Corollary 2.27. Let »» € NU {+oc0} and k € Z,,.. Furthermore, suppose that
(Cj )}.’:0 is an order k canonical T-n.n.d. sequence in CI*9. Then:

(a) For each ¢ € Zy, .., the sequence (C; )”_O is order ¢ canonical.
(b) If 2> 2 and k € Z1,,.—1, then, for each { € Ziy1, 5, the sequence (C; );‘{:0
is order ¢ central.

Proof. Use Propositions 2.26 and 2.15. g

Ezample 2.28. Let 3 € NU{+00} and A € C4Y. For each j € Zg .. let C; := A.
Then, for each n € Zy, .., it follows that rank T,, = rank A. Therefore, (C; );’:0
is order 1 canonical. In particular, if A € CL*?, then it follows from Example 2.2

that (Cj)7

_, is an order 1 canonical T-n.n.d. sequence.

Ezample 2.29. Let K € K,x,. For each j € Ny, let C; := K7. Then (C; );’io is
canonical if and only if K is unitary. When this is the case, (C; )?’;0 is order 1
canonical. This can be recognized as follows: From part (a) of Example 2.21, we
see that (C}; )72 i=0 € T1, 0. If K is not unitary, then part (b) of Example 2.21 shows
us that Ly ;é Ogxgq, for each k& € Ny. By Proposition 2.26, it thus follows that
(Cj )?’;0 is not canonical. If K is unitary, then part (b) of Example 2.21 shows us
that L1 = Ogxq, for each k € N. By Proposition 2.26, we thus see that (C; );io
is order 1 canonical.

The following lemma demonstrates an important approach to constructing
canonical 7, - sequences.
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Lemma 2.30. Suppose r € N, (Ay)._, is a sequence in CL*? and that (zs),_, is
a sequence of pairwise different points in T. For each j € Ny, let

Cj = ZT: 25 T A,
s=1

Then (C; )?’;0 € 74,00 and rank T, = Zrank As form € Zy_1,o. The sequence

s=1
(Cj )?’;0 is, furthermore, order r canonical and (C; )g;é € Tq,r—1 if and only if

(As)._, is a sequence in CL 7.

Proof. Let n € Ny. Considering the Vandermonde matrix

ngq z%Iq s 20
an( (ZS);l ) _ zQ.LI zQ:Iq zzzlq ’
zS.LI zrl.Iq z,’}.Iq
we obtain
Tn = [Von((2)izy )] [diag (A1, Az, oo, A) ] [Vl (26)5y )] (28)
Since (As)._, is a sequence in (quxq, this implies T,, € (C(>"+1)qx(n+1)q. Hence,

(Cj );‘;0 € Tq, - Since the elements of (z,)._, are pairwise different, it follows
that
rank [V n( (25)._, )] =r-q (2.9)

for all n € Z,_1, o and thus, from (2.8) that
rank T,, = rank [diag (A1, As, ..., A)] = ZrankAs.
s=1

We thus also see that (C} );io is order r canonical. For n = r — 1 it follows

from (2.9) that det [ Vg ,—1( (25)._; )] # 0. Therefore, from (2.8), we see that
(Cj );;é € Tg,r—1 if and only if (A, )!_, is a sequence in CL*7. O

The next result shows (see [20, Corollary 1.14]) that every canonical sequence
(Cj );.L:O € Tq o is of the form described in Lemma 2.30.

Theorem 2.31. Suppose that (C; );’io is a sequence in C1*%. Then both of the
following two conditions are equivalent:
(i) (¢ );’io is a canonical T-n.n.d. sequence.

(ii) There are some r € N, pairwise different points z1, za, ..., z. € T and ma-
trices Ay, Ag, ..., A, € CL? such that

Cj: Zz;LjAm J € Np.
m=1
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The following proposition can be seen as an addendum to Theorem 2.11.

Proposition 2.32. Let n € Ny and (C; );L 0 € T . Suppose, furthermore, that

Chra1 € C?*9. Then both of the following two conditions are equivalent:
(i) The sequence (C} )njol is an order n+ 1 canonical T-n.n.d. sequence.
(ii) There exists a unitary matriz Up41 € CT*7 such that

Cpy1=Mpy1 + \/Ln+1Un+1 \/Rn+1o

Proof. Combine part (b) of Proposition 2.9, part (b) of Theorem 2.11 and Propo-
sition 2.26. O

For a detailed discussion of canonical Toeplitz non-negative definite sequences
in C7%9, we refer the reader to [20, Section 1], where, for arbitrary n € Ny and
(Cj )?:0 € Tq,n, the set of all Cp,4q1 € C> {(Cj) } for which (Cj); +01 is order
n canonical is described. This set is never empty.

The canonical extension problem for sequences in 7, , is a special case of
the problem of determining all rank-preserving extensions of such sequences. This
more general problem was dealt with in [11, Theorem 3]. For discussions of this
topic in the scalar case, we refer the reader to the monograph Iohvidov [24] as well
as the article Akimoto/Ito [1].

3. Matricial Carathéodory sequences

In this section, we present some basic facts on matricial Carathéodory sequences
and their relationship to Toeplitz non-negative definite sequences of matrices. If
n € Ny, then a sequence ( s; );.L:O in C7%Y is called a q x ¢ Carathéodory sequence
(or simply a g x ¢ C-sequence) if the real part ReS,, of the matrix S,, given by (1.1)
and S,, 1= ng) is non-negative Hermitian, i.e., if S;, € R(y41)q, >, and a strict ¢ x q
Carathéodory sequence (or strict ¢ x ¢ C-sequence) if ReS,, is positive Hermitian,
i.e.7 if Sn S R(n+1)q, >

Letting n € N, m € Zg, ,—1 and (s; );.L:O be a ¢ x g C-sequence, we see from
(1.1) that S, is the upper left (m + 1) ¢ x (m + 1) ¢ block of S,,. Hence, (s; );n o 18
also a ¢ x ¢ C-sequence. Similarly, if (s; ) _, is a strict C-sequence, then ( s; )j 0
is also a strict C-sequence. For this reason, we call a sequence (s; )5 j—o I C1x1
g x g Carathéodory sequence if, for each n € Ny, the sequence ( s; )J:() isaqgxgq

Carathéodory sequence. A Carathéodory sequence ( s; );i is called strict if, for

0
each n € Ny, the sequence (s, );.L:O is a strict ¢ x ¢ Carathéodory sequence. For
each s € NgU{ +00 }, the set of all ¢ x ¢ Carathéodory sequences will be denoted

by Cq, . and the set of all strict ¢ x ¢ Carathéodory sequences by Cq, ,

Remark 3.1. Let »c € NgU{ 400 }. If ( s; )7:0 is a ¢ x ¢ C-sequence, then sg € Ry, >.
If (s; );‘:0 is a strict ¢ x ¢ C-sequence, then 5o € Ry, .
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Remark 3.2. Let » € Ng U {+oc0} and let (s; ) o be a sequence in C9*? with
sj = Ogxq, for each j € Zi ... Then (s, )jf
S0 € Rq,>. Moreover, (s; )7

olisa q x q C-sequence if and only if

o 1s a strict ¢ x ¢ C-sequence if and only if s9 € Ry, >.

Remark 3.3. Let s € NgU{ 400 }. If(sj) o is a ¢ x g C-sequence and A € CI*P,

then ( A* SJA)’LO is a p x p C-sequence.

Remark 3.4. Let s € NgU {400} and let m € N. For each r € Z; ,,, suppose

that «, € [0, +00) and (sy)) € Cy 5. Then <Zar m) € Cy s If,
=0
j=0
furthermore, there exists an 79 € Z1_n, such that a,, € (0, +00) and ( § o) ) €

7=0
Fa

C~q,,{, then <ZQTS§T)> € CNq,,{.
r=1 j=0

Remark 3.5. Let »x € No U{+o0} and r € N. Suppose that (g; ) _, s a sequence

in N such that ¢ = qu For each m € Zq,,, let ( (m) )J be a sequence in
j=1

Cam>am Then (d; )7, : (dlag ( (1) 5(2), ...7sm) ) is a ¢ x ¢ C-sequence
j=0 J J =0

if and only if (s§m) )j:O is a gm X gm C-sequence for all m € Z; ,. The sequence

d;)7_, is a strict ¢ x ¢ C-sequence if and only if stm) ¥ s a strict gm X gm
7 /3=0 J 7=0
C-sequence for all m € Z ;.

Matricial Carathéodory sequences are closely related to Toeplitz non-negative
definite sequences of matrices.

Remark 3.6. Let > € Nog U {400 }. Let (s; )7:0 be a sequence in C?*¢ and let
(Cj );‘:0 be defined by

Resp, if £=0,
Cg = 1 . (31)
5S¢, lfKEZL%.

Then ReSy = T}, for each k € Zg ... Thus, (s; );‘:0 is a ¢ x ¢ C-sequence if and

only if (C} )}.‘: is Toeplitz non-negative definite. Furthermore, ( s; );‘:0 is a strict

q x q C-sequence if and only if (C; )7 is Toeplitz positive definite.

§=0
Remark 3.7. Let > € NgU{ 400 } and let (C; )’ =0 be a sequence in C?*9. Suppose
that sg := Cp and that s; := 2C}, for each j 6 Zy, . For each k € Zy, ,, it then
follows that Ty = ReSg. Thus, (C} )7:0 is a T-n.n.d. sequence if and only if
(85 ) _o is a ¢ x ¢ Carathéodory sequence and sy = 5.

Remark 3.8. Let sz € NoU {400} and (s; )j:0 be a sequence in C2*? and let
(55 )7:0 be defined by 5y := Re sg and 5, := sy for each £ € Z;_,.. Then Remark 3.6
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shows that ( s; ) o isa gxq C-sequence if and only if (5} ) _o is a gxq C-sequence.
(s )j o is astrict ¢ x ¢ C-sequence if and only if (5} )j o is a strict g x ¢ C-sequence.

Remark 3.9. Let s € No U { +o0 }.
(a) If (rj );‘:0 € C1, and (s )j o € Cq, 5, then, by part (a) of Remark 2.6 and
Remark 3.6, it follows that (7;s;)7_, € Cq, 5
(b) If (15)7 € C1, and (s;)7 € Cq, s, then, by part (b) of Remark 2.6 and
Remark 3.6, it follows that (r;s;)7_ € Cq,»

Remark 3.10. Let s € Ng U { +o0 }.
(a) Suppose v € DUT and (s; )7:0 € Cq, - By part (a) of Remark 2.23 and
part (a) of Remark 3.9 it follows that (u/s; )j €Cq, -
(b) Suppose u € D and ( s; ) o€ Cq’ . By part (b) of Remark 2.23 and part (b)
of Remark 3.9 it follows that (u's; )j € Cq,

Lemma 3.11. Let 2 € NgU {400 }. Then Ty .. C Cqy .. Furthermore, a sequence
(Cj );‘:0 € Ty 5 belongs to Cy . if and only if Co € CL*7.

Proof. Let (C} )% € Ty 5. Thus, Cy € CL*? and, in particular, it follows that
Co € Ry, >. Hence by Remark 3.2, it follows that the sequence (7, )7 i given by
rj := 04,0C0, where §; ;. is the Kronecker delta, belongs to Cy, ... If we define the
sequence (s;)7 i—o aswe did in Remark 3.7 using (C; )7 i—o» then by the same remark

(s )7:0 belongs to Cg, 5. Since C; = J (r; + s; ) for each j € Zg_,., it follows from
Remark 3.4 that (C; )7 € Cy, 5. If CO € CL*? then Cp € Ry, ~. Since Cy € CL*9,
it therefore follows by Remark 3.2 that (r; );;0 € Cq, 5. and thus by Remark 3.4
that (C;)7_, € Cq, . Conversely, if we suppose that (Cj)7_, € Cq,, then it
immediately follows that Cop = Re Cy € CL*7. O

Ezample 3.12. Let K € K,xq and let C; := K7, for each j € Ny. We then have
Co = I, € CT*7 and see from Example 2.21 that (C; );’io € Ty, - Thus, applying
Lemma 3.11, we see that (C; )72 € Cq. o0

Ezample 3.13. Let K € K;xq ﬂ(quq, r € Nand C; := K™, for each j € Ny.

Then (C; )72 € Cq, 0. Furthermore, ()72, € Cq. o if and only if K € CZ*7,

This follows by combining Example 2.22 and Lemma 3.11, while observing that
€ C¥*7 if and only if K € CL*1.

Motivated by Remark 3.6, we now go about implementing special modifica-
tions of Definitions 2.10, 2.12 and 2.24.

Definition 3.14. A sequence (s, )J in C9%1 is called a totally strict g x ¢ Carathéo-
dory sequence if the sequence (C; )j:0 defined by (3.1) with sc = 400 is a totally
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Toeplitz positive definite sequence in C?*9. The set of all totally strict ¢ x ¢
Carathéodory sequences will be denoted by th, 0o

Formula (2.6) and Remark 3.6 imply that
Cl . CCy oo (3.2)

q,00 —

Definition 3.15. Let »c € NU{+o0 } and (s; );‘{:0 be a sequence in C?*4. Further-
more, let the sequence (C; );‘{:0 be defined by (3.1).

(a) Suppose k € Z;, ,.. We say that (s; );‘{:0 is a ¢ x ¢ Carathéodory-central se-
quence of order k (or a g x ¢ order k C-central sequence), if (C} );':0 is order
k central.

(b) Suppose k € Zi, ... We say that (s;)7_,

quence of minimal order k (or a ¢ x ¢ minimal order k C-central sequence) if

(Cj);—o is central of minimal order k.

is a ¢ x g Carathéodory-central se-

el

(¢) The sequence (s;)j_ is simply called a ¢ x ¢ Carathéodory-central sequence
(or a ¢ x ¢ C-central sequence), if there exists a k € Z,,,. such that (s; );’:0

is order k central.

Remark 3.16. Let 2 € NU {400} and k € Z;, ,. Furthermore, suppose that
(85 );‘{:0 is a ¢ x g order k C-central sequence. For any ¢ € Zj, ,., Remark 2.13 then

shows that (s; );‘{:0 is also ¢ order C-central.
The following is the analogous result to Remark 2.18 for C-centrality.

Remark 3.17. Let n € Ny and (s; );L:O be a sequence in C?*9,

(a) There exists a unique order n + 1 C-central sequence (5 );io in C?*? such
that 5; = s;, for each j € Zy, . This sequence (s );’io is called the C-central
sequence corresponding to (s;)7_.

(b) Let (C; )?:0 be defined by (3.1) with » = n. Then the central sequence
(5j );‘io corresponding to (C; );.L:O is given by Co = Re3p and Cy = %gg for
each £ € N.

Remark 3.18. Let k € N and (s );.io be an order k C-central sequence in C?*4.

By part (a) of Remark 3.17 it then follows that ( s; );‘io is the C-central sequence
corresponding to (s; )j;é
We now consider C-central sequences in more detail.

Lemma 3.19. Let k € N and (s; )f;é be a sequence in CI1*4. Suppose that (s; );’io

is the C-central sequence corresponding to (s; )j;é . Then:

(a) (35);2 € Cq,oc if and only if (s; )f;é €Cq k-1-
(b) The following three conditions are all equivalent:
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(i) (s5))=g € Canm1-
(if) (3)))25 € Cq -
(i) (35)720 € Cq,o0-
Proof. Combine Remark 3.6, Remark 3.17 and Lemma 2.19. O

Ezxample 3.20. Let K € Kgxq and the sequence ( C} );”;0 be given by so := I, and
s; = 2K7 for each j € N. From Example 2.21 and Remark 3.6 we see that:
(a) (sj )?’;0 is an order 2 C-central ¢ x ¢ C-sequence and if (and only if) K # 0gx g,
then (s; );io is minimal order 2 C-central.
(b) (s, );'io €C; o if and only if K € Dy,

Ezample 3.21. Let K € Kyxg NCL, r € N and (G ), be given by so := K"
and s; := 2K for each j € N. From Example 2.22 and Remark 3.6 we see that
(Cj );.io is an order 2 C-central g x ¢ Carathéodory sequence.

Recalling Remark 3.6, we now see how Definition 2.24 carries over to ¢ X ¢
Carathéodory sequences.

Definition 3.22. Let s € NU{+oo } and (s;)7_ be a sequence in C*7. Further-
more, let the sequence (C; );‘{:0 be defined by (3.1).

(a) Suppose k € Zi,,.. We say that (s; );‘{:0
sequence of order k (or g x g order k C-canonical sequence), if (C;)7_,
k canonical.

(b) Suppose k € Z;,,.. We say that (s; );‘:0 is ¢ x g Carathéodory-canonical of

is a ¢ x g Carathéodory-canonical

is order

minimal order k (or g x ¢ minimal order k£ C-canonical) if (C; );‘:0 is minimal
order k canonical.
(¢) (s5), is simply called a ¢ x ¢ Carathéodory-canonical sequence (or a ¢ X g

=0
C-canonical sequence), if there exists a k € Z; . such that (s; );‘:0 is order k
canonical.

Combining Definition 3.22 and Corollary 2.27 (while recalling Remark 3.6
and Definition 3.15), we obtain the following remark.

Remark 3.23. Let e € NU{ 400} and k € Z;_,.. Suppose that (s; )7:0 is an order
k C-canonical ¢ x g Carathéodory sequence. Then:
(a) For each ¢ € Zy, .., the sequence ( s, );‘{:0 is order ¢ C-canonical.
(b) Let 5 > 2 and k € Zy, 1. For any £ € Zy1, ., it then follows that (s;)7_,
is order ¢ C-central.

Ezample 3.24. Let 5 € NU{+0c0} and A € (Cq;q. Suppose, furthermore, that
so := A and s; := 24 for each j € Z;_ ,.. Then Example 2.28 and Remark 3.6 show
that (s; );‘{:0 is an order 1 C-central g x ¢ Carathéodory sequence.
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Ezample 3.25. Let K € K;x4. Suppose, furthermore, that so := I, and s; := 2K
for j € N. Then part (a) of Example 3.20 shows that ( s; );’io is a ¢x g Carathéodory
sequence. Example 2.29 furthermore shows that (s; );’;0 is C-canonical if and only

oo
=0

if K is unitary. When this is the case, (s;),_ is order 1 C-canonical.

4. Reciprocal sequences of matricial Carathéodory sequences

We will, in this section, discuss reciprocal sequences of matricial Carathéodory se-
quences. Our first task will be to show that the reciprocal sequence of a Carathéo-
dory sequence is itself a Carathéodory sequence. We will draw heavily on results
established in Section 1. We next show that every Carathéodory sequence belongs
to the class of matrices introduced in Definition 1.4, thus establishing the afore-
mentioned connection to Section 1.

Proposition 4.1. Suppose s € Ny U {+00}.
(a) Cq s C ]:(EI;-
(b) Cq, 5 € Dyxq, s-

Proof. Suppose that (s;)7

Sn € R(nt1)q,>- Thus, by Lemma A.8, we have S, € C(g;rl)qx(nﬂ)q, for each

n € Np, and therefore (s; )7 € FEE . The proof of part (a) is complete. Part (b
J75=0 q,

follows by part (a) of Proposition 1.10 from the part already proved. O

is in Cgq, .. It then follows, for each n € Ny, that

Corollary 4.2. Suppose » € No U {+oo}. Then Ty, . C .7-'51;
Proof. Use part (a) of Proposition 4.1 and Lemma 3.11. O

From Corollory 4.2 and part (a) of Proposition 1.10 we furthermore obtain
Tq, % € Dgxq, , as was earlier shown in Proposition 2.7. We next consider the

reciprocal sequence to the reciprocal sequence of a Carathéodory sequence ( s; );‘:0,
#

i.e., its second reciprocal sequence ( (s :

el
J ) ' ) . This sequence must coincide with
=0

the original Carathéodory sequence.
Corollary 4.3. If x € No U {+00} and (s; );’:O is a ¢ X q Carathéodory sequence,
8 * _ o\
then ((sj ) >j:0 =(s; )j:O'
Proof. Combine Proposition 4.1 with [22, Proposition 5.13, Remark 4.7]. O
We now come to the first main result of this section.

Theorem 4.4. Let x € NgU{ +o0 } and (s; )7:0 be a ¢ x q¢ Carathéodory sequence.

The reciprocal sequence (sjrj );:0 is then also a q x q Carathéodory sequence. If

(s );‘{:0 is a strict g X q Carathéodory sequence, then (su );‘{:0 is also a strict ¢ X q

J
Carathéodory sequence.
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Proof. By Proposition 4.1, it follows that (s )j 0 € ]—'Ep Let n € Zy, ,.. Proposi-
tions A.6 and 1.11 now yield

ReS! = (S})" (ReS,)S). (4.1)

Thus, since Re S,, € (C(>"+1)qx("+1)q, we see from (4.1) that Re S? € (C(:H)qx(nﬂ)q.
Therefore, S§ € R(n+1)q,>- Thus, (sjrj );:0 is a g x g C-sequence.

Suppose (s; );’:0 is a strict ¢ x ¢ C-sequence. By Remark 3.1, it follows that
S0 € Rq,>. Thus, by part (a) of Lemma A.12, we have det sy # 0. Using Defi-
nition 1.1, we see that sg = 5o~ L. Thus, detS? = (det 80)_(n+1) # 0. Because
ReS, € C(;L+1)qx("+1)q7 we see from (4.1) that ReSf € (C(;LH)QX(HH)Q. Hence,
Ste R(n+1)q, > and (sjli );{:0 is a strict g x ¢ C-sequence. O

Corollary 4.5. Let » € NoU {+oo } and let (s; )j _o be a sequence in C7*9. The
following two conditions are equivalent to one another:
(1) (sj) _o 8 a g x q Carathéodory sequence.
(ii) (s )j:0 € Dyxq, > and its reciprocal sequence (sjti );:0 is a g x ¢ Carathéo-
dory sequence.
Proof. “(i)==(ii)”. Because of (i), Proposition 4.1 implies (SJ) o € Dgxq, s
while it follows by Theorem 4.4 that (5 Jﬁ )::0 is a ¢ x g Carathéodory sequence.
“(ii)==(i)”. Because of (ii), it follows by Theorem 4.4 and Corollary 4.3 that
(s )j o is a ¢ x g Carathéodory sequence. O

Together, Proposition 4.1 and Theorem 1.12 will give us a better picture of
the structure of a g x ¢ Carathéodory sequence.

Theorem 4.6. Let ¢ > 2, r € Z1,q—1 and » € Ng U {+oo}. Furthermore, let
(s )j o beaqgxgq C’amtheodory sequence with rank sg = 7. Suppose (SJ) o 18
defined as in Theorem 1.12. Then, parts (a) and (b) of Theorem 1.12 both hold
true and (s; )7:0 is an r X r Carathéodory sequence.

Proof. By Proposition 4.1, we have (s; );’:0 € FEY. Parts (a) and (b) of Theo-

rem 1.12 therefore both hold true. From Remark 3.3 it, furthermore, follows that

(55 )7:0 is an r x r Carathéodory sequence. O
We now study the relationship a Carathéodory sequence has to its the recip-

rocal sequence.

Lemma 4.7. Let e € NU{ +oo } and let ( s; );‘{:0 be a ¢ x g Carathéodory sequence.

Furthermore, let (sjti )::0 be the reciprocal sequence to (s; )7:0' Suppose that

Resy ifj=0, Res! ifj=0,
Ci=14, o and ij = 1 o (4.2)
28j ifj €7Zn, s 25; if ] €74, 5

for each j € Zg, ... Then:



80 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

(a) (Cy )7:0 and (C]m )10 are both T-n.n.d. sequences in C179.
(b) Let k € Zg, ;.. Recalling (2.1), let

(4]
Ty = T,(CC) and TLM = T,gc )
Then rank T = rank TLM,
T), = ReSy, Ti*) = Res/, (4.3)
TSk = (S§)" T, ST =T (8))7 (44)
S;TV =TySf and  TiSE = SFTy. (4.5)
(¢) For each k € Zy .., the matrices Zy, and Yy, defined by (2.3) satisfy
2T Thor = 2y, and Teo1 T Ve = Yy (4.6)
(d) For each k € Z1, ,., the matrices Z,[CM and Ykm defined by
k k
Z,[CM = TOW (C’,[Ci]lfj) _ and Ykm := col (C'Jm ) _
Jj=1 Jj=1
satisfy
2 = —s§ Sy R (T (4.7)

71 = —srzp T s T and v =Tl sy TH vt (4.8)

Proof. Part (a) follows from Remark 3.6 using Theorem 4.4. The equations in
(4.3) follow directly from the definitions of the relevant matrices. From Proposi-
tion 4.1, we see that (s; )7:0 e F,%.. Combining this with (4.3), we need only
apply Proposition 1.11 along with parts (g), (i), (j), (h) and (k) of Corollary A.7
to obtain the remaining equations of part (b). Let k € Zj, ,. The matrix T}, is
non-negative Hermitian and admits the block-partitions

Tr—1 ZF Co Y
Ty = k d Ty = k. 4.9
F ( Zry  Co o ¥ Y Ti-1 (49)
Using well-known properties of non-negative Hermitian block matrices (see, for
instance, [8, Lemma 1.1.9]), we obtain both equations in (4.6). Because of Propo-

sition 4.1, the equations in (4.7) follow directly from [22, Corollary 4.23].
Using (b) and (c¢), we then see that

—S(TZkTi_lsiqul = =80 Z¥ T TheaSy_y = —sg ZkS)_, = Z}Eﬁ]7
and similarly,

~TE ST Yasd = =i Tea T Yasd = =S Yasg = Y.
Thus, the proof is complete. O

Using part (b) of Lemma 4.7, we will see that the ¢ x ¢ Carathéodory sequence
properties introduced in Definition 3.22 carry over to reciprocal sequences.
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Theorem 4.8. Let e € NU{ 400 } and let (s; );’:0 be a gx q Carathéodory sequence.

Furthermore, let (sjti )::0 be the reciprocal sequence to (SJ) . Then:

a) (s5)._, is C-canonical if and only if (s;)._, is C-canonical.
)7y s C cal if and only if ()7 is C !
(b) Let k € Zq, 5. Then:
(b1) (SJ) _o s order k C-canonical if and only if ( )j:0 is order k C-

canomcal
(b2) (s ) _o s minimal order k C-canonical if and only if ( )::0 is min-

zmal order k C-canonical.

Proof. Part (b) follows directly from Definition 3.22 and part (b) of Lemma 4.7,
while part (a) follows immediately from (b). O

We more closely analysed the structure of Toeplitz non-negative definite se-
quences in Proposition 2.9. In particular, we reviewed how this structure could
be described by certain matrix balls. We now suppose that we have a ¢ x ¢
Carathéodory sequence ( s; )J o- In Lemma 4.7, we introduced two Toeplitz non-
negative sequences (Cj );;0 and (C’[ti ) o» Which we defined with the help of
(SJ) _, and ( )j:O' Our next objective is to express the matrices which de-
scribe the inner structure of (s;ﬁ] );{:0 in terms of the sequences (sj) ~, and

(C;)7_,- For this reason, we recall that for each A € C79, well-known results on
left and right polar decompositions of square matrices say that there exist unitary
q X g matrices U and V| such that

A= VAAU and A=VVA*A
Lemma 4.9. Let »x € NU {400 }. Suppose (s; )7 o 45 a q x q Carathéodory se-
quence with reciprocal sequence (sﬁ) . Suppose, furthermore, that (C; )% o and

J
(C’Jm );{:0 are the matricial T-n.n.d. sequences introduced in Lemma 4.7. Then:
(a) Let L[lm = C([)u], Rm = Cm and, for each k € Zq, 5., let

k+1 = Cm Zl[cu—]l [Twlr_ (Zl[cu—]l)*

Rl = - () [l ]

Then the matrices Liy1, Ri+1, Lwl and Rwl are all non-negative Hermit-
ian and satisfy

L = sihe (s8)", R = (s8)" Risast (4.10)

Ly = SoLleso, Ryy1 = SORLJF]ISO (4.11)

and

and, in particular,

rankLm

1 = rank Lyiq = rank R4 = rank Rwl. (4.12)



82 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

If Ugy1 and Vg1 are unitary ¢ X q matrices such that Ugy1 produces a left
polar decomposition of sé \/LkJr] and Vi1 a right polar decomposition of
\/Rk_s_lsg', then

\/LL&UM = st y/Lit and Vkﬂ\/RL‘ﬂl = /Res1st.  (4.13)
(b) Let Mlm = 0gxq and, for each m € Zy ,., let
+
ML =zl (T;gl_l) el

Suppose that k € Zy, .. Then:

M[ti]1 =53 ZkS{ 1 Si T Yasg, (4.14)
ME = s§ 2T SpSE Yasg, (4.15)
1%1 =59 (2Z,Si_ Y — Miy1) 55, (4.16)
Ol = M = = (G — Mi) s (4.17)
and
Cio = My = —so ( C1F) = Ml ) 0. (4.18)

(c) Let (K; ) | be the Schur parameter sequence for (C; )7 =0 and ( 4] );{ | the

Schur pammeter sequence for (ij ) . Suppose s € Z, ;. and that Us and

Vs are unitary q X ¢ matrices such that Ug produces a left polar decomposition
of sa'\/Ls and Vs a right polar decomposition of \/RSSS_. Then:

+
(\/LL“) \/LL“ UK, = UK, (4.19)
+
K,V (\/RL“) \/RL“ = KV, (4.20)

K = UK,V (4.21)

and

Proof. (a) By Remark 3.1, we see that so € Ry, >. By part (¢) of Lemma A.8 and
Proposition A.6, it then follows that

Re (s§) = sg (Reso)(sa')* and Re(sa'):(sg')*(Reso)sa'.
By Definition 1.1 and (4.2), we obtain
Ol =Res{ =Re (s§) =53 (Reso) (sg) =s3Co(s3)" (4.22)
and, similarly,

C’([)M = (53)*6'053{. (4.23)
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Recalling (2.2), we see that this implies
L =str, (s8) and R = (s§) Rist. (4.24)
Suppose now that k € Zj, . Part (d) of Lemma 4.7 yields that the equations in

(4.8) hold true. From part (a) of Lemma 4.7, it follows that T;_1 and T 1 are
both Hermitian matrices. Thus, from equations (4.8) we obtain

(z) = -1 ST, Z5 (s8) (4.25)
and
() = = (s8) VT S T (4.26)
Part (b) of Lemma 4.7 give us
T =T yst 0 and TS =St T (4.27)

By Proposition 4.1, we have ( s; );;0 € Fr¥. Parts (b) and (d) of Corollary A.7
along with Proposition 1.11 give us

(ReSk-1) S',j_lsk,l =ReS;_1 and Sk,lsz_l (ReSk—1) =ReSik_1.
Thus, it follows by Remark 1.2 and part (b) of Lemma 4.7 that
Tie-1S;_1Sk—1=Tr-1  and  Sg_1S{_;Th1 = Tp-1. (4.28)
Using (4.8), (4.25), (4.27) and (4.28), we see that

+ *
A0 (2f1,)" (A

. +
= {—SngTz—lskflTLu—]l} (1)

) =TSz (s8)
=50 ZkT? 1S5— Tgmlsk—lT 125 (Sar)
=50 ZK T The1 Sy Se—1 T, Z5 (53_)
=50 Ze T T T, Z5 (50 )*
= sg ZK T Zy (sg)° (4.29)
and, similarly, using (4.26), (4.8), (4.27) and (4.28) also that
* + * g
()" (i) v = () YT s (4.30)
From (4.22), (4.29) and (2.4) we see that
+ *
—cll -z (1) (2
=s53Co (s§) —s§ ZuTi_1Zi (5 )
= s¢ Lit1 (sg )* . (4.31)
Similarly, from (4.23), (4.30) and (2.4) we also see that
le = (sg )* Ryy15¢ - (4.32)

#
7!
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The sequences ( L1 );’:O, (Rjt1 );‘:07 (Lgﬂ_]l );:0 and (R;ﬁ_]l )::0
ically decreasing sequences of non-negative Hermitian matrices, by part (a) of

Lemma 4.7 and [8, Remark 3.4.3]. Therefore,
R(Lk+1) g R(Ll) = R(Co) = R(RQSO)

and, similarly, R (Rr+1) € R(Reso). Because of s9 € Ry, > and part (b) of
Lemma A.8, we have R (Resg) € R (so). Thus,

are monoton-

R(Lk+1) CR(s0) and R(Rk+1) CR(s0). (4.33)
Consequently, part (a) of Lemma A.2 implies
Sosng_;,_l = Lg41 and sosarRkH = Rp41. (4.34)
Since Liy1 and Ryy1 are non-negative Hermitian, we have, in particular,
Ly, =Lip and R = Ry (4.35)
By considering orthogonal complements, we see from (4.33) and (4.35) that
N (s§) SN (Lgt1) and N (s§) SN (Ris1)- (4.36)

Because of sy € Ry, >, part (c) of Lemma A.8 yields sy € CLLL. It thus follows by
Proposition A.5 that N (sg) = N (sf). Along with (4.36), this implies N (sg) C
N (Lgs1) and N (sg) CN (Rgy1 ). Hence, part (b) of Lemma A.2 implies

L4158 80 = Lit1 and Rit158 50 = Ryy1- (4.37)
Using (4.10), (4.34) and (4.35), it follows that

SOLEL]ISS = 8088 Lk+1 (sar)* s = Lg+1 (83)* so= Ly (sar)* EN

= (S()Sa_Lk+1 )* = LZ+1 = Lk+1.
Similarly, (4.10), (4.37) and (4.35) imply sSRL’ﬂlso = Ry41. From (4.10) and
(4.11), we see that rank Lj; = rank Lwl and rank Ry = rankal. Because

part (a) of Lemma 4.7 and part (a) of Proposition 2.9 yield rank L1 = rank Ry41,
we get (4.12). From (4.10), we see that

(siv/Teen ) (56 VI ) = sg Lo (s3)" = L,
and .
(VARirsi ) (VRiast ) = (58) Ruoasd = REL.
By our choice of Ug41 and Vi1, it thus follows that
sg v/ L1 = \/(83\/Lk+1) (SJ\/LkH) Ug41 = \/LL& Uk+1
and
VR 55 = Vk+1\/( vV Ri+1 S(J)r) <\/Rk+1 S(J)r) = Vi1 \/Rwl'

This completes the proof of (a).
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(b) Recalling part (d) of Lemma 4.7, we see that
# 8 (plel \ Tyl
g~ 249 (11, ) o
+
= <_SaerT;r—1szflTLﬁ—]1 ) (TLﬁ—]l ) <_TLﬁ—]18271Tz—1Yks;}r )
= S(TZK’TZASZATQ;&SZATZAYI@SJ (4.38)

for k € Z1,,.. By part (c) of Lemma 4.7, it follows that (4.6) holds true. From
(4.38), the first equation in (4.27) and (4.6), we obtain

Mlgi]l = S(TZK’TZASZATQ;&SZATZAYI@S(T
=50 ZKT 1 Th1 Sy Sk 1 T Yasg
= S(J)erSZA Z—lTZ—lyk’Sa_'

Thus, (4.14) is proved. From (4.38), the second equation in (4.27) and the second
equation in (4.6), we conclude that

MIE:Er]l = S(J)erTZASZ—lSZAYkSS_'
By part (b) of Lemma 4.7, it follows that
Tr—1 =ReSk_1 (4.39)
and hence
2T_1 = Se_1 +Si_,. (4.40)
Using the second equation in (4.6) and (4.40), we now see that
2Yj, = 2Ty 1T}, Y = Sk 1 Ti_ Vi + S;_ T}, Vi,

Shoa T 1 Yi = 2% — Sp 1 T}, Vi (4.41)
From (4.14) and (4.41), we obtain
M;Ei]l = Sa_ZkS;ctl (2Yk' - Sk—lTL1Yk) S(J)r
=sg (22kS}_\ Vi — ZiS{_ Sk T Y ) sg (4.42)
Since ( s; )7:0 is a ¢ x ¢ Carathéodory sequence, we have S;_1 € Ryq, >. Thus, it
follows by part (d) of Lemma A.8 that
Sk—1S;_, =S} Sk—1 (4.43)

and from part (b) of Lemma A.8 that R (ReSig—1) € R (Skg—1 ). Therefore, (4.39)
implies R (Tir—1) € R (Skg—1). Because Tj_; = Tjy_1, it follows from Lemma A.3
that R (Tx—1) =R (T}_, ). Hence, R (T;_, ) € R(Sk—1). Thus, by part (a) of
Lemma A.2, we have

Sk:flSZ_lTi_l = Ti_y
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This, along with (4.43) and (2.5), implies that
ZpSE Sk T Ve = Z3Sk—1 S T Vi = M.

Thus, using (4.42), we obtain (4.16).
In order to prove (4.17), we first consider the case s = 1. From Definition 1.1, we

see that 51ti = —sg 5157 . Recalling that M7 = 04, Mlm = Ogxq and 351 = C)
(which follows from (4.2)) we now see that

1 1
C{ﬁ] —Mlm = 281ti = —53'(281)83' = —sgC1s§ = —sg (C1 — My)sg.

Thus, (4.17) is proved for » = 1. Suppose now that » > 2 and k € Zs ,.. Since
(4.2) shows that s; = 2C} for each j € Z_,., it follows by [22, Corollary 4.24] that

1

#
ol =

Sg = SS’_ (—Ck + 2Zk,182__2Yk,1 ) SS’_
Equation (4.16) yields
MM = st (225 1SF o, Ve — My, ) st

Therefore, we also obtain (4.17) for 3¢ > 2 and k € Zs ...
Now we again consider an arbitrary » € NU {400} and an arbitrary m € Zy ...
We know from Proposition 4.1 that (s;)7_ € Dgxg, ». Thus,

N (s0) SN (sm) and R(sm)CR(s0). (4.44)

Since (4.2) shows that Cp, = 15, we have N (sp, ) = N (Cy, ) and R (sm ) =

R (Cyy ). Therefore, (4.44) yields N (s9) C N (Cy,) and R (Cy) € R(s0). By
Lemma A.2, it thus follows that

C’msarso =C,, and SOSJC’m =C,,. (4.45)
From (4.17), M1 = 0gx4 and (4.45), we see that
—50 (C{M . Mlm ) so=—50[—s3 (C1—My)s{ ] so
= 8083015350 = 01 = Cl — Ml.

We have thus shown (4.18) for s»r = 1. Suppose now that s > 2 and that k € Zs ...
It follows from (4.45) that

Sosa'Zk_l =Zp_1 and Yk_lsa'so =Y. 1.
Because of (2.5), we then get
sosaersgso = sosaer,lT;r_QYk,lsgso = Zk,sz_zYk,l = M.
Thus, using (4.17) and (4.45), we now obtain
—S0 (C'k’j —M,f) So = —So [—sé (Cr — Mk)sg} S0
= SOSS'Cksa'sO — sosa'Mksa'so =Cy — M.

The proof of (4.18) is thus complete.
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(c) From part (a) of Lemma A.4 and (4.33), we see that
R (VL) =R (L) SR (s0).
Part (a) of Lemma A.2, therefore implies that

sosa'\/LS = \/Ls.

Thus, it now follows from (4.13) that

50\/ ti]U = 505 \/L —\/L
Considering adjoints of these matrices, we obtain

Ur \/ Lifse, (4.46)

By definition of the Schur parameters for ( C; ) _, and part (b) of Lemma A.4, we
have

Vi (VL) K= v (VE) (Ve (oo a (V)
= (V) VI (Vi) ey (VR

= K.

From (4.46), we thus obtain

UL s (\/Ls)+ K,. (4.47)

Equation (4.47), the unitarity of the matrix Uy, part (c) of Lemma A.4 and (4.47)
again imply that

(\/LL“)+ \/LL'” UK, = (\/LL'”)+ \/LL“ USU:\/LL“ s (x/Ls)+Ks
_ (\/LL“)+LL“5(’§ (\/LS)+KS
— /Ll (Ve )+Ks
= UK.

This completes the proof of (4.19). Similarly, we obtain (4.20).
By part (a) of Lemma 4.7 and Proposition 2.9, we have

Cy — M, = /L,K;\/Rs.
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Thus, using the definition of the Schur parameters for ( C; ) o and (Cm )::0 as
well as formulas (4.17), (4.13), (4.19) and (4.20), we obtain

KL“z(\/LL“) (cte—m )(\/R )
=<\/LL‘”>+ [ st (Cu—M,) (\/R )
—(M“)?msf«smsg(mm)*
- (\/L[s”])+ VI, K v/ RE) <\/RL“)+
v () v

Thus, we have shown (4.21). This completes the proof. O

Lemma 4.9 leads us to our next result. We will see that the reciprocal se-
quences of Carathéodory sequences inherit the C-centrality properties of their
generating sequences.

Theorem 4.10. Let 5 € NU{+oo} and (s, );‘{:0 be a g x q¢ Carathéodory sequence.

Furthermore, suppose ( S Jﬁ

);0 is the reciprocal sequence to (s; ) . Then:
(a) (sj) o is C-central if and only zf( );‘{:0 is C-central.
(b) Let k € 74, 5. Then:
(b1) (s );’ o is order k C-central if and only if ( s u);:o is order k C-central.
(b2) (s ) _o 8 minimal order k C-central if and only if ( )::0 is minimal
order k C-central.
Proof. (b) follows directly from Definition 3.15 and part (b) of Lemma 4.9 while
(a) follows immediately from (b). O

Our next result shows that generating reciprocal sequences, as an operation,
is compatible with the operation of generating the central g x ¢ Carathéodory
sequence of a finite ¢ x ¢ Carathéodory sequence.

Theorem 4.11. Let n € Ny, let (s, )n be a q X q Carathéodory sequence and let
(8ri )J o be the reciprocal sequence to (s; ) o- Recalling Theorem 4.4, let (5; );io
and (s, ﬁ) o be the C-central sequences for (s );L:O and (sjti );L:O, respectively.
Then (s, ﬁ) ° o s the reciprocal sequence to (35 )5 i=0-
Proof. By Remark 3.17, we have 5; = s; for each Jj € Zy,n and the sequence
(5 )j is order n + 1 C-central. Suppose that ( )j:O is the reciprocal sequence

to (55 )j - Because of Remark 1.2, we have (gju );L:O = (sjrj );L:O and part (a) of
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Lemma 3.19, Theorem 4.4 and part (a) of Theorem 4.10 we see that ('5]ti )Jio isa
q x q order n+ 1 C-central Carathéodory sequence. It thus follows by Remark 3.17

that (gju );‘io is the C-central ¢ x g sequence for (sjrj );L:O. We therefore have

(35)7 0 = (5h8) 0

We next consider reciprocal sequences of totally strict Carathéodory se-
quences.

Lemma 4.12. Let (s; )?’;0 € Cq, 00 and suppose that (sjrj );‘io is the reciprocal se-

quence to (s;);—,. Then the sequences (Ly+1)5—g, (Rk+1)5—; (ngﬂl )?;0 and

(le )zO:o are monotonically decreasing and convergent. Their limits

L:= lim Ly41, R:= lim Ryy1,
k—> 00 k— 00
— (#] -
L = khmoo Ly and RI#1 = khmoo Rk+1

are, furthermore, all non-negative Hermitian. Moreover,
LM =sfL(sg)", R = (s3) Rs{,

L =soLl*lsk, and R = syRY
In particular, rank L = rank LI#] and rank R = rank RI*]
Proof. Use Proposition 2.9, Theorem 4.4 and Lemma 4.9. O

oo

Theorem 4.13. Let (s; );io € Cq, and suppose that (s ﬁ) =0
sequence to (s;)7°. Then (s;);=, € C; « if and only if (s )oo €Cl o

q, oo

is the reciprocal

Proof. Use Lemma 4.12. O

5. Matricial Toeplitz non-negative definite sequences
generated by reciprocation

In this section, we will soon arrive at a particular operation, which, given a Toeplitz
non-negative definite sequence ( Cj ) _o in €74, will make it possible to construct

a new Toeplitz non-negative definite sequence (C D) from (Cj )j:O. We next
provide a detailed look into this construction.

Proposition 5.1. Let 3 € NoU{ +oo } and (C; )7, be a T-n.n.d. sequence in C7*7.

Suppose that
C if 7 =0,
s 1= 0 iy (5.1)
ZCj ifj € ZL P
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Then (s; );‘:0 is a g x q Carathéodory sequence with sy = si; and this sequence’s
reciprocal sequence (sjti )::0 is also a ¢ x g Carathéodory sequence with s; = (Sg)*

Furthermore, if (C'jD );:0 is defined as

{sg if j =0,

cH =
éjﬁ ZfJGZI%;

; (5.2)

then (CJD );0 s a ¢ X q T-n.n.d. sequence.

Proof. By Remark 3.7, it follows that (s; )7:0 € Cq,; and sg = s§. Theorem 4.4

thus implies (sjti )::0 € Cq, s, where sg = s§ leads to sg = (Sg)* in view of
Definition 1.1 (note also Lemma A.3). It therefore follows by Remark 3.7 that
(CD), is a ¢ X ¢ T-n.n.d. sequence. O

Proposition 5.1 leads us to the following definition.

Definition 5.2. Let 5z € No U {400} and let (C; )7, be a T-n.n.d. sequence in
C2*4. We will call the sequence (C; D) defined in (formula (5.2) of) Proposi-
tion 5.1, the T-n.n.d. sequence in C7*4¢ generated from (Cj )j:O by reciprocation.

A T-n.n.d. sequence generated by reciprocation is not the same as a reciprocal
sequence, as the following example demonstrates.

Ezample 5.3. Let K € K,xq. Suppose, for j € No, that C; := K7. Example 2.21
yields (C; );o o € Tq, 00- On the one hand, it follows by induction that the reciprocal

sequence (C’li )J to (Cj)j2, is
I, if j =0,
Cf =K, ifj=1,
Ogxq, ifJ € Za, oo
On the other hand, it also follows by induction that the sequence (C D) gen-
erated from (C} );.io by reciprocation is given by
cHl=(-K), j € No.

Proposition 5.4. Let 5 € No U {+oo} and let (C;)7_, be a T-n.n.d. sequence
in C¥*9, Suppose that (C'jD );0 is the T-n.n.d. sequence in C1*9 generated from
(Cj );;0 by reciprocation. If ( (CD ) - )10 is the T-n.n.d. sequence in C1*1 gen-
erated from (C’ D) by reciprocation, tJhen

(/™) = (i

7=0
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Proof. For each j € Zy, ., let
Cy ifj=0,
85 = 0 J (5.3)
2Cj lfj S ZL Py
Because of (5.3) and (5.2), for each j € Zyg, .., we have,
. {COD if j =0,

st =
! 207 ifj €Ly .

For each j € Zyg, ,., we thus see, by the definition of ( (C]D ) D)%
P

N
(CjD)D:{(SO) =0 (5.4)

V(s i j e

, that
0

From (5.1), it follows by Remark 3.7 that ( s; );‘{:0 is a ¢ x ¢ Carathéodory sequence.
Therefore, by Corollary 4.3, we have

£\ 3
((s)) )FO = (557, (5.5)
Finally, from (5.4), (5.5) and (5.3), we obtain
o\ON* 2
((Cj ) )j:OZ(Cj)j:O’
which completes the proof. O

We now look at how Definition 5.2 relates to the previous section.

Lemma 5.5. Let 5 € NgU{ 400} and let (C} )7:0 be a T-n.n.d. sequence in C1*1.
Suppose that (C'jD );;0 is the T-n.n.d. sequence in C?*7 generated from (C; );‘{:0
by reciprocation. For j € Zy, ,., let the matric s; be given by (5.3). Then (s; );’:

is a q X q Carathéodory sequence and

Resy ifj =0,
Cj:{ o ifJ

0

and cP =
1 J

555 Z‘ijZL%

Res! ifj=0,
\sh ifj €T

Proof. By Proposition 5.1, (s; );‘:0 is a ¢ x ¢ Carathéodory sequence. By definition
of ( Cj )j:O’
have (sg)* = (s5) = (s5)" =55 = s, We thus sce that Resy = so and
Re sg = sg. Along with Definition 5.2, this completes the proof. O

we have C§ = Cy. Thus, s§ = so. Recalling Definition 1.1, we therefore

Using Lemma 5.5, we can now translate Theorems 4.8, 4.10, 4.11 and 4.13 so

that they apply to Definition 5.2.
Theorem 5.6. Let »x € NU {400} and let (C; );‘{:0 be a T-n.n.d. sequence in
D peq
C?*4. Let, furthermore, (Cj )j:O
from (C; );’:0 by reciprocation. Then:

be the T-n.n.d. sequence in C1*9 generated
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(a) (C; );‘{:0 is canonical if and only if (C]D );t:o is canonical.
(b) Let k € Z1 ,.. Then:
(b1) (Cj );’:0 is order k canonical if and only if (C'jD );:0 is order k canon-

ical.
(b2) (Cj );’:0 is minimal order k canonical if and only if (C'jD );;0 is mini-
mal order k canonical.
Proof. Combine Lemma 5.5 with Theorem 4.8, recalling Definition 3.22. g

Theorem 5.7. Let »x € NU {400} and let (C; );‘{:0 be a T-n.n.d. sequence in

C?*4. Let, furthermore, (CJD );:0
from (C; );;0 by reciprocation. Then:
(a) (Cy );‘{:0 is central if and only if (CjD );;0 is central.
(b) Let k € Zq, 5. Then:

(b1) (Cj );’:0 is order k central if and only if (CjD );{:0 is order k central.

(b2) (Cj );;0 is minimal order k central if and only if (CJD );{:0 is minimal

be the T-n.n.d. sequence in C1*9 generated

order k central.
Proof. Combine Lemma 5.5 with Theorem 4.10, recalling Definition 3.15. O

Theorem 5.8. Let n € Ny and (C} )?:0 be a T-n.n.d. sequence in CI*9. Sup-
pose that (C'jD );L:
reciprocation. Let, furthermore, (D, );.io and ( E; );io be the central T-n.n.d. se-
oo

o i the T-n.n.d. sequence in C1*4 generated from (C; );.L:O by

quences for (C; )?:0 and (CJD )?:0, respectively. Suppose, also, that (DjD )j:O 18

the T-n.n.d. sequence in C1*9 generated from (D, );io by reciprocation. Then

o\> _ oo
(Dj )j:O = (Bj)j=o-
Proof. Combine Lemma 5.5 with Theorem 4.11. O

Theorem 5.9. Let (C; );io be a T-n.n.d. sequence in C?*9. Suppose, furthermore,
that (C'jD );io is the T-n.n.d. sequence in C?*? generated from (C; );io by recip-
rocation. Then (C; );io e Cr . if and only if (C'jD )j:0 €Cl

q, 0

Proof. Combine Lemma 5.5 and Theorem 4.13, recalling Definition 3.14. g

6. Matricial Carathéodory functions

The set of g x ¢ Carathéodory sequences is closely related to the following class of
holomorphic ¢ x ¢ matrix functions. A function 2 : D — C%*9 is called a ¢ X ¢
Carathéodory function in D if it is holomorphic in D and if Q(w) € R, > for all
w € D. The set of all ¢ x ¢ Carathéodory functions in I will be denoted by C, (D).
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Remark 6.1. f Q € C; (D) and A € C?7*P, then A*QA € C, (D).
Remark 6.2. Ifn € N, ()"

j—1 18 a sequence in [0, +00) and (£, )"

j=1 1S a sequence

in Cy (D), then Zoszj €Cqe (D).
j=1
The class C, (D) is closely related to the Schur class. A matrix function
S : D — CP*4 is called a p x g Schur function in D if it is holomorphic in D and

if S(w) is contractive for all w € D. The set of all p x ¢ Schur functions in D will
be denoted by Spxq (D). We furthermore define

S;)Xq(]D))::{fESqu(D) ¢ f(w) €Dpyg forallweD},

as well as S(D) := S1x1 (D) and &' (D) := Si,; (D). We next review a well-
known relationship that exists between the classes C, (D) and Syx4 (D) (see [8,
Proposition 2.1.3]).

Lemma 6.3. Let Q € Cy (D). Then det [I; + Q(w)] # 0 for each w € D, and the
function

Si=(I,—Q) (I, +Q)™" (6.1)
belongs to Syxq (D). Furthermore, det [I, + S(w)] # 0 for each w € D, and
Q=(I,-8)(I,+S)". (6.2)

For each Q € C; (D), the matrix-valued function in (6.1) is called the Cayley
transform of Q2. Lemma A.13 immediately leads us to another well-known relation-
ship for the sets Syxq (D) and Cy (D).

Lemma 6.4. Suppose that S € Syxq (D), then I, +S5 € Cq (D).

Ezample 6.5. Suppose that K € K;x, and, furthermore, that Q : D — C9%9 is
defined as w +— I, + wK. Then Q € C, (D).

One of our goals will later be to generalize the following well-known result
for the class C, (D). Because it relates to our later approach, we include a proof.

Proposition 6.6. Let Q € C, (D) be such that det Q does not vanish identically in
D. Then det [Q(w)] # 0 for any w €D, and Q=1 € C, (D).

Proof. Let S be the Cayley transform of Q2. By Lemma 6.3, it follows that
S € Syxq (D) (6.3)

and we obtain (6.2). Since det Q2 is not the zero function in D, we see from (6.2)
that det (I, — ') is not the zero function in D. Combining this with (6.3), we see
from [8, Lemma 2.1.7] that det (I, — S') does not vanish anywhere in D. Thus, it
follows from (6.2) that €2 does not vanish anywhere in D. Therefore (note also the
formulas after Remark A.1), we see that Q™! € C, (D). O

Remark 6.7. Let Q € C;(D) and f € &' (D). The properties of holomorphic
functions yield Qo f € C, (D).
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Ezample 6.8. Let Q € Cy (D) and w € DU T. Suppose that Q, : D — C9%9 is
defined as €, : w — Q(uw). From Remark 6.7, we see that Q, € C, (D).

Example 6.9. Let Q € C; (D) and m € Zsg, o. Suppose that Q) : D — C9*7 is
defined as Q) : w — Q(w™). From Remark 6.7, we see that Qp,,; € Co (D).

For more clarity later on, we next describe the well-known relationship that
exists between ¢ x ¢ Carathéodory functions and ¢ x g Carathéodory sequences
(see, for instance, [11]).

Proposition 6.10. Let 2 € C, (D) and, for each w € D, let
Qw) = Z sjw’ (6.4)
5=0

be the Taylor series representation of Q. Then (s; )?’;0 is a q X q Carathéodory
sequence.

o0

Ezample 6.11. Let K € Kqxq. The sequence (s;),—, given by s; := d;, 014405, 1K,
for each j € Ny, is then a g x ¢ Carathéodory sequence. Indeed, if Q : D — C?*9 is
defined as Q(w) := I,+wkK, then Example 6.5 yields 2 € C, (D) and ( s, );io is the
Taylor coefficient sequence for . Proposition 6.10 thus shows that ( s; );‘io €Cy, 0o

Proposition 6.12. Let (s; );io be a ¢ x q Carathéodory sequence. Then:
o0

converges for any w € D.
n=0

(a) The sequence ( Z sjwj>
3=0

(b) If @ : D — C9%7 is defined as Q(w) = nliHmOOZsjwj, then Q € Cq (D).
§=0

If (s, );’;0 is a ¢ x g Carathéodory sequence, then the function Q € C, (D)
defined in part (b) of Proposition 6.12 will be referred to as the function in Cy (D)
corresponding to ( s; );’;0.
Ezxample 6.13. Let (s; )?’;0 € Cq,00 and u € D U T. Suppose, for each j € Ny,
that s; ., := u/s;. Part (a) of Remark 3.10 then yields (sj, );’io € Cq o0 If Qs
the function in C, (D) corresponding to ( s; );’;07 then we see, for the function €,

defined in Example 6.8, that
Q,(w) = Z sj, w0
j=0

Thus, Q, is the function in C, (D) corresponding to (s;, 4 );.io.
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Example 6.14. Let (s, );’;0 € Cq, oo and 2 be the function in C, (D) corresponding
to (s; );‘;0. Suppose, furthermore, that m € Zs 4o and that

b sj, if there exists a k € Ny such that j =k - m,
7 | Ogugs ifjENg\{k-m : keNg}.
Let Q) € Cq (D) be the function defined in Example 6.9. For each w € D, then

Q[m] Z tiw’.

Thus, (¢; );io € Cq, 00 and Qpyyyy is the functlon in Cy (D) corresponding to (¢, )J o

Propositions 6.10 and 6.12 suggest introducing a number of special subclasses
for Cq (D) via Taylor coefficient sequences.

Definition 6.15. Let » € Ny U {400 }. Suppose Q € C, (D) with Taylor series
representation (6.4) for each w € D. If (s, );‘{:0 € 5(1,,{, then Q is called a strict
q % q Carathéodory function of order s (or strict order ¢ Carathéodory function). The
set of all strict Carathéodory functions of order s will be denoted by C,gx)( D).

Definition 6.16. Suppose Q € C, (D) with Taylor series representation (6.4), for
each w € D. If (s; ) o € Cq . then Q is called a totally strict ¢ x g Carathéodory

function in D. The bet of all totally strict ¢ x ¢ Carathéodory functions in D will
be denoted by C; (D).

From the above two Definitions 6.15 and 6.16, it follows, via (3.2), that
t
cHb)ce ﬂ e

Definition 6.17. Let Q € C, (D) with Taylor series representation (6.4) for w € D.
(a) Let k € N. If the sequence (s, )j o is C-central of order k, then the function
Q is called central of order k (or order k central).

(b) Let k € N. If the sequence ('s; ) _o is C-central of minimal order &, then the
function €2 is called central of mlnlmal order k (or minimal order k central).

(c) If there exists a k € N such that Q is order k central, then 2 is simply called
a central function.

Remark 6.18. Let k € N and £ € Zy41, 0. Suppose that Q € C, (D) is central of
order k. Remark 3.16 implies that €2 is also central of order £.

Recalling Proposition 6.12 and Lemma 3.19, we are led to the following.

Definition 6.19. Let n € N and (s; );L:O be a ¢ x g Carathéodory sequence. Fur-
thermore, let (5 );io be the C-central sequence corresponding to (s; );.L:O. The
function ;) in Cy (D) corresponding to (5, );io is then called the central
g x ¢ Carathéodory function for ( s; );.L:O.
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Remark 6.20. Let k € N. Suppose that Q € C, (D) is order k central with Taylor
series representation (6.4) for each w € D. Because of Definition 6.19 and Re-
mark 3.18, it follows that ( s; ol

Jj=0
. k-1
function Q(Sj i for (s, )j:O'

€ Cq, —1 and Q is the central g x ¢ Carathéodory

The function defined in Definition 6.19 is discussed extensively in [16]. In
particular, it was there shown that )1, can always be interpreted as the re-
striction of a rational ¢ x ¢ matrix function to ID. Using the g x g Carathéodory

sequence (s; );.L:O, particular quadruples of ¢ X ¢ matrix polynomials were con-

structed. These quadruples were then used to obtain left and right quotient repre-
sentations of O, )y These representations were, in turn, used in [18] to param-

etrize the solution set of the Carathéodory problem associated with (s; )?:0'

Proposition 6.21. Let n € Ny and (s; )?:0 € Cq,n- Then all of the following con-
ditions are equivalent:

(i) (85)j=o € Cqn-

(11) Q(Sj )" S C[; (]D))

(i) Q(s; ) € C (D).

J

Proof. Applying part (b) of Lemma 3.19 yields the proof. O

Definition 6.22. Let Q € C, (D) with Taylor series representation (6.4) for w € D.

(a) Let k € N. If the sequence (s, );io is order k C-canonical, then the function
() is also called canonical of order k (or order k canonical).

(b) Let k € N. If the sequence (s; );io is minimal order k C-canonical, then
the function §2 is also called canonical of minimal order k& (or minimal order k
canonical).

(c) If there exists a k € N such that Q is order k canonical, then § is simply
called a canonical function.

Remark 6.23. Let k € N, £ € Ziy1, 00 and Q € Cy (D) be order k canonical.

(a) Part (a) of Corollary 2.27 implies that € is also order ¢ canonical.
(b) It follows, by part (b) of Corollary 2.27, that 2 is also central of order £.

For the ¢ x g Carathéodory sequences in Examples 3.20 and 3.21, we now
determine the corresponding functions in C, (D).

Ezample 6.24. Let K € K;x4. Then:

(a) It follows for each w € D that —wK € Dyx, and that det (I, — wK ) # 0.
(b) The function Qg : D — C9%9, defined via

w— (I, +wK ) (I, —wK )™ (6.5)
belongs to Cq (D).
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(c) Since wK € Dgyq, the Neumann series representation yields
Qe (w) = (I, +wk ) [ > (K )J} =L, +2) " K. (66)

Example 3.20 shows that the function Qf is order 2 central and, if (and only
if) K # Ogxq, then Qg is minimal order 2 central. Furthermore, because of
Remark 6.20, Example 3.20 and Proposition 6.21, the following three condi-
tions are all equivalent:
(i) K € Dgxq-
(i) Qx € Cf (D).
(iii) Qx € (D).
(d) For each w € D, we have det [ Qg (w)] # 0, —K € Ky, and Q' = Q_k-.
(e) Example 3.25 shows that the function Qg is canonical if and only if K is
unitary. When this is the case, 2k is order 1 canonical.
Ezample 6.25. Let K € Ky, N CL*? and € N. Then:

(a) Recalling part (a) of Example 6.24, let Qg , : D — C9%9 be defined as
wr— (VK) (I, +wK ) (I, —wK )™ (VK)". (6.7)
(b) Then

Q= [(VE) ] o (VE)', (6.8)

where Q is the g x ¢ Carathéodory function given in Example 6.24. It follows
from Example 6.24 and (6.8) that, for each w € D, the function Qg , belongs
to Cq (D) and admits the Taylor series representation

— r o0 r+5,,.7
Qg r(w) =K +2Zj:OK w’.
(c) Example 6.24 shows that the function Qg , is order 2 central.

For the ¢ x ¢ Carathéodory sequences in Examples 3.12 and 3.13, we now
determine the corresponding functions in C, (D).
Ezample 6.26. Let K € Kyx, and (C} );‘io be the g x ¢ C-sequence defined in
Example 3.12, i.e., C; := K7 for each j € Ng. Suppose that Hx is the function in
Cq (D) corresponding to ( C; );.io. Then, for each w € D, we see from the Neumann
series representation that det (I, — wK ) # 0 and

Hg(w) = (I, —wK)™".

Ezample 6.27. Let K € Kgxg NCL and r € N. Let (C;)]Z, be the ¢ x ¢ C-
sequence defined in Example 3.13, i.e., C; := K"/ for each j € Ny. Suppose
that Hg, , is the function in C, (D) corresponding to (Cj )?’;0. It follows that

Cj = (\/K)TKj(\/K)T for any j € Ny. Therefore, it follows from Example 6.26,
for each w € D, that det (I; — wK ) # 0 and

Hr, (w) = (VK) (I, —wK)™" (VK)".
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7. Moore-Penrose Inverses of Matricial Carathéodory Functions

Our next steps will be towards showing that the Moore-Penrose inverse Q7 of a
function € Cy (D) is itself a member of C, (D). We will, furthermore, show that
the sequence of Q7’s Taylor coefficients is the reciprocal sequence to 2’s Taylor
coefficient sequence. Before we show that the Moore-Penrose inverse of a ¢ X ¢
Carathéodory function is holomorphic, we first formulate and prove a result which
will help us reach our aforementioned goal and which is also of interest on its own.

Lemma 7.1. Let (s; );’io be a sequence in C?*? and (sjrj );‘io be its reciprocal
sequence. Suppose that the following conditions are met:
@) (s )Jio € Dyxq, 00
(II) There exists a (in D) holomorphic matriz function Q : D — CI*7 with
Taylor expansion (6.4) for each w € D.
(IIT) There exists a (in D) holomorphic matriz function Q% : D — C9*9, which
can be expressed, for each w € D, as

Qf(w) = is}wi. (7.1)
=0
Then Qt = QF and, for each w € D
(QQJr )(w) = (QQJr )(0), (Q+Q)(w) = (Q+Q)(O), (7.2)
R(Qw)) =R (£2(0)) and N (Qw)) =N (92(0)). (7.3)

Proof. Because of (1), it follows by Proposition 1.8 that S} = S% | for each n € N,
where S,, and S¥, are given by (1.1) and (1.2). Thus, for each n € Ny, we obtain

S.S%S, =S, and S¢s,8% =gt (7.4)
Also, recalling (I) and using Lemma 1.9, for each n € Ny, we get
SnSi=1I,1® (sosg ) and SES, =11 ® (s3s0)- (7.5)

Let w € D. Because of (7.4), (7.5), (II) and (III), it therefore follows by [8, Lem-
mas 1.1.19 and 1.1.21] that

Q(w)Q* (w)Qw) = Qw) and QF (w)Q(w) ¥ (w) = QF (w) (7.6)
and also that
Q(w)Q* (w) = sosg and QF (w)Qw) = s s0. (7.7)

In particular, (7.7) implies
(Qw)F (w))" = Q(w)QF(w) and (O (w)Qw) )" = QF(w)Q(w). (7.8)

From (7.6) and (7.8), we obtain Qt = QFf. Furthermore, [22, Proposition 8.4] yields
(7.2) and (7.3). O

We continue with a first observation on the ranges and null spaces of a func-
tion 2 € Cq (D).
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Lemma 7.2. Let Q € C; (D) and w € D. Then
R([2w)]") =R(Qw)) =R([Qw)]")

and

N([Qw)]") =N (Qw)) =N ([Qw)]").

Proof. Since Q € Cq (D), we see that Q(w) € Ry, >. By Lemma A.8, it therefore
follows that Q(w) € CLY!. The lemma thus follows from Proposition A.5. O

Our next theorem is also the first main result of this section. It includes the
earlier-mentioned and quite versatile generalization of Proposition 6.6. The proof
of the theorem, moreover, demonstrates an alternative approach to Proposition 6.6.

Theorem 7.3. Let Q € C, (D) with Taylor series representation (6.4) for each
w € D. Furthermore, let (sjrj );io be the reciprocal sequence to ( s; )?’;0, Then QF

belongs to Cy (D) and QT admits the Taylor series representation
Qt(w) = Z sjuwj (7.9)
§=0

Furthermore (7.2), (7.3),
R(QT(w)) =R(Q0)) and N (QF(w)) =N (€(0)) (7.10)
all hold, for each w € D.

Proof. By assumption, we have (6.4) for each w € D. Since Q € C, (D), we
see by Proposition 6.10 that (s; );io is a ¢ x ¢ Carathéodory sequence. Thus,
it follows by Theorem 4.4 that (SJri );io
From Proposition 6.12, we now see that there is a function Q% € C, (D) which
admits the representation (7.1) for each w € D. By Proposition 4.1, it follows
that (s; );‘io € Dyxgq, o0, since (s; );’io is a ¢ x ¢ Carathéodory sequence. Thus,
using (7.9), (7.10) and Lemma 7.1, we obtain QF = QF as well as (7.2) and (7.3).
Equations (7.10) follow by Lemma 7.2. O

is also a ¢ x ¢ Carathéodory sequence.

In [5, Theorem 4.5] it was already shown, using an alternate approach, that
ifQeC, (D), then Q" € C, (D). Likewise, parts of Theorem 7.3 were also proved
as part of [5, Theorem 4.5]. The approach used for [5, Theorem 4.5] was largely
based on specific properties of the Schur class Syxq4 (ID) and how these properties
carry over to the class C, (D) via Cayley transform.

Corollary 7.4. Let (s; );.io be a g x q Carathéodory sequence and ) be the func-
tion in Cq (D) associated with (s, );.io. Furthermore, let (SJri );‘io be the reciprocal

sequence to ( s; )?’;0, Then, (sjti )Joi is a q x q Carathéodory sequence and, if

0
is the function in Cq (D) associated with (SJri );‘io’ then Qf = QF.
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Proof. Proposition 6.12 shows that {2 € C; (D) and that (6.4) holds true for each
w € . Thus, the corollary follows directly from Theorem 7.3. g

We next consider several applications of Theorem 7.3.

n

Corollary 7.5. Suppose n € N, («;)"_, is a sequence in [0, +00) and (£ )i 18

j=1
a sequence in Cq (D). Then
" +
(Zajfzj) €,y (D).
j=1

Proof. By Theorem 7.3, it follows that (Q;r );L:l is a sequence in C, (D). Because
of Remark 6.2, we therefore have

> €Cy (D).
j=1

Hence, applying Theorem 7.3 completes the proof. g
Corollary 7.6. Suppose S € Syxq (D). Then (I, +8)" € C, (D) and the equations
[Ig + S(w)] [Iq+s(w)]+ =[1;+5(0)] [Iq+s(0)]+

and
(g + S(w)]Jr [Ig+ S(w)] =1+ S(O)]Jr [Ig+S(0)]
hold true for each w € D. Furthermore,
R(Ig+Sw)) =R(I;+5(0)),  N(I+Sw))=N(I;+S50)),
R (1L +8@)]") =R (1, +50)) and N ([I,+S@)]") =N (I, +5(0))
hold true for each w € D.

Proof. By Lemma 6.4, we see that I, + S belongs to C4 (D). Thus, applying The-
orem 7.3 completes the proof. O

Our next result tells us more about the structure of Carathéodory functions.

Theorem 7.7. Let q € Za, 400 and v € Z1, q—1. Suppose that & € Cq (D) with
rank [Q(0)] = 7. Furthermore, let (us)._, be an orthonormal basis in R ((0))
and let (us)i_. ., be an orthonormal basis in N ((0)). For each £ € Zy 4, let
Uy = (ul, Uz, ..., Ug). Finally, let Q= U QU,. Then:
(a) (us)?_, is an orthonormal basis in C¥* and the matriz U, is unitary.
(b) The function Q belongs to C,. (D) and Q(w) is non-singular for all w € D.
Furthermore,

Q= Uy | diag (2, 0¢r(g—n ) | Us
and
O = U, [diag (6_17 0(q_r)><(q_r))} Us.
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Proof. Let (s; );’;0 be the Taylor coefficient sequence for €2. Then, for each w €
D, let (6.4) be the Taylor series representation of 2. Then Q(0) = so, and, in
particular, rank sp = r. Since Q € C, (D), it follows by Proposition 6.10 that
(85 );’io € Cy, 0o- Thus, Proposition 4.1 and part (a) of Theorem 1.12 yield part (a).

By Remark 6.1, it follows that Q € C,. (D). For each j € Ny, we set
gj = U:SjUT. (711)

Since rank so = 7, we then see from Theorem 4.6 that det sy # 0. Let w € D. Using
(6.4) and (7.11), we then obtain

Qw) = Z UrsiUqw! = Zgjwj. (7.12)
3=0 3=0

In particular, Q(0) = So. Thus, det3y # 0 implies det Q(0) # 0. Since € belongs

to C, (D) and from Proposition 6.6 we now obtain det Q(w) # 0 for any w € D.
Because of (7.11) and Theorem 4.6, it follows that

S = U; [diag (:SVJ‘, O(Q—T‘)X((I—T‘))] Uq (713)
for each j € Ny. Using (6.4), (7.13) and (7.12), we obtain

Qw) =) sjw’ = Us [diag (35, 0g—r)x(g-r)) ] Ug?
7=0 j=0

U;( Z [diag (§j7 O(Q—r)x(q—r)) ] w’ )Uq
j=0

j=
= U; (diag( igjwjv O(g—r)x(q—r) ) )Uq

=Uy [diag (ﬁ(w) O(G—T)X(q—r)) ] Uq

for each w € D. The remainder of the theorem is a direct consequence of a well-
known property of the Moore-Penrose inverse (see, e.g., [8, Lemma 1.1.3]). g

A result similar to Theorem 7.7 was obtained in [5, Theorem 3.5]. The ap-
proach used in [5] was based on the Cayley transform and is thus entirely different
from the approach used in the above proof of Theorem 4.4, which relies mainly
on the structural properties of ¢ x ¢ Carathéodory sequences described in Theo-
rem 4.6. It should be noted that the approach used in [5, Theorem 4.5] (to show
that the Moore-Penrose inverse of a function ©Q € C, (D) is holomorphic) relies
on [5, Theorem 3.5]. A closer look at this approach reveals that this can also be
shown using the above Theorem 7.7.

Let Q € C; (D) and, for each w € D, let (6.4) be the Taylor series represen-
tation of Q. Theorem 7.3 implies that O+ € C, (D) and that QT has Taylor series
representation (7.9) for each w € D. We next explore the relationship between

Q and Q7. Since (s; );’io and (sjrj );‘io are, by Proposition 6.10, Carathéodory
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sequences, we can use the results of Section 3. Our next task will be to find sub-
classes Cq (D) which are invariant with respect to the Moore-Penrose inverse, i.e.,
if a function Q belongs to our subclass, so should its Moore-Penrose inverse Q7.

Proposition 7.8. Let 2 € Cq (D). Then:

(8) Let € NoU{+0c}. Then Q € C{(D) if and only if @+ € C{(D).
(b) Qe (D) if and only if At € C; (D).

Proof. Suppose that Q has the Taylor series representation (6.4) for each w € D.
By Proposition 6.10, it follows that (s; );io is a ¢ x q C-sequence. Theorem 7.3
thus implies that QT € C, (D) and also that Q*’s Taylor coefficient sequence is
(s}i );‘20' Recalling Definition 6.15 and Definition 6.16, we see that (a) and (b)

follow from Lemma 4.7 and Theorem 4.13, respectively. O

We will next see that for any Q € C, (D), the Moore-Penrose inverse Q1 will
have the same centrality properties.

Theorem 7.9. Let Q € C, (D).

(a) Q is a central function if and only if QT is central.
(b) Let k € N.
(bl) The function Q is order k central if and only if Q% is order k central.
(b2) The function §) is minimal order k central if and only if QT is minimal
order k central.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.17,
we then see that parts (a), (bl) and (b2) follow, respectively, from parts (a), (bl)
and (b2) of Theorem 4.10. O

be a q x q Carathéodory sequence.
n

Proposition 7.10. Let n € Ny and (s; )?:0

Furthermore, let g, N be the central g x ¢ Carathéodory function for (s;)

=0
Then, (SJti );L:O is a ¢ X q Carathéodory sequence and, if Q(Sn )n is the central
i Jj=0
q x q Carathéodory function for (sjti );.L:O, then
+
Q(S@)n =[Q, >';-;J . (7.14)
i) j=0 '

Proof. By Theorem 4.4, it follows that (sjrj );L:O is a ¢ x ¢ C-sequence. Suppose that

(tj),—o and (4 )7~ are the central gx ¢ C-sequences associated with (s;)7_, and

( s} );:07 respectively. Because of Definition 6.19, we see that (¢; );’io and (t;,4 );’io

are the Taylor coefficient sequences for €, N and Q(Sn )n , respectively. By
B i Jj=o0

Theorem 4.11, it follows that (tjrj );‘io = (t;,4 );’;07 where (tjﬁ );io is the reciprocal

sequence to (t; );10' Therefore, (7.14) follows by Theorem 7.3. O
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Proposition 7.11. Let 2 € C, (D).

(a) Q is a canonical function if and only if QT is canonical.
(b) Let k € N.
(b1) The function S is minimal order k canonical if and only if QF is mini-
mal order k canonical.
(b2) The function Q is order k canonical if and only if QT is order k canon-
ical.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.22,
we then see that parts (a), (bl) and (b2) follow, respectively, from parts (a), (bl)
and (b2) of Theorem 4.8. O

8. An approach to constructing the reciprocal of a non-negative
Hermitian ¢ X g measure

Using the results of previous sections, we now consider applications in non-negative
Hermitian ¢ X ¢ measures on the unit circle T. In order to establish a connection
to previous sections, we review the relationships that exist between non-negative
Hermitian ¢ x ¢ measures on T, Toeplitz non-negative definite sequences in C7*9
and ¢ x ¢ Carathéodory functions.

The o-algebra of all Borel subsets of the unit circle T will be denoted by
B and the set of all non-negative Hermitian ¢ X ¢ measures on (T, Bt ) by
MEL(T, Br). If F € ML(T, Br), then, for each j € Z, the matrix

C’J(»F) ::/z_jF(dz)
T

is called the jth Fourier coefficient of F'. The Fourier coeflicients allow us to con-
struct a bijection between the set ML (T, Bt ) and the set Ty, « of all infinite
Toeplitz non-negative definite sequences in C9%9. This is expressed in the follow-
ing well-known matricial version of a classical result by Herglotz (see, for instance,
[8, Theorem 2.2.1]).

Proposition 8.1. A sequence (C} );.io in C1*9 4s Toeplitz non-negative definite if
and only if there exists an F € ML(T, Br) such that
)\ 00
(cf ))j:o = (C))2,. (8.1)
If such an F € M‘IZ(T, B ) exists, then it is unique.

If (C; )?’;0 is a T-n.n.d. sequence in C?*¢, then, by Proposition 8.1, the
unique F' € M (T, Bt ) such that (8.1) is met is called the spectral measure for

(Cj );.io. Proposition 8.1 suggests paying particular attention to the subclass

o0

{FEM‘IZ(T, %T):(CJ(F)) e’fq,oo}. (8.2)

=0
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This subclass is particularly interesting for its role in methods of constructing
orthogonal matrix polynomials (see Delsarte/Genin/Kamp [6], [8, Section 3.6],
[11]). Let F € MZ(T, B1). Because of Proposition 8.1, Definition 2.12 can be
carried over to non-negative Hermitian measures.

o0

Definition 8.2. Let F' € M% (T, Bt ) with Fourier coefficient sequence (C](F)) .
> =0
(a) Let k € N. We say that the measure F is central of order k (or order k central)
. (F)\o©o
lf ( CJ )j:o
(b) Let k € N. We say that the measure F is central of minimal order k (or minimal
order k central) if the sequence (C’J(»F) );io
(c) We say that F' is a central measure if there exists a k& € N such that F' is
central of minimal order k.

is a central sequence of order k.

is central of minimal order k.

Remark 8.3. Suppose that k € N and that F € M%(T, Br) is order k central.
For each ¢ € Zj41, o0, Remark 2.13 shows that F' is also order ¢ central.

A discussion of central measures belonging to the set in (8.2) can be found
in [8, Section 3.6]. There it was shown that such measures are, in particular, abso-
lutely continuous with respect to Lebesgue—Borel measure on the unit circle. The
density functions for these measures were, furthermore, determined and expressed
in terms of special matrix polynomials which play an important role in the theory
of orthogonal matrix polynomials on the unit circle.

A standard result for stationary sequences in Hilbert modules says that every
F € ML(T, Bt) can be interpreted as a non-stochastic spectral measure of a
stationary sequence in a Hilbert module. In [12, Theorem 9], it was shown that F
is order k € N central if and only if the stationary sequence associated with F is
autoregressive of order k. Central sequences and Proposition 8.1 next lead us to
consider central measures.

Remark 8.4. Let n € Ny. Suppose (C; )?:0 is a T-n.n.d. sequence in C?*? and that
(C~'j );‘io is the centrNal sequence corresponding to ( C; );‘:O. Part (a) of Lemma 2.19
then implies that ( C; );‘io € T4, 00- The spectral measure Fi ¢, )i, € ./\/lqz( T, B71)

for (C; );io is then called the central measure for (C;)J_.

Remark 8.5. Let k € Nand F' € ML(T, By ) be order k central. It then, clearly,
follows that (C'J(»F) )j;; € Tg k-1 and F = F( o) )k—l.

J j=0
Proposition 8.6. Let n € Ny and (Cj );L:O € Tg,n- Then F(¢, )r_, belongs to the
set in (8.2) if and only if (C;)i_, € Tan-

Proof. The theorem follows from Remark 8.4 and Lemma 2.19. g
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o0

Definition 8.7. Let I € ML (T, Br) with Fourier coefficient sequence (CJ(-F))

(a) Let k € N. We say that F is canonical of order k (or order k canonical) if
(CJ(F) );.;0 is order k canonical.

=0

(b) Let k € N. We say that F' is canonical of minimal order k (or minimal order k
canonical) if (C;F) );‘;0 is minimal order k canonical.
(c) We say that F'is canonical if there is a k € N such that F' is order k canonical.

Remark 8.8. Let k € Nand F € MZ(T, Br) be order k canonical. Corollary 2.27
then implies: -

(a) For each ¢ € Zy41, 00, the measure F' is order ¢ canonical.

(b) For each ¢ € Zj+1, s, the measure F' is order ¢ central.

For a given z € T, we will denote the Dirac measure on (T, Bt ) with unit
mass in z by €,. Combining Theorem 2.31 and Proposition 8.1 leads us to the
following characterization of canonical measures in M2 (T, Br).

Theorem 8.9. Let F' € /\/lqz(’]l‘7 B ). All of the following conditions are equivalent:

(i) F is a canonical measure.
(ii) There exists an r € N, a sequence (A, )._; in CL*? and a sequence (z5)._,
of pairwise different points in T such that

F = Z::1 €2, As.

For a detailed discussion of canonical measures in M% (T, B ), we refer the
reader to [19], [20] and [21]. It is shown, in these articles, that, given a finite
Toeplitz positive definite sequence (C; )?:0 in C?*% and a u € T, there exists a
unique solution F, of the trigonometric matricial moment problem corresponding
to (Cj )?:0 which has maximal mass with respect to the singleton {u }. More
precisely, this solution is such that, for any F' from the solution set, the inequality
F({u})< F,({u})holds. This F, is canonical and can be constructed explicity
from the sequence (C;)7_,.

The class C, (D) will often feature prominently. We therefore provide a quick
survey of results from [8, Section 2.2] on the relationship between C, (D) and

/\/lqz(’]l‘7 B ).
Proposition 8.10. Let F' € /\/lqz(’]l‘7 Br). The function Qp : D — CT*? given by

Qp(w) ::AZ+wF(dz)

zZ—w

belongs to Cq (D) and, for any w € D, furthermore
_ (P o (F), j
Qp(w) =C§" + 2Zj:1 . (8.3)

If F e ML(T, Br) and Qp is defined as in Proposition 8.10, then Qp is
called the Riesz-Herglotz transform of F. The close relationship that exists between
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ML(T, Br) and C, (D) is evidenced by the following matricial generalization of
a classical theorem by F. Riesz and G. Herglotz.
Theorem 8.11.
(a) If F € ML(T, By ) and H € CY?, then Q := Qp + iH belongs to Cq (D)
and Im [Q2(0)] = H.
(b) IfQ € Cy (D), then there ewists a unique F € ML(T, Br) such that
Q=Qp +i{Im[Q0)]. (8.4)
If 2 € C; (D), then the unique F € ML(T, Br) such that condition (8.4)
is met is called the Riesz-Herglotz measure of ).
Suppose F' € ML(T, Br). Let ( (C(F) ) ) be the Toeplitz non-negative

:OO
definite sequence in C?*¢ generated from (C'J(»F)) by reciprocation (see Def-
j=0
inition 5.2 and Proposition 8.1). We are next most interested in debcribing the
properties of the spectral measure F'5 belonging to the sequence ( (C (F) ) )
j= 0
It should, at this juncture, be mentioned that [8, Section 3.6] includes a discussion
of this subject matter for the case in which F' belongs to the set in (8.2). We now
come to the main result of this section.

Theorem 8.12. Let F' € /\/lqz(']l‘7 Bt ) and Qp be the Riesz-Herglotz transform of
F. Suppose that ((C;F) ) D) is the T-n.n.d. sequence in C1*49 generated from

j=0
(C'(F ) by reciprocation. Let F'O be the spectral measure for ( (C;F) ) D) .
j:
Then FY € ML(T, Br) and Qpo = Q.
Proof. Let w € D. By Proposition 8.10, we have (8.3) and

Qpo(w) = cF) +2y" o, (8.5)

oo 0O O
Since F'H is the spectral measure for ( (CJ(F) ) D) . we have CJ(F ) = (C(.F) )
j=
for each j € Ny. From (8.5) it therefore follows that

QFD(w):( (F>) +2Z {( <F>) uﬂ}. (8.6)

We now define (s; );’io as sg = CO and, for each j € N, as 5; := ZCJ(F). From
(8.3) we then see that

Qp(w) = ijo sjwd . (8.7)
Part (a) of Theorem 8.11 yields Qp € C, (D). Because of (8.7) and Theorem 7.3,

we have
+ _ e st
Qf(w) = E 0% w . (8.8)
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By definition of ( (C;F) ) D) o’ we have
j=

sg = (C’(()F)) - and s} =2 (C](F))D

for each j € N (see Proposition 5.1). Because of (8.6) and (8.8), this implies
Qpo = Qfm which completes the proof. O

Theorem 8.12 shows us that Qg leads to a generalization of the classical
concept of a reciprocal measure F' € ML (T, By ) with det [F(T)] #0 (see, for
instance, [8, Definition 3.6.10]). Thus, we arrive at the following definition.

Definition 8.13. Let F € MZ(T, By ). The measure FZ € MZL(T, Br) defined
in Theorem 8.12 is called the reciprocal measure to F. B

Theorem 8.14. Suppose that F € ML(T, Br) and let F5 be the reciprocal mea-
sure to F'. Then: a
(a) The measure F' is central if and only if FB is central.
(b) Let k € N.
(bl) F is order k central if and only if F© is order k central.
(b2) F is minimal order k central if and only if FU is minimal order k
central.

Proof. Recalling Definition 8.13 and Definition 8.2, we see that all parts of the
theorem follow from Theorem 5.7. O

Proposition 8.15. Let n € Ng. Furthermore, let (C; )?:0 be a T-n.n.d. sequence in

C?* and (CjD );L:O be the T-n.n.d. sequence in C1*7 generated from ( C; )?:0 by

reciprocation. Let F(c,yn_ and F(c.D ) be the central measures in ML (T, Br)
- ), >

n

for (Cj)j_y and (Cf7)
to Fc, )y then

. o . .
0’ respectively. If [F( [ } is the reciprocal measure

O
[Fieo,] = Fesy

j=0

Proof. From Remark 8.4, we see that applying Theorem 5.8 and Theorem 8.12
completes the proof. O

Proposition 8.16. Suppose that F € ML(T, Br) and that FU s the reciprocal
measure to F'. Then: a
(a) The measure F is canonical if and only if F5 is canonical.
(b) Let k € N.
(bl) F is order k canonical if and only if F9 is order k canonical.
(b2) F is minimal order k canonical if and only if FU is minimal order k
canonical.

Proof. Definition 8.7, Proposition 8.1 and Theorem 5.6 yield the proof. O
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9. Matricial R-functions in the open upper half-plane

In this section, we turn our attention to another class of matrix functions. More
specifically, we are interested in a special subclass of g x ¢ matrix functions that are
holomorphic in I} :={z € C : Imz € (0, +oc0) }. This class of matrix functions
is particularly interesting in the context of the matricial version of the Hamburger
Moment Problem and is closely related to C, (D), as we will later sece.

A function G : 11} — C9%7 is called a g x ¢ R-function, if G is holomorphic
in IT; and if the imaginary part Im G(z) of G(z) is non-negative Hermitian, i.e.,
if G(z) € Zy, > for all z € TI;. The set of all ¢ x ¢ R-functions will be denoted by
Rq (It ). The name R-function is here adopted from M.G. Krein. In the literature,
it is not uncommon to see functions of this type referred to instead as Nevanlinna,
Pick or Herglotz functions. We now proceed with some preliminary observations
on the ranges and null spaces of functions in R, (I ).

Lemma 9.1. Let G € R, (114 ). For each z € 114,
R(G(z)) =R ([G(=)]), R(G(z)) =R([G(x)]"),
N(G(z))zN([G(z)]*) and N(G(z))zN([G(z)]+ )

Proof. By assumption, G(z) € Z, >. For each z € II;, Lemma A.10 thus implies
G(z) € CLY. Applying Proposition A.5 thus completes the proof. O

We now take a closer look at how the classes R, (111 ) and Cq (ID) are related.

Remark 9.2. The function v : D — C, defined as
A1 —w
=1
1+w
is a bijection between D and II. The inverse function ¢ : [T, — C to « is given
by

y(w) :

_ 1+
T 1—dv’

0(v)

Lemma 9.3. Let the mappings v and § be defined as in Remark 9.2.
(a) If Q belongs to Cy (D) and G :==i(Q0d), then G belongs to Ry (114 ) and
Q=(-1)(Gonx).
(b) If G € Ry(II4) and Q := (—i)(Go~y), then  belongs to Cy (D) and
G=1i(204).

Proof. (a) Recalling Remark 9.2, we see that G is holomorphic in IT;. Let v € I1.
For any A € C?*¢, we have Im (iA) = Re A. Thus, it follows that

Im[Gw)]=Im[i(Qod)(v)]=Im[i2((v))] =Re[Q(d(v))].

Thus, G(v) € Z,, >, since 2(d(v)) € Ry, >. From Remark 9.2 and the definition
of G, we thus see that Q& = (—i) (G o~), which completes the proof of (a).

(b) Using Remark 9.2 and the fact that Re (—iA) = Im A for any A € C7*7, we
obtain (b) in much the same way as we did (a) in the first part of the proof. O
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Our next theorem is the R, (114 ) counterpart to Theorem 7.3.

Theorem 9.4. Let G € Ry (I11). Then:

(a) —GT e Rq (11 ).

(b) (GGT) (v) =(GG") (i) and (GTG) (v) = (GTG) (i), for v € 1.

(¢c) R(G(v)) =R (G(E)) and N (G(v)) =N (G(i)), for v € 1.

(d) R(Gt(v))=R(G@#)) and N (G*(v)) =N (G(i)), for v e Il;.
Proof. (a) Let Q:= (—i) (G o~). By part (b) of Lemma 9.3, it thus follows that
Qe€Cy (D) and that G =i (20 d) and, consequently, that

Gt =(—-i)(Qod)" =(~i)(QF0d). (9.1)

By Theorem 7.3, it follows that Q € C, (D) . Therefore, by part (a) of Lemma 9.3,
we have

i(QFo6) e Ry (). (9.2)

Finally, from (9.1) and (9.2) we obtain —G* € R, (I} ), which completes the
proof of (a).

(b)-(c) By assumption, both G and G* are holomorphic in the non-empty open
and connected set 1I;. Parts (b) and (c) therefore follow by [22, Proposition 8.4].
(d) Because of (c), part (d) follows immediately by Lemma 9.1. O

For a comprehensive survey on the class R, (111 ), we refer the reader to the
paper Gesztesy/Tsekanovskii [23].

Appendix A. Some facts from matrix theory

Remark A.1. Let A € C?*9. Since Re (A*) = Re A4, it follows that A € Ry, > if
and only if A* € Ry, >. Similarly, since Im ( A* ) = —Im A, it follows that A € Z >
if and only if —A* € 7, >.

If A € C?%? is a non-singular matrix, then it is well known that

Re (Afl) = A1 (Red) (A*1 )*, Re (Afl) = (Afl)* (ReA) A,
Im(A7!) =AY (ImA) (A7) and Im(A7')=—(47")(ImA)A™",
so that A € R, > implies A™* € R, > and A € T, > implies —A™' € 7, >. In
order to generalize these results for arbitrary complex ¢ x g matrices, we give a
very brief overview of standard results for Moore-Penrose inverses. We will often
use the properties of the Moore-Penrose inverse described in these lemmas. For a
detailed discussion of the Moore-Penrose inverse and its properties, we refer the
reader to [2] and [8, Section 1.1].

Lemma A.2. Suppose A € CP*1,
(a) Let B € CP*". The following are all equivalent:
(i) R(B)CR(A).
(i) AATB = B.
(iii) There exists an X € CT*" such that AX = B.
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(b) Let C € C"*4. The following are all equivalent:
(iv) N(A) CN(C).
(v) CATA=C.
(vi) There exists a Y € C™*P such that YA=C.

Lemma A.3. Suppose A € (C%Xq, i.e., that A is a Hermitian matriz. Then the
Moore-Penrose inverse AY of A is also Hermitian and the following equations
hold true:

R(A):R(A“‘)7 J\/(A):N(A+) and AAT = AT A

Lemma A.4. Suppose A ¢ (C‘gq. Then AT € (Cq;q and:

(a) R(A)=R(VA) and N(A)=N(VA).

(b) AAT = ATA=VA(VA) = (VA) VA

() VA=A(VA) = (VA4  and  (VA) = ATVA=AAT.

We recall that a complex g x ¢ matrix A is an EP matrix if R (4) = R (A*).

We also recall that CL! denotes the set of all EP matrices in C7%%. Schwerdt-
feger [28] first introduced the class C%y! (EP stands for “Equal Projectors”). This
class of matrices is important in the theory of generalized inverses (see, e.g., the
monographs Campbell/Meyer [3, Chapter 4, Section 3] and Ben-Israel/Greville

[2, Chapter 4, Section 4], and the papers Pearl [27] and Meyer [26]). We use the
following characterizations of the class C%}!, which can be found in [4] and [29].

Proposition A.5. If A € C?*9, then all of the following conditions are equivalent:

(i) AeCLL (vii) AT € CLHL

(i) R(A)CR(A"). (i) R(A) =R (A*).
(ii) R(A) CR(A). () N (4) = A7 (A%).
(iv) N(A) CN (A*). (xi) ATA% = A.

(v) N(A*)CN(A). (xii) A2AT = A.

(vi) N(A*)=N(A). (xiii) A(A+)> = A+,
(vii) AAT = ATA. (xiv) (AT)* A= A*.

We also require a few additional ways of characterizing the class C%4p/. We
will need matricial real and imaginary parts for these characterizations.

Proposition A.6. Let A € C?*9. The following conditions are all equivalent:

(i) AeCLP.

(ii) @At +B(AT) = AT (BA+ A" ) (A" for all o, g € C.
(iii) Re(At)=AT (ReA)(AT)" and TIm(At)=—-AT(ImA)(AT)".
(iv) @At +B(AT) = (AT)" (BA+ aA*) AT for all o, g € C.

(v) Re(AT)=(AT)" (ReA)AT and Im(At)=—(AT)" (ImA)A"*.
(vi) aAd+BA* = A(BAT +a(AT)") A for all a, B € C.

(vii) ReA=A-Re(AT)-A* and ImA=-A-Tm(AT)  A*.

(viil) ad+ BA* = A* (BAT +a(AT)")A for all o, B € C.

(ix) ReA=A* - Re(A")-A and ImA=-A*-Im(A")- A
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Proof. “(i)=>(ii)”. It follows from (i), by Proposition A.5, that AAT = ATA. It
now follows that

ATA(AT) = (AAT)" (A7) = (AT4AT)" = (AT)
and
ATAT (AT) = AT (ATA) = ATAAT = AT,
For any «, 8 € C, we therefore have
AT + B (AT) = aATA (A7) + BATA(AT) = AT (BA+ad™) (AT)".
“(ii)==(iii)". For a = j = B, part (ii) yields

1

Re (A%) = A++ (A+)*:A+-;(A+A*)(A+)*:A+(ReA)(A+)*.

Similarly, for « = ,, and 8 = — ., part (ii) also yields the second equation in (iii).
“(iii)=(1)”. Since A=Re A+ iIm A, Re(A*) =ReA and Im ( A*) = —Im A, it
follows that A* = Re A —iIm A. Using A = Re A+ iIm A and (iii), we thus obtain

AT =Re (A" ) +iIm (AT)
= AT (ReAd)(A"T)" —iAT (ImA) (AT)"
= A" (ReA—ilmA)(AT)"
— ATAT(AT) = AT (ATA) = (A1)’ A
Therefore, by Proposition A.5 we obtain (i). Conditions (i), (ii) and (iii) are there-

fore all equivalent. Similarly, the same holds for conditions (i), (iv) and (v). We
next consider the following condition:

(x) AT e CLL.

Using the identity (AT )" = A, we see from the first part of the proof that (vi)—(x)
are all equivalent. By Proposition A.5, it follows that (i) and (x) are equivalent to
one another. Thus, (i)—(ix) are all equivalent. O

Corollary A.7. Suppose A € CLY!, then:

(a) R(ReA) CR(A). (j) A-Re(AT)=ReA-(AT)".
(b) AAT -ReA =ReA. (k) Re(AT)-A* = AT .Re A.

(€) N(A) SN (Red). () R(ImA) CR(A).

(d) ReA-ATA=ReA. (m) AAT -Im A = Im A.

(e) A ( +)"Re A = Re A. (n) N(A)CN(ImA).

(f) ReA- (A*)" A* = Re A. (0) ImA-ATA = ImA.

(g) rank (Re A) =rank[Re(AT)]. (p) A*(AT) ' ITmA=TImA

(h) A* -Re(A*)=ReA- A*. (q) TmA-(AT)" A* = Tm A.

(i) Re(AT)-A=(A"t)"-ReA. (r) rank (Im A) = rank [Im (AT )].
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Proof. By Proposition A.6, we have
ReA = A[Re(A")] A" and ReA=A*[Re(AT)]A. (A1)

Because of (A.1), parts (a), (b) and (c) thus follow by Lemma A.2. Recalling that
(Re A)" = Re A and using parts (d) and (b), we see that

A*(AT) ReA=A"(AT)" (ReAd) = (Red-ATA) = (Red)" =ReA

and, similarly, that Re A - (AT )" A* = Re A. Thus, the proof of (e) and (f) is
complete. Proposition A.6 gives us Re( AT ) = AT [Re A](AT)". From (A.1), we
thus obtain (g).

(h) Using (A.1), the identity (A* )" = A and (e), we see that

A" (ReAT)=A"(AT) -ReA- AT =ReA-A™.

Similarly, (A.1) and (d) imply (i), whereas (A.1) and (b) show that (j) is true,
whereas (A.1) and (f) yield (k). The proofs of (1)—(r) are similar. O

One of our next goals is to show that the sets R, > and Z, > are subsets
of CLY!. This will serve as part of our motivation for the next few results. Once
we have proved that these inclusions are true, we will be able to apply all of our
results for CL! to the classes Ry, > and 7 >.

Lemma A.8. Let A€ Ry >. Then:
(a) N(A) CN(ReA).

(b) R(ReA)CR(A).

(c) AeCLL

(d) AAT = AT A.

Proof. (a) Suppose x € N'(A). Then Az = 0gx1. Since Re A € CL*?, this implies
* 1
(\/ReA:v> \/ReA:r:x*(ReA)x:2(x*A:r+(A:r)*x):0.

By part (a) of Lemma A.4 we then get 2 € N (Re 4).

(b) Since A € Ry, >, it follows by Remark A.1 that A* € R, >. Thus, (a) im-

plies N (A*) C N (Re(A*)). Considering orthogonal complements now yields

R ([Re(A*)]") € R(A). Because of Re(A*) = Re A and Re (A4*) € C4?, we

have [Re (A*)]" = Re( A* ) = Re A. Thus, we finally obtain R (Re A) CR(A).

(c) Let x € N (A). Then Az = 04%1 and, by (a) also (Re A)z = 0gx1. Thus,
A'r=Ar+ A"z =2(ReA)x = 04x1.

Hence, N'(A) C N (A*). Consequently, Proposition A.5 implies A € C%.
(d) Because of (c), part (d) follows from Proposition A.5. O

Proposition A.9. Let A € C™9. Then A € Ry > if and only if AT € Ry, >.
Proof. Use part (c) of Lemma A.8 and Proposition A.6. O
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The next two results are the Z, > counterparts to Lemma A.8 and Propo-
sition A.9 and their proofs are thus quite similar to those for the corresponding
Rgq, > results.

Lemma A.10. If A€ I, >, then
(a) N(A)CN (ImA).

(b) R(ImA)CR(A).

(c) AeCLL

(d) AAT = AT A.

Proposition A.11. Let A € C?*4. Then A € I, > if and only if —AT € I, >.

Lemma A.12. (a) Let A€ Ry >, thendet A#0 and A~ € Ry, ~.
(b) Let A€Z, ~, then det A#0 and —A~' € I, ~.

Proof. Since A € Ry ~, it follows that N'(ReA) = {04x1}. By part (a) of
Lemma A.8, we thus obtain N'(A) = {0gx1 }. Therefore, det A # 0. Finally,
part (c) of Lemma A.8 and Proposition A.6 yield A~! € R, ~. The proof of (b)
is similar to the proof of (a), but using parts (a) and (c) of Lemma A.10. O

We next establish a few additional connections between K,x, and R > as
well as between Dgyx, and Ry, .

Lemma A.13. Suppose A € Kyxq. Then
Re A € Kyxq, I, +AcRy > and I, +ReA e Ry >
Proof. We see that ||Re Alls < ||Alls < 1. Hence, Re A € K;xq. We have
Re(I;+A)=I,+ReA=[1—|ReAls] - I;+[Red+ |Red|s-I;]. (A.2)
From ||Re A||s < 1, we obtain
[1—|ReAls]- I, € CL. (A.3)

We recall that Re A € C%?. Thus, using the Bunjakowski-Cauchy-Schwarz In-
equality, we get

Re A+ |[Re Alls - I, € CL*, (A4)
From (A.2) - (A.4) it follows that Re (I, + A) € CL*Y. Therefore, I, + A € R >.
Since Re A € Ky, it follows that I, + Re A € Ry, >. O

Similar to Lemma A.13, we can show that the following lemma is true.

Lemma A.14. Suppose A € Dy q. Then
Re A € Dyxyq, I, +AcRy > and I, +Re A€ Ry >.
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On a Schur-type Algorithm for Sequences of
Complex p X g-matrices and its Interrelations
with the Canonical Hankel Parametrization

Bernd Fritzsche, Bernd Kirstein, Conrad Madler and Tilo Schwarz

Abstract. Building on work started in [12], we further examine the structure
of the set Hi% of all Hankel non-negative definite sequences (Sj)?io of com-
plex ¢ X g-matrices. We furthermore examine the important subclasses Hi’fn
and 7—[; oms consisting of all Hankel non-negative definite and Hankel posi-
tive definite extendable sequences, respectively. These sequence-classes ap-
pear naturally when discussing matrix versions of the truncated Hamburger
moment problem.

In [12] and [15] a canonical Hankel parametrization [(Ck)r—1, (Dk)k=ol,
consisting of two sequences of complex matrices, was associated with every se-
quence (S]’)‘?ZO of complex p x g-matrices. There is a bijective correspondence
between the sequence and its canonical Hankel parametrization.

Chen and Hu [9] constructed a Schur-type algorithm for a special class
of holomorphic matrix-valued functions in the upper half-plane so that matrix
versions of the truncated Hamburger moment problem might be dealt with in
the degenerate and non-degenerate cases, simultaneously. A closer analysis of
their algorithm showed that it implicitly contains an interesting procedure for
sequences belonging to Hi‘en. This procedure serves as the focus of our work
here, although we have chosen a slightly different and more general setting.

Our approach is based on a suitable extension of the concept of re-
ciprocal sequences, which are used in power series inversions. We will show
that, given n as a positive integer, this concept rests on a particular method

for producing sequences belonging to HiQ(n—l)’ starting from a sequence

(s;)3% € Hign. Using this, we develop a Schur-type algorithm for finite
sequences of complex p X g-matrices. We show that the Schur-type algorithm
preserves specific subclasses of 7-[52”, for example: Hi’i and H;QH. One
of our main results (see Theorem 9.15) expresses that, given a sequence
(s;)3% € Hi’;n, the Schur-type algorithm produces, exactly, its canonical
Hankel parametrization. This leads us to a deeper understanding of the canon-

ical Hankel parametrization.

Mathematics Subject Classification (2010). Primary 44A60, 47A57.
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1. Introduction

Our ultimate goal in this paper is to construct and study a Schur-type algorithm
for finite and infinite sequences of complex p x g-matrices. The impetus and idea
for a construction of this type came from the paper by Chen/Hu [9], which deals
with matrix versions of the classical Hamburger Moment Problem. In [9], Chen
and Hu construct a Schur-type algorithm for special classes of holomorphic matrix-
functions which made an approach for solving the above-mentioned matricial mo-
ment problems possible. A closer look at this algorithm reveals that it is based
on a particular transformation for finite sequences of quadratic matrices. These
sequences of quadratic matrices are obtained via infinite series expansions of holo-
morphic matrix-functions, namely, the matrix-functions which occur as part of
the Schur-type algorithm described in [9]. Such sequences can, by way of Stieltjes
transformation, be interpreted as moments of particular matricial measures.

We quickly realized that these results could, quite naturally, be extended to
sequences of rectangular matrices. We were furthermore, early on, able to recognize
that a particular transformation for finite sequences of complex p X g-matrices
would be central to the construction of the desired Schur-type algorithm for matrix-
sequences. The reciprocal sequences (of matrices in the set C7*P of all complex
g x p-matrices associated with a sequence of matrices in CP*9), discussed at length
in the paper [16], play this central role in our construction.

When p = g and F is a ¢ X g-matrix-function, holomorphic at the origin and
with non-vanishing determinant, the relationship between the Taylor-coefficient
sequences for the series expansions of F and F~' is determined, in a domain
around the origin, by the relationship between a sequence of matrices and its
reciprocal sequence.

One application, which at the same time serves as further motivation, for
the development of our Schur-type algorithm is in matrix versions of particular
classical moment problems. We first present a quick summary of the notation used
in this paper as well as some preliminary remarks regarding matricial moment
problems.

Let C, R, Ng and N be the set of all complex numbers, the set of all real
numbers, the set of all non-negative integers, and the set of all positive integers,
respectively. For every a € R and § € RU {400} let Z, g be the set of all integers
k for which a < k < 8. Throughout this paper, let p and ¢ be positive integers. If
Br denotes the o-algebra of all Borel subsets of R, then each countably additive
mapping whose domain is B and whose values belong to the set CL*? of all
non-negative Hermitian complex g x g-matrices is called a non-negative Hermitian
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q % g-Borel-measure on R. We will, at certain points, be using basic facts from
the integration theory for non-negative Hermitian measures (see Kats [18] and
Rosenberg [28-30]).

The sequences of matrices we work with in this paper are closely related to
the following matrix versions of truncated moment problems.

P(R, 2n, <): Let n € Ny and let (sj)?io be a sequence of complex ¢ X g-matrices.
Describe the set M [R; (Sj)?io, <] of all non-negative Hermitian g x ¢-Borel-
measures o on R such that, for each j € Zg 25, the integral

SE»U] = / tio(dt) (1.1)
R

exists, SE:] = sy, is satisfied for each k € Zg 2,—1, and the matrix so, — 5[2[2

non-negative Hermitian.

P(R, m, =): Let m € Ny and let (s;)L, be a sequence of complex g x g-matrices.
Describe the set MZ[R; (sj)gn:(), =] of all non-negative Hermitian g x ¢-Borel-
measures o on R such that for each j € Zg,, the integral (1.1) exists and
SE«U] = 5; holds.

The study of the moment problems P(R, 2n, <) and P(R, m, =) was a central
theme in recent research (see, e.g., Bolotnikov [7], Chen/Hu [9], and Dyukarev/-
Fritzsche/Kirstein/Méadler /Thiele [12]).

In [9] the authors presented a common method of solving simultaneously
the non-degenerate and degenerate versions of problems P(R, 2n, <) and P(R,
m, =) based on the use of a matrix version of the classical Schur-type algorithm
which already occurred in a fundamental memoir of Nevanlinna [25, Section 1].
In the non-degenerate case of the truncated matrix moment problems P(R, 2n,
<) and P(R, m, =), another Schur-type algorithm was worked out by I.V. Ko-
valishina [24, pp. 479-486]. Her approach is based on V.P. Potapov’s method of
fundamental matrix inequalities. V.P. Potapov interpreted the Schur algorithm
from the view of J-theory, namely as some multiplicative decomposition of a
full rank J-elementary factor in full rank J-elementary factors of the simplest
kind. I.V. Kovalishina [24, pp. 483-486] followed this strategy. According to re-
cent indefinite generalizations of Nevanlinna’s algorithm, we refer to the papers
Alpay/Dijksma/Langer [1] and Alpay/Dijksma/Langer/Shondin [2].

It should be mentioned that, in contrast with [12], V.P. Potapov’s method of
Fundamental Matrix Inequality (FMI) will not be applied directly in this paper.
For the use of this method in the context of moment problems and related areas, we
refer the reader to Kovalishina [24], Katsnel’son [19-23], Dyukarev/Katsnel’son [13,
14], and Dyukarev [11].

Central to this paper is the development of a Schur-type algorithm for se-
quences of complex matrices using new perspectives gained from the papers [12]
and [15]. An important part of the strategy chosen in [12] and [15] is based
on a thorough study of several classes of finite sequences (s;)?", of complex

=
q % g-matrices which are closely related to the solvability of problems P(R, 2n,

is
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<) and P(R, m, =), respectively. Since these classes of finite sequences of com-
plex ¢ X g-matrices contain much information about the problems P(R, 2n, <)
and P(R, m, =) we were inspired to rewrite the Schur-type algorithm created
in [9] in sequence form to get new insights about the structure of the sequence
classes under consideration. A similar approach was already used in the papers
Bogner /Fritzsche/Kirstein [5,6] against the background of a matrix version of the
classical Schur problem; namely the Schur-Potapov algorithm for matricial Schur
functions in the unit disk was rewritten there in terms of matricial Schur sequences.
It should be mentioned that, opposite to the papers [5,6] which are connected with
the non-degenerate situation of the matricial Schur problem, the considerations in
this paper handle the general cases of the problems P(R, 2n, <) and P(R, m, =).

In order to describe the content of this paper in more detail we are going
to give now exact definitions of some classes of finite sequences of complex ¢ X ¢-
matrices which are the central objects in this paper. Moreover, we will review
essential facts about them which will be used in the sequel. This material is taken
from [12].

Let n € Ny and let (Sj)Q" be a sequence of complex ¢ X g-matrices. Then the

sequence (s;)57 is called Hankel non-negative definite if the block Hankel matrix

H, = [Sj+k]j,k:0 (1.2)
is non-negative Hermitian (or Hankel positive definite if H,, is positive Hermitian).
We will use the notation ’HiQn and H_ 5, for the set of all Hankel non-negative
definite and Hankel positive definite sequences (sj)?io of complex ¢ X g-matrices,
is based on the fact that prob—
lem P(R, 2n, <) has a solution if and only if the sequence (s;)32 0 belongs to H=
(see, e.g., [12, Theorem 4.16]). If n € No and if (s;)32, € H
H;5,), then ( i) € ’Hq om (respectively, H7 o, ) for each m € Zo ,,. We will use
HZ o (respectlvely, H, ) to denote the set of all sequences (s;)72, of complex

respectively. The importance of the set Hq om

q,2n

7on (vespectively,

q X g-matrices such that (s;)37 € ’Hq om (vespectively, (s;)5%) € H,,,) for each
m € Np.

Moreover, the Hankel non-negative definite extendability of Hankel non-
negative definite sequences of complex ¢ X g-matrices is important for the study of
problems P(R, 2n, <) and P(R, m, =). For this reason, for each n € Ny, we will
use the notation =5 for the set of all sequences (s; )2n izo of complex ¢ X g-matrices
for which there are complex ¢ X g-matrices Son4+1 and sg,+2 such that (sj)i(%ﬂ)
belongs to ’Hq 2(nt1)"

the set of all sequences (s;)%

q2n

Furthermore, if n € Ny, then by ’qu;;? 41 we will designate

2n+1
Jj=

complex ¢ X ¢ matrix So,4o buch that (s;);= (n+ ) belongs to H=

of complex ¢ X g-matrices for which there is a

22(nt 1) Observe
that if a non-negative integer m and a sequence (sj ) 720 of complex ¢ x g-matrices
are given, then problem P(R, m, =) has a solution if and only if (s;)L, belongs
to Hz;% (see [12, Theorem 4.17]). Obviously, - 20 C 'Hq o for each k € Ny and
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qzbe = 'H[IZO If k € N, then the example that s; := 044 for each j € Zg o1 and
that sop := I, shows that the sets ’Hq o, and ’H;% do not coincide. Obviously, if
n € No and if (s;)j_, € HZ;2, then (s))f0 € HZye for each m € Zoy. In view
of [12, Remark 2.8], for each n € Ny, the inclusion H_,,, C Hq 5y, holds true.

An important topic of [12] Was the study of the intrinsic structure of sequences
Tons Hq on, and ’Hq o
introduced in [12] a canonical Hankel parametrization for sequences (sj)gno of
complex ¢ x g-matrices. This concept of canonical Hankel parametrization was
extended in [15] to sequences of complex p x g-matrices. The canonical Hankel
parametrization was used in [12, Proposition 2.30] to characterize the membership
of a bequence (Sj)j o of complex ¢ X g-matrices to one of the classes HE,  H
and H=

In [12, Chapter 3] monic right (or, alternatively, left) orthogonal bybtems
of ¢ X g-matrix polynomials were associated with a sequence (53)2”0 € ’Hq o

In [15, Section 5] monic right (or left) orthogonal systems of the desired form were
constructed recursively, using the canonical Hankel parametrization of (sj)?zo.

belonging to one of the sets H For this reason, there was

q,2n? q,2n

q2n

In this paper, we focus on the more important properties of the canonical

Hankel parametrization for sequences in 'Hq on» as well as for sequences belonging

to particular subclasses of Hq on- More precisely, we will show that the canon-
ical Hankel parametrization is closely related to the Schur-type algorithm (for
sequences of complex matrices) that we later discuss as part of this paper. Our
construction of this Schur-type algorithm is based on the concept of reciprocal
sequences as developed in [16]. As a byproduct, we derive several identities which
describe the interplay between various types of dual block Hankel matrices gen-
erated by a sequence from CP*? on one side and the corresponding reciprocal
sequence on the other (see Section 6).

This paper is organized as follows: In Section 2, we summarize some essential
facts on the canonical Hankel parametrization of finite or infinite sequences of
complex p X g-matrices.

In Section 3, we continue the study of the class of Hankel non-negative definite
sequences of complex ¢ X g-matrices and some of its important subclasses, which
was started in [12] and [15].

There is a well-known method (taken from the theory of power series inver-
sions) for constructing a reciprocal sequence (Ag-)?zo of complex ¢ X g-matrices
satisfying det Ag # 0. Using Moore-Penrose inverses of complex p x g-matrices,
we extended this concept to rectangular matrices in [16]. There, we also intro-
duced reciprocal sequences for sequences of complex p X g-matrices (see also Def-
inition 4.1). Reciprocal sequences are also central to this paper. In Section 4 we
summarize some basic facts on reciprocal sequences as well as on the, for our
purposes, particularly interesting class Dpx g4, of first term dominant sequences of
complex p X g-matrices (see Definition 4.5). These sections draw heavily from [16].
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Section 5 contains some identities for block Hankel matrices which are asso-
ciated with Cauchy products of sequences of complex matrices.

Section 6 plays a key role for further considerations. The main theme of
this section is the study of interplay between various types of dual block Hankel
matrices which are generated in an equal way by a sequence of complex p X ¢-
matrices and the corresponding reciprocal sequence of complex g x p-matrices,
respectively (see Theorem 6.1, Theorem 6.8, Theorem 6.9 and Theorem 6.13).

The investigations of Section 7 are inspired by Theorem 6.13 and its corol-
laries, which suggest a more careful study of the shortened negative reciprocal
bequence It ib shown that, for a given sequence belonging to one of the classes
HZ, and HZL , the shortened negative reciprocal sequence belongs to the classes

q,2n q, 2n?
7{;2(” 1 and ’Hq S(n—1)’ respectively (see Proposition 7.6 and Proposition 7.7).

In Section 8, the shortened negative reciprocal sequence will be replaced by
a slightly modified sequence. In this way, we consider a transformation which
associates with a sequence (s;)j_, from CP*9 a particular sequence (sgl));:_g from
CP*4, which is called the first Schur transform of (sj)f o- We show that if a

sequence (s; )J o belongs to one of the classes Hq op, and ’Hq Qn, then its first Schur

transform (8§»1))2” 2 belongs to the classes H= and H= respectively

q,2(n—1) q2(n 1)’
(see Proposition 8.12 and Proposition 8.13).

The iteration of the first Schur transform introduced in Section 8 leads us
to a particular Schur-type algorithm for finite or infinite sequences from CP*9.
The main theme of Section 9 is the investigation of this Schur-type algorithm. We
show that this algorithm preserves the membership of a sequence to the class of
Hankel non-negative definite sequences and its prominent subclasses (see Propo-
sition 9.3, Proposition 9.4 and Proposition 9.5). Central results of the paper are
Theorem 9.14 and Theorem 9.15 which contain explicit descriptions of the canon-

ical Hankel parametrization of a sequence (sj)§20 belonging to one of the classes

Hq op, and ’Hq 5, in terms of the sequence of its Schur transforms. A further group
of main results (see Theorem 9.18, Theorem 9.19 and Theorem 9.20) is focussed
on the determination of the canonical Hankel parametrization of the kth Schur
transform of a sequence belonging to one of the classes 'Hq 2ms Hq 5y, and HZ
The last mentioned results indicate that, under the view of the considered Schur—
type algorithm, the canonical Hankel parametrization can be interpreted as Schur
parametrization.

In Section 10, we study several aspects of inversion of our Schur-type algo-
rithm for sequences from CP*4. This can be roughly described as follows: Let
k € No U {+o0} and let (t;)5_, be a sequence from CP*?. Furthermore, let

A, B € CP*1, Then we will construct a sequence (t;fl’A’B));ig from CP*? such
that its first Schur transform coincides in generic cases with the original sequence
(tj)5—o- Particular attention will be paid to the case that the original sequence

belongs to the class 'H;Qn or one of its interesting subclasses.
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2. The canonical Hankel parametrization of sequences of
p X g-Matrices

In this section, we present a summary of basic facts related to the canonical Hankel
parametrization for sequences of complex p X g-matrices. This concept was intro-
duced in [12] for the case p = ¢ and then extended to the general case in [15]. The
contents of this section draw heavily on [15].

If X is a non-empty set, then let XP*9 be the set of p X g-matrices with
elements in X'. We will write 0,4 for the zero matrix in CP*9 and I, for the unit
matrix in C?*4. The sets of all Hermitian and positive Hermitian complex ¢ x ¢-
matrices will be denoted by C{*? and CL*Y, respectively. If A € CP*9, then AT
is the Moore-Penrose inverse of A. If n € N and (v;)}_; is a sequence of complex
p X g-matrices, then let

U1
V2
row (v;)j—1 = [v1,v2, ..., V] and col (vj)7_; =

Un

If n € N and if (p;)j_; and (g;)}—; are sequences of positive integers such that
A € CPi*% for each j € Z; 5, then let

A 0 0

. 0 A 0
diag (A4;)}_; == : : . :

0o 0 ... A,

We will see that given a sequence (sj)?io of complex p X g-matrices, then an
essential role is played by the Schur complements

Lo = Sg and Lk = Sok — Zk,Zk—lH]j;,lyk,Qk—17 ke Zl,n7 (21)

where the block Hankel matrix Hy_; is defined via (1.2) and where

m

Zl,m ‘= TOW (sj)Fl

and Yi,m = col (s;)7L, (2.2)

for all integers [ and m with 0 <1 < m < 2n.

To explain the canonical Hankel parametrization of a sequence of complex
p X g-matrices we need some further matrices. If n € N and a sequence (sj)?ial
of complex p x ¢ matrices is given, then, for each k € Z; ,,, let the block Hankel
matrix Ki_1 be defined by

Kszl = [Sl+m+l]i:n1:0
and let
Sh = 2o 1 H K 1 H) ypok1. (2.3)
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If n € N and if (sj)J o is a sequence of complex p x ¢ matrices, then, for each
k € Z1n, let

My, = Zk,zk—1H;I,1yk+1,2k7 N = Zk+1,2kH;1,1yk,2k—17 Py = LkLL, (2.4)
and let
Ay = My + N — Xy (2.5)
Moreover, let
Mo = 0pxg, No:=0pxq, Po:=LoL}, T0:=0pxqg, and Ag:=0,xs (2.6)

Remark 2.1. Observe that if n € Ny and if (Sj)?io is a sequence of Hermitian
complex ¢ x g-matrices, then for each k € Z ,, we have

M,j = Nk-, ;: = Zk, and ;: = Ak (27)
In particular, (2.7) holds true if (s;)3", belongs to Hq on-

Remark 2.2. Let k € NU {400} and let (s;)3%, be a sequence of complex p x
g matrices. Then one can easily see that there are unique sequences (Cy)f_, and
(Dr)i_o of complex p x g matrices such that sp = Dy and such that for each
k € Zy, we have sgp_1 = Ap_1 + Cp and sop, = Zk’QkleZ,_lyk’Qk;,l + Dj. In
particular, we see that Dy = L¢ and, for each k € Z; ,;, moreover C}, = sgj—1—Ag_1
and Dk- = Lk.

Remark 2.2 leads us to the following notion which will play a central role in
the rest of the paper.

Definition 2.3. Let k € NU {400} and let (sj)?io be a sequence of complex p X g-
matrices. Then the pair [(Ck)f_,, (Dk)i_o] introduced in Remark 2.2 is called the

; ot \2r
canonical Hankel parametrization of (s;)i%,.

It should be mentioned that in [12] the canonical Hankel parametrization
of a sequence (sjﬁio from C?*? was originally introduced in a slightly different
way. From Remark 2.1 it is clear that both notions coincide in the case of a se-
quence (s;)3" Lo from CY*?. For this reason all results about the canonical Hankel
parametrization which were obtained in [12] for sequences from C{‘? are also
correct with respect to the canonical Hankel parametrization introduced in Defi-
nition 2.3.

Remark 2.4. Let £ € NU {+oo} and let (Ck)f_, and (Dy)fi_, be sequences of
complex p x g matrices. Then one can easily see that there is a unique sequence
(s7)3%, of complex p x ¢ matrices such that [(Cy)i_;, (Dk)j_o] is the canonical
Hankel parametrization of (Sj)?i()a namely the sequence given by sg := Dy and,
for each k € Zy ,;, by sag—1 := Ag—1 + Ck and sgp, := 2 Qk_lH; 1Yk2k—1 + Dp.

Remark 2.5. Let k € N U {400}, let (SJ) o be a sequence of complex p X g-
matrices, and let [(Ck)i_, (Dk)i_,] be the canomcal Hankel parametrization of
(sj)j % - Then one can easily see that, for each n € Z1 ,, the pair [(C)7_;, (Dx)}_o]
is the canonical Hankel parametrization of (s;)3" izo-
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Remark 2.6. Let k € N U {+oc0}, let (SJ) o be a sequence of complex p X g-
matrices, and let [(Cr)i_y, (Dr)i_] be the canonlcal Hankel parametrization of
(sj)?io. Let m € Z, « and let r € Z4 . Lengthy, but straightforward calculations
then show that, for each complex m x p matrix U with U*U = I, and each complex
g x r matrix V with VV* = I, the pair [(UC,V)5_,, (UDyV)5_,] is the canonical
Hankel parametrization of the sequence (Us; V)?ZO.

Remark 2.7. Let k € NU {400}, let (Sj)?io be a sequence of complex p X ¢-
matrices, and let [(Ck)i_;, (Dk)f_,] be the canonical Hankel parametrization of
(sj)j %o- Then straightforward calculations show that [(C})i_,, (Dy)5_,] is the

canonical Hankel parametrization of (s3)%%.

Remark 2.8. Let k € NU {400}, let (SJ) o be a sequence of complex p x ¢-
matrices, and let [(Cr)i_y, (Dr)f_o] be the canomcal Hankel parametrization of
(s4)3%0. Straightforward calculations then show that [(C})i_,, (Dy)i_o] is the

)25

canomcal Hankel parametrization of (s;)5%.

Remark 2.9. Let k € NU {400} and let n € N. For each m € Zj , let p,, € N,
let ¢, € N, let (s (m)) k. be a sequence of complex p,, X ¢, matrices, and let

[(C(m))k 15 (D(m))k N be the canonical Hankel parametrization of (s; (m ))2“0 By
lengthy, but straightforward calculations one can check then that

[(diag (CY™)2_1)i_y, (diag (DY™)2_1)izo]

n )2/4

is the canonical Hankel parametrization of (diag (s;«m))m 1750

3. Some observations on finite and infinite sequences of matrices
with particular Hankel-properties

A detailed examination of Hankel non-negative definite and Hankel non-negative
definite extendable sequences of matrices in C2%? can be found in the papers [12]
and [15]. In this section we provide a small addendum to these results and establish
some facts that will later prove useful.

As usual, if U is a linear subspace of CY, then we will write &+ for the
orthogonal complement of I/ in C? with respect to the usual Fuclidean inner
product. Furthermore, for each A € CP*4, let R(A) and N(A) be the range of
A and the null space of A, respectively. Clearly, for each A € (Cglxq, we have
R(A): = N(A).

In order to realize a simultaneous exposition of the cases of a finite or infinite
sequence of complex ¢ x g-matrices (for technical reasons) we set ’HQZ; = ’H%oo.

Lemma 3.1. Let & € No U {+00} and let (s;)7_, € Hg;S. Then

(a) sor € (Cq;q for each k € Zg 5 .
(b) s} = s¢ for each { € Zgy.
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(c) U R (s5) € R (s2x) for each k € Zg 5 .
j=2k
(d) N(s2k) C ﬂ N(s;j) for each k € Zq,5 .
=2k
(e) (R (s2x) )::0 is an antitone sequence.
(f) (NM(s2k))f_o is an isotone sequence.

Proof. If k € Ny, then we know from [12, Lemma 3.34] that there exists a sequence
(SJ) , of complex p x g-matrices such that (sj) o € HZ .. Then, for each non-

negatlve 1nteger ¢, we have Hy € C(;H)qx(eﬂ)q. Hence, we obtain the assertions
of (a) and (b). Furthermore, it follows for £ € Ny that

S0 Se 2g%x2q
[s@ Su}e«; . (3.1)

Using a well-known result on non-negative Hermitian block matrices (see, e.g.,
[10, Lemma 1.1.9]), we conclude from (3.1) that R (s¢) C R (so). Thus,

U R (55) € R (s0)- (3:2)
7=0

For each k € Ny, the sequence (Sj);.i% belongs to HZ . Thus, (3.2) implies (c).
We obtain (d) from (c) by using (b) and N (s;)" = R (s;) for each ¢ € Ny.

(e) and (f) follow immediately from (c) and (d), respectively. O
Lemma 3.2. Let k € NU {+00} and (SJ) 0 € ’Hq on- Then:
(a) so € (Cq;q for each k € Zy .
(b) s; = s¢ for each £ € Zo 2.
2r—1 2r—1
U R(sj) SR (s0)  and  N(so) C ) N(sy).
7=0 =0

Proof. Because of H%OO = 'H%g;, the case kK = 400 is already considered in Lem-
ma 3.1. Let us now suppose k € N. Then the matrix Hy is non negative Hermitian.

Consequently, part (a) and part (b) hold true. Since (s ) o belongs to ’Hq o

the sequence (sj)iigl is a member of ’Hq 2,1+ Thus, part (c ) follows from Lem-
ma 3.1. U

Based on the matrices defined via (2. 1) we now introduce an important sub-
class of 'H— Ifn e No and if (s;)32, € 'Hq ons then (s;)3% is called completely
degenerate 1f L, = 0. For each n € Ny, the set 'H;Q‘;d of all completely degener-
is a subset of Hq 5 (see [12, Corollary 2.14]).

are glven then from [12, Proposition 2.13] one

ate sequences belonging to HZ
If m € Ny and (s;)37, € HZ

can easily see that (s;)5) belongs to ’Hq 5

q2n
q2m

- 4 if and only if there is some n € Zg ,
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such that Ly, = 0gxq. A Hankel non-negative definite sequence (s;)52, of complex
q X g-matrices is said to be completely degenerate if there is some non-negative
integer n such that (s; )3”0 is a completely degenerate Hankel non-negative def-
inite sequence. By 7—[> ¢d we denote the set of all completely degenerate Hankel
non-negative definite sequences (SJ);’O o of complex ¢ x g-matrices. A Hankel non-
negative definite sequence (SJ) 2o of complex ¢ X g-matrices is called completely
degenerate of order n if the sequence (s;)2" 7o is completely degenerate. By

we denote the set of all Hankel non-negative definite sequences (s;)52, from C7*4

>,cd,n
H‘LOO

which are completely degenerate of order n. If n € Ny and (sj)?';o € ’;‘{%;fod’"7 then

(s5)3% € ’H;;Ti for each m € Z,; oo.

In the rest of this section, we discuss some later used properties of the class
of Hankel non-negative definite sequences and their distinguished subclasses. This
material is new and complements Section 2 in [12]. We start with several relatively
simple, but useful observations.

Let n € Ny, let (sj)?io be a sequence of complex ¢ x g-matrices, let p € N,
and let A € CP*4. We now summarize some relations between the block Hankel
matrices Hy, 4 := [As;j1pA*]} ) and Hy, defined in (1.2). First we observe that

H, 4 = [diag(A, ..., A)] - H, - [diag(A, ..., A)]".

Remark 3.3. Let k € NOU{+OO} let (S])J o € HZ
Then (As; A*) o belongs to ’H

Tow let p € Ny and let A € CPX4.

Remark 3.4. Let x € Ny U{—|—oo} and let (s;)5_ € HZ;. For each A € CP*4, then
(As;A*)5_, belongs to Hz;S

Remark 3.5. Let € No U {400} and let (s;)5%, € H
If A is non-singular, then (AsjA*) o belongs to H

(AsjA*)2%, belongs to ’Hq on \ Ho o

Further, let A € C9%4,
If A is singular, then

q2/<
q,2K"

Remark 3.6. Let x € NOU{-i—oo} let (s;)i_y € Hz
(dlag(817 ))j =0 € Hp+q K*

and let (t;)5_ 0 € H7;2. Then

pna

Remark 3.7. Let n € Ny and let (s;)3™ and (£;)72, be sequences from C**? and
C?*4, respectively. Then:

(a) (sj)2”0 € ’HP on, and (t; ) "o € Hq o, if and only if (diag(s;,t )) no € HZ
(b) (s5)320 € H, o, and (t; )J 0 € H7 o, if and only if (diag(s;,t ))J 0 € H g2

(c) (s5)32 € 7—[;20,? and (t;)32, € 'Hq>20nd if and only if (diag(s;,t;))3%, €
>,cd
Hp+q,2n‘

p+q,2n-”

We now turn our attention to generalized Schur products of sequences with
particular Hankel properties.
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Lemma 3.8. Let k € No U {+o0} and let (sj)J o ond (t; ) o be sequences from C
and C1*9, respectively.

(a) If (Sj)?io € H12,2K, and (t ( ) E Hq 2K’ then ( )] 0 € Hq 2K

(b) If (SJ)?ZO € H1>,25 and ( ) 6 Hq 2K then ( )j 0 € Hq,2n

Lemma 3.9. Let m € Ny and let (s;)jL, € 7—[12; and (t;)7oo € Hyw. Then
(SJt )] 0 € Hq‘>nev

Since (J +1) 2 is the sequence of moments for the continuous uniform distri-
bution on [0, 1], it follows that (j+1)j:0 € H .- Thus, Lemmas 3.8 and 3.9 lead
to the following examples.

Ezample. Let k € NoU{+oo}. If (¢; ) ", is a sequence from H
then (.1

qgwthen( +1t )J 0

is in ’H If (t;)3%, is a sequence from H_ ;)32 is in H

q,2K) j+1°7 q,2K"

Ezample. Let m € Ng and (t;)72y € HZ;%, then ( )T € HES

am>

To derive a result similar to Remarks 3.3, 3.4 and 3.5 for the class Hq 2n,
we need an inequality for Schur complements (in the sense of the Lowner semi-
ordering in the set (quq of all Hermitian complex ¢ x g-matrices).

Lemma 3.10. Letp,7,s € N, let A € CLP, let B € CP*4 be such that R(B) C R(A)
holds, let D € C1%9, let X € CP*", and let Y € C9*5. Then

Y*DY — (X*BY)*(X*AX)'X*BY > Y*(D — B*A'B)Y.

Proof. Because of A* = Aand R(B) C R(A) we have N'(A) = R(A)+ C R(B)L =
N (B*). Taking additionally into account A € CL*?, R(B) C R(A), part (b) and
part (c) of Lemma A.1, and AT = ATA(AT)* € CZ*P, we obtain
X*AX X*B | AT (r+aq)x(r+q)
(X*B) BAB| "~ (AX,B)"A"(AX,B) € Cg .

This relation yields B*ATB — (X*B)*(X*AX)'X*B € CL" (see, e.g., [10, Lem-
ma 1.1.9 (a)]). Consequently,
Y*DY — (X*BY )" (X*AX)'X*BY —Y*(D — B*A'B)Y
=Y*DY —Y*(X*B)"(X*AX)' X*BY —Y*(D — B*A'B)Y
=Y*[B*A'B — (X*B)"(X*AX)'X*B] Y € C¥*,

which implies the asserted inequality. O

Proposition 3.11. Let n € Ny, let (s; ) 0 € 'Hq ons let p € N, and let C € CP*4,
Let Ly, ¢ be the matriz given by (2.1) wzth (s5)52 replaced by (Cs;C*)3%,. Then
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L, c > CL,C*. Furthermore, if n =0 or if n > 0 and

2n—1

C)C () N(sj) (3.3)
) =0

then L,, c = CL,C*.

Proof. In view of (2.1), the case n = 0 is trivial. Now we consider the case n > 0.
Because of (s;)3%, € Hq on We have 2, 2,1 = ¥, 9,1 and, additionally using [12,
Remark 2.1 (a)], moreover H,_1 € (ngan and R(Yn.2n—1) € R(Hp—1). Thus,
L,c>CL,C” (3.4)
follows in view of (2.1) from Lemma 3.10 with A := H,,_1, B := yn 2n—1, D := Sap,
X = diag(C*,C*,...,C*) € C"7*"P and Y := C*. Now suppose (3.3). Then in
view of part (b) of Lemma A.1 for each j € Zg 2,—1, we have then SjOTO =s;
and because of part (b) of Lemma 3.2 moreover s; = s;. Consequently, for each
J € Zo,2n—1, we get
CiCs;(CTC)* = (CTC)*s;CTC = (CTO)*s; = (CTC)*s; = (s;CTO)*

— o — .
—Sj—SJ.

(3.5)

Using part (a) of Lemma A.1, we obtain

CCTCs9,(CTC)*C* = C59,C*(CT)*C* = C59,C*(C*)C* = C52,C*.  (3.6)
Let L, cic be the matrix given by (2.1) with (sj) ", replaced by the sequence
(Ctos;(Cto) ) 7o- In view of (2.1), (3.6) and (3.5), we have then

CancicC* = CLnC* (37)
Applying the obtained inequality (3.4) to the sequence (C's; C*)?QO and the matrix
CT, we get

Lycic > CTLy c(CT)*. (3.8)
From (3.7), (3.8), (3.4) and part (a) of Lemma A.1 we conclude that

CL,C* =CL, ¢icC* > CCTL, o(CY)*C* > cCTCL,C*(CT)*C*
=ccter,c*(c*)tc* = CL,C*.
Consequently, CCTL,, «(CT)*C* = CL,,C* holds. Taking into account (2.1) and
part (a) of Lemma A.1l, this implies
Lpc=CC'L, c(C*)C* = CCtL, o(CT)*C* = CL,C*. O

Proposition 3.12. Let n € No, let (s;)3%, € ’H;;nd, let p € N, and let C be a

complex p X q matriz such that in the case n > 0 the relation (3.3) holds. Then
(Cs;C*)32, belongs to HEyd,

p,2n

Proof. Because of (s;)3, € 'z'-lq>20nd7 we have (s;)32, € HZ

mark 3.3 provides us with (C's;C*)3%, € ’Hp 9

7on- Consequently, Re-

Let L,, ¢ be the matrix given by

n’
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(2.1) with (s;)32, replaced by (Cs;C*)3%,. In view of (s;)32, € 'Hq o, and (3.3),
Proposition 3.11 yields L, ¢ = CL,C*. Slnce (s5)3% € 'Hq 24 holds, we have

Ln = 04xq and hence Ly, ¢ = Opxp. In view of (Cs;C*)32, € ’Hp on, this completes
the proof. 0

The following example shows that the condition (3.3) in Proposition 3.12
cannot be omitted.

Ezample 3.13. Let s := I, s1:=[1}], s2:=[2 1] and C := [} §]. Then
1011
o1t 1t oo [t o1 1]t o011 Axd
H1_1121_[0110}[0110}6C>
1011

and
2 1 1 11
L= L 1} B [1 0} I {1 0} = Ozxz,
which implies (s;)5—, € H%éCd. However, CsoC* = [§9], Cs:C* = [§9] and
CsC* = [3 9], and hence

1010
oo o0 o0 101 0]t o010 axd
Hlv¢“1020‘{0010} _0010}6(C>
000 0
and ;
2 0 1 o] [t o] [t o] 10
Ll’c_{o 0}_[0 0} [0 0} [0 0] [0 0}#0“2’

which implies (C's;C*)3_, € ’HQ 9 \7—[> od,

Remark 3.14. Let n € Ny, let (s;)52, € ’H%OO be completely degenerate of order
n, let p € N, and let C be a complex p X ¢ matrix such that in the case n > 0
the relation (3.3) holds. In view of Remark 3.3 and Proposition 3.12, then the
sequence (Cs;C*)32 belongs to 'HEOO and it is completely degenerate of order n.

The following two results are taken from Chen/Hu [9, Lemma 2.3, Corol-
lary 2.5]. These results, which can be proved using Lemma 3.1, play an important
role in the conception used in [9], namely in certain proofs they allow a reduction

to the case of sequences (sj)?io with positive Hermitian matrix so.

Lemma 3.15. Letn € N, let (sj)j "o € H=y,, and let r := rank so.

(a) If r =0, then s; = 0gxq for every j € Zoan—1 and Sa, € (quq
(b) If 0 < r < gq, then there is a unitary q X ¢ matriz U, a sequence (%)?QO €
HZ,, with 5o € CLX", and a matriz D € (C(;I_T)X(q_r) such that U*s;U =

r,2n

diag(5;,0(g—r)x(q—r) for every j € Zo2n—1 and U*sop,U = diag(32,, D).

q,2n’
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Lemma 3.16. Let n € N, let (s;)32, € ’Hq 4, and let r == rank sg.

(a) If r =0, then sj = Ogxq for each j € Zo,or.
(b) If r = q, then sq is positive Hermitian.
(¢) Let 0 <r < q. Then:
(c1) There are a unitary complex q X ¢ matriz U and an 5o € CT*" such that

U*S()U = diag(§07 0(q—r)><(q—r))~ (39)

(c2) LetU € C9*1 and So € C™*" be arbitrary matrices such that (3.9) holds.
Then there is a unique sequence (EJ)Q” of complex v X r matrices such
that U*s;U = diag(5;,0(g—r)x (q— T)) for each j € Zo2n. The sequence
(§J) o belongs necessarily to ’HT on- If the matriz U is non-singular,
then the matrix Sy s positive Hermitian.

4. Reciprocal sequences

The concept used in this section of constructing a special transformation for finite
and infinite sequences of complex p x g-matrices is presented in [16]. The cited
paper deals with the question of invertibility as it applies to finite and infinite
sequences of complex p x g-matrices.

Our next definition will prove to be of particular importance throughout this

paper.
Definition 4.1. Let x € Ny U {400} and let (SJ) o be a sequence of complex
p X g-matrices. The sequence (Sj)j:() defined by

55, if k=0
- kol 4.1
%k —SOZSk ls?, itk eZ, (4.1)
=0

is called the reciprocal sequence corresponding to (Sj);:o.
Remark 4.2. Let k € No U {400} and let (s;)5_, be a sequence of complex p x g-
matrices with reciprocal sequence (82)320- For each m € Zg ; then (Sg)gn:() is the
reciprocal sequence corresponding to (Sj)}"zo.
Ezample 4.3. Let k € NU {+oo} and let (s;)_, be a sequence in CP*¢ such that
5j = Opxgq for each j € Zy .. Then sg = Ogxp for each j € Zq ..

The following result (see [16, Proposition 5.11]) gives a characterization of
the coincidence of the reciprocal sequences.

Lemma 4.4. Let k € No U {+oc}. If (s;)5_, and (t;)5_, are sequences in CP*1,
then the following two statements are equwalent to one another.

(1) sosg)sjséso = totgsjtgto for every j € Zo.

(i) sg = tg for every j € Zy .
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We will see that reciprocal sequences are especially interesting when consid-
ered for the class of finite or infinite sequences of complex p X g-matrices defined
in Definition 4.5.

Definition 4.5. Let x € Ny U {+o0} and (Sj);:o be a sequence in in CP*?. We
then say that (Sj);:o is dominated by its first term (or, simply, that it is first term
dominant) when

s0) C ﬁ N (s;) and 0 ) € R(s0)- (4.2)

The set of all first term dominant sequences (s;)}_, in CP*? will be denoted by
Dpxqr-

Ezample 4.6. Let x € NgU{+o00}. All sequences (s;)_, of complex g x g-matrices
such that det sy # 0 belong to the class Dyx g, -

Remark 4.7. Let k € No U {400} and (s;)5_, be a sequence of complex p x g-
matrices. Then

(85)7=0 € Dpxqx  ifand only if  (s;)7Ly € Dpxg,m, for all m € Zo .

The following result which is taken from [16, Proposition 5.1] contains several
characterizations of the membership of a sequence of complex p X g-matrices to
the class Dpyg,x-

Proposition 4.8. If k € No U {+00} and (s;)5_ is a sequence in CP*?, then the

following statements are all equivalent:
(i) (S])] 0 € Dpxg,u-

(i) N(s0) € Mo N (s;) and N(s5) € ;] :oN(S*)'
iii) UJ o R(s5) € R(s0) and Uj_o R(s}) € R(s;
iv) (s; ) —0 € Dyxpyr-
)
)

—~
—-
=

\_/m

-
<

(v) s soso = s; and sosgsj =s; for all j € Zo,.
(vi sososjsoso =s; forall j € Zo .

We will next recognize that constructing the sequence reciprocal to a sequence
(55)5—o always yields a member of Dy x g, (see [16, Proposition 5.10]).
Proposition 4.9. If k € No U {400} and (s;)5_ is a sequence in CP*9, then

(a) (Sﬁ)J 0 € Daxp,s-
(b) For any j € Zo ;. both of the following identities hold:

sgsosg = sg and sgsosg = sg

k
(c) sg (Z skls§> = Opxgq for each k € Z ..
1=0

K k
d) If U R (sj) CR(so), then Zsl_kslu = Opxp for each k € Zy .
Jj=1 1=0
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Now we compute the sequence ((s”)g)fzo.

Proposition 4.10. Let k € Ng U {+oc0}. If (Sj);:o is a sequence i CP*? and if we

define the sequence (fsvj)K via 55 1= sosgsjsgso, for each j € Zy ., then:

§=0
(a) Both of these sequences have the same reciprocal sequence, i.e.:

CHECS

(b) (gj);zo € Dpxgq,n-

K
c) The reciprocal sequence R or the sequence st " satisfies
J 773=0
0 -

(), = )

(d) The following three statements are all equivalent:
(1) (Sj);:o is the reciprocal sequence for (Sg‘);:()'
(ii) (Sj)j:o = (Sj)j;o .

(iil) (57)5=0 € Dpxq,s-

For a proof of Proposition 4.10, see [16, Proposition 5.13, Remark 4.7].

In order to formulate a particularly important result from [16], which we will
later need, we first introduce two specific types of block Toeplitz matrices.
Notation 4.11. Given a k € NgU{+o0} and a sequence (Sj);:o in CP*?, we define,

for each m € Zy ., the triangular block Toeplitz matrices ngL) and Sgi) as

S0 0 0 ... 0
S1 S0 0 ... 0
St .= | s2 51 so ... 0 (4.3)
Sm  Sm—-1 Sm-2 ... So
and
So S1 S22 ... Sm
0 so S1 ... Sm-1
Ss;) — 0 0 S0 ... Sm-—2 , (44)
O O 0 e S0

respectively. Whenever it is clear which sequence is meant, we will, respectively,
simply write S,,, and S,, instead of Sg}i) and Ss;i).

Remark 4.12. Let k € No U {400} and let (s;)%_, be a sequence from CP*?. For
each m € Ny, then

sk =851 (4.5)
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where S’ ) is the lower triangular block Toeplitz matrix (see (4.3)) corresponding
to the sequence (s3)%_o. If (s;)5_, is a sequence from C{*? then, for each m € N,
we have

S = [S¥)]*. (4.6)
Notation 4.13. For each x € Ny U {400}, for each sequence (SJ) _ of complex
p % g-matrices, and for each m € Zy , let the block Toephtz matrices 8! and Sf,

be given, respectively, (using Notation 4.11, with (s )K’ instead of (sj) o) by

=0
Sgn = S,(: ) and Sgn = SS: )

The following result (see [16, Proposition 4.20]) is of central importance to
this paper.
Proposition 4.14. If k € Ng U {+00} and (sj)';’:O € Dpxgr, then SI, = St and
Si, =Sk, for each m € Zg ;.

Ifr,s € N, A = (aji)j=1,..p € CP*? and B € C"*°, then the Kronecker

k=1,.q
product A ® B of the matrices A and B is given by A ® B := (a;xB)j=1,...p
k

=1,....q
It should be noted that, if s € CP*? and if m € N, then the complex

(m+1)p x (m+ 1) ¢ matrix diag (so, So, ---,S0) can be expressed as I,;,+1 ® So.

Lemma 4.15. If k € Ng U {+00} and (sj) o € Dpxg.r, then, for each m € Zg .-

SmSI, = L1 @ (sos}), SIS = Lnt1 @ (s}so0) (4.7)
and

SmSh, = Im+1® (sosh), SSm = Lnt1 ® (sfs0)-  (48)
If, furthermore, p = q and if R (so) = R (s§), then

S.S!i =8ISs,, and SwmSI =SI S,

for every m € Zo .
Proof. Combine part (a) of Theorem 4.21 in [16] with Proposition 3.6 in [16]. O

In anticipation of later applications to Hankel non-negative definite sequences
of matrices, we next consider a slight modification of first term dominancy.
Definition 4.16. Let m € N. A sequence (sj)gnzo of complex p X g-matrices for
which (sj)?q‘:_ol € Dpxgq,m—1 is called a nearly first term dominant sequence. The
set of all nearly first term dominant sequences (s;)2, will be denoted by Dyxg,m-
We also set Dpxq,0 := Dpxq,0-

Remark 4.17. For each m € N, the inclusion Dpxg,m C ﬁpxq m holds.

Remark 4.18. Let m € N and (s;)72, be a sequence from CP*4. Then the combina-
tion of part (a) of Proposition 4.9 and Remark 4.17 shows that (s )J 0 € Dyxcpm-
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Lemma 4.19. Let m € N and let (s;)jL, € Dpxqm- Lettj :=s; for each j € Lo m—1

and let t,, = sosgsmsgso. Furthermore, let 5; = sosgsjsgso for each j € Zgm.
Then:

a) (55)70 = (;)]%0-
My = (£)m,.
)70 € Dpxgm-

HT(f) = HT(LS) + diag(0npxng, sosg)SQnsgso — Son)
and

HT(LI‘) = |Ih+1 ® (8055):| HT(LS) |:In+1 X (8880)} .

Proof. (a) This follows from Proposition 4.8.
(b) Proposition 4.10 yields (s )J 0= (5 g);”zo Thus, (a) implies (b).
(c) Proposition 4.10 yields (Sg)j:o € Dpxgq,m- Hence, (a) implies (c).
(d) Apply (c) and part (d) of Proposition 4.10.
(e) The first identity is obvious. Using (a) we obtain

HE = HE = [541]7 k0 = [50555j4%5050] 7 k=0

Js

= [+ ® S()SJr :| H’I(L |: n+1 @ (SOSO)} O

The following result is the analogue of Lemma 4.15 for the class ﬁpxqv,{.

Lemma 4.20. Let m € N and (s;)L, € Dpxqm- Then

0 0
SGISG) = [Lnsr @ (sosh)] + [ PP mpXmp }
+1 ( 0 O) (Ip _ SOSEL))SmSg) Opme

0 0

SIS — [ ma1 @ (shs } + [ e mamd } : 4.9

i ( 0%0) Sgsm(Iq _S(T)SO) 0g5xmq (4.9)

Proof. Let t; := s; for all j € Zom—1 and t,, := sosg)smsgso. From part (b)

t :

of Lemma 4.19, we get tg = sti for all j € Zg,» and hence S(S ) = S(t ). From
(55)7%0 € Dyxg.m and part (c) of Lemma 4.19 we get (t;)2y € Dpxgq,m Which, in
view of [16, Proposition 4.20], implies (szl )= S(t ) Because of (t (tj)70 € Dpxqm

and Lemma 4.15, we have

SW(SI)T = Inn1 @ (s05h) and (SIS = L1 ® (sfs0).
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Hence, taking into account that Definition 4.1 implies sg = 537 we get

Sgg)sggﬁ) _ ( gfl) + |: 0mp><q Ompxmq :|> ngﬁ)

Sm — tm Opxmq

_ S%)Sgiu) + [ Ompxq ~ Ompxmq } Sgg“)

Sm — tm Opqu

— gWgth | Ompxq Ompxmq S(ﬁ) Ogxmp
moemm sm—sosgsmsgso Opxmq * *

= SM(sUH 4 Ompxq Ompxma 58 Ogxmp
e Sm — 50505m5h50  Opxmag * *
Om X Om Xm
=11 ® (sos! } n [ PXp pxmp }
[ +1® (s050) (I, —sosg)smsg Opxmp
and, similarly, we obtain (4.9). O
Now we want to reformulate Lemma 4.20 in terms of Cauchy products.

Notation 4.21. Let x € No U {+o00}. For all sequences (s;)5_, and (t;)5_, in CP*4

and C79*7 respectively, we will denote the Cauchy product of these two sequences
by ((s ©1);)5¢, i.e., for all j € Zg x:

J
(sOt); = sitj
=0

Remark 4.22. Let x € No U {+00}. Suppose that (s;)5_, and (¢;)5_, are, respec-
tively, sequences in CP*9 and C7*". If (uj)fzo is a sequence in CP*", then

(u)f=o = (s ©1);)5_,  if and only if SIS — 8 for all m € Z,.

Proposition 4.23. Let m € N and (s;)jL, € Dpsg.m- Then

8088 if =0
(s@s%); =< 0pup if1<j<m-—1
(I, — sosg))smsé if j=m
and
S(T)so if 7=0
(s* @ 5); = { Oguq if1<j<m-—1.
shsm(Iy — shso) if j=m
Proof. Use Lemma 4.20 and Remark 4.22. O

Now we consider the classes of Hankel non-negative definite extendable se-
quences and Hankel non-negative definite sequences against the background of this
section.

Proposition 4.24. For each r € Ng U {+00}, we have HZ;? C Dy g,x-
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Proof. Use Lemma 3.1. g
Proposition 4.25. For each n € N, the inclusion HiZn C Dyxq.2n holds.
Proof. Apply Lemma 3.2. g

5. Some identities for block Hankel matrices associated with
Cauchy products

In this section, we study the interplay between the operation of forming Cauchy
products of sequences of complex matrices and the construction of block Hankel
matrices.

Let n € Ny and let (sj)gio be a sequence from CP*9. Then we consider the
block Hankel matrix

HY = [sj1]} ho- (5.1)
Now we want to derive a first formula for the block Hankel matrix associated with
the Cauchy product of two sequences of matrices. To prepare this we introduce a

particular block matrix.
For each m € N, let the complex mg X mg matrix U, be given by

quq quq Or1><r1 Iq
Uq,m :: Oqlxq Oqlxq I.q Oq.xq ’ (5.2)
Iq quq Or1><r1 Or1><r1
ie., weset Uy = [5j’m,k+1fq];?k:1, where ¢, is the Kronecker symbol: d¢, ,, 1=
1if m = € and dg,, := 0 otherwise. Clearly,
U112,m = Iing- (5.3)

Remark 5.1. Let k € No U {+oc}, (s;)7_, be a sequence from CP*? and n € N
with 2n < k. Then:

(a) The matrix S(Q:L) admits the block representations

(s) [SSZD OH;DXII] Onpan ( )
S ‘j’L = s Opxn s 5.4
2 Hr(L )Uq,n,+1 [SI(E) q}
L n—1
[ (s)
SéS) — Sy - 0(n+(1))p><nq (55)
L [Oanpv Inp]Hn Uq,n+1 Snﬁ—l
and
gls) Sﬁfll Onpx (n+1)q (5.6)
= HOU, { Ing si '
L Oq><nq
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S & U n
(b) HE) = [o(n+1)pxnp71(n+1)p]sgjl) [O gn+1 } .

ngx(n+1)q
(Apply part (a) and Uy 11 = Iini1)g-)

Proposition 5.2. Let k € No U {400}, (5;)5_o be a sequence from CP*%, (t;)5_, be
a sequence from C1*" and n € N with 2n < k. Then

HT(LS@“) = H,(LS)SS) + diag(0pxq, Sglsll)Hr(Lt) (5.7)
and
H = 0 diag(0,xq,S?,) + SO H®. (5.8)

Proof. We have

. s Ur,n
HT(L ot) _ [0(n+1)pxnp’I("“)”]S;"@t) [O . }

nrx(n+1)r
_ (s)q(®) Urn+1
- [O(nJrl)pxnpv I(n+1)p]82n Ssn, {OMX(”_H)J
* *
= s Opxn
Ot Tosnel | g, [;@ q}
n—1
S'g) * |: Ur,n+1 :|
[anxq,Inq]HT(Lt)Unn+1 * On'r><(n+1)'r
Opxn
= HT(LS)Uq,n+1S$Lt)Ur,n+1 + {Sp(i) q} [an><qa Inq]HT(Lt)UT%TL-‘rl
n—1

= HOISW + diag(0pq, SU )V HD,

where the first equality is due to part (b) of Remark 5.1, the second to Remark 4.22,
the third to part (a) of Remark 5.1, the fourth to Uzn+1 = I(n41)r and the fifth
to [16, Remark 2.16]. Thus, (5.7) is checked. Similarly, one can prove that (5.8)
holds true. O

Now let n € Ny and let (sj)?i‘gl be a sequence from CP*?. Then we will

consider the block Hankel matrix
KT(LS) = [5j+k+1]?,k:0'

Remark 5.3. Let v € No U {400}, (s;)f—o be a sequence from CP*¢ and n € Ny
with 2n + 1 < k. Then:

(a) The matrix Sgsn) 41 admits the block representation

S(s) _ SsLS) O(n+1)p>< (n+1)q
2n+1 Kr(LS)Uq,n+1 SE;S)



On a Schur-type Algorithm 139

U,
b K$) = [0t 1ypx(ns1)ps Lns1)p) St [ antl } .
( ) n [ (n+1)px (n+1)p>» £( ‘+1);D] 2n+1 O(n+1)q><(n+1)q

(Apply part (a) and Uy 11 = Int1)g-)

Proposition 5.4. Let k € No U {400}, (s;)5_o be a sequence from CP*%, (t;)5_, be
a sequence from C1*" and n € Ny with 2n +1 < k. Then

K00 = K(IS® 4 8 (1),
Proof. We have

(sO)

g | Ur,’n,
Kr({ o) _ [0(n+1)px (n+1)ps Ln+1)p)S2nt1 [ +1 }

0(n+1)r><(n+1)r

U
TS A O 10 [ rnt1 }
[ (n4+1)px(n+1)ps £( +1)p] 2n+1~2n+1 O(n+1)r><(n+1)r

* %
= [0(n+1)p><(n+1)p7[(n+l)p] { K?S,S)Uq,n—&-l S%s) }

» Sg) * [ UT,?H_1 :|
K?S,t)Ur,n+1 * O(n+1)r><(n+1)r

KU SOU s + SOKOU2, = KIS + SO K

where the first equality is due to part (b) of Remark 5.3, the second to Remark 4.22,
the third to part (a) of Remark 5.3, the fourth to U2, ;; = I(n41), and the fifth
to [16, Remark 2.16]. O

Let n € Ny and let (sj)?zzf be a sequence from CP*9. We now consider the
block Hankel matrix

Gl = [$j+k+2]7 k=0-

Proposition 5.5. Let k € No U {+o0}, (s;)5_o be a sequence from CP*9, (t;)5_, be
a sequence from C*" and n € Ng with 2n+ 2 < k. Then

Proof. From Proposition 5.2, we have

(sOt) _ (sO1) 0T><(n+1)r
Gy [O(n+1)pxva(n+1)p]Hn+1 |:I(n+1)r }

S . S OT n T
= O 1) T ) [HEL S + diag(Opg, S| [ o }

s t O'r n r
= Dot T80 07

: S OT n r
+ [0(n+1)p><pv I(n+1)p] dlag(opxqv S’E’L ))Hr(Lt+)1 l: Iz(n(+j)1r) :|
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(t)
* * * oz 0
- O n+ 7In+ s s Lnt1 r><(n+1)r:|
Ot T o |:y£7)7+1 G%)} L s { Inynyr

* * * * 0
+ [0t s Ln i rx<n+1>r}
Ot 1pxp: Lns1)p) {O(HH),,X,I Ssi)} L GS)} { Tny1yr
() 1) *
[yl ,n+1» G(S)] S?J)rl + [0(”+1)P><(17 S;S)] |:G(t):|

=GOS +y 2, + 86D, 0

n

6. Some identities for block Hankel matrices formed by a sequence
and its reciprocal

The main theme of this section is the investigation of the interplay between various

block Hankel matrices. Let n € N and let (sj)?io be a sequence from CP*?. Further,

let (sg)?io be the reciprocal sequence corresponding to (Sj)?io. Then we will study

the interplay between the block Hankel matrices H,(LS) given by (5.1) and

R TN (6.1)
Whenever it is clear which sequence is meant, we will, respectively, write H,, and
HY instead of H” and HT(LSu).
To prepare the formulation of the first main result of this section we introduce
some notation. For each n € Ny, let

Vq,n ‘= COl(donq);-L:O. (62)
Let k € Ng U {+oo} and let (s;)5_, be a sequence from CP*? with reciprocal
sequence (85»);?:0. Then, for all integers j and k satisfying 0 < j7 < k < K, we set

ygk = col(s?)f’:j and z?k = row(s?)f’:j. (6.3)

Theorem 6.1. Let n € Ny and let (s;)3%, € Dpsxgon- Then:
(a) The equations

HE + S8 H,SE = yb vk + Vgnh (6.4)
and
HE + STH,SE = yb vk +vgn (6.5)
hold.
(b) Let
0 if n=20
Onip,q = e (6.6)
diag(0npxng, 808882”,5580 — S9,) if neN.
Then

H, + SanLSn = Y0,nVqn + Up,n20,n — Onip, g-
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Proof. (a) In the case n = 0 both assertions are an immediate consequence of (5.1),
(6.1), (6.2), (6.3) and Definition 4.1. Suppose now n € N. From Proposition 5.2
we get then

H,SE = HEO) — diag(0px g, Sn_1) HY. (6.7)

Because of (s;)37, € Dy g.2n, it follows from Proposition 4.23 that
Hr(LSQSn) = diag(SOS(];v Onpxnp) + diag (0”pxnpv (Ip — 5088)82”85) ’ (6:8)

Since (s;)3, € Dy g.2n, we see from Remark 4.7 that (8j)7=0 € Dpxg,n which in
view of Proposition 4.14 implies

Si =s#, (6.9)
St =s# (6.10)

and, in view of [16, Lemma 4.18], moreover
St = {* quﬂ . (6.11)
From Definition 4.16 and Remark 4.7 we get (Sj)?;ol € Dpxqn-1. Hence, Lem-
ma 4.15 yields
ST 1S, 1 =1,® (shso). (6.12)

Thus, using (6.9), (6.11) and (6.12), we obtain
I(n+1)q - SBL diag(OpXm Snfl) = I(n+1)q - SIL diag(opxqa Snfl)

*  Ogxnp| ..
= I(n+1)q - |:* S[ITX_I):| dlag(opxrpsn—l)

= diag(I,, Ing) — diag(0gxq, S!_1Sn_1)
= diag(Iy, I, ® I;) — diag (quq, I, ® (S(T)so)>
= diag (Iq, I, ® (I, — sgso)) . (6.13)

From part (b) of Proposition 4.9 we get 85»8055 = sg for all j € Zo,» and hence
SEL diag(sosg70npxnp) = [ygm7 *] diag(sosg), Onpxnp)
= [yg,nsosg)vo(wrl)qxnp] = [yg,nvo(n+1)q><np] (6.14)

_ b
= Y0,nVp,n-
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In view of s(u) = sg, we have

. * Oy
Sﬁl diag (Onpxnp7 (I, — 5058)5%58) = L ;XP} diag (Onpxnp7 (I, — 5058)5%58)
0

= diag (anan, s5(I, — 5055)5%52;)

= O(nt1)gx (n+1)p-
(6.15)
From part (b) of Proposition 4.9 we get sgsosg = sg for all j € Z; 25, and hence
P
diag (1, In @ (I, — shso) ) Hi = diag (I, In @ (I, — sfso) ) | . oy |
Y1 n) T n—1
_ [ 1 Zo "
_[I ® (I = 5050)][3/1 n GEL 1)
| % _ { 2 }
_[[In ® Iy — 32)50)]3/5,7;,’ [ ® (Ig — SOSO)]GBL 1 [Orgxps Ongxnp]
r i
— 20,n — #
= : = Vg,n2( .-
_anx(n+1)p]:| 20,
(6.16)

Thus, using (6.7), (6.8), (6.13), (6.14), (6.15) and (6.16), we finally obtain
HE, + S5, S = HE + S [HO™) — diag(0pxq, Sn-1) Hj|
= SLHO™) 4 [In41), — S ding(Opxq, Su1)] Hf
=S¥ [diag(sos& Onpxnp) + diag <0np><np7 (I, — 5055)5%55)]

+ diag (I, In @ (I, — s}s0) ) H}

_ #
- yO,nvp,n + vq,’ﬂZO,n‘

Hence (6.4) is proved. Taking (6.9) and (6.10) into account, then (6.5) follows from
(6.4). Thus, (a) is proved.
(b) From (5.1), (4.3), (6.1), (4.4), Definition 4.1, (2.2) and (6.2), we see that

_ _ Ter — _ *
Hy + SngSO = S0 + S()S%S() = S0 + S0SpSo = So + S0 = Y0,0V4.,0 + Vp,020,0-

Thus, the assertion is proved in the case n = 0. Now suppose n € N. Let ¢; := s;
for each j € Zg 2n—1 and to, = 50555%5550. Then parts (b) and (d) of Lemma 4.19
yield

(s5)7m0 = (t5)3n (6.17)
and

(GHGN (6.18)
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respectively. In view of Remark 4.18, we have (tg‘)?zo € ’Z’jqxp’gn. Thus, applying

Theorem 6.1 to the sequence (tﬁ-)zﬁo and taking (6.18) into account, we obtain

HY + S(t)H(fu)S(f) 27 Vpn + Vg, nz(() ). (6.19)
In view of part (e) of Lemma 4.19, we have
HY = H, +Opyp 4 (6.20)
From (6.17) we see
HE = H), (6.21)
From the definition of the sequence (t;)32, the equations
s =s,, SP =, Yoh = Yo.n and 26m = Zon
are obvious. Thus, taking (6.20) and (6.21) into account the assertion is an imme-
diate consequence of (6.19). O

Corollary 6.2. Let k € Zo o and let (s;)5_o € Dyxq.r- For every choice of integers
m € Zi x—1 and n € 2y j—m, then

E :} : #
S ksk+ls,n 1= Sern.

k=0 1=0

Proof. Compare the p x ¢ blocks in the p x ¢ block partition of the lower right
np X ng block of the left- and right-hand side of equation (6.4) in Theorem 6.1. O
Corollary 6.3. Let n € Ny and let (s;)32 € Dpxg.on- Then (6.4), (6.5), and

H, + SanLSn = yo’nU;n + Up,n20,n (6.22)
hold true.
Proof. In the case n = 0 equation (6.22) is trivial. Now we consider the case
n € N. From Remark 4.17 we obtain (s;)5) € Dpxgq2n- Hence, part (a) of The-
orem 6.1 yields (6.4) and (6.5). Because of (s;)32; € Dpxg,2n, Proposition 4.8
implies 808882”,8880 = s9,,. Consequently, applying part (b) of Theorem 6.1 gives
us (6.22). O

In view of Proposition 4.25 and Proposition 4.24, we are now able to apply
the preceding results to the classes of Hankel non-negative definite sequences and
Hankel non-negative definite extendable sequences.

Proposition 6.4. Let k € Ng U {+00} and let (sj)?io € Hizn' For each n € Zo,x
then

HE + SEH L (S5)" = yb vh 0+ Vpinzh s (6.23)
HE + SLHL(SE)* = yb 05 + vpnh (6.24)

and
Hp 4 SpHESY = Yo + Upnz0,m — Onig, s (6.25)

where On.q. ¢ s given by (6.6).
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Proof. Let n € Zy, . Then (sj) o belongs to ’Hq op,- From part (b) of Lemma 3.2
we infer then, s7 = s; for each Jj € Zon. Hence, (4.6) implies S,, = S’ . Because
of [16, Corollary 5.17], we get (sg)* = sg- for each j € Zg,. Consequently, S, =
(SBL)* Thus, in the case n = 0, the assertion follows immediately. Now suppose
n > 1. From Proposition 4.25 we see that (sj)?io € ﬁqxq,gn is valid. Hence, the
application of Theorem 6.1 and part (a) of Lemma A.1 yields (6.23) and (6.24),
whereas part (b) of Theorem 6.1 provides us (6.25). O

Proposition 6.5. Let m € Ny and let (s;)57 € Hq—’;m For each n € Zg m,, then the
equations (6.23), (6.24), and

Hy + SnHES) = yo,n¥) . + VgnZon
hold true.

Proof. From Proposition 4.24 we see that (sj)?fo belongs to Dgxg,m. Consequently,
for each n € Zg ,, from Proposition 4.8 we get 808882,7,52;50 = S9,. Taking into

2m

account that (sj)J 0 € H;Qm the application of Proposition 6.4 completes the
proof. O

Our next goal can be described as follows. Let n € Ny and let (sﬂ?”o €

Dpxgon- Then starting from Theorem 6.1 we are looking for further relations
between the block Hankel matrices H,, and Hf. The following lemma contains the
key to reach this goal.

Lemma 6.6. Let n € No and (s;)7_y € Dpxgn- Then

S (Yo, V] + Vpn20.0)Sh = Y W Vh Va2 (6.26)

and

S (Yh ¥ + Van2h n)Sn = YoVl + Vp.nZo.n- (6.27)

Proof. Using (4.3), (2.2), (6.2), 50 = 50 and (6.3), we easily see that (6.26) is true
for n = 0.

Now suppose n € N. From (4.3), (4.4) and (2.2) we see that yo , and 2o, are
the first (n + 1) p x g-block column of S,, and the first p x (n + 1) g-block row of
Sy, respectively. Thus, the application of Proposition 4.14 and Lemma 4.15 yields

Styo.n = Shyon = S)Sn [Olq ] = [05550} (6.28)
axq ngxq
and
20mSh = 208! = [Ipy Opsnp] SuSh = [5058, Opxcnp)- (6.29)
Using (4.3), (4.4) and (6.2), we get
vl Sh = [sh, ..., st (6.30)
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and
8

50
Stvpn=|:1- (6.31)
sh
Applying (6.28), (6.29), (6.30), (6.31), part (b) of Proposition 4.9, (6.2) and (6.3),
we obtain

SBL (yO,nU;,n + Up,nZO,n)Sﬁ =t n Yo, nvq nSﬁ + st 7 Up,n?0, nSﬁ

.
[ sTs %0
- 00 0} [sg,...,si] + ] [sosg,opxnp]
ngxq }
Sn_
TR, i [shsos]
_ [98050) - - - » sososﬁl]} n . Ot D
anx(nJrl)q § n
_SnSOSO
i
_ £
[sg sﬁl]} .
= ’ ’ + . aO 1
[Ongx (n+1)q o

v
=3

= Uq’nzg,n + yg,nv;,n‘
Thus, (6.26) is also proved for each n € N. Part (a) of Proposition 4.9 shows that
(Sn')?:o € Dyxp,n- (6.32)
Since (s;)j—o belongs to Dyxg,n, we see from part (d) of Proposition 4.10 that

() = o (6.33)

§=0
Because of (6.32), we can apply (6.26) to the sequence (s ) _o- Thus, taking (6.33)
into account, we obtain (6.27). O
Lemma 6.7. Let n € No and let (s;)3%, be a sequence from CP*4. Then
S @7' Py q S = O(n+1)q><(n+1)pa (634)

where Oy,.p, 4 15 given (6.6).

Proof. In the case n = 0 the assertion is obvious. Now suppose n € N. Let

a = 58(508882,7,5350 — szn)sg. (6.35)

Then a closer look at the matrices S¥,, ©,,.,, , and S¥, shows that
S @7’ 3P, fIS = dlag( ngxnps a')- (6.36)
i

In view of Definition 4.1, we have s} = s. Thus, from (6.35) we infer a = 0.
Now, combining this and (6.36) yields (6.34). O
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Theorem 6.8. Let n € Ny and let (s;)3, € Dpxgan- Then:
(a) The equations
HY, = =S, [Hy — (yo,nv 0 + Upnzon)] Sk (6.37)
and
H}, = =81, [Hy — (yo,nvy0 + Upnzon)] Sh (6.38)
hold.
(b)
Hp = =Onyp q—Sn |:H’PL - (yg,nU;,n + Up,nZg,n)} Sn,
where Oy 4 15 given by (6.6).
(c) rank(H!) = rank[H,, + O, 4 — (Y0,nv; ,, + Up.n2o.n)]-
(d) If p = q, then det(HE) = (—=1)*+D4[(det s9)T]?"+2 det(H,, — (Yo,nvy, +
Up.nZ0.n))-
Proof. In view of (sj)?io € ﬁpxq,gn we see from Definition 4.16 and Remark 4.7
that
(Sj)?:o S D;an,n- (6.39)
(a) Equation (6.37) is an immediate consequence of (6.4), (6.39) and Lem-
ma 6.6. The identity (6.38) follows, in view of (6.39) and Proposition 4.14, from
(6.37).
(b) Taking (6.39) into account and combining part (b) of Theorem 6.1 and
Lemma 6.6 yields (b).
(¢) From part (b) of Theorem 6.1 we obtain
H, + @n;p,q - (yO,nU;,n + Up,nZO,n) = _SanSno
Thus,
rank [H,, + Onp g — (yovnv;“’n + Up,nZO,n)] < rankH,ﬁL. (6.40)
The combination of (6.37) and Lemma 6.7 yields

Hﬂ =8¢ [Hn — (Yo.nVyn + vp,nzo,n)] SBL — SEL@”;,WSBL
= —Sfl [H,, +Onp. g — (yo,nv;n + vp,nzo,n)} SEL.

Hence,
rank HY, < rank [H,, + Op;p,  — (0,10 + VpnZom)] - (6.41)
Applying (6.40) and (6.41) it follows (c).
(d) Part (d) is an immediate consequence of (6.37) and sg = sg. O

Now we study the interplay between slightly modified block Hankel matrices.
Let n € Ny and let (sj)?zarl be a sequence from CP*9 with reciprocal sequence

(Su»)zi?)_l. Then we will study the interplay between the block Hankel matrices

373

K = [s4041]] 0o (6.42)
and .

KT(LS )= [S§‘+k+1]?,k:0' (6.43)
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Whenever it is clear which sequence is meant we will, respectively, write K,, and

S £ #
K,”L instead of K,({) and KT(L9 ),
Now we are able to formulate the third main result of this section.

Theorem 6.9. Let n € Ny and (sj)?i'gl € ﬁpxq’2n+1. Then:

(a) Kf =—StK,SE and K = -SIK,S!.
(b) K, =E, — SanLSn, where

= o=

— [ san41 — soshsant1sdso if n=20
. 1 )
diag(Onpxng> S2n+1 — SOS(T)SanSoSo) if neN.

(c) rank K¥ = rank(K,, — Z,,).
(d) If p=q, then det(K%) = (—=1)*tD4[(det 50)1]?"+2 det K,,.

Proof. (a) In the case n = 0, the equations of (a) are immediate consequences of
Definition 4.1. Now suppose n € N. From Proposition 5.4 we get

Ko =8, Kt 4+ K,S%, (6.44)
whereas Proposition 4.23 implies
K,(LSQSﬁ) = diag <0annp, (I, — 8085)82n+185) . (6.45)

From Definition 4.16 and Remark 4.7, we get (6.39). Thus, from Proposition 4.14
we infer that (6.9) and (6.10) hold true, whereas (6.9) and Lemma 4.15 imply

SiS, =SS, = I.1® (s)s0). (6.46)
Using (6.44) and (6.46), we conclude
S5 KuSh = S5(SuKE — KUO) = [Ty @ (sfso)| KG =SS, (6.47)

From part (b) of Proposition 4.9 we get sgsosg = sg for all j € Z; 2p+1. Thus,

{Inﬂ ® (sgso)} K= Kb, (6.48)

In view of Definition 4.1, we have sg = sg). Thus, we get

Sﬁl diag <0np><np7 (I, — 8088)82n+188)

* 0y .
= { quxp} diag (Onpxnp, (I, — 8088)82n+188)

* S0
= diag (0 (1, — sos! 1) = diag (0 (1, — sos! I
iag | Ongxnp, So(Ip — S0S()S2n+15) iag  Ongxnp, So(Ip — S08()S2n+15)

= 0(n+1)q><(n+1)p~ ( )
6.49

From (6.45) and (6.49) we infer
S Su
SBLK’I(L 0 = 0(n+q)q><(n+1)p~ (650)
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Combining (6.47), (6.48) and (6.50), we obtain the first equation in part (a). In
view of (6.9) and (6.10), the second equation holds as well. Thus, (a) is proved.

(b) Let t;j := s; for each j € Zg 2, and ton41 = 808882n+18580. Then part (b)
and part (d) of Lemma 4.19 yield

(35" = (2! (6.51)
and _—
(5) _, = s (6.52)

In view of Remark 4.18, we have (tg)?igl € ﬁqxp’2n+1. Thus applying part (a) to

the sequence (15'1)2"4'1 and taking (6.52) into account, we obtain

K® = —8OKEIS®, (6.53)
From the construction of the sequence (tj)?zgl we see
KO =K, - 2,, s =g, and s =s,,. (6.54)
From (6.51) we infer
K = Kt (6.55)

The combination of (6.53), (6.54) and (6.55) yields now the assertion of (b).
(c) In view of (b), we have K,, = Z,, — S,,K%S,,. Thus,

rank(K, — Z,) < rank K#. (6.56)
Because of part (c) of Lemma 4.19, we have (tj)?zgl € Dpxg2n+1- Thus, Re-
mark 4.17 implies (¢; )Q"Jr € Dpxq on+1- Hence, applying part (a) to the sequence
(tj)?n-H gives

K = —st) g(Hgth), (6.57)

Taking (6.51) and the first equation in (6.54) into account, formula (6.57) can be
rewritten as

Kf = —Si(K, — Z,)Sk.
Consequently,
rank K? < rank(K, — Z,). (6.58)
Now the combination of (6.54) and (6.58) yields the assertion of (c).
(d) This is a consequence of (a). O

Corollary 6.10. Let n € Ny and (sj)ii?)'l € Dpxgont1- Then
K! = St K, SF, Kf = -SI K,S!, (6.59)
= —SnKﬁSn and rank KfL = rank K,,. (6.60)

Proof. In view of Remark 4.17, the equations in (6.59) follow from part (a) of
Theorem 6.9. Because of Proposition 4.8, we have sg,11 = 808582n+18580. Thus,
En = 0(nt1)px(n+1)q- Now (6.60) is a direct consequence of part (b) and part (c)
of Theorem 6.9. 0
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Corollary 6.11. Let n € Ny and (SJ)ZTH'1 € ’Hq g1 Then
K,=-S,K!S: and rankaL = rank K,.
Proof. Part (b) of Lemma 3.1 shows that (s; )3”31 is a sequence from C§*?. Hence,

(4.6) in Remark 4.12 implies S,, = S}. Thus, the assertions follow by combining
Proposition 4.24 and Corollary 6.10. U

In the rest of this section we will study the interplay between block Hankel

matrices of a third type. Let n € N and let (53)32‘52 be a sequence from CP*? with

reciprocal sequence (55)?232 Then we will study some crossrelations between the
block Hankel matrices
8
G;‘s) = [5j+k+2]?,k:0 and vas ) = [85‘+k+2]?,k:0'

Whenever it is clear which sequence is meant we will, respectively, write G,, and
#
G* instead of GY) and G5
Lemma 6.12. Let n € Ny and let (53)2”+2 be a sequence from CP*4. Then
Sﬁl—‘ n;p, q S —0(n+1)q><(n+1)pa
where
to ot :
8050525080 — S2 if n=20
mpg =4 O 0 (6.61)
; . + + )
diag(Onpxng, S0SHS2n+25050 — Sen+2) 4f n € N.
Lemma 6.12 can be proved analogously to Lemma 6.7. We omit the details.
Theorem 6.13. Let n € Ny and let (53)32‘52 € ﬁpxq,2n+2. Then:
(a) The equations
G = =S8 (G — Y1ns18071.041)Sh
and

G = —Si (G, — y1,n+18821,n+1)511

hold true.
(b) Let T'y.p q be defined via (6.61). Then

Gn=—=Tnip.q = Sn G — i n+1(8(u))TZ§,n+1:| Sh.

(c) rank G% =rank(Gp 4+ Tnip g — Y1,n+1 sgzl nt1)-
(d) If p=q, then det(G%) = (=1)"TD9[(det 50)1]2" 2 det (G — Y1mt15021.n11)-

Proof. (a) From Proposition 5.5 we get
GG = GuSh + Y1 ns12h o + SuGh, (6.62)
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whereas Proposition 4.23 implies
Gls@sh) _ (I, = sosb)s2s} ifn=0 (6.63)
" diag(Onpxnp, (Ip — 5058)s2nr2sh) if n e N.
From Definition 4.16 we get
(Sj)ii?)_l € Dpxg2n+1- (6.64)
Let us consider an arbitrary m € Zgan+1. Taking (6.64) and m € Zg 2,41 into
account, we infer from Proposition 4.14 that

Si =8k st =s# (6.65)

whereas Lemma 4.15 implies (4.7) and (4.8). In view of (6.65) we get from (4.7)
and (4.8) that

St Sy = Lny1 @ (shs0) and SE S = Imi1 @ (shso) (6.66)
and
SimSt = L1 @ (sos)) and SmSt = Lyt ® (sos). (6.67)
Using (6.62), (6.66) and (6.63), we get
— 8%(Gn — Y1 mi15021,011)Sh = SH(=GaSh + Y1 nt1shz1n11Sh)
= S8 (104175 s + SnGh — GEO 4y iashereaSh)

6.68
= 58, — SEGEO) 4 Sty g (200 + shz1aaSh) (6.68)

S ‘ﬁ
= |Int1® (S(T)So)} GE — SEGEO) + 88 yr i1 (2] g+ shensaSh).

To o —

From part (b) of Proposition 4.9 we get 505085 = sg for all j € Z1,2n+2. Thus,

{Inﬂ ® (shso)| GE = G (6.69)

and
5550Z§,n+1 = z§,n+1. (6.70)
From (6.70) and (6.67), we obtain

#
z
Z§3n+1 + 8821,n+1SEL = sg)SoZ%’nJrl + 8521,n+15% = 82;[807 21,n+1] { 1’S7§+1:|

n

50 Zl,n+1} { sh Zg,n+1:| {Opx(nﬂ)p}

t
= 541, aO n
0[Lps Opx (n-+1)p] {o(nﬂ)pxq Sn, O(nt1)gxp S Tni1yp

Opx(n
sg[lp,Opx(nH)p]S"“SEL“ { I}(Xn(+j)1p)p}

O n
= sg)[Ip,Opx(nH)p] |:In+2 ® (sosg)} { 1}(Xn(+;2p

} = Ogx(n+1)p)
which implies

St Y1 (2 1 + 8021m4158) = 0 1)ax (nt1)p- (6.71)
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In view of Definition 4.1, we have s(u) = sg. Taking this into account, we get

Sg(Ip — 5058)5258 = sg(Ip — 5058)5255 = sg)(Ip — 5058)5255 = Ogxp (6.72)

and in the case n € N furthermore

Sﬁl diag <0np><np7 (I, — 8085)82n+285)

x 0,
= [* qxp} diag ( npxnps (Ip — 5055)82n+255)
= (6.73)
= diag (anan, si(I, — 8088)52n+288)
= dlag (anxnpa S(];(Ip - 5058)52n+258) = 0(n+1)q><(n+1)p‘
Combining (6.63), (6.72) and (6.73), we infer
S Sn
S’?’LG’% 0 = O(n+1)q><(n+1)p' (6.74)
Applying (6.68), (6.69), (6.74) and (6.71), we obtain
—S4 (G — Y1mi15671n11)Sh = G, (6.75)

Using m € Zgan+1 and (6.65), the second assertion of (a) follows immediately
from (6.75). Thus (a) is proved.

(b) Let t; := s; for each j € Zgont1 and topto = 805552n+28880. Then
part (b) and part (d) of Lemma 4.19 yield
(sh)2md? = ()52 (6.76)
and
" § 2n+2 242
(5) _, = s> (6.77)

In view of Remark 4.18, we have (tg)?ZEQ € ﬁqxp’2n+2. Thus applying part (a) to
the sequence (tu)2”+2 and taking (6.77) into account, we obtain
G = =8 [G1 =y ) =) | s, (6.78)

From the construction of the sequence (t; )2232 we see

GV =GCp+Thp g st =g, and SW =s,. (6.79)
From (6.76) we infer

# fﬁ tﬁ
vat ) = GBH yg n)+1 = y? n+1 and § n)+1 = Zg ,n+1* (680)

The combination of (6.78), (6.79) and (6.80) yields now the assertion of (b).
(¢) Lemma 6.12 implies

S I'n n;p, q S _0(n+1)q><(n+1)p (681)
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Applying (6.75) and (6.79) gives us
Gt = =88 (G — Y1 mr18b21me1)SE — SET 0 oSE

= _SBL(G"L - yl,nJrlSEr)ZLnJrl + Fn;p,q)SBr
Thus
rank GEL < rank(G,, — yl,n+18821,n+1 +T0p, q)- (6.82)

Using sg = S(T), we get
SOSgGOSgSO = 5053525550 =S9+ (8085828580 — s9) = Gy +To. (6.83)

Now we consider the case n € N. In view of (6.64) we see from Proposition 4.8
that sosgsj = s; and sjsosg = s; for all j € Zo2n+1. Thus, taking n € N into
account, we get

[InH ® (sosg)} Gp = Gy + diag (onpxnm (s050 — Ip)szm) (6.84)
and
G, {Im_l ® (sgso)} = G, + diag (Onpan, (8880 — Iq)52n+2) . (6.85)
Using m € Zo,2n+1, (6.66), (6.67), (6.84) and (6.61), we obtain
S,S! G,SES, [ 1 ® (sos(‘;)} G [Inﬂ ® (sgso)}
= [Gn + diag (Onpan, (sosg — Ip)82n+2)} {Im_l ® (8850)}
=G, { il ® (8050):| + diag (Onpan, (8088 — Ip)52n+28850>
= G\ +diag (Onpan; San+2(shs0 — Iq)) + diag (Onpana (s0sh — Ip)82n+25(§50)

= G, + diag(0npxng, 50555%4_28880 — Son+2) = Gn +Thp 4

(6.86)
In view of (6.64) we have sosis; = s; and s;s}s9 = s, for all j € Z; ,41. Thus
{In+1 ® (Soso)} Yln+1 = Yln+l (6.87)
and
Zin+1 |Int1 ® (8880)} = 2141 (6.88)

From m € Zg 2n+1, (6.66), (6.67), (6.87) and (6.88) we get
S, 8%y, n+1552’1 ni1SES, = [ ntl ® 5080 } Y1 n+18821 n4l |:In+1 ® (5580)}

= YLt 15071 41 (6.89)
Using (6.83), n € N, (6.86), (6.89) and (6.75) we infer
G, — y1,n+18821,n+1 +T0p g =(Gn+Thnypq) — yl,n_i'_ngZLnJ,_l
= 8,85 (G — Y1 15021,041)S5Sn = —S,GES,.
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Thus,
rank(Gy, — Y1.ni15021m41 + Dnop.q) < rank GF . (6.90)
The combination of (6.82) and (6.90) yields the assertion of (c).
(d) This is an immediate consequence of (a). O

Corollary 6.14. Let n € Ny and let (sj)?i'gz € ﬁqxq’2n+2 be a sequence of Hermit-
ian matrices. Then

Gﬁ = —SJr (Gn — Y1 n+15521 n+1)(ST )* (691)
Proof. In view of (4.6) we have S¥ =S,,. Thus, S| = (S¥)" = (S!)*. Now (6.91)
follows from part (a) of Theorem 6.13. O

Corollary 6.15. Let n € Ny and (sj)?iér2 € Dpxg,2nt+2. Then:

(a) The block Hankel matrices G% and G, admit the multiplicative decomposi-

tions
G = =S5 (G — yrnt15h21n11)Sh, (6.92)
G = —S! (G — y1ns15021,041)S], (6.93)
and
Gn = [Gu Y1 n+1(sg)u§,n+1 Sn (6.94)
respectively.

(b) rank G = rank(G,, — yl’n+1sg)21’n+1).
Proof. In view of Remark 4.17, the equations (6.92) and (6.93) follow from part (a)

of Theorem 6.13. Because of Proposition 4.8, we have sg,42 = 808082n+28580.
Thus, (6.94) and (b) follow from part (b) and part (c) of Theorem 6.13, respec-
tively. O

Corollary 6.16. Let n € Ny and (sj)2”+2 € Hq g2 Then:
(a) The block Hankel matrices G¥, and G,, admit the multiplicative decomposi-

tions
Gh = —Sh(Gn - Wi ne1) (SH)"
n n n y17n+180y1,n+1 n/
G’)Ii’L = _SL(GH - yl,n+132)yik,n+1)(sil)*
and
G = _S |:G — Y n+1(SO)T(y1 n+1) S:a
respectively.

(b) rank G = rank(G,, — yl’n+1sg)21’n+1).

Proof. Part (b) of Lemma 3.1 shows that (s; )?’H'Z is a sequence from C{;*?. Thus,

we infer from (4.6) that S, = S}. Hence, the assertions follow by combining
Proposition 4.24 and Corollary 6.15. U
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7. The shortened negative reciprocal sequence corresponding to a
sequence from Dy, .

The investigations of this section are inspired by Theorem 6.13 and its Corollaries.
This will be explained now. Let n € N and let (s;)52 € Dpxq,2n. We denote by

(sg)?io the reciprocal sequence corresponding to (sj)?zo. Then our interest will

be concentrated on the shortened negative reciprocal sequence (—sg- +2)?(:%_1). The
starting point of our studies are the multiplicative decompositions for the block

Hankel matrix
ng—l = [S§+k+2]?,;i0 (7.1)
which were obtained in part (a) of Theorem 6.13.
Now we are going to consider these multiplicative decompositions under a
special aspect. In order to explain this more precisely, we start from the block
Hankel matrix

Hy, = [Sj-‘rk’]?,k::Ov
and consider its block decomposition
S0 Z1,n
H, = [ 7.2
|:y1,n Gn1:| ( )

where y; , and z1 , are given in (2.2) and where
. -1
Gn-1 = [Sjtrt2]] om0 (7.3)
Then we see that the matrix
Gn—l - y1,n8821,n (74)
(which plays an important role in Theorem 6.13) is a Schur complement in the
matrix H, given via (7.2). Because several important properties of the sequence
(sjﬁio have interesting consequences for the Schur complement G,,_1 — yl,nsgzl,n
the application of Theorem 6.13 and its Corollaries promises interesting observa-
tions for sequences belonging to various subclasses of D, x4 2,,. The central goal of
this section is a detailed study of this topic. Our main interest is concentrated on
classes of sequences with particular Hankel properties which were already consid-
ered in Section 3.
Now we are going to investigate the shortened negative reciprocal sequence
in the case of sequences of matrices with prescribed Hankel properties.
First we investigate the sequence (tj)?io introduced in Lemma 4.19 for the
case of a given Hankel non-negative definite sequence (Sj)?ioo
Lemma 7.1. Let n € N and let (Sj)?io € ’Hizn. Let t; := s; for each j € Zo2n—1
and let to, := 50585%5550, Then:
(a) (tj)?io € Dgxq,2n-
(b) t; = sosg)sj(sosg))* for each j € Zo.2p.
>
(c) (tj)?io € Hoon-
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(d) The matriz Hy (&) =(t j+k) p—1 admits the block decomposition
HO = 50 Z1n
Yi,n Gn—l +Fn—1;q,q ’
where Y1, and z1,, are given by (2.2) and where T'y,_1.q 4 is defined in (6.61).
(e) rank H,g,t) = rank sg + rank(Gn 1+ 001,44 — yLns(];zl,n).
() If n =1, then (t;)3%, € Hq o
Proof. (a) Apply part (c) of Lemma 4.19.

(b) In view of part (b) of Lemma 3.2 we have s§ = sg. Thus, applying
part (a) of Lemma A.1 yields S(T)so = soso Hence, taking part (a) of Lemma 4.19
into account, for each j € Zg 25, we have

t; = sosgsjsgso = Sosg)SjSoSg) = sosgsj(sosg)*.
(c) Because of (b), from Remark 3.3, we see that (t;)32, € Hq on-
(d) Using part (e) of Lemma 4.19, (6.61) and (7.2), we get

H,gt) = HT(LS) + diag(0ngxngs sosngnsgso — Sop) = HT(LS) + T q
S0 Zl,n .

(e) In view of (c), we have aY e (C(;H)qx("ﬂ)q. Thus, taking (d) into
account, we infer the assertion of (e) from a well-known result on non-negative
hermitian block matrices (see, e.g., [10, Lemma 1.1.7 and Lemma 1.1.9]).

(f) In view of (¢) and

R(te) = R(505$528880) C R(s0),
the assertion of (f) follows from [12, Lemma 2.7]. O

S0 Z1,n
Yi,n Gn—l + Fn—l;q,q

The following example shows that the assertion of part (f) of Lemma 7.1 is
not true for n = 2.
Example 7.2. Let so := I, sj := Ogxq for j € {1,2,3} and s4 := I;. Then Hy =
diag(1y,0gxq, Ig). Thus, (s;)j_o € 'Hil NDyxq,4, but (s;)j-0 ¢ ’Hif. Furthermore,
it is obvious that using the notation of Lemma 7.1 we have (s;)j_o = (t;)j—0-

Proposition 7.3. Let n € N and let (sj)Q”O € HZ,, . Then:

q,2n*
(a) The block Hankel matrix —Gi_l is non-negative Hermitian.

(b) rank [Hn + diag(0ngxngs SOSBSQnsgso — S9,)| = ranksg + rank(Gifl).

Proof. (a) In view of (s;)32, € HZ,  we see from Proposition 4.25 that (s5)3% €
b 2n

Dgyxq,2n, Whereas part (b) of Lemma 3.2 shows that (s;)”, is a sequence from
C{{*?. Thus, Corollary 6.14 yields

—G = 8]_(Guot — yrashzia)(S] )" (7.5)

q,2n
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From H, € (C(;H)qx(nﬂ)q we infer from (7.2) that
Gn 1— U nSZ)Zl n € quan (76)

Applying (7.5) and (7.6) we get —G* | € cyrm,
(b) Because of (s;)5%, € Dyxq.2n We see from part (b) of Theorem 6.13 that

rank G% | = rank(Gp 1 — Y1050 21.n + Tn1iq.q)- (7.7)
We set t; := s; for each j € Zg2,—1 and to, = 50585%5550. Then part (d) of
Lemma 4.19 yields
HT(f) = H,, + diag(Ongxng, 50585%5550 — Sop), (7.8)
whereas part (e) of Lemma 7.1 implies
rank H,gt) = rank sp + rank(G,,_1 — ylﬁnsgzlln + T 1.4,q)- (7.9)
The combination of (7.8), (7.9) and (7.7) yields now the assertion of (b). O

Corollary 7.4. Let n € N and let (s;)5%, € HiQn N Dyxq.2n- Then
rank H,, = rank sg + rank Gti _

Proof. In view of (SJ) "o € Dgxq,2n, the application of Proposition 4.8 provides

sosgsgnsgso = So,,. Thus, the assertion follows from part (b) of Proposition 7.3.
O

Corollary 7.5. Let n € N and let (s;)5%, € ’Hq—’;,, Then:

(a) The block Hankel matriz —Grj _1 s non-negative Hermitian.

(b) rank H,, = rank so + rank G* __.

Proof. Clearly, (s;)3%, € ’Hq on» Whereas Proposition 4.24 implies that (s;)3%,

belongs to Dyxq,2n- Thus, part (a) of Proposition 7.3 and Corollary 7.4 yield the
assertions of (a) and (b), respectively. O

Proposition 7.6. Let k € NU {400} and let (sﬁ?io € ’Hi%. Then (— §+2)3('{0 2
belongs to HqZQ(nq)'

Proof. Apply part (a) of Proposition 7.3. O

Proposition 7.7. Let m € Zy o and let (s;)7, € M. Then (— §+2);” €
>,
q_,ni—Q'

Proof. We first consider the case that m = 2n with some n € N. Because of

(8;)?"0 € 'Hq 5n, there are complex ¢ x g-matrices sop4+1 and sz,42 such that
2(n+1) >

(55)5=0 g.2(n+1)"

(§§)§g€+l) corresponding to (sj)z(_%ﬂ) fulfills (— ~ﬁ+2)3n0 IS Hq 5, Thus, the se-

o 2(n 1) In view of Remark 4.2, we have §§ = sg

Then Proposition 7.6 yields that the reciprocal sequence

quence (— §+2)3(n0 Y belongs to HZ:
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for j € Zo,2,,. This completes the proof in this case. The case m = 2n + 1 with
some n € N can be treated similarly. O

Proposition 7.8. Let k € NU {+oo} and let (s;)3%, € H o, Then (—8§+2)?(:K071)

belongs to Hq 2(k—1)"
Proof. Let n € Zy .. Because (s;)7~, belongs to H_,, and [12, Remark 2.8], we
have (s;)3%, € Hq 3. Thus, Corollary 7.5 implies

rank H,, = rank s + rank G% _,. (7.10)

In view of (SJ) o € H”, , the matrix H, is positive Hermitian and, consequently,

q,2n>
non-singular. Thus, (7.10) implies det va,—l # 0. Because of part (a) of Proposi-

tion 7.3, the matrix —G*_, is non-negative Hermitian we get —G? | € C29*",
This completes the proof. O
Proposition 7.9. Let n € N, and let (s;)32, € [IZQCnd Then (—s§+2)§(:%_1) belongs
to H=d

2,2(n=1)"

Proof Because of (s;)32, € ’Hq>20nd and [12, Corollary 2.14], we have (s;)3%, €

b 22 Part (b) of Corollary 7.5 provides us then

rank H, = rank so + rank(—G%_)). (7.11)

Since (s;)32, belongs to ’Hq £4 the application of [12, Remark 2.1 (a)] in com-
bination with (1.2) yields rank H,, = rank H,,_;. Taking additionally (7.11) into
account, we get

rank(—Gifl) = rank H,, — rank sy = rank H,,_; — rank s. (7.12)

In the case n = 1 from (7.12) we obtain rank(—s%) = rank Hy — rank so = 0,

ie., —sg = Ogxq, and consequently (— §+2) =0 € Hq>0Cd'

We now consider the case n > 1. Because of (sj)j " € H=,, and part (a)

q,2n
of Proposition 7.3, we get —G*_| € CL7™. Tn view of (s;)32, € Hq on, We have
(sj)i(% b qZ;(n—l)’ Part (b) of Corollary 7.5 provides us then rank G _, =

rank H,_;—rank sq. This equation and (7.12) yield rank(—anl)—rank( G 5) =
0. Since —G§hl S (ngan and [12, Remark 2.1 (a)], this implies (— §+2)§(% D ¢

>,cd
Hq,Q(nfl)' O

Proposition 7.10. Let n € No and (s;)52, € HZ:24m. Then the sequence (—s
>,cd,max{0,n— 1}

# )2

j+2/5=0
belongs to Ha s
Proof. We first consider the case n = 0. Because of (2.1) we have then sy = Ogxq
which, in view of Definition 4.1, implies —sﬁk = Ogxq for every k € Zs 1. Thus,
(—s§+2)?';0 belongs to ’H%OO and is completely degenerate of order 0. In the
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case n > 0 the assertion follows from Proposition 7.6, Remark 4.2 and Propo-
sition 7.9. g

The following example shows that in the case of m € Zs » and a sequence

(55)7L0 € Dpxg,m the sequence (—s§-+2)§”:702 does not necessarily belong to one of
the classes Dpyxg.m—2 OF Dpxgm_a-
Ezample 7.11. Let sg := Iy, 51 1= Ogxgq, 52 := Ogxgq, 53 := Ig, and s4 := Ogxq-
In view of Example 4.6 we have then (Sj);*:o € Dy.4. Using Definition 4.1 we
obtain —s} = Ogxq; —sg = 1I,, and —84 = Ogxq and, in view of Definition 4.5 and
Definition 4.16, in particular (— §+2) 0 ¢ Dy

Now we turn our attention to a further class of sequences of complex matrices,
which is characterized by a remarkable behaviour of the associated block Hankel
matrices.

Definition 7.12. Let x € NoU{+00} and let (s;)5% be a sequence from C?*9. Then
(SJ)2“ is called strictly regular if det Hy,, # 0 for each n € Zo ,,. The notation Hy',,,
stands for the set of all strictly regular sequences (SJ) o from CI*9,
Remark 7.13. Let x € No U {400} and let (s;)5%, € H%,. Then (s;)32, € Hi'y,
for all n € Zg .

- quq,%-

Remark 7.14. Let k € NoU{+oco}. Then Example 4.6 shows that ', C
Remark 7.15. For each x € Ng U {+00}, the inclusion H_,, C H'y, holds.
Lemma 7.16. Let n € N and let (sj)j 2o € Hian- Then:
(a) det H,, = det sq - det(Gp—1 — ylvnsgzl,n).
(b) det(G}_,) #0.
Proof. (a) By assumption, we have det sy # 0. Thus, part (a) is an immediate
consequence of the Schur-Frobenius formula (see, e.g., [10, Lemma 1.1.7]).
(b) By assumption we have det H,, # 0. Thus, part (a) implies
det(Gp1 — y1mshzin) # 0. (7.13)
Remark 7.14 gives (sj)?io € Dyxq,2n- Hence, part (b) of Corollary 6.16 and (7.13)
yield
rank Gi_l = rank(G—1 — yl,nsgzl,n). (7.14)
This implies the assertion of (b). O
Proposition 7.17. Let k € NU {400} and let (sj) %o € Hi'oy Then (— §+2)3('{0 2
belongs to H'y,_1)-
Proof. Use part (b) of Lemma 7.16. O

In our subsequent considerations it will be advantageous to replace the se-
quence (— g +2)3(n0 D by a slightly modified sequence. This will be done in the

next section.
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8. The first Schur transform of a sequence of p X g-matrices

In [9], Chen and Hu presented a Schur-type algorithm to parametrize the so-
lution set of the matricial truncated Hamburger moment problem. In this way,
starting with an arbitrary sequence (s;)32" it € Hq 5, containing the given power
moments of the moment problem in question, they constructed a particular se-
quence (s (1))3(% b belonging to 'Hq S(n—1)" This sequence corresponds to the given
data of a truncated Hamburger moment problem which is connected by a partic-
ular explicit interrelation with the original moment problem. In this section, we

gl))i(% Y in an alternative and more

general setting. More precisely, we will construct the sequence (s (1)) by an

appropriate normalization of the sequence (— g +2)§(% 2 , which was studled in Sec-

are going to discuss in detail this sequence (s

tion 7. We will verify that, in the special case of a given sequence (s;)3" ity € HZ

our Schur-type procedure produces exactly the sequence (551))2(:6 Y which was

obtained by Chen/Hu [9] in a different way.
The following notion is one of the central objects in this paper. It describes
the basic step of the Schur-type algorithm which will be developed in Section 9.

q2n7

Definition 8.1. Let k € Zg oo U {400}, let (sj)5=¢ be a sequence of complex p x
q matrices, and let (52);:0 be the reciprocal sequence corresponding to (s;)%_o.

Then the sequence (8§»1))?;02 defined for each j € Zg ,—2 by

(1) §
= —Sosj+280

is called the first Schur transform of (s;)%_.

The main theme of this section is the investigation of the first Schur transform
of a (finite or infinite) sequence of complex matrices.

Remark 8.2. Let k € Z 0 U {+o0}, let (s;)5_, be a sequence of complex p x g-
feag (1)
matrices, and let (s;

Definition 8.1 and Remark 4.2, for each | € Zg ,, then (s (1))17% is the first Schur
transform of (31)3:0-

)iZo be the first Schur transform of (8j)5=0- In view of

If k € Zn oo U{+oo} and if (s;)%_ is a sequence of Complex p X g-matrices,
then we will continue to use the notations (sgl));;g and (s ) *_, to designate
the first Schur transform of (s;)%_, and the reciprocal sequence corresponding

to (s;)f—o, respectively.

Ezample 8.3. Let k € Zz o U {400}, and let (s;)5_o be a sequence of complex
p x g-matrices satisfying s; = Opxq for each j € Z; ,. Then Example 4.3 shows

that sgl) = Opxg4 for each j € Zg x—2.
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Remark 8.4. Let k € Zy oo U{+00} and let (85)5= be a sequence of complex p x g-
matrices. In view of Definition 8.1, for every j € Zg 2, then N(sg) C N(s§1))
and R(sgl)) C R(so)-
Remark 8.5. Let k € Zs o U {+oo} and let (s;)5_, be a sequence of complex
p X g-matrices.

(a) From Definition 8.1 one can easily see that

5;1)5550 = 8§,l) and 80555;1) = 8§»1)

hold for each j € Zg 2.
(b) Part (b) of Proposition 4.9 implies sﬁ+2 = —505( ) T for each j € Zg .—2.

Remark 8.6. Let x € NU {+oo} with x > 2 and let (s;)5_, be a sequence of
complex p X g-matrices. Further, let o,r € N, U € C°*?P with U*U = I, and
V € C?*" with VV* = I,. Then, [16, Lemma 5.19] implies (Us;V)(1) = Usg-l)V
for every j € Zo —2.

Remark 8.7. Let I € N, (px)!_, and (qx),_, be sequences from N, k € Zg 1 U
{400} and for all k € Zy; let (skj)J o be a bequence from CPt*% . Then [16,

Remark 5.20] implies [diag (sy;)_,]) = diag (s}, ))fﬂ 1 for every j € Zg —o.

Remark 8.8. Let n € N and let (s;)3%, € Hq 5, be such that 1 <ranksg <gq—1.
Let r := rank s¢. According to part (c ( ) of Corollary 3.16, let the unitary ¢ x ¢ ma-

trix U and the sequence (5; )J 0 € ’HT 5, be such that for each j € Zg 2, the relation
= U~ -diag(8,0(q—r)x(q—r)) - U holds. Then the apphcatlon of Remark 8.6, Re-

mark 8.7, and Example 8.3 shows that 5(1) U™ - diag(s; ),0(q rx(g—r)) - U for
every j € Zo,2(n—1)-

Remark 8.9. Let k € Za oo U{+00} and let (s;)5_, and (t;)_, be sequences from
CP*9 such that (s )J 0= (tﬁ) "o is satisfied. Then Definition 4.1 and part (a) of

Lemma A.1 show that sy = to. Thus, the identity (s (1))J S (t;l));”:g holds for
the first Schur transforms of (s;)5_, and (¢;)5_,-

Remark 8.10. Let r € Za,oo U {+00} and let (s;)5_, be a sequence from CP*¢.
For each j € Zo, let 5; = sosgsjséso Then the combination of part (a) of
Proposition 4.10 and Remark 8.9 yields the identity (s (1))j = (5;1));:_02 for the
first Schur transforms of (s;)5_, and (5;)5_,.

Remark 8.11. Let m € Zs o and let (s;)7L, € Dpxgm- Let t; = s; for each
J € Zom—1 and let t,, := sosgsmsg)so Then the combination of part (b) of Lem-

ma 4.19 and Remark 8.9 provides us the identity (s (1))2” 3= (t;l));»”:_oz for the
first Schur transforms of (s;)7L, and (¢;)7".
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Now we modify the results stated in Proposition 7.6, Proposition 7.7, Propo-
sition 7.8, and Proposition 7.9.

Proposition 8.12. Letn € N and let (sﬂ?ﬁo € 7—[ . Then (s (1))2(n Ve Hq_z(n 1"

Proof. Part (b) of Lemma 3.2 implies s = so. Thus, in view of Definition 8.1 and

Proposition 7.6, the application of Remark 3.3 yields the assertion. O

Proposition 8.13. Letm € N with m > 2, and let (s;)7, € HZ5. Then (s ;1))J o €
>.e

Hq,mf?

Proof. From part (b) of Lemma 3.1 we see that s = so. Hence, in view of Def-
inition 8.1 and Proposition 7.7, the application of Remark 3.4 yields the asser-
tion. g

Proposition 8.14. Let n € N and (s;)3% € H_ 5, Then (s 1))J(: € Hq 2(n—1)"

Proof. The choice of (s;)" i=o0 particularly implies that s¢ is a non-singular and Her-
mitian matrix. Thus, in view of Definition 8.1 and Proposition 7.8, the application
of Remark 3.5 completes the proof. O

Proposition 8.15. Let n € N and (s;)32, € ’Hq>2°nd. Then (55«1))3(% Ve H?’;&_l).

Proof. Since (sj)j T € 'Hq o, holds, the application of part (b) of Lemma 3.2 gives
s§ = so. Hence, in view of part (a) of Lemma A.1 and Definition 4.1 we get

N(s0) = N(sh) = N(s§)-

Because of part (a) of Proposition 4.9 and Definition 4.5 we obtain in the case
n—1> 0 that

2(n—1)—1 2(n—1)—1
N(so) = ﬂ N(s m N(Sg-y-z) = m N(_3§'+2)-
=0 =0

Thus, in view of Definition 8.1 and Proposition 7.9, the application of Proposi-
tion 3.12 yields the assertion. O

In view of Definition 4.16 and Definition 4.5, the following example shows
that the first Schur transform of a sequence belonging to Dy ., or Dy, does not
necessarily belong to Dy ym—1 or Dy m—1.

Example 8.16. Let sg := I, 51 := Ogxgq, 52 := Ogxq, 83 := I, and s4 := Oyxq. From
Example 4.6 we know that (s;)j_o € Dg,4. Furthermore, in view of Definition 8.1
and Example 7.11, we have 8(()1) = Ogxq, sgl) =1I,, and Sél) = Ogxgq. In particular,

taking Definition 4.5 and Definition 4.16 into account we see that (sgl))?zo ¢ Dyo.

Now we will study the block Hankel matrices associated with the first Schur
transform of a sequence from CP*4,
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Lemma 8.17. Letn € N, and let (sj)?io be a sequence of complex p X q-matrices.
Let

1 1 n
HY) =[50, 00 (8.1)

and let G°_ be defined in (7.1). Then

(a) HY) = —(I, ® 50)Gh_1 (I @ 50).
(b) GE_) = (I, ®so>H“> (In @ s{).-
(c) rankHT(le = rankG%_,

Proof. The assertion of (a) is clear from Definition 8.1. Taking part (b) of Propo-
sition 4.9 into account part (b) follows from (a). Finally, part (c) follows by com-
bining (a) and (b). O

Now, for an arbitrary n € N, we consider a sequence (sj)?io € Dpxgan. We
are going to establish various multiplicative representations for the block Hankel
matrix H, (1) ; defined in (8.1). Before doing this we still need some preparations.

For each m € Ny and each sequence (SJ) o of complex p x g-matrices, let

A = (1 @ 50)Sh, + [Ins1 @ (I = s05})| (8.2)
and let

vm = SIn(Im-&-l ® 80) + |:Im+1 0y (I(I - SEL)SO):| ) (83)

where S, and S, are the block Toeplitz matrices given by (4.3) and (4.4), respec-
tively. The following result shows that under certain conditions the matrices A,,
and V,, belong to the sets £, ,, and 4, respectively, which are introduced in
Definition B.1.

Lemma 8.18. Let k € No U {+oo} and let (s;)5_g € Dpxq,s- For each m € Zo s,
then the matriz A, defined by (8.2) is a non-singular block Toeplitz matriz which
admits the p x p block representation

I, if m=0
[ 1, 0 0 0 0]
508" I, 0 0 0
A, = sosﬁ2 sosg I, 0 0 i m>0
sosgn 1 SOSE,L_Q SOSE,L_:,) 1, 0
sosgn Sosfn_l SOSE,L_Q sosg Ip_
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and which in particular belongs to £y, n, whereas the matriz V., defined by (8.3)
s a non-singular block Toeplitz matrix which admits the q x q block representation

1, if m=20
1, sﬁso sgso sfn_lso st so
0 I s§50 5%7250 5%7150
Vi = 0 0 I, ... 5%7350 5%7250 .
if m>0
o 0 0 ... I st s
100 0o ... 0 I, |

and which in particular belongs to g .
Proof. Use Proposition 4.14 and sg = S(T) which follows from Definition 4.1. O

Proposition 8.19. Let n € N and let (s;)32, € Dpxqan- Then the block Hankel

matric HT(BI defined in (8.1) admits the representations

HY, = (I, @ 50)8} 1 (Gn1 = y1nshz1,0)Sh_ (I @ s0) (8.4)
and
Hrflljl - Anfl(anl - yl,ns(];zl,n + anl;q, q)vnfl' (85)
Furthermore,
rank HT(BI = rank(Gr_1 — Y1.08021m + Tn_1:9.4)- (8.6)

Proof. Combining part (a) of Lemma 8.17 and part (a) of Theorem 6.13 we get
(8.4). Because of (s7)7% € Dpxgq,2n and Definition 4.16, we have
(Sj)?ial S ,Dp><q,2n71« (87)

From (8.7) and Proposition 4.14 we obtain then S] | = 8% | and S! |, =% .
Thus, taking Lemma 6.12 into account, we obtain

Sl—lrn—l;q,qgl—l = Ongsxcnp-
Hence, from (8.4) we get
HY, = (I ® 50)S]_1 (Gu1 = yrushzin + Tncrig, )Shoy (I @ 50). (8.8)

Because of (8.7), the application of Proposition 4.8 yields (I, — sosg))sj = Opxq
and s; (g — 5850) = Opxq for each j € Zg 2,,—1. Thus,

In & (Ip - 5052)) (Gn—l - yl,nsg)zl,n + Fn—l;q,q) = Onpan

and
(Gn—1— yl,nsgzlm +Thn-159,4) [In ® (Ig — S(T)SO)} = Oppxnq-
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Hence, using (8.8), (8.2), and (8.3) we obtain (8.5). Because of (8.7) and Lem-
ma 8.18 we see that the matrices A,_; and V,,_; are both non-singular. Thus,
from (8.5) we infer (8.6). O

Corollary 8.20. Letn € N and let (sj)?io € Dpxgq.on- Then the matriz H( )1 admits
the representations (8.4) and H,Sljl = A, 1(Gro1 — yllnsgzl’n)vn,l. Moreover,
rank HT(Ll_)1 = rank(Gp—1 — ylvnsgzl,n).

Proof. Because of (sj)?io € Dpxq,2n, we obtain from Remark 4.17 that (sj)?io €

ﬁpxq’gn, whereas Proposition 4.8 shows that I';,_1,4, ¢ = Onpxng. Hence, Proposi-
tion 8.19 yields the assertion. O

Corollary 8.21. Let n € N and let (sj)?io € ’Hizn. Then

H" | = (I ® 50)S},_1(Gn1 — y1.n521,0)(Sh_1)*(In © s0), (8.9)
HY ) = Ay 1 (Gt = y1nsbzin + Tnotig, o) A1, (8.10)

and
rank HT(BI = rank [Hn + diag(0ngxngs sosg)SQnsgso — S9,)| —ranksg.  (8.11)

Proof. From Proposition 4.25 we see that (s;)5, € Dy2n is valid. Part (b) of

Lemma 3.2 yields s7 =8 for each j € Zg—1. Thus (4.6) implies S,_; = S¥_;.
Hence, using part ( ) of Lemma A.1 we get (SIL D = (Sq )t = SIHI and
(sosg)* = (sg)*sg = (s§)Tsh = sg)so. Taking additionally into account (8.2) and
(8.3), we can conclude A% _; = V,,_1. Hence, application of Proposition 8.19 yields
(8.9), (8.10), and (8.6). Thus, using part (c¢) of Theorem 6.13 and Proposition 7.3,
we finally obtain (8.11). O

Corollary 8.22. Let n € N and let (s;)32, € ’Hq 4+ Then equations (8.9),
HY = Ap1(Goot = yinshzin) A1,
and rank Hél_)l = rank H,, — rank so hold true.

Proof. Because of Proposition 4.24 we have (s;)3%, € Dyxq,2n. Thus, Proposi-
tion 4.8 provides us 50585% sgso = 59, and consequently I'y,_ 1.4, ¢ = Ongxng- Hence,
the application of Corollary 8.21 yields all assertions. g

Now we prove an interesting recursion formula for the Schur transform of a
sequence (s;)5_g € Dpxq,n-
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Proposition 8.23. Let k € NU {400} with k > 2, let (s;)5_¢ € Dpxq,n, and let

(s§1))“ 2 be the first Schur transform of (85)5=q- For every j € Zo x—2, then
S9 — 515551 if 7=0
s = = ) -
J Sjto — sj+1s$sl - Z sj,ls(];sl if 7>0
1=0

Proof. If k < 400, then, according to [16, Remark 4.8], let (s;)32, ., be a se-
quence of complex p X g-matrices such that (sj);?io belongs to Dpxg,00. Moreover,

in view of Remark 8.2, if kK < 400 and if (s(-l));?‘io is the first Schur transform of

(55)320, then (s ;1))“ 2 is the first Schur transform of (85)5=0- Thus, it is sufficient

to consider the case K = +o00. Because of (s;)52) € Dpxg,00, the application of
Proposition 4.8 yields

S0shs; = s; and sj50s0 = s; for each j € No. (8.12)

From Definition 8.1, Definition 4.1, and (8.12) we get immediately s(()l) = 59 —
818881 and, for each j € N, in view of part (b) of Remark 8.5, furthermore

J+1 Jjt+1
S(l) = —S —STZS‘ Sn S = ZS‘ SﬁS
j 0 0 j+2-195] 0 j+2—-15750
=0 =0

Jj+1
= 5425050 + sj11(—shs1sf)s0 + > sj12-15]s0
1=2
j+1
=S40 — s]+1sosl +ZSJ+2 (= 5051( )258) 0.
1=2
Applying part (a) of Remark 8.5 completes the proof. O

Corollary 8.24. Let m € Z o and let (s;)72, € Dpsxgm- Then

sosg)stg)so - slsg)sl if m=2
sl = T
1= . .
Sm— sosésmséso — Spm— 18081 E Sm_2_ 15081 if m>2

Proof. Let t; := s; for each j € Zg ym—1 and let t; := sosgsmsg)so for j = m. Then,
because of (s;)7Ly € Dpxq,m, part (c) of Lemma 4.19 yields (¢;)7Ly € Dpxg,m-
Thus, applying Proposition 8.23 yields the assertion. g

We continue with some statements about the first Schur transform of infinite
sequences belonging to particular subclasses of H%OO

Proposition 8.25. Let (s;)32 be a sequence from CI*4. Let (55«1))]‘?';0 be the first
Schur transform of (s;)72,. Then:
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(a) If (5;)320 € HZoor then (s >)j ° eH
(b) If (sj)j 0 € 'quo, then (s

(c) Letn € No and let (sj)52, € Hq,oo be completely degenerate of order n. Then

(s

(
J
(1
J

)J o belongs to HZ . and is completely degenerate of order max{0,n—1}.

q,o0

Proof. (a) This follows from Remark 8.2 and Proposition 8.12.
(b) This follows from Remark 8.2 and Proposition 8.14.
(c) We first consider the case n = 0. Because of (2.1), we have then sy = Ogxq

(€]

which, in view of Definition 8.1, implies s, = Ogxq for every j € No. Thus,

(8§»1))?i0 belongs to H%oo and is completely degenerate of order 0. In the case

n > 0 the assertion follows from (a), Remark 8.2, and Proposition 8.15. O

Proposition 8.26. Let x € NU{+o00} and let (s;)3%, € 'y, Then the first Schur

transform (s (1))3(% b of (sj) o belongs to H*

q,2(k—1)"

Proof. Let n € Z; ,.. Then Remark 7.13 shows that (Sj)j "o € Hy'ap- Thus, part (b)
of Lemma 7.16 implies det(G,k ) # 0. Now, part (c) of Lemma 8.17 provides us
with det(Hlejl) # 0. This completes the proof. O

Now we want to show that the first Schur transform (s (1))5(% Y ofa sequence

(s5)5% € Hq 3. coincides with that sequence which was obtained in Chen/Hu [9]
by showing that a certain matrix has ¢ x ¢ block Hankel structure (see [9, p. 206—
207, formula (4.9)]). To realize this goal, we have to show that for certain matrices
built from (sj)?ﬁo the Moore-Penrose inverse coincides with the Drazin inverse.

If A € C*** is a square matrix, then by AP we denote the Drazin inverse of
A (see also Appendix A).

Lemma 8.27. Letn € N, and let (sj)j 2 € 'Hq % Then ST | =8P  and S | =
SP_ | where S,,_1 and S,_1 are defined in Notation 4.11.

Proof. From part (b) of Lemma 3.1 we see that (s;)32, is a sequence from C{ .

Hence, [16, Remark 4.12, part (a) and part (c)] shows that R(S,—1) = R(S%_;)
and R(Sp—1) = R(S}_;) hold. Thus, Proposition A.2 yields both assertions. [
Let n € N, and let (sj)j "y € HE

admits the representation (8.9), whereas Lemma 8.27 shows that Sl_l =

7 5+ According to Corollary 8.22, the matrix

HY

n—1
SP and S!_, = SP | hold. In view of part (b) of Lemma 3.1, the sequence
(s7)52 consists of Hermitian matrices. Thus we see from (4.6) that S, 1 = S7_;.
Hence, from part (a) of Lemma A.1 we get

S =S8, = (S, = (S)-0)"
and, according to (8.9), then

HY) = (I, ® 50)SE 1 (Gt = y1.m5h21.0)S8_1 (I @ 50). (8.13)
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Thus, we see that the block Hankel matrix H,, (1 )1 coincides with the matrix which

occurs in formula (4.9) at p. 206-207 in the paper of Chen/Hu [9]. This means that

the sequence used by Chen and Hu is exactly the first Schur transform (s (1)) J( 0 2

of (s;)32, because Chen and Hu obtained the sequence (8§ ))2(n b by proving
that the matrix defined by the right-hand side of (8.13) has ¢ x ¢ block Hankel
structure. Their proof is based on a regularization procedure in connection with the

application of results due to Gekhtman/Shmoish [17] on generalized Bezoutiants.

9. A Schur-type algorithm for sequences of complex
P X g-matrices

The Schur-type transform introduced in Section 8 generates in a natural way a
corresponding algorithm for (finite or infinite) sequences of complex p x g-matrices.
The investigation of this algorithm is the central point of this section.

First we are going to extend Definition 8.1. Before we do that, let us note the
following. If k € NoU {+00} and if (s;)%_ is a sequence of complex p x ¢ matrices,

then let 8§ ) = s; for each j € Zg,, and we will call (s §»O))j:0 the Oth Schur
transform of (sj);«‘:o. Now we define, recursively, the kth Schur transform.

Definition 9.1. Let x € No U {400} and let (s;)5_, be a sequence of complex

p X q matrices. For each k € N with 2k < k, the first Schur transform (s (k));‘ OQk

of (s; (e 1))'; g(k Y is called the kth Schur transform of (85)5=0-

Remark 9.2. Let k € No U {400} and let (s;)5_, be a sequence of complex p x g-
matrices. Let k,I € Ng be such that 2(k 4+ 1) < x. Then from Definition 9.1 it is
immediately obvious that the (k +{)th Schur transform of (s;)5_, is the Ith Schur

transform of the kth Schur transform (s gk)); 2k of (85)5=0-
Now we are going to study the Schur-type algorithm introduced in Defini-
tion 9.1 for sequences belonging to ’HiQn and its distinguished subclasses and

furthermore for the class Hy'5,,.
Proposition 9.3. Let n € Ny and let (sj)fno be a sequence from C9*1. Let k € Zo

and let (s (k))Z(n ") be the kth Schur transform of (SJ) . Then:

(a) If ()22 € Hyan, then (7)™ € M2, .
(b) If (57)22 € M7y, then (s8)U0H € 1z,
(c) I <sj>j 0 € ;;,f, then <s§k>>2<” Denzy
(d) If (5,3 € Ha, then (s8)2000 ez,

Proof. The assertions of (a), (b), (c) and (d) follow by induction from Remark 9.2,
Proposition 8.12, Proposition 8.14, Proposition 8.15, and Proposition 8.26, respec-
tively. O
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Proposition 9.4. Let m € No, let (s;)]L, € HZyw, let k € Ny be such that 2k < m

holds. Then the kth Schur transform (s (k));" o2 of (85)7 belongs to H(I_}Z ok -

Proof. In the case m € {0, 1} the assertion is obvious and in the case m € Zy 4
it follows by induction from Remark 9.2 and Proposition 8.13. O

Proposition 9.5. Let (s;)72, be a sequence from C*4. Let k € Ny and let (s; ))}?io
be the kth Schur transform of (s;)3<y. Then:

(a) Let (s;)320 € HZoo- Then (s\)20 € HZ

(b) Let (57)520 € H oo Then (s >)J 0 €M

(¢) Letn € Ny and let (8)520 € HZ ., be completely degenerate of order n. Then
(553

(d) Let (Sj)j:O € H . Then (s § ))J 0 € Hywo

)J o belongs to ’H oo and is completely degenerate of order max{0,n—k}.

Proof. The assertions of (a), (b), and (c) follow by induction from Remark 9.2
and parts (a), (b), and (c) of Proposition 8.25, respectively. Furthermore, the
application of Proposition 8.26 yields (d) by induction. O

The following result is some generalization of Remark 8.4.

Proposition 9.6. Let k € Ny U {400} and let (sj)5=0 be a sequence of complex
p X g-matrices. For every k € Ny with 2k < k — 2, every |l € N with 2l < k — 2k,
and every j € Lo —2(kt1), then N(s(()k)) C J\/’(s;kﬂ)) and R(s;kﬂ)) C R(sék)).
Proof. Let k € Ny with 2k < k — 2 and let [ € N with 2] < k — 2k. Then we have
—2(k+1—1) > 2. Hence, keeping Definition 9.1 in mind, the application of Re-
mark 8.4 to the sequence (s § = 1))';_2(k+l Y vields ./\/’(sékﬂ_l)) C N(syﬁ_l)) and
R(s§-k+l)) C R(s(()k+l_1)) for every j € Zg —a(k+1)- Thus, it is sufficient to show the
inclusions AV'(s{) € N(sSFTY) and R(s$T) € R(s). However, because
the case [ = 1 is trivial, thebe inclusions follow by induction using Definition 9.1
and Remark 8.4. O

It should be mentioned that the following important special case of Proposi-
tion 9.6 was already obtained with different methods by Chen/Hu [9, Theorem 3.9].

Proposition 9.7. Let n € N and let (s;)32, € ’Hq 5. Then R(sékﬂ)) - R(s(()k))

and in particular rank sé +1) < rank sé ) for each k € Zo p—1.
Proof. This is an immediate consequence of Proposition 9.6. O

Note that the example s = 0,51 = 0, s2 = 1 shows that there is a sequence
in 'Hl 2\ 'Hl 5 which fulfills R(sgo)) C 7'\’,(5(()1)).
The focus of our next considerations can be described as follows. Let n € N,

let (s5)3% € q>29;7, and, for each k € Zg, let (sgk))f %ﬁk) be the kth Schur

transform of (SJ) - Then we want to show that, for each k € Zg ;,, the matrix Ly,
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introduced in (2.1) fulfills Ly, = s; (®) The main idea to realize this plan is to apply
Lemma B.5 in an appropriate way. More precisely, we will determine matrices F,,
and W, belonging to the multiplicative group il ,, introduced in Appendix B such
that the block Hankel matrix H,, admits the block diagonalizations

Fr H,F, = diag(Lo, L1, ..., L) (9.1)

and
W2 H, W, = diag(s\",s{", ..., siM). (9.2)
After realizing this goal the application of Lemma B.5 will bring the desired result.

Concerning the first block diagonalization (9.1), the following result was ob-
tained in [15, Proposition 4.17].

Proposition 9.8. Let n € N and let (s;)3%, € Hign. For each k € Zy , let

| kg —H;Llyk-,zk—l
Fii= {qukq I
and let
_— {diag(Fk,I(n_k)q) ifk<n-1
K F, if k=n
Furthermore, let
Fpi=FpnFn 10 Fin,
and let F,, = (IF(”))J wepo be the g x q block partition of F,,. Then:
(a) The matriz F,, belongs to the set i, which is defined in Appendiz B.
(b) Ln_1F, = My — 521
(¢) F*H,F,, = diag(Lo, L1,...,L,).

After having determined some matrix F,, € il ,, satisfying (9.1) we will now
construct a matrix W,, € £,, which fulfills (9.2). More precisely, the desired
In the

case (s;)5 € ’quzn, the situation is more delicate as the following result shows.

factorization (9.2) can be obtained only for a sequence (83)3 o € Hq o

Pr0p051t10n 9.9. Let n € N and let (s;)32, € ’Hq on- For each | € Zgp—1, let

(s y))J 0 ) be the Ith Schur transform of (s;)5%. For each k € Zy n, let the block

Toeplitz matrix S ) be defined by

sénik) Ogxg  Ogxq -+ Ogxq

sh) gk Ogxg -+ Ogxg

1 0
n— n—~k n—=k n—=k
S](Cilk) = sé ) 8(1 ) Sé ). Ogxq
(k) (oK) (k) _(nk)
i 51_o 5)_4 S S
and let (n k) (1)
ylnk = COI( " )j 1
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Further, for each k € Z 4, let

I, Ogxkq
— n—k n—k n—k nok
V= | (e sy ST e s )
xyin k)( (n— k))T (e ® [, _S(n k)(s(()n—k))T])

and

Vk,n =

diag(I(nfk)qv Vk,n) Zf k<n-1
Vn,n Zf k =N ’

LetV, :=V1,Va -V, , and let V,, = (Vl(;?)l m—o be the q x q block partition
of V.. Then:

(a) The matriz V,, belongs to the set £, which is defined in Definition B.1.
(b) Vil = g 56" (57"
(c)

V. H,V;

. 0 (n N 4 4 ,
= diag sé),so ooy S )+Z{2(n —i sgj)(sgj))Tséj()n_j)(séj))Ts(()J)}

(d) Let (s5)32 € HZF . Then V, H, V¥ = d1ag(80 Y. s (1), 3(()n))-

q,2n*

Proof. Because of part (a) of Proposition 9.3 we have (s § ) 2k € Hi% for every
(n—

k € Z1 n, which, in view of Proposition 4.25, implies ( ) Eo S 'Z’quk for every

k € Z 5. Keeping Definition 4.16 in mind, we obtain

(8§n7k))?ial € Dy 2k-1 for every k € Z . (9.3)
Hence, from Lemma 8.18 applied to the sequence (sg ))3’“0 we see that

Vin € £gn for each k € Z1 . (9.4)

(a) This is an immediate consequence of (9.4) and part (a) of Remark B.2.
(b) For each k € Zj , let Vi, = (Vl(k n))l m—p be the ¢ x ¢ block partition

of Vi n. Recalling Definition 4.1, we get
V(l n) (I ®S(n 1))(5(71 1))T (n 1)( én—l))f
n—1 n—1 n—1 n—1
DD )T (95)

n— n—1 n— n—1 n— n—1
I G e C AR
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In the case n = 1 we can easily see that (V(n))l 0 = (V(n n))l m—o and, in
view of (9.5), consequently

n,n 1,n n— n—1 ] ]
Y, =V = I = 00

Thus, if n = 1, then (b) is verified. Now let n > 2. For each k € Z; , let V. ,, =

(V(k n))l 'm—o be the g x g block partition of Vy . Because of (9.4) and part (a)
of Remark B. 3, we have

n) = (k,n = k,n
Vn, -1 = Zvnn )1 ka(,kf)l (96)
k=1 =

In view of (9.3), the application of Lemma 8.18 for every k € Zs ,, to the sequence
(8§»n7k))2k ! yields
Vk(lzf)l = s(()n_k)(sgn_k))ﬁ for each k € Zs 5. (9.7

From (9.6), (9.5), and (9.7) we conclude that

n n—1
k,n n— k: n—=k) j j
ka(k =3 s = 3 s (s,
= k=1 Jj=0

Thus part (b) is also checked for n > 2.

(c) Because of (s;)32 € ’Hq an» Part (c) of Lemma 3.2 implies N(sg) € N (s;)
and R(s;) € R(so) for every j € Z; ,,. From (2.2) and parts (b) and (c) of Lem-
ma A.1 we obtain that

[0 @ (s050)] 1.0 = 1.0 (9.8)

yllnsgso =Yin and sosgzl,n = Z1,n. (9.9)

In view of (8.2) and (9.8) we get
Anflyl,n = ((In & SO)SILf] + In & (Iq - SOS(];):|) Yin = (In ® SO)Slflyl,Wu

Hence, taking additionally (8.2) into account once again, we can conclude
Vn,n = Vnn
_ Iy Ogxng
—(In® SO)SL—lyl,nsg) (In® 50)8271 + [ ® (I — 5058)] (9.10)

I 0gxnq : { I qunq}
= = diag(l,, Ap— .
[—An_1y1,nsg Ap_1 8Ly ) —yLnSg Ing
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Using (9.10), (7.2), and (9.9) we obtain

1 0 S z
Vn an =di 1 ,An— : ? xnd 0 Lo
" lag( e 1) |:_y1,n50 Inq Yin Gn-1

. S0 Z1,n
= diag(l,, Ap—1) - ’ 9.11
alls 2 {—yl’nsg)so +Y1n —y1,n8821,n + an ( )

_ |: S0 Z1,n :l
anxq An—l(Gn—l - y1,n8821,n) '

Because of (sj)?zo € 7—[;2”, part (b) of Lemma 3.2 implies s

J € Zo . From part (a) of Lemma A.1 and (2.2) we see that

*

7 = s; for every

(—y1nsh)" = —(0) vt = — ()W} 0 = —sb21m.

Hence, in view of (9.10), we get

_ ot
Ve [ Iy Sozlvn} - diag(L,, A _,). (9.12)
" 0'qu><q Inq )
Since (s;)32, belongs to ’Hizn, Corollary 8.21 yields (8.10). From (9.3) we have
(sj)?zal € Dy 2n—1. Thus, using Lemma 8.18, we see that
An_1 € Lqn (9.13)

which in view of part (c¢) of Remark B.2 implies Af_; € 8 ,—1. Let I'y_1.4. 4 be
defined via (6.61). Then taking additionally into account (9.13), and Definition B.1
we obtain A,_1T, 1.9, ¢A_; = T'_1,4 4. Hence, in view of (8.10), we conclude
that

Hél—)l O A Y (E yl,nsg)zl,n)A:,—l- (9.14)
Using (9.11), (9.12), the second equation in (9.9), (9.14) and (6.61), we see that

Vo HoVE

S0 Z1,n Iq —S(];Zl n:| . *
= - diag(Ly, A)
|:0nq><q Anfl((;nfl - yl,ns(];zl,n):l |:0q><nq Inq g( 1 1)

T
= | % TH080PLn A } - diag(I,, A 9.15
|:an><(1 An—l(Gn—l - yl,nsg)zl,n) g( o nil) ( )

= dlag (SOa Anfl(CTY'nfl - yl,nsg)zl,n)Azfl) = diag(807 H»,(Ll,)1 - anl;q,q)
= diag(sy”, H{",) + diag (Ongsng st — 58 (s8) 50 (5675 )

Because of (8.1), in the case n = 1 formula (9.15) shows that part (c) is proved.
Now we consider the case n > 1. Then, in view of our considerations above, there
is some m € Zs ,, such that the assertion stated in part (c) is true for n =m — 1.
We argue inductively and check that part (c) is valid for n = m as well. Clearly,
2n A ;
(55)5%0 € Hy o, implies
(sj)2m € H (9.16)

q,2m-
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Let §; := sg-l) for every j € Zo 2(m—1)- In view of (9.16) and Proposition 8.12, we
obtain that

~ \2(m—1 >

(37 e He o(m—1)- (9.17)

Keeping Remark 9.2 in mind and using obvious notation, we see that Vk,m,l =
Vi,m holds for every k € Zy ,,—1. Hence, it is readily proved that with obvious
notation

Vo = diag(ly, Vin—1) - Vinm (9.18)
holds. In view of (9.16) and (9.15), the same reasoning as above leads us to
Vo Hn Vi 1

9.19
g2, 1)+ ding (g 8, — 0 GO0 0) 10

Furthermore, because of (9.17) and our assumption that part (c) is valid for n =
m — 1, with obvious notation we have

Vo1 Hyp 1Vm | = diag (soo), 8(()1), e §ém72),

m—1 k ~(k) /1 ~(k ~(k ~(k ~(k
5 >+Z (3801 = 367G 50, G )

which, recalling Remark 9.2, implies

‘S/mle(l) V:n 1—Vm le 1Vm 1
= diag (581)7 séz), e sém_1)7
m) (k+1) (k1) (k+1)\t (k+1) NS, (k+1)
+Z|:2(m 1-k) — S0 (s0 )s S2(m—1— k)( )'s })
m—1
. 2 m j j j
= diag sé ),8(() ). .,sé )+ Z [sgj()m_j) - ng)( (J))ng(zn (s éj))ngj)]
j=1

(9.20)

Because of (9.17) and part (a), we have V,,,_; € £, 1. Consequently, the matrix
diag(ly, V,—1) belongs to £4.,, which in view of part (c) of Remark B.2, shows
that diag(I,, V¥,_1) € Ug.m. Thus, we obtain that

Aingy, V—s) -0 (O 52, — SO () 2O - iog(Fy T 1)

. 0 0 0 0 0 0
= diag (Omgxmar ston — 58 (87 55 (567154 (9.21)
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Hence, using (9.18), (9.19), (9.21), and (9.20), we conclude that
Vi Hy V3, = diag(Iy, Vino 1) Vinm Hi Vi, diag (Lo, Vi, )
= diag(1,, V1)
[l 22, + g (Omgron 52 — 0 ) 615
x diag(I,, V¥, )
= diag(sy”, Vi1 HY,) V5, _1) + diag (Omgmas s — 56 (s8”) s (s67) st
_diag [ 50,50, s 13 1[ O =DV, s]

52(m—j)
7=0

Hence part (c) holds true in the case n = m as well.

(d) Let j € Zon—1. In view of (sg), € Hq 5., the application of Propo-
it folde (@))2(n=3)
sition 9.4 yields (s;”);0, 7 € ’Hq S(n—i)"

(Sl(cj))i(:nofj) belongs to Dy q.2(n—j)- Hence, from Proposition 4.8 we infer

Then, Proposition 4.24 implies that

s =)D ().

Thus, the application of part (c) completes the proof. O

Since the sequence (s, (k )) r—o coincides with the sequence defined by Chen and
Hu [9, formula (4.9) at p. 206-207], we see that in the special case (s;)3%, € Hq o
the block diagonalization of H,, which is contained in part (d) of Proposition 9.9
corresponds to the block diagonalization of H,,, which was attained in Chen/Hu [9,
Theorem 3.9].

Proposition 9.10. Let n € N and let (s;)3%, € ’H[IZ Then Ly = s; (k) for each

2n
ke Zoﬁnfl and
_ SO +Z { (J)n B Séj)( (J))Tséj()n J)( (]))T (J)} )

Proof. According to parts (a) and (c¢) of Proposition 9.8, we have
F, € $gn (9.22)

and
F; H,F, = diag(Lo, L1, ..., Ly). (9.23)
From part (a) of Proposition 9.9 and part (c¢) of Remark B.2 we infer that

VE € U, (9.24)
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whereas part (c) of Proposition 9.9 yields

(V3 Ho V3,
. 0 () n N A A ,
= diag sé ), 8(() yeees S )+ Z { 85(n—j) sgj)(sgj))Ts;j(zkj)(séj))Ts(()J)}
(9.25)
Hence, application of part (a) of Lemma B.5 completes the proof. O

Corollary 9.11. Let m € No and let (s;)jL, € HzZe. Then Ly = sék) for each
k € Ng with 2k < m.

Proof. If m = 2n with n € No, then we choose matrices s9,+1 and So,12 from
C?%4 such that (sj)fn?)'z € ’Hq onto- If m = 2n + 1 with some n € Ny, then we
choose a matrix sg,+o from C?%9 such that (SJ)2”+2 € Hq ong2- Consequently, the

assertion follows by applying Proposition 9.10 to the sequence (s;) j”+2 and taking

Remark 8.2 into account. O

Proposition 9.12. Let n € Ny and let (sj)fno € Hq o
(s (k))i(% ") be the kth Schur transform of (SJ) . Then

rank H, = Z rank sék).
k=0

For each k € Zo,, let

Proof. The case n = 0 is trivial. We now consider the case n > 0. Because of
(s5)32 € Hq 5y, we have (s;)5%, € H[IZQW From [12, Remark 2.1 (a)] we get that
rank H,, = Y _,_, rank L;. Hence, Corollary 9.11 yields the asserted equation. [

An alternate approach to Corollary 9.11 which is based on orthogonal matrix
polynomials can be found in Chen/Hu [9, Lemma 4.6, formula (4.22)].

A closer look at Proposition 9.10 shows that the sequence (sék))ﬁzo is the
part (Dy)p_, of the canonical Hankel parametrization [(Cy)7_,, (Dk)j_,] of the
sequence (sj)j T € 'Hq on- Now we want to show that the remaining part (Cy)7_,
can also be described in terms of the sequences of Schur transforms of (sj)?io.
Our strategy to realize this aim is as follows. We take into account that the part
(Cr)g_; of the canonical Hankel parametrization of (s;)32, is described in terms
of the matrices Ay defined in (2.5). Then we will apply [12, Lemma 3.14] to get
the identity

Ap = My + Li LT (sox — My_1),

where the matrices My_; and M) are defined via (2.4) and (2.6). To generate
the desired connection with the sequences of Schur transforms of (sj)?ﬁo, we are
looking for an expression of the difference so;, — My_1 in terms of the sequences of
Schur transforms of (sj)?zo. Following this plan, we are led to the following result

which is, by itself, of interest.
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Proposition 9.13. Let n € N and let (sj)z’7 Lenz Then

q2n1
My _1 — sop—1 = an ﬁ(J)

Proof. The starting point of our proof consists of the block diagonalizations of
H,, obtained in part (c) of Proposition 9.8 and part (c) of Proposition 9.9. The
crucial step of the proof is then the application of part (c) of Lemma B.5. Using
Proposition 9.8, Proposition 9.9, Remark B.2, and the notation given there, we
get that (9.22), (9.23), (9.24), and (9.25) are satisfied. Let

Fu=Fp)imeor Vo= (Vip)imeo  and V= (WD,

lm n lm

be the ¢ x ¢ block representations of F,,, V,, and V¥ respectively. From (9.22),

(9.24), (9.23), (9.25), and part (c) of Lemma B.5, we see that
L F(”) _ Ln 1w(”)

n—1l,n — n—1,n"

(9.26)

Now we will study both sides of (9.26) separately. Since (s;)32, belongs to H=
application of part (b) of Proposition 9.8 provides us with

n—1,n

q,2n>?

- Mnfl — S2n-—1 (927)
whereas part (b) of Proposition 9.9 yields

*
n—1

W;n)l . V(n * Z S(J) (J) _ |:(Sg]))ﬁ:| (S(()J))* (928)

nnl

I
<

J
2(n—k)—1
(9)2n=t)=1 o
longs to H(IZ’;(H k-1 Consequently, from part (b) of Lemma 3.1 and [16, Propo-
sition 5.16] we conclude that (s (k)) Sgk) and [(sgk))ﬁ]* = (sgk))lj are fulfilled for

each k € Zy n—1, respectively. Hence (9.28) provides us with

Because of Proposition 9.4, for each k£ € Zg ,—1 the sequence (

n—1
Wi = D () sy (9.29)
7=0
and, by virtue of (9.27), (9.26), and (9.29), the proof is complete. O

Now we are able to prove the first main result of this section.

Theorem 9.14. Let n € N, let (s;)7, € HZ,,,, and let [(Ck)z 1, (Di)i_y] be the

canonical Hankel parametrization of (s; )j:O' Then Cy, = 51 -b for every k € Zq y,

q,2n’
Dy = s(()k) for every k € Zon—1, and

_ So ) 4 Z { (J)n K —séj)( (J))T (J()n J)( éﬂ))‘rs(()ﬂ)}. (9.30)
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Proof. From Proposition 9.10 we get

Dy =Ly = sék) for each k € Zon—1 (9.31)
and
D, — So ) 4+ Z [ (J)n K —séj)( (J))T (J()n (s (()J))Tséj)]

It remains to prove Ciy1 = 57 ) for each k € Z¢ 5,—1. In the case k = 0 we have
Ck+1 = Cl =81 — A() = 81 = Sgo) S1 ).

If n = 1, then the proof is complete. Now we suppose n > 1. We consider an arbi-

trary k € Z1 p—1. In view of part (a) of Proposition 9.3, the sequence (sgk))i(% ¥)
belongs to 7—[(122@7,6). Consequently, from part (c¢) of Lemma 3.2 and parts (b)
and (c) of Lemma A.1 we get

s(k)(s(k))Ts(k) = s(k) and sék) (sék))ngk) = sgk). (9.32)
and k € Z1 -1, we have
(8])] 0 € Hq 2k (9.33)

Hence, [12, Proposition 2.13] yields N (Li—1) € N(Lj). Taking into account
part (b) of Lemma A.1, we conclude that

LyLl  Ly_1 = Ly. (9.34)

Because of (s;)3%, € ’Hq on

Because of (s;)5%, € H;Zn and k € Zq,n—1, we get (sj)?fo_l € ’Hq 454 for each

m € {k,k + 1}. Consequently, Remark 4.2 and Proposition 9.13 yield

m—1
My—1 — Som—1 = Lim_1 Z (sgl))usél) for each m € {k,k + 1}. (9.35)
1=0
In view of (9.33) and [12, Lemma 3.14], we obtain
Ap = My + Ly Ll (sop—1 — Mi_1), (9.36)

where Ay, is defined in (2.5). From (9.32), Definition 4.1, (9.31), (9.34), (9.35) and

(9.36) we get that
k k), (B)\t (k) (k k k k)t (R) (K k
o = A NP = o) [ ]

k—1 k
k k k k k l l l l
—s ()80 = — Ly ()l = L S (05 — L (5Pl

k

k—1
= LkLLlLk_l Z(sgl))usél) — Ly Z(Sgl))us(()l)

1=0 1=0
= Ly Ll (My—1 — sop—1) — (My — sok41) = sok41 — Mg = Crr.
The proof is complete. O
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For the subclass ’H 5, of 'Hq 9> the interrelation between the canonical Han-
kel parametrization and Schur transform can be simplified:

Theorem 9.15. Let k € NU {+oo} and let (SJ)%O € 'H—’e Then

[ )y (5870

is the canonical Hankel parametrization of (s;)? Zo-

Proof. We choose matrices so,4+1 and Soy,42 such that (sj)2n+2 S 'Hq>2n+2. Then
the assertion follows by applying Theorem 9.14 to the sequence (s;) J”H and taking

Remark 8.2 into account. O

Now we characterize the membership of a finite sequence (s;)3% € Hq on b
the class H_,,, in terms of the sequence of its Schur transforms.

Proposition 9.16. Let n € Ny and let (s;)3%, € H(IZ% For each k € Zg, let
(s§-k))?(:767k) be the kth Schur transform of (s;)3%,. Then:
(a) If n =0, then rank H,, = ranks(()n Afn> 1, then

n—1
rank H,, = Z rank s(()k)
k=0

—|—rank< +Z SéJ(L - 0 ( ())’rSéJ(Z7 J)(S(()J)) ()]>.

(b) For all k € Zo,y,, the matriz sék) is non-negative Hermitian.
(c) The following statements are equivalent:

(1) (SJ)j =0 € Hq 2n*

(ii) For all k € Z¢ p, the matric sék) is positive Hermitian.

(iii) The matriz 8(()”) is mon-singular.

Proof. (a) In view of (1.2), the case n = 0 is trivial. We now consider the case n >
0. Because of (s;)3, € Hign and [12, Remark 2.1 (a)], we have then rank H,, =
ZZ:O rank L. Using Proposition 9.10 we obtain the asserted equation.

(b) Follows from part (a) of Proposition 9.3 and part (a) of Lemma 3.2.

(¢) “(i)=(i1)”: In view of (1.2), the case n = 0 is trivial. Now we consider
the case n > 0. In view of (i) part (d) of [12, Proposition 2 30] yields Dy, € C%*?
for every k € Zo n. Because of (i), we have (s;)32, € H 2 Thus, Theorem 9.15
implies (s (k ))k o = (Dr)p_,- Hence, (ii) holds true.

“(il)=(1)”: Keeping part (a) in mind, from (ii) we obtain

rank H,, = Zrank s(k) (n+1)q
k=0

which, because of (s;)5%, € HZ, , is equivalent to (i).

q,2n?
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“(ii)=-(iii)”: This implication is obvious.
“(iii)=-(i1)”: This follows from Proposition 9.7 and part (b). O

Now we characterize the membership of sequences (s;)52, € ’H(%OO to the
class ’H> cdm ip terms of the sequence of its Schur transforms.

Proposition 9.17. Let (s;)72, € H%oo and let n € Ng. Then the following state-
ments are equivalent:
(i) (s5)520 € Hzsh™

(ii) Sén) = Ogxq-
(iii) s;k) = Ogxq for each integer k > n and each j € Np.

Proof. (i) (ii)”: Since (s;)52, belongs to HZ ., we have (s5)5%0 € Hy 2 Hence,
the equivalence of (i) and (ii) is an immediate consequence of Corollary 9.11.
“(ii)=(iii)”: Because of (s;)52, € HZ,, and part (a) of Proposition 9 5 we
have (s§n))j:0 € Mz .- Hence, part (d) of Lemma 3.1 yields N(S(()n)) C N( ) for
every j € Ny. Furthermore, Proposition 9.6 provides us with A/(s\" s ) - N( gk))
for every k € Zn11,00 and every j € Ny. Thus, in view of (ii), then (iii) holds.
“(iii)=-(i1)”: This implication is obvious. O

The following result shows how the canonical Hankel parametrization of the

Ith Schur transform (s ;l))?(no D of a sequence (s5)3% € 'H;Qn is related to the

canonical Hankel parametrization of (sj)?zo.

Theorem 9.18. Let n € Zg o, let (SJ)Q"O € Hq on, and let I € Zip_1. Let
(Cr)i_ys (Dr)i_o] and [(C’,gl))z L (D(l))" U] be the canonical Hankel parametriza-

tions of (sj)?io and (sg-l))?(:% b respectively. Then
C,il) = Clyk for every k € Zy p—i,
D,(Cl) = Diyg for every k € Zy pn—1-1
and
-1
!
D= 2= 5 [~ ]
§=0

Proof. Because of part (a) of Proposition 9.3, we have (s (l))i(% e 7—[

5j
Hence, the application of Theorem 9.14 to the sequence (s ; ))?(no D yields

C,Sl) (sgl))(k_l) for every k € Zy p—i, (9.37)
D(l) (sél))(k) for every k € Zo p—i—1, (9.38)
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and
D,
_ (S(l))(n )
n—i-1
> ( ) = (0 [)O] () [60] (sé”ﬂ”) .
(9.39)
Since (s;)32, belongs to ’Hq o, and from Theorem 9.14, we see that
Cr = sikil) for every k € Z1 ., (9.40)
Dy = sék) for every k € Zo p—1, (9.41)
and
_ So ) 4 Z { (J)n K —séj)( (J))T (J()n J)( éj))fs(()j)}. (9.42)

From Remark 9.2, (9.37), (9.40) (9.38), (9.41), (9.39), and (9.42) we conclude that

C,gl) = (Sgl))(kfl) (l+k b = Cisk for every k € Z1 p—i,
D,(Cl) = (s(()l))( ) = (l+ ) — =Dk for every k € Zo n—1—1,
and
n—i—1
D;f)_l :S(gm + Z [él(ZT)z . (l+r)( (z+r))1 éz(zr)l r)( (()l+r))’rsél+r)
it
= s{™ +3 { éil K ng)(sgj))fséizﬂ)(séﬁ)fs(()j)}
L
-D, — [s;j&,j) _ ng)(s(()j))Tséj&ij)(S(()j))TS(()J’)] .
j=0
The proof is complete. O

The following two theorems indicate that, in the case of sequences (s; )?”0 €

’Hi’;; or (s)32, € Hq 0 the canonical Hankel parametrization can be considered
as a Schur parametrization with respect to the Schur algorithm constructed in this

section.

Theorem 9.19. Let n € N, let (s;)32, € 'Hq oms and let [(Cr)i_y, (D)) be the

canonical Hankel parametrization of (sj) . For each | € Z1 n—1, then the pair

)2(77, l) .

[(Crir) i, (Diy)R=l] is the canonical Hankel parametrization of( =0
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2n+2

Proof. Let the matrices sa5,41 and So,42 from C2*9 be chosen such that (sj)j P
;2n+2 Then applying Theorem 9.18 to the sequence (sj)2”+2 and taking Re-
mark 8.2 into account we obtain the assertion. O

Theorem 9.20. Let (s;)32, € HZ . For each k € Ny denote by (s;k));?‘;o the kth
Schur transform of (sj)32y. Then:

(a) Let [(Ck)7Zy, (Dr)ilo) be the canonical Hankel parametrization of (s;)52-

For each 1 € N then [(Ci11)72 1, (Di4k)72,) is the canonical Hankel parame-

o 0)
trization of (s;”)5%-

(b) For all k € No, the matriz sék) is non-negative Hermitian.
(c) The following statements are equivalent:

(i) (55)520 € Hi oo

(ii) For all k € Ny, the matriz Sgk) is positive Hermitian.

(iil) There is some n € Ny such that for all k € Ny with k > n the matriz

Sgk) is non-singular.

Proof. The combination of Theorem 9.19 and Remark 8.2 implies (a), whereas the
assertions of (b) and (c¢) follow from part (b) and part (¢) of Proposition 9.16,
respectively. O

Proposition 9.21. Let k € NU {+o0}, let (s;)52, € Hq o let 1 € Lo —1, let

(s (l)) ) be the lth Schur transform of (s;)32o and let [(Cy)i—,, (Di)ji—o] be the
canomcal Hankel parametrization of (sj)J 0-
equivalent:

Then the following statements are

(1) sél,z 1 = Ogxq for each k € Zq 4.
(ii) Ck = Ogxq for each k € Zit1 -

Proof. In view of part (a) of Proposition 9.3 and part (a) of Proposition 9.5 we
have (s (l))z(K De 7—[{1—2(5 )- Now the assertion follows from [15, Proposition 2.14,

Proposition 2.17] and Theorem 9.18. O

Now we compute the Schur transforms of two classical Hankel positive definite
number sequences.

Ezample 9.22. Let (v,)5% be the sequence of Catalan numbers, i.e., v, == 1, &)
for each n € Ny. Then the sequence (Sj)?io given for every j € Ny by s; := vj11
belongs to Hfoo. Indeed, s; = [, 7 p(dt) where pu: Br — [0,400) is defined by
p(B) := [ hdA, where X is the Lebesgue-Borel measure defined on Bg and where
h: R — [0,+00) is given by

O
0 if teR\(0,4]
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(see [26, Formulas (11) and (12)]). Furthermore, in view of Definition 4.1, the re-
currence formula v, = Z?‘:_Ol Y1¥n—1—1, which holds for each n € N, Definition 8.1,
Definition 9.1, and Theorem 9.15, one can easily check that the following state-
ments hold:

(a) sg =1, s’i = —2, and sg = —v;_1 for each integer j with j > 2.

(b) (sgr));?‘;o = (7j+1)j%0 and in particular sér) =1 and SY) = 2 for each r € Ny.

(¢) [(2)%Z1, (1)3,] is the canonical Hankel parametrization of (s;)32.
In view of (c), we see that [15, Proposition 2.15, part (c)] implies that (s;)%2,
belongs to H7 .

Ezample 9.23. Let (m,,)22, be the sequence of Motzkin numbers, i.e.,

N i (-3)7 (2j> (2<n +2 —j))

22045 Lo (2j —DR(n+2-7) ~Y\j )\ n+2-j

for each n € No. Then the sequence (s;)32, given for every j € Ng by s; := m;
belongs to HEW. Indeed s; = [, t/p(dt) where p: B — [0, 400) is defined by
p(B) == [ hdX, where X is the Lebesgue-Borel measure defined on Bg and where
h: R — [0,+00) is given by

A VB-ta+t if tel-1,3
= {(2) if teR\[-1,3]

(see [31, A001006]). Moreover, in view of Definition 4.1, the recurrence formula
My = Mpy—1 —&—Z?:_OZ mymy—2—; which holds for each n € Zs o, Definition 8.1, Def-
inition 9.1, and Theorem 9.15, one can easily check that the following statements
hold:

(a) sg =1, s’i = —1, and sg = —my;_o for each integer j with j > 2.

(b) (sy))?io = (m;)32, and in particular s(()r) =1 and SY) =1 for each r € Ny.

(c) [(1)72;, (1)7%] is the canonical Hankel parametrization of (s;)32.
In view of (c), we see that [15, Proposition 2.15, part (c)] implies that (s;)52,
belongs to 'Hioo.

10. Recovering the original sequence from the first Schur
transform and first two matrices

The considerations in Section 8 suggest the study of a natural inverse question
associated with the first Schur transform of a (finite or infinite) sequence of complex
p X g-matrices. The main theme of this section is the treatment of this inverse
problem, which will be explained below in more detail.

It should be mentioned that a similar task was treated in the papers [5]
and [6] where the inverse problem associated with the Schur-Potapov algorithm
for strict p x ¢g-Schur sequences was handled.
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Let xk € NU{+o0}. For each sequence (sj)5— of complex p x g-matrices, the

first Schur transform (s§ ))“ 2 is given by Definition 8.1. Conversely, we consider

the question: If the first Schur transform (s 5 ))’12 and the matrices sp and s;

are known, how one can recover the original sequence (s;)5_? If n € N and if
then Theorem 9.14, Definition 9.1, and Remark 2.4 yield

such a possibility to express the sequence (sj) o by (s (1))3(% U and the matrices
sp and s1. In view of the definition of the canomcal Hankel parametrization of a
finite sequence of complex ¢ x g-matrices and the formulas (2.3), (2.4), and (2.5),
this way of computation is not very comfortable. That’s why it seems to be more
advantageous to construct a recursive procedure to recover the original sequence
(Sj)?io from its first Schur transform and the matrices syp and s;. To realize this
aim, first we introduce the central construction of this section.

(57)32 belongs to ’Hq on>

Definition 10.1. Let x € No U {+o0}, let (;)5_, be a sequence of complex p x g-
matrices, and let A and B be complex p X g-matrices. Define

$LAB) g, t7hAB) = 4ATBATA (10.1)

and, recursively for each m € Zjy 42, moreover
m—2
GLAB) = N AATt, o AP L aat pate( AP (10.2)
7=0

Then the sequence (¢ ; 14, B))“fg is called the first inverse Schur transform cor-

responding to [(t;)5_o, A, B].

Remark 10.2. Let k € No U {400}, let (£;)%_, be a sequence from CP*?, and

let A, B € CP*%. Denote by (t; A B))“+2 the first inverse Schur transform cor-
responding to [(t;)5_, 4, BJ. In view of Definition 10.1, for each | € Zg, then

(t(fl,A,B))l-&-Z A B]

y is the first inverse Schur transform corresponding to [(¢;)

773=0>

The following observation expresses an essential feature of our construction.

Remark 10.3. Let v € No U {+o0}, let (t;)5_, be a sequence of complex p x g-
matrices, and let A and B be complex p x g-matrices. From (10.1) and (10.2) one
can easily see then that (tj(*l’A’B))';’ig belongs to Dpx q,x+2-

Given k € No U {+oco} and a sequence (t;)5_, of complex p x g-matrices
we want to determine complex p X g-matrices A and B such that the sequence
(tj)5—o turns out to be exactly the first Schur transform of the first inverse Schur
transform corresponding to [(t;)%_o, A, B]. To realize this goal, we still need a little
preparation.

Lemma 10.4. Let £ € Ny U {400}, let (¢ )] _o be a sequence of complex p X q-
matrices, and let A and B be complex p X g-matrices. Then the elements of the
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reciprocal sequence ((tg_l’A’B))u);Ig corresponding to (tg-_l’A’B))';’ig can be repre-

sented by (15(()_1"4’8))tj = Af, (tg_l’A’B))ti = —ATBA', and, for each j € Zs i,

l?y (tg‘_l’A’B))tj = —Aft;_2At. Furthermore, ((tg‘_l’A’B))ﬁ)ﬁ = tg_l’A’B) for each
VS ZO,/@+2'
Proof. Let ro := AT, let r := —ATBAT, and, for each j € L3 k42, let r; =
—ATt;_5 AT. We will show by induction that
k+2 _ 4, (—1,A,B)\k+2
(r)ste = (¢ jpary (10.3)
First we get rg = (ANt = téfl’A’B) and 7 = —rfrrf = tgfl’A’B). Furthermore,

we have that
rg = —7“37“27‘8 — rgr1r§ = AATtoATté_l’A’B) + AATBATtg_l’A’B) = t;_l’A’B).
If Kk =0, then

k=g A B (10.4)

is verified for each j € Zg 4+2. Let us consider the case x > 1. Thus, we have
already proved that there is an m € Zg ,—1 such that (10.4) is satisfied for each
J € Zo m+2- In view of (10.2), we conclude that

m—+1
# _ i # i #
Tm43 = — ToT"m+3—5T; = ToT1 42
j=0
m+1

= | > AARC AP AT ) o aAtpAr ) = LA,
j=0

Consequently, (10.4) is proved inductively for each j € Zg ,+2. Obviously, (rj)jig
belongs to Dyxp,x+2. Thus part (d) of Proposition 4.10 yields (rjﬁ»)ti = r; for each

j € Zg,x+2. Consequently, from (10.3) then (tyl’A’B))li = r; follows for each
€ T pra. O

Lemma 10.5. Let x € Ny U {400}, let (tj)5—o be a sequence of Hermitian q x q-
matrices, and let A,B € CH{*?. Then (tj(_l’A’B));ig is a sequence of Hermitian
q X q-matrices.

Proof. Let (sj);i'g be the reciprocal sequence corresponding to (
P _

Because of Lemma 10.4, we have that s; = tj(_l’A’B) for every j € Zo,x+2 and

—1,A,B)\k+2
tj( ));:0~

moreover sg = Af, s = —ATBAT, and 55 = —Ath_QAT for every j € Zg x42.
Taking into account the particular choice of A, B and (¢;)}_, and part (a) of Lem-

K+2

ma A.1, we see that (s;)7 is a sequence of Hermitian ¢ x g-matrices. Part (a) of

Proposition 4.9 yields (sj);i'g € Dyxgq r+2- Hence, [16, Corollary 5.17] provides that

(85);;? is a sequence of Hermitian ¢ X g-matrices, which completes the proof. [
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Lemma 10.6. Let x € Ng U {+o0}, let be a sequence of complexr p X q-
j 0
matrices, and let A and B be comple:r p X q matrices. Then:
a) The first Schur transform ((t;(=LAB)MYE_ - of (¢ ( 1,4,B) “*2 is given by
J 7=0
(t<71’A’B))(1) = AATt; AT A for each j € Zo ..
K —1,A,B
(b) Let Uy R(t;) € R(A) and N'(A) € iy N(t;). Then (t} N = ¢
for each j € Zo .

Proof. (a) Because of Definition 8.1 and Lemma 10.4, for each j € Zg ., we have
~1,A,B —1,A,B) ,(—1,4,B)\4 ,(~1,A,B
(b BN = g A

A Aty AN TR AB) = aATE AT A,
(b) Combine parts (b) and (c) of Lemma A.1 and part (a). O

Roughly speaking, the content of our following considerations can be de-
scribed as follows. Let n € Ny and let (¢; )2” be a sequence which belongs to

Hign or to one of its distinguished subclasses ’Hq b Moo, and Hq 54 Then
we are looking for complex ¢ x g-matrices A and B such that the first inverse

Schur transform Corresponding to [(t;)32, A, B] belongs to H HES

q,2(n+1)° ""q,2(n+1)’
H> and H=

respectively.

q,2(n+1)’ q, 2 n+1)’

Proposition 10.7. Let n € Ny, let (t;)32, € HE
Then

Zons let A € CLY, and let B € Cif*Y.

(t( lAB)) £n+1) c 1>

Jj= q,2(n+1) (]‘05)

and
rank ([t( A B)];LJkrlo)

. (10.6)
= rank A + rank ([ i1 @ (AAN] [[t54a]2no] [Tnsr ® (AAT)] ) :

Proof. Let s; := tj(_l’A’B) for each j € Zga(my1)- We want to apply a well-
known characterization of non-negative Hermitian block matrices (see, e.g., [10,
Lemma 1.1.9 (a), Lemma 1.1.7 (a)]) to the matrix H,;. Part (b) of Lemma 3.2

yields that (¢;)2 7o 1s a sequence of Hermitian g x g-matrices. Since the matrices
2(n+1)

A and B are both Hermitian, Lemma 10.5 provides that (¢;(~14:5)) im0 isa
sequence of Hermitian g x g-matrices. Hence,
s =s; for every j € Zo n+1, (10.7)
which, in view of (2.2), in particular implies

21 = Ylntl- (10.8)

Because of (7.2), we get the block representation

_ S0 21,n+1
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From Definition 10.1 we see that
so =t = 4 (10.10)

and, in particular, sg € C£*?. From Remark 10.3 we obtain

2(n+1
(SJ)j( 0+ s Dysxq2(n+1) (10.11)
and, in view of Definition 4.5, consequently
R(21,n+1) € R(s0)- (10.12)

Because of (10.11) and Lemma 8.18, the matrices A,, and V, are both non-
singular. In view of (10.7), we see from (4.6) that S,, = S*. Hence, using part (a)
of Lemma A.1 we get

(Sh)* = (sp)t =5}, (10.13)

whereas (10.7) and part (a) of Lemma A.1 yield (sosg)* = 5850. Taking additionally
into account (8.2), (10.13), (10.7), and (8.3), we conclude that A} = V,,. Thus, in
view of (10.11) and Corollary 8.20 we obtain

G — Yint18021n41 = AT HIIV T = ATTHD AL, (10.14)

Since the matrix A is Hermitian, from part (a) of Lemma A.1 we get (AAT)* =
ATA. Using part (a) of Lemma 10.6 we have that s; = (t;(=1b4B)M)
(AAT);(AAT)* for every j € Zo 2, and thus in particular

HY = [s$9,0% 20 = [Tn1 @ (AAN)] [t 4]0 kmo) [Ing1 @ (AAD]". (10.15)

Because of (t;)32, € ’Hq o, the matrix [t;1x]7 , _ is non-negative Hermitian. Con-
sequently, the matrlx on the right-hand side of (10.15) is non-negative Hermitian.
From (10.15) we get oV e (C(nﬂ)qx(nﬂ)q. By virtue of (10.8) and (10.14), then

G — 25 pi18h21,na1 € CLFDIX(H (10.16)

follows. In view of (10.9), s € CL*?, (10.12), and (10.16), the application of [10,
Lemma 1.1.9 (a)] yields Hp4+1 € (Cgl+2)qx(n+2) 1 (t( 14, B))J(%+1) € ;Q(H-‘rl)'
Moreover, because of (10.9), (10.12), (10.7) and [10 Lemma 1.1.7 (a)], we have

rank H, 11 = rank sg 4+ rank(G,, — 2] nﬂsgzl nt1)-

Taking additionally into account (10.10), (10.14) and (10.15), we obtain the as-
serted equation (10.6). O

Corollary 10.8. Let k € No U {+00}, let (t;)_g € HT)S, let A € CLY, and let
B e CH. Then (tg LA B))';ig € ’H*,HQ
Proof. This follows from Definition 10.1, Remark 10.2 and Proposition 10.7. [

Corollary 10.9. Let x € No U {400}, let (t;)3%, € H
B e CE. Then (£ 142000 € 94>

cons let A e CLY, and let

¢,2(k+1)"
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Proof. Let n € Zg . Because of (¢ )?"0 € H,, we have (t‘)fno € 'Hq o, and
rank([t; )" _] = (n + 1)g. Because of A € CL*? we see that A € CL*? and

rank A = ¢ hold. Consequently, I,,,1 ® (AA") = I,,4;. Hence, the apphcatlon of
Proposition 10.7 yields (10.5) and

rank [t;;i’A’B)]?ZiO} = rank A + rank [[t; 4]} 0] = (n +2)q.
Thus, [t§+iA B)]”HO € C(n+2)qx(n+2)q for each n € Zo,. O
Proposition 10.10. Let n € Ny, let (t;)3%, € ’H;QC,?, let A e CL? be such that
in the case n > 0 the relation N'(A) C N(to) holds, and let B € CY?. Then
(#(~1AB) y20n+1) >.cd
J 7=0 q,2(n+1)"

Proof. Let s; := tj(_l’A’B) for each j € Zg a(jp41)- Since (tj)?io belongs to qzzcnd,
we have

()"0 € Heon- (10.17)

From (10.17) and Proposition 10.7 we conclude that (10.5) and

rank H,, 1 = rank A + rank ([ il ® (AAT)] [[ j+k]?,k:0] [In+1 ® (AAT)]*)
(10.18)
We first consider the case n = 0. Because of (;)9_, € H:OCd and (2.1) then
to = Ogxq holds. Using Definition 10.1, we obtain sg = A, s; = AATBATA and
= AATBATBATA. From (2.1), (2.2) and (1.2), we get that L; = 0,x, which, in
combination with (10.5), implies (t( 14, B)) 0 € ’H;;d.
We now consider the case n > 0. Because of A € C1*?, we have A* = A and
hence

N(AAT) = R ((AA1)")" = R(AAD)L = R(A): = (A7) = N(A).
Recalling (10.17), part (c) of Lemma 3.2 yields N (to) € N(t;) for each j € Zg 251,
which, in view of N(A) C N (to), implies

2n—1
N(AAT) = N(A) € Nto) € () M)
=0

>,cd
q,2n >

((AAT)tj(AAT)*)j e Hxd

q,2n °

Since (t; ) o belongs to H; 5., Proposition 3.12 provides us with

Consequently, the application of [12, Remark 2.1 (a)] yields

rank [(AA)t; 1 (AAT)] T = rank [(AAT)t; 0 (447T)] 7]

o (10.19)

,k=0

Because of (10.17), we have (¢, )2( ) ey Hence, Proposition 10.7 yields

q,2(n—1)"

rank H,, = rank A + rank ([In ® (AAT)} [[tj+k];;g:0} (I, ® (AAT)]*) . (10.20)
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From (10.18), (10.19), and (10.20) we obtain
rank H, 11 = rank A + rank ([In+1 ® (AAN)] [[t8]} kmo] [Tns1 ® (AAD)] *)

= rank A + rank [( AAN p(AAT) L 0
= rank A + rank [( AAN 4 p (AAT)* L k0
= rank A + rank ( AAT {[ J+k']j,;:0} [In ® (AAUY)
=rank H,,
which in view of (10.5) and [12, Remark 2.1 (a)] implies the assertion. O

Corollary 10.11. Let n € Ny, let (t;)52, € HZ™, let A € CL be such that

in the case n > 0 the relation N(A) C N(tg) holds, and let B e Ci?. Then

>,cd,n+1
J Hq,oo .

306

Proof. Since (t;)72, belongs to HZ ., Corollary 10.8 implies (t( 1AB))j_O €

HZ - In view of (¢ i)t € ’H:QC,? we see from Proposition 10.10 and Remark 10.2

that (¢, A B))Q(nH) € H:;&H This completes the proof. O

Lemma 10.12. Let k € No U {+oo} with k > 2 and let (s;)}_, be a sequence of
complex p X g-matrices. For each j € Zg ., then

1 —1,s0,s
(s5)(Thomen) = (555,

Proof. Let rg := sg), let 7 = —sg)slsg), and for each j € Zg 42, let r; :=

—sg ; )250 From the proof of Lemma 10.4 we get that rg = (s§1))(’1’30’31) for

each j € Zg . Since Definition 4.1 and part (b) of Remark 8.5 imply that r; = sg

holds for each j € Zy 4, the assertion follows. O

Given the first Schur transform of a sequence (s;)5_g € Dpxgq,~ and the first
two matrices sg and s1, now we want to recover the original sequence (sj) _o Via

)

its first inverse Schur transform corresponding to [(s;)}Z 3,50, 51]-

Theorem 10.13. Let k € Zg oo U{+00} and let (sj) 0 € Dpxqr- Foreachj € Zo .,
then
(s8))(Lsos) = (10.21)

Proof. From part (d) of Proposition 4.10 we know that (s j)“ = s; holds for each
J € Zo,.. Thus, the application of Lemma 10.12 completes the proof. O

Corollary 10.14. Let & € Zg oo U {+00} and let (s;)5_y € HZ;¢. Then (10.21) is
fulfilled for each j € Zy,y.

Proof. Use Proposition 4.24 and Theorem 10.13. O
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Appendix A. The Moore-Penrose inverse of a complex matrix

In this appendix, we state some facts on the Moore-Penrose inverse of a matrix.
For a comprehensive exposition of the theory of generalized inverses we refer, e.g.,
to the monograph Rao/Mitra [27]. Let p,q,7,s € N and let A € CP*9. Then by
definition the Moore-Penrose inverse Af of A is the unique matrix At € C*P
which satisfies the conditions AATA = A, ATAAT = AT, (AAT)* = AAT, and
(ATA)* = ATA. For the convenience of the reader, we state some well-known
results on Moore-Penrose inverses of matrices, the proof of which is elementary.

Lemma A.1. Let A € CP*4,
(a) (AN = A, (AN)* = (AT, R(AT) = R(A*) and N(A?) = N(4%).
(b) Letr € N and B € C"™ 9. Then N'(A) C N(B) if and only if BATA = B.
(c) Let s € N and C € CP**. Then R(C) C R(A) if and only if AATC = C.
(d) For each p x p unitary complex matriz U and each q x q unitary complex
matriz V the equation (UAV)T = V*ATU* holds.

Now we want to pay some attention to a further generalized inverse of a
square matrix. Let A € C9%% For each k € N, then R(AF!) C R(A*) and
0 < dimR(AF1) < dimR(A*) < g¢. Thus, there exists a minimal m € Zg,
such that dimR(A7T!) = dimR(AY) for all j € Z, +o0. This number m € Zg,
is called the index of A. Furthermore, it is well known and easily checked that
there is a unique matrix AP € C9%9 satisfying the equations AP AAP = AP,
AP A = AAP and AP A™*! = A™ (see, e.g., [4, Theorem 7, p. 164] ). This unique
matrix AP € C9%9 is called the Drazin inverse of A. The following result (see,
e.g., Campbell/Meyer [8, Theorem 7.3.4, p. 129] indicates an important relation
between the Moore-Penrose inverse and the Drazin inverse.

Proposition A.2. Let A € C7%9. Then AT = AP if and only if R(A) = R(A*).

Appendix B. On two particular multiplicative groups of triangular
block matrices

In this appendix we study two multiplicative groups of block triangular matrices.

Definition B.1. Let n € Ny. Then let £,, (respectively, i, ) be the set of all
A € Clrtax(nt1)a which satisfy the following condition: If A = [A;]",_, is the
g x g block representation of A, then A;; = I, for each j € Zg , and Aji = 04x4 for
every choice of integers j and k with 0 < j < k < n (respectively, A;; = I, for each
J € Zo,n and Aji = 04x4 for every choice of integers j and k with 0 < k < j < n).
Remark B.2. Let n € Ny. Then:

(a) The set £, is a subgroup of the general linear group GL((n + 1)¢, C) of all
non-singular complex (n + 1)g x (n + 1)g matrices. If A € £,,, and if A1 =
(Ajk)?,k:() denotes the ¢ x ¢ block partition of A~!, then le_l,T =—A1,
for each r € Zg 5—1.
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(b) The set U, is a subgroup of GL((n + 1)¢,C). If B € §, ,, is non-singular
a~nd if B~1 = (Bjk')?,kzo denotes the ¢ x ¢ block partition of B~!, then
Br,r+1 = _Br,r+1 for each r € ZO,n—l-

(c) Let A € Cr+1ax(n+1d Then A € £, if and only if A* € U,.,.

Remark B.3. Let m,n € N, let (E;)!", be a sequence from C*TDax(n+1a  and
let By i= BBy Ey. For each | € Zom, let By = (EY))7,_y be the ¢ x g
block partition of Ej. Then one can easily prove by induction that the following
statements hold true:

(a) H E; € £, , foreachl € Z ,, then Eﬁ(j_l F=0 E&_l . foreachr € Zg 1.
(b) If E; € Uy, for each | € Zy y,, then Eﬁor)ﬂ =" E,E 3“ for each r € Zg,n—1.

The following two lemmas were proved in [15, Lemma A.3, Lemma A .4].

Lemma B.4. Let n € No and let (A;)}_ and (B;)}_, be sequences of complex
p X q matrices. Further, let E,V € Sp,n and F,W € U, be such that

E - diag(Ag, Ay, ..., A,) - F =V -diag(Byg, By, . .., By) - W. (B.1)
=0

Then A; = Bj for each j € Zg ,, and, moreover, (E—V)-diag(Ao, A1,..., A)
and diag(Byg, B1,...,Bn) - (F — W) =0.

Lemma B.5. Let n € Ny and let H € C»tDax(n+1)a Guppose that (Aj)5_ and
(Bj)?:o are sequences of complex q X q-matrices and that F,W € ., are such
that F*HF = diag(Ao, A1,...,A,) and W*HW = diag(By, B1,...,B,) are ful-
filled. Then the following statements hold:
(a) A; = Bj for each j € Zg .
(b) The matrices F and W are both non-singular. Moreover, diag(Ao, A1, ..., Ap)-
(F~' = W™1) =0 and diag(Ag, A3,..., A%) - (F~1 = W~=1) =0 hold.
(¢) If n > 1, then Ay Frpy1 = AWy py1 and ASF, 1 = AW, 11 for each
r € Zomn—1, where F = (ij’)?,k:o and W = (ij)?,k:o are the g x q block
representations of F' and W, respectively.
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Multiplicative Structure of the
Resolvent Matrix for the Truncated
Hausdorff Matrix Moment Problem

Abdon Eddy Choque Rivero

Abstract. The multiplicative structure of the resolvent matrix of the Haus-
dorff Matrix Moment (HMM) problem is described in the case of an odd
number of moments. We use the Fundamental Matrix Inequality approach,
previously used in obtaining the Blaschke-Potapov product of the resolvent
matrix for the Hamburger and Stieltjes matrix moment problem studied in
[10] and [7], respectively. The case of an even number of moments for the
HMM problem was considered in [12].

Mathematics Subject Classification (2010). Primary 44A60, 47TA57.

Keywords. Resolvent matrix, multiplicative structure, Blaschke—Potapov pro-
duct.

1. Introduction

Throughout this paper, let ¢ be a positive integer. We will use C, R, Ny and N to
denote the set of all complex numbers, the set of all real numbers, the set of all
non-negative integers, and the set of all positive integers, respectively. The set of
all complex ¢ x ¢ matrices will be denoted by C9*9.

Our goal will be to obtain the multiplicative structure of the resolvent matrix
of the Hausdorff matrix moment (HMM) problem in the case of an odd number of
moments. The resolvent matrix (RM) of the HMM problem in the even and odd
cases of moments, first determined in [1] and [2], is a 2¢ x 2¢ matrix polynomial.

We use the fundamental matrix inequality (FMI) approach, previously used
in obtaining the Blaschke—Potapov product of the RM for the Hamburger matrix
moment problem and discussed in [10]. The multiplicative structure of the Stieltjes
matrix moment problem was considered in [7]. The case of an even number of

This work was supported by CIC-UMSNH, by PROMEP Red de CAs and by CONACyT grant
153184, México.
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moments for the HMM problem was considered in [12]. The FMI method was
successfully used to solve interpolation problems on a finite interval [a, b], see [3],
[4], as well as other papers dealing with interpolation problems on the real axis
[9], [8], [13] and on the complex unit circle [6].

In this paper we use the same form of the RM of the HMM problem in the
odd case of moments as was given in [5]. This paper focused on the construction of
orthogonal matrix polynomials on the finite interval [a, b] of the real axis (including
the case of an odd number of moments).

Let
~ 0 —1l,
T = axq a9, 1.1
a ( il Ogxq ) (1.1)

where O,x4 and I, denote the ¢ x ¢ null and identity matrices, respectively, and
let IT} :={w e C:Imw € (0,+0c0)}.

Definition 1.1. A matrix function W : C — C29*21 is said to belong to the Potapov
class 3 7, in IT; if W satisfies the following two conditions:

1) Jy = WH(2)JgW (2) > Ozgxag, 2 € 11,
2) Jg — W*(2)J;W (z) = Oagxaq, 7 € R.

The resolvent matrix U; (2.16) which we study in this paper belongs to the
Potapov class of functions.

The main result of this paper is Theorem 4.2 and its corollary which gives us
a multiplicative representation of the RM (2.16),

Un(2) =b1(2) X -+ X bn(2).

Compared with previous papers on multiplicative representations of the RM solved
with the help of the Potapov method (see [12], [7], [10]) the Blaschke—Potapov
product representation of the RM of the HMM problem in the case of an odd
number of moments turned out to be much more difficult. This difficulty, in essence,
arises from the fact that the two block Hankel matrices appearing in the RM (see
(2.16)), have different sizes. A number of nontrivial coupling identities (see Remark
3.3 and Proposition 3.4) were required for the construction of the multiplicative
representation of the corresponding RM.

For the sake of completeness, in the Appendix we include the Blaschke—
Potapov product for the case of an even number of moments [12]. In both cases,
i.e., for an even as well as an odd number of moments), it is assumed that the
information blocks, Hy ; and Hs ; (see (2.2) and (2.3)), are positive definite.

2. Notation and preliminaries

2.1. Hausdorff matrix moment problem and the resolvent matrix

Let p and m be positive integers. We will use 0px,, to denote the null matrix
belonging to CP*™ and I, for the identity matrix belonging to CP*P. In cases
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where the size of the null and the identity matrix are clear, we will omit the
indices.

The HMM problem for an interval [a, b] can be formulated as follows: Let a fi-
nite sequence of complex g x ¢ matrices (s;)}, be given. Find the set MY [[a, b], BN
[a, b]; (55)720] of all non-negative Hermitian g x ¢ measures o defined on the Borel
o-algebra B N [a, b] such that

sj = /tjda(t) (2.1)
[a.b]

for each integer j with 0 < j < m.
It was proved in [2], for m = 2n and n > 1, that the HMM problem is solvable
if and only if the block matrices H; ,, and Hs, are positive semidefinite, where

Hl,n = Hovn (22)
and
Hg,n = —a,bHovn_l + (a + b)Hl,n—l - H2,n—1 (23)
are defined with help of the Hankel matrices,
S0 S1 ‘e Sn S1 S92 ‘e Sn
~ S1 S92 oo Sp41 ~ S92 S3 ‘e Sn+1
Hy, = ) ) } ) , Hip—1:=
Sn Sn+1 e Son Sn Sn+1 e Son—1
and
S92 S3 oo Sp41
~ S3 S4 oo Sp42
H2,n71 =
Sp4+1 Sn42 .- S2n

The set of solutions to the HMM problem is given in terms of the resolvent
matrix of the HMM problem (see [2, Theorem 6.14]).

Throughout this paper, we assume that H; ,, and H,, are positive definite.

2.2. The resolvent matrix of the HMM problem
Let Ry j: C — CUNaX(G+De and Ry ; : C — CI7%97 be given by

R j(2) = (I(j11)q — 2T5) 7", j>0, (2.4)
. L 0q><q5 j=0,
R2,3(2) '—{ Rij(2); j>1, (2:5)
with
To == Ogxqs (2.6)

Ogx i 0 )
7= ( Voia Vaxa ) 55 2.7
( I; 0jgxq > I = @7)
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Observe that, for each j € Ny, the matrix-valued function R; ; can be represented
via

Iy Ogxq Ogxq -+ Ogxqg  Ogxq
Z2If1 Iq Ogxg -+ Ogxq Ogxq
Rij(z)=| # o #l I Oaxq Ogxq (2.8)
20 PR~ ity PR~ il -7 P
and
J
Rij(z) =) 2T} (2.9)
1=0
Let
V1,0 1= Iq, V1 1= quq, if £<0, (210)
= ( o ) =( "), vieN (2.11)
’ Ojgxq Ogxq
and
Vg5 = V11, VjEN. (2.12)
Furthermore, let
Sj
Sj+1 ,
Yk = : ,0<j<k<2n (2.13)
Sk

with Yljk] = quq, lf] > k‘,

ul,o = quq, ul,j = ( quq ) 5 1 S] S n, (214)
—Ylo,j-1)
and
u2,0 = Ogx g, Uz,j := —abuy j_1 — (@ +b)yjoj—1] +ypn, ), 1 <j<n. (2.15)

We will consider a sequence of resolvent matrices (U;)}_; of the HMM pro-
blem for an odd number of given data matrices sg, s1, - ., Son,

Ui,;(z) Uiz j(z) )
U:(z) = 7 7 €C, 1<j<n, 2.16
J(Z) ( U21,j(2’) ng,j(z) ) 2 =J=n ( )
with
Un’j(z) = Iq - (Z - a)uij(Rl’j(f))*H;;Rl,j(a)vl,j, (217)
Ut,j(2) := (b—a) " (so + (ub ; + zsovs ;) (Ra,j(2))" Hy ; Ra j(a)(us,; + avs js0)),
(2.18)

Ui j(2) := —(z — a)v} ;(Ry1;(2))" Hy Ry j(a)v (2.19)
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and
U2,j(2) == (b—2)(b—a) " (I + (2 — a)v5 ;(Ra,;(2))" Hy j Ra.j(a)(uz,; + avs,js0)).

Observe that Uj is a 2¢g x 2¢ matrix polynomial.

The matrix polynomials U;, 1 < j < n have interesting and constructive
properties with respect to the signature matrix (1.1). In particular, each U; belongs
to the Potapov class (see Definition 1.1 as well as [6, Theorem 1.3.3] and [1,
Proposition 6.3]).

Let
/S\j = — aij + (a + b)8j+1 — 842,057 <2n -2, (220)
U j(2) = ugj + 23 js0, 1 < j < 2n (2.21)
and
M=1, \:= ( OU—;)W ) ,j €N, (2.22)
q

where ); is a jg X ¢ matrix.
We furthermore define the following matrices:

Sy gj/’\—l
Y= Sj.H ,1<j<n, Yy = S.j ,2<j7<m, (2.23)
52j—1 5953
ﬁl,j = 825 — Yf‘,jHi}_lYm 1<j5<n, (2.24)
ﬁzj =S50 — Efsz_,}_le,j 2<j<n, (2.25)
O14(2) =21, — YffjHl_;flRl,j 1(z)v1j-1, 1 <j<m, (2.26)
Uoj(2) =2/ "My = Y5 Hy j  Roj1(2)va 1, 2 <j <, (2.27)
w14 (2) = (=Y + z)\jHLj,l)HLj_lRLj,l(z)ul’j,l —sj-1, 1 <j<n, (2.28)

and

W,j(2) = =Yy + 2X;_1Haj1)Hy j  Roj1(2)ta j-1(2) — 82, 2<j <n.
(2.29)
The inverse of H; j, for 1 < j < n and the inverse of Hs ;, for 2 < j < n can
be written in the form

_ H i 0 ~H Y\ # _
Hk’; :( . k,j—1 quxq >+< k,JI 17k, )H - YkJHkJ 1) (2.30)
axja axq a

The following proposition describes a form of the RM which is suitable for
our purposes.
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Proposition 2.1. The resolvent matriz U;j(z) defined by (2.16) can be written in
the form,

~

Un,j(2) = Unj-1(2) = (2 — )@ ;(2) Hy ;1 5(a), (2.31)

Ur2,j(2) = U j—1(2) + (b — a) '@} ;(2) Hy 2, 5(a), (2.32)

Un j(2) = Unj-1(2) — (2 — a)0} ;(2) Hy [0 5(a) (2.33)
and

Usag(2) = Unaga(2) + _ba)_(’;_ Doy )ty @) (230)
for2<j<n.

Proof. The proof is by direct calculation. Use (2.30) and the identities

_ Ryj-1(2) Ojgxq _( i
Rl’j(z)_<(szq,zj_llq,...,qu) I, )0 " -

U2 5—1
U2 5 = ( ) ) . O
) —Si_o
J

3. Main algebraic identities

and

In this section we obtain essential identities concerning the block matrices intro-
duced in Section 2. We derive coupling identities between the block Hankel ma-
trices Hy ; and Hj j, 1 < j < n. As a byproduct, we obtain a number of auxiliary
identities, each of interest on their own.

For each positive integer n, let

Ll,n = (5j,k:+1-[q) j=0,...,n and Lg’n = (5j’qu) 3=0,...,n (3.1)
k=0,....,n—1 k=0,...,n—1

where d; , is the Kronecker symbol: §; :=1if j =k and 6, := 0 if j # k.
Remark 3.1. Let j € N. Then the following identities hold:
A] - LT,jAj-i-l = 07
Uile’j = 07
v3j =01l =0,
Ly ;L3 ; —T;T; =0,
Ly Ly ; =T =0,
Lg,jTj_l — T;LQ’J‘ = 07

o o R o e
SRS, NSO JUI O
Jsese el

and
01,015 = LG40y + L L7 ; = 0. (3.8)
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Remark 3.2. Let j € N. Then, for all complex numbers z and w, the identities

vi (R (2)) Ajr — 271, = 0, (3.9)
Ry j(2) = Ryj(w) = (2 —w)Ry ()T R (w), (3.10)
zR1 j(2) — wRy j(w) = (2 —w)Ry j(2)R1 ;(w), (3.11)
(I(j+1)q — ZT;)LQJ(RQJ(Z))* — Ly ; =0, (3.12)
(z = w)v ;(R1;(2))" (Ry; (@) N1 — 2/ + w1, =0, (3.13)
(z = w)vy ;(R1j(2)) T (Ry; (@) Ajp1 — 27 Iy + w’ I = 0, (3.14)
(z = w)vs ;(R2,j(2)) L7 j(R1;(2)* Nj1 — 2/ I, + /I, = 0, (3.15)
(R (2))* (L1 — 2L1 T}y — zLaj + 2°T; Ly ) (Raj(2))* — L1,; =0, (3.16)
and
(R1,j(2))"T} — L2,j(R2,;(2))" L1 ; = 0, (3.17)
hold.

Remark 3.3. Let (Sj)?io be a sequence of g X g matrices. Then the following
identities hold:

Iflo,j—1LijT;‘j_l/\j+1 — L3 jHy jv1; =0, 1<j<n, (3.18)

Hyjo Ly T Nja — Ly jHijui; =0, 1<j<n, (3.19)

Hyj1LijAjsn = Yy2jm =0, 1<j <n, (3.20)

ﬁZ,j—lLT,jAjH —Yy+1,25] =0, 1 <5<, (3.21)

L3 Y141 — Y12 =0, 1 <7 <n, (3.22)

LI ;Y141 — Y220 =0, 1< <n—1, (3.23)

Ly jyyjro2j+n T 01,5841 — Y41 =0, 1<j<n-—1, (3.24)

=Ly jyijs1,2) T HijLajAj — 0158, =0, 1<j<mn, ( )

Ly jyjj2j-1 +v1,58j-1 — HijLo jA; =0, 1<j<n, (3.26)

Ll,jﬁo,j—l —TjHy Ly =0, 1<j<n, (3.27)

Ll,jﬁl,j—l ~TjHyjL,; =0, 1<j<n, (3.28)

LijHsj 1Ny —TjYi 41 =0, 1<j<n—1, (3.29)

(L1, —OL3 ;) Ha j(—v107 ; + I(jy1)g —al}) + Hay L7 ; =0, 1<j<mn, ( )

ur; +vi T =0, 1< <m, (3.31)

sovi; + 01 Hy (DT = Ing) =0, 1<) <n, (3.32)

v ;Y141 =841, 1<j<n—1, (3.33)

vi jHijAj41 =55, 1<j<n, (3.34)

vT,jHl,jLz,j)\j =sj_1, 1<j<n, ( )
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Hz,j + abLE,jHl,le,j — (a + b)L;,jHl’jLLJ‘ + LT,jHLle,j =0, 1<j5<n,

(3.36)
Ly Hy ;T — Ly Hy ;L1 505, =0, 1<j<n, (3.37)
uy T5 g + sovg j +uy j(L,j(1jq — aTj_ ) (3.38)
= b(I(j+1)g — al})L2;) =0, 1<j<mn,
u1 j(R1;(2) [L1T; 1 —T;L14]=0,2€C, 1<j<2n+1 (3.39)
and
u,j(R1,5(2))"(L1,j — bLaj) L7 j — u1,5(R1,i(2))" (L(j11)q — bT}) =0, (3.40)

2eC, 1<j<2n+1.
Moreover, for 0 < k < j and 1 < j < n, the following identities are valid:
ﬁo,jflLT,ij'j_kQ)‘jH - ﬁl,jflLT,jT;j_k_lAjH =0, (3.41)
Hy o LT N — Hog o L3, T A =0 (3.42)
2n

Proposition 3.4 (Coupling Identities). Let (Sj)j:() be a sequence of complex q X q
matrices. Then, for 1 < j <mn, the following identities hold:

(U;J + asovij)(Rg,j(a))* — vik,jHl,j(LLj — bLQ’j) = 07 (343)
Ry j(a)vi,j(uz j +asovs ;)R j(a) — Rij(a)La,;Ha j — Hi j(L1,; — bLa;) =0,
(3.44)
(us ; +asovs ;) (R j(a))” — (u3 ; + 280v3 ;) (R2,5(2)) (3.45)
—(z—a)uj ;(R1,;(2))"(L1,; —bLa ;) = 0. '
Moreover, for 1 < j < n —1, the following the identities are valid:
(L%, —bLs,) Hjorja? ™+t — (L%, — bL3 ) Yijm (3.46)

—aHy ;L7 j(Ryj(a))" Ajr1 — Yz 541 =0,
aHyj(L1j —bLaj)A; + bHy A1 — Vi1 — LajY2 40 — 01,8;-1 =0, (3.47)
aly jHa jNj —a*TjHy j(L1; — bLaj)\j + aT;Y1 j41 — abT;Hy jA\j11 =0, (3.48)
Ry j(a)(uz; + avy, ;50)01 j41(a)
— Haj L7 j(Ra ()" (= Hij Y141+ aXjsr) + Yo i1 =0,
Ry j(a)vy ji2 jy1(a) + Hij(L1; — bLa ;) Hy [ Ya j11
+bHy jAj11 — Y1401 =0.

(3.49)

(3.50)

Proof. Tdentity (3.43) is equivalent to the equality
uy ; +asovy ;= vi jH1 (L = bLlej)(Ig(-1) — aTj_y) = 0.

The latter readily follows from (2.7), (2.11), (2.2), (2.15) and (3.1).
Identity (3.44) follows directly from identity (2.3) [2, Proposition 2.5].
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Let A(s.46) denote the left-hand side of (3.46). Then

Agagy = (L}, —bL3 ;) Hijvi et — (L5 — L3 ) Y141 + (a®bHo i
—aHyjoy + Haj1)(L} jAjor + aLi TN jen + -+ a? L} TF A
+ abyjjzi-1) = (@ +D)ypi12)] + Y2241

= aj“bﬁo,j,lLijT;j_l>\j+1 +--+ QSbﬁO,jflLijT;AjJrl

+a®bHoj—1 L Ajr — @/ TV Hy LT A — -+
— &®bHy 1 LT N1 — 2 Hyjo L A1 — abHy Ly T A
— oo —a®bHy ;1L jTf Njo1 — abHy j_1 L} jA\j11
— ' Hyj L} T N1 — - — a®Hyy 1 L5 TN
- aﬁgjj_lLijAj-Fl +a’ LY JHy vy — o/ TOLY JHy v

+ abyjjoj—1] — OLT jYj+1,2j+1) + bYj+1,25] — AY[j+1,27]

= L1 jyjv1,2i41) + Yi+2.2i41]

j+1 J+1
= Z Al’lalb + Z Al’oal + Aoﬁlb + A()’()
=1 =1

where

Ajpaa = =Ly jHyjor; + Hoj 1 LY TY A,
~ j—2 j—1 .
Ay = HO,j—lLl,ijJ Aj— Hl’j,lLLij A, 2 <1<y,
Arg = Hyja Ly A +yp2i-1,
~ -1
Ajyr0 = L1 jHy iy — Hyj o Ly T5 Xy,
~ i—2 $I—1 .
Apo = Hyj 1Ly T Nj— Hoj 1Ly T Nj,2 <1<,
A0 = Haj-1L7 jAj + Yj12,2i41]s
Ao, = L5 jypie1,2j41) + V41,2
Ao,0 = L jYis1,2j41] — Yi+2.2j-1]-
Taking (3.18)—(3.23) into account, it follows that A; ; = 0 for j, k € {0,...,j+1}.
Thus we get A(346) = 0. This proves the identity (3.46).
We next prove (3.47). Let A(3.47) denote the left-hand side of (3.47). Then
Az = ab(Li jypj25-1) +v1,38j-1 — HijLajA;)
+0(=Lu jyp+1,25) — 01,585 + HijAj1)
X a(=Lu jyg1,25) + HijlajAs —v1585)
+ L jyp+2.2i41) T 01,585+1 — Y141

By (3.24), (3.25) and (3.26), we have A3 47) = 0, which proves (3.47).
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We now prove (3.48). Let A(3.45) denote the left-hand side of (3.48). We have
A(3.48) = a2b(—L1,jf~Io,j71 +T;Hy ;Lo )N + a2(L1,jﬁ'1,j,1 —T;Hy ;L2 j)A;
ab(L1 jHyj-1N; — TiHi ;Lo jAj1) + a(=LgHaj Ny + TjY ).
According to (3.27), (3.28) and (3.29), we have A3 45y = 0, which proves (3.48).
Now we prove (3.49). Let the left-hand side of this identity be denoted by
A(3.49)- Using (3.43) and (2.26), we have
Aag) = (Lf ;= bL3 ;) Hy jor ja? T + [= (L} ; — bL3 ;) Hy jo1 ju j + Ha s L7 ]
“(Ryj(a)) Hy } Y1 j41 + aHy 1,j(RLj( )) A1+ Yo 41
= [(L1,; = bL5 ) Hy j(=v1 01 + L1y — aT}) + Ha L7 )]
“(Ruj(@)) Hi Y1541
=0.
In the second equality we used (3.46) and in the last equality we used (3.30). This
proves the identity (3.49).

We next prove identity (3.50). Let A(3.509) denote the left-hand side of (3.50).
Using (3.44) we have

A@isoy = Rij(a)Ly (Yo j41 +aHa ;) + aHy j(L1; — bLa j)\;
= Ry j(a)v1;85-1 + bH1jAj41 — Y54
= Ry j(a) [aH ;L1 jA; + bH1 jAj11 — abHyjLo jA; — Ly jYa 5401 — Y1541
—v1,38j-1 + aLyjHy ;N — a’TjHy j(Lyj — bLaj)Aj + aT}Y1 11
—abTjHy jAj11]
=0.
In the last equality we used (3.47) and (3.48). This proves the identity (3.50).
Let A(3.45) be the left-hand side of (3.45). Using (3.10) and (3.11) we have,
for all z € C:
Aiasy=us ;j((R2j(a)" — (Ra,;(2))") +sovz,j(a(R2,j(a)" —2(R2,;(2))")
—(z—a)uj ;(R1,;(2))"(L1,; —bL2,;)
—(z—=a)[(u3 ; T7_1 +s0v2,5)(R2,5(a))" (R2,;(2))"
+ui ;(R1,;(2))" (L1, —bLa ;)]
=(z—a)(uj ;[L1;(Ljq—aT;_1) = b(Ij41)q —aT})La j](Raj(a))*(R2;(Z))"
—uj ;(R14(2))"(L1,j—bLa;))
=(z—a)uj ;[(L1,j —bL2;)(R2,;(2))" — (R1,;(2))" (L1, —bLa,;)]
=—z(z—a)uj ;(R1;(2))"[(L1,; —bL2 )T}y =T} (L1,; —bLa,;)|(R2,;(%))"
= —z(z—a)uj j(R1,;(2))" (L1,;T;_1 =T} La,;j)(Ra,;(2))"
=0.
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In the third equality we used (3.38) while (3.12) was used in the fourth. In the last
equality we used (3.39). This proves identity (3.45). Therefore, the proposition is
proved. O

4. The Blaschke—Potapov factors

Using the identities obtained in Section 3, we show that the functions defined
in Definition 4.1 are the Blaschke—Potapov factors corresponding to the HMM
problem in the case of an odd number of moments.

Definition 4.1. Let

b1(2) := Us(2), (4.1)
and
oo T T @A @ (@ B )
! —(z = )07 j(a)Hy j015(a) I — ;2007 ;(a)Hy jis,5(a)
for 2 <j<n.

The matrix function b; is called the Blaschke-Potapov factor of the HMM
problem in the case of an odd number of moments.

We write
Bi1j(a) == @ ;(a)Hy 01,(a), (4.3)
Bis j(a) i= @ ;(a) Hy | @2 5(a), (4.4)
Boy j(a) = 07 ;(a)Hy 1 5(a) (4.5)
and
Bys j(a) =1} ;(a) Hy | 2, (a) (4.6)
for2<j<n.

Theorem 4.2. Let the resolvent matriz U;, 1 < j < n, of the Hausdorff matriz
moment problem with an odd number of moments be defined as in (2.16). Let b;
be defined as in (4.1) and (4.2), then

Ujit1(2) =Uj(2)bj+1(2), z€ C, 1<j<n-—1. (4.7)

Proof. Using (2.16), (4.3), (4.4), (4.5) and (4.6), equation (4.7) can be written in
the equivalent form:

Ui2,j+1(2)
Uaz j+1(2)
)
)

)

Ur,j+1(2)
( * ) (4.8)
_( Ut1,j(2) Uiz;(z
(2)

Iy — ;20 Biijvi(a) (bb:;)z Bia j11(a) 0
Uzgvj(z — ) .

(z —a)Ba1 j1(a) Iy — ;20 Basjti(a
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The left-hand side of (4.8) is equivalent to the following four equalities:

z—a
Y11 = Un1,j4+1(2) — Ur1,5(2) [Iq 0 aBll,j+1(a)}
+ (2 = a)U12,j(2) Ba1,j41(a),

b—2z
Tig,j := Ulz,j4+1(2) — (b— a)? Ut1,j(2)Bi2,j+1(a)

zZ—a
—Ul2,4(2) [Iq 0 aBzz,jH(a)} ;

zZ—a
Yo, := Un1,j+1(2) — Ua1,5(2) [Iq 0 aBn,jH(a)}

+ (z — a)Uss2,j(2)Ba1,j41(a)
and

b—=z
(b—a)

Z—a
MHa—y aBzz,jH(a)} :

Toz,j := Uzz,jt1(2) — 5 U21,(2) Bi2,j+1(a) — Usz j(2)

Taking into account (4.3) and (4.5), we have

Tij= — [(b— @)@ j41(2) = Un;(2) @5 ;44 (a)
~x =05 1 ~
= (0= )i (2)T 50 (@)] , — HyJa 0 (a),

Tizj = [(b—a)d3 ;41 (2) — (b= 2)Un1,;(2)W5 ;44(a)
+ (0= a)(z = a)Ur2,3(2)07 j 11 (a)] (b — a) 2 H{ j;101 541 (a),
Tor; = [(b—a)0] ;11(2) = U21,j(2)@3 14 (a)

z

P — Q4 5 ~
- (b— a)U22,j(Z)U1,j+1 (a)] b— aHl,;+1U1,j+1(a)

and
Yoz = [(b—a)(b—2)(z = a)F3 j,1(2) = (b— 2)Un1,;(2)3 ;14 (a)
+ (b—a)(z = a)Uz,(2)07 j11(a)] (b= a) " Hy j, 101 54+1(a).

We will demonstrate that the factors in the square brackets, denoted by
Ti1j = (b= @)@} ;11 (2) = Urnj(2)5 541 (a) — (b — @)U, (2)85 54 (2),
Tiz,j = (b—a)Wy ;1 (2) — (b= 2)Ur1,;(2)W5 ;41 (a)

+ (b= a)(z — a)Ur2,;(2)77 14 (a),

Yo o= (b= )0 j11(2) = Un13(2)@3 11 (a) = (b — @)Uz (2)0] ;14 (a)
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and
Yoz = (b—a)(b— 2)(z — a)F3 ;1 (2) — (b= 2)Ua1,;(2)@3 ;14 (a)
+ (b —a)(z — a)Us2,;(2)07 ;41 (a)

are equal to zero, i.e.,

Ter,; =0, Lke{l,2}, 1<j<n-—1 (4.9)
Using (2.17), (2.18), (2.28), (2.29) and (2.26), we have
Tiry = —(b—a)s; =81 —a’ 'so — (b— a)uj ; (R ;(2)" Hy ) Vi1
+ (z —a)ui j(R1;(2)) Hy j Y1401 + 2(b— a)u} j(R1;(2))" Ajm

—b(z — a)ui ;(R1;(2))" Ajr1 + (u5; + asovs ;) (Raj(a)) Hy Y2 j41
—a (ugj + aspv; J) Ry j(a))" A + Sovij(RLJ‘(G))*HI;YLJ‘H
—(z—a)uj j(R1;(2))* (L1 — bLaj) Hy [Y2 541
+ (u5; + 25003 ;) (R2,;(2))* L} (R j(a))*Hy Y1 j1
(
)

\_//‘\

— (us, j T 25009 g) Ry ;(z )) H2 j1/27J+1
—a (Uzg + 28003 ;) (R2,;(2)) L ;(R1,j(a))" Aj41
= —(b—a)s; — 51— a”lso —ui ;(R1,3(2))" [(0— 2)I(j11)q
+(z—a) (L1 —bLaj) L} j(R1;(a)*] Hy jY1 41
+a(b = 2)uy j(R1,;(2))" A
—av] jHyj (Lug = bLog) L [IG41)g + (Ra;(@)] A
+ i jH1j (L1 = bLay) L7 j(Ru;(a)) Hy ;Y1541
+ sov; ;(R1j(a)) Hy 1 Y1 j11
+a(z —a)uj ;(R1,;(2))" (L1,j — bLa ;) L ;(R1,5(a))"Aj41
= —(b—a)s; —5j—1 —a’ sy + vy ;Y141 — avy jHi A
+ asovij(Rl,j (@) Njy1 — avinLjLLj/\j + abvinl,ngvj)\j
=0. (4.10)
In the second equality we used (3.2), (3.40), (3.43) and (3.45). In the third
equality we used (3.31), (3.32), (3.5) and (3.6). The last equality follows from
(3.33)-(3.35) and (3.9). This proves equation (4.9) for £ =k = 1.
Using (2.17), (2.18), (2.29) and (2.26), we have
Y12 = (2 — a)soDy 1 (a) — (b— )81 + (b— 2)5j_1
+ (b—2)(z —a)uj ;(R1;(2) Hy Y111
+ (2 =) (u3; + zs0v5 ;) (Ra;(2)) Hy Yo 541
+2(b—a) (u;] + zsov;j) (Ra2,;(2))*\j
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+(z—a) (ug i+ zsovzj) (Ra,j(2))"L7 j(R1,4(a))” (_Hl_jyl,jJrl + a)\jH)
+ (b—2) (u3 ; + asovs ;) (Ra;(a)) Hy Yo i1

—a(b—2) (u2 ; +asovs J) (Ra,j(a)*A;

+ (b= 2)(z — a)uf j(R1;(2))" [~ (L1, — bLa ;) Hy [Ya j11 — bAjt1]

=(z—a) [so@ijﬂ(a) —38j-1+ (b—2)uj ;(R1,;(2))"H YLJH
+ (2 = a)ui j(R1;(2))" (L(41)g — 0T} ) (R1,5(a))” H1 JY1,J+1
—a(z —a)uj J(Rl i(2)” (I(Hl)q ) (B1,5(a))" Aja
—2(b—a)u ;j(R1;(2)" (L+1)q — ij) Aj+1
= b(b — 2)u] ;(R1,3(2))" Nj1 + b (u3 ; + asovs ;) (Rei(a))" A

+a(uy; +asovs ;) (Re,j(a)* Ly ;(Rij(a)* A
— (u3; + asovs ;) (Raj(a))* L} ;(R1;(a))* Hy ;Y1 j11]
=(z—a) [a,j+180 —S§j-1— vi"jHl,j (I(jH)q — TjT;) (Rlvj(a))*Hf’}YLj_H
— (b= a)v; jH1 ;T (R ;(a)) Hy Y1 ji
— v} jHyj (L1 —bLoj) Ly j(Ryj(a)) Hy Y1541
—a’v 1T F(TG4ng — bT%) (R1,j(a))" Aj+1
bQUUH1 GTi Njr1 +bvy jHy g (L1 j —bLaj) L ;A1
+av] jHyj (Lyj = bLaj) LT j(Ry;(a)) " Njia]
=(z—a) [ajﬂso —8j-1 — vy ;Y141 +bvy jHy gLy gL A
+avy jHyj (= 1Gang + T5T7) (Baj(a))" Aja + avi jHy A0
—abvinl,jT;)\jH]
=0. (4.11)
In the second equality we used (3.45) (3.40) and (3.2). In the third equality we
used (2.26), (3.43) and (3.31). In the fourth equality we used (3.32), (3.5) and

(3.6). The last equality follows from (3.33)—(3.35) and (3.32).
Using (2.26), (2.19), (2.29), (2.20) and (2.26), we have

Tgl,j =(b—a) T, — (b—2)a? I, + (b— 2)v} (R (a))*H‘lYLﬂ_1
— (b—a)v} ;(R1j(2)) Hy Y141 + (2 — a)v} j(R1;(2)) Hy Y111
—(z—a)vy ; (R ;(2)" (L1 J—bLaj) Hy1Ys 41

Jo1 ;i (Ra,5(2))" A

+(z = a)(b—2)v5 ;(Ra,j(2)) Ly j(Ra j(a)) Hy ;Y1 41

—a(z —a)(b— 2)v3 ;(R2,;(2))" L ;(R1,5(a))" Aj4a

—(z = a)(b— 2)v3 ;(Ro,j(2))" Hy ; Yo 51
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=b—a)T I, — (b—2)a’tI,
—(z- a)vij(Rllj(Z))* (Ll,j — zLLjT;_l —zLo; + ZjT;LQ’j)
x (Ry,;(2))" Hy [ Ya j11
— (z—a)vi j(R1,;(2))" (bI(j11)g — azT}) (Ryj(a))*Aj41
=0. (4.12)

In the second equality we used (3.10), (3.4), (3.17) and (3.7). In the third equality
we used (3.16), (3.3), (3.13) and (3.14).

Now we consider T2z ;. Using (2.19) and (2.20), we have
Yoo j=(b—2)(z—a)[(b—a)D3 ;41 (2)+ v} ;(R1;(2) Hi ] Ry j(a)vr ;@5 ;44 (a)
+Ul,]+1( a)+(z—a)v; ;(Re,;(2))" H R2,j( )(U’QJ +asgvz,;)v1 j44(a )}
=(b—2)(z—a)[(b—a)z" — (b a)vzj(Rzg( 2)) Hy ;Yo j41
+v7 j(Ru zZ)) Hy (Hlj[ (L1;— bLz,j)szY2,j+1—b>\j+ﬂ+Y1,j+1)
+al Tt —v] (Rij(a) Hi Y1541+ (2 —a)vs ;(Ra,(2)) Hy
(H2,JL1 (R a))*(—H YI,JH +aXjt1)+Ya 11)]
=(b—2) )((b a) zj—|—aj+1 bvl,j(RLj( Z) Aj+1
+Ulj[ ( 4(2)" (Lly bLz,j)+(Z—b)L2,j(Rz,j(5))*]Hi}Yz,jH
+a(2— a)vy ; (R ;(2))" L7 ;(R1j(a))" Aj1)
= a)[(b—a)z’ + aj+1+a(z a)vs j(Ra,;(2))" Ly ;(Ra;(a))" Ajr
bvl g(Rl i(2)" J+1]
—0. (4.13)

In the second equality we used (2.27), (2.29), (3.50) and (3.49). In the third equality
we used (3.4) and (3.17). In the fourth equality we used (3.7) and (3.16). In the
last equality we used (3.9) and (3.15). This proves the equality (4.9) for £ = k = 2.

By (4.10), (4.11), (4.12) and (4.13) the equality (4.8) and consequently (4.7)
is proved. The theorem is proved. O

Corollary 4.3. Let the elementary factors of the Blaschke—Potapov product be given
by (4.1) and (4.2). Then the resolvent matriz of the HMM problem (2.16) admits
a Blaschke—Potapov multiplicative representation of the form

U,=b XX b,. (4.14)

The proof follows immediately from Theorem 4.2.
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Appendix A. Blaschke-Potapov representation of the resolvent
matrix, the case of an even number of moments
In this appendix we reproduce the Blaschke-Potapov representation of the RM for
the case of an even number of moments (sj)?z)rl, given in [12].
We assume, in this section, that 0 < 57 < n. Let

Hj = {Sk+l}i,l:0’

Kj = {Sk+l+1}i,l:0’
Hl,j = —G,Hj + Kj,

H2,j = bHJ - Kj, (Al)
and set
1,0 1= —S0, U2,0 = So, (A2)
Vg ‘= Iq. (A?))
Forevery 1 <j3<n-—1,let
50 O(IX(] 50 O(IX(]
S1 S0 S1 S0
Uy = — . +a . ) Uz, j = ) —b ) . (A4)
Sj Sj—1 Sj Sj—1
Vj = V1,5, RJ(Z) = RLj(Z). (A5)

Assume that the block matrices Hy ; and Ha ; are positive definite. The RM
in the case of an even number of moments is a 2¢ X 2¢ matrix polynomial,

Uj(z) == ( g;jgzg g;zjg; ) ,2ze€C 0<j<n (A.6)
with

U,j(2) = Iy — (2 — a)us ;(R;(2))" Hy j Rj(a)vj,

Us,j(2) = uj ;(R;(2))" Hy j Rj(a)us ,

Us1j(2) = — (b—2)(z — a)v} (R;(2))" Hy j Rj(a)v;
and

Uss,j(2) := Iy + (2 — a)vj (R;(2))" Hy j Rj(a)uy ;. (A7)
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Further, for 1 < j < n, we write

5j Sj+1 84 Sj+1
Sj+1 Sj+2 Sj+1 Sj+2
Yi;:=—a : + . , Yo ;=0 : — : , (A.8)
§25—1 S2;5 $25-1 52
Dljj = —as2j + S2j+1, ngj = bSQj — 82j+1, (Ag)
wij(a) = —s; = Yy Hi j_ Rj—1(a)urj-1, (A.10)
wy j(a) == —wn j(a), (A.11)
Uj(a) ==’ Iy — Y5 Hy j_ Rj—1(a)vj—1, (A.12)
and
Hyj = Dyj— Yy Hi Y, ke{1,2},
for 1 <j<n.

Note that ﬁkj > 0 since Hy ; > 0.

Definition A.1. Define

bo(2) := Up(z), (A.13)
and
by (T G, @H @ i@ w0
! (2 = a)(z = b)v;(a)Hy j0;(a) g + (2 — a)U} (a) Hy jwi (a)
(A.14)

forallze Candall1 <j<n.
The matrix function b; is called the Blaschke—Potapov factor of the HMM
problem with an even number of moments.

Remark A.2. In [12] the matrix function by was erroneously defined through the
formula (A.14).

Theorem A.3 (Corollary of Theorem 2, [12]). Let the elementary factors of the
Blaschke—Potapov product be given by (A.13) and (A.14). Then the resolvent ma-
triz (A.6) of the HMM problem in the case of an even number of moments admits
a Blaschke—Potapov multiplicative representation of the form

Un(z) =by X -+ X by, (A.15)
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On a Special Parametrization of
Matricial a-Stieltjes One-sided
Non-negative Definite Sequences
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Abstract. The characterization of the solvability of matrix versions of trun-
cated Stieltjes-type moment problems led to the class of one-sided a-Stieltjes
non-negative definite sequences of complex ¢ x ¢ matrices. The study of this
class and some of its important subclasses is the central theme of this paper.
We introduce an inner parametrization for sequences of complex matrices,
which is particularly well-suited to the class of sequences under considera-
tion. Furthermore, several interrelations between this parametrization and
the canonical Hankel parametrization are indicated.
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Keywords. Truncated matricial Stieltjes moment problem, one-sided Stieltjes
non-negative definite sequences, one-sided Stieltjes non-negative definite ex-
tendable sequences, one-sided a-Stieltjes parametrization, canonical Hankel
parametrization.

1. Introduction

This paper is a direct continuation of work done in the paper [12], where two
truncated matricial generalized Stieltjes power moment problems made up one of
the main topics. In order to properly formulate these problems, we first review
some notation. Let C, R, Ny, and N be the set of all complex numbers, the set
of all real numbers, the set of all non-negative integers, and the set of all positive
integers, respectively. Further, for every choice of @ € RU{—o0} and 8 € RU{+o0},
let Zq, g be the set of all integers k for which o < k < § holds. Throughout this
paper, let p € N and let ¢ € N. If X' is a non-empty set, then X?*? stands for
the set of all p X ¢ matrices each entry of which belongs to X, and AP is short
for XP*1 If (X,2A) is a measurable space, then each countably additive mapping

whose domain is 2 and whose values belong to the set CL*? of all non-negative
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Hermitian complex ¢ x ¢ matrices is called a non-negative Hermitian ¢ x ¢ measure
n (X, ).

Let Bg be the o-algebra of all Borel subsets of R. For all Q € Bg \ {0},
let B be the o-algebra of all Borel subsets of Q, let M%(Q) be the set of all
non-negative Hermitian ¢ x ¢ measures on (€, Bq) and, for all & € Ng U {+0o0},
let MZ () be the set of all o € M%(Q2) such that the integral

8§»U) ::/tjo(dt) (1.1)
)

exists for all j € Zg .
We now come to the formulation of two matricial power moment problems,
which lie in the background of our considerations:
MI€; (7)), =]: Let Q € Bg \ {0}, let k € No U {+oc}, and let (s;)%_, be a
sequence from C7*?. Describe the set MZ[€; (s5)5_y, =] of all 0 € M% (Q)

(@)

for which s; =s8; s fulfilled for each j € Zg .

The second matr1c1al moment problem under consideration is a truncated one:
M[Q; (s5)Lg, <]: Let Q € B \ {0}, let m € N, and let (s;)7, be a sequence
from C7*%. Describe the set M%[Q; (s;)72, <] of all 0 € M% | (Q) for which

Sm, —sgn) is non-negative Hermitian and, in the case m > 0, moreover s( o) — = 5;

is fulfilled for each j € Zg m—1.

The considerations of this paper are mostly concentrated on the case that the
set () is a one-sided closed infinite interval of the real axis. To get deeper insight
into this situation, we start with some observations on the case 2 = R, which is
connected with matricial versions of the classical Hamburger moment problem. In
this case, the above formulated matricial moment problems have been intensively
investigated since the 1980’s (see, e.g., Bolotnikov [4], Chen/Hu [5, 6], Dym [10],
Kovalishina [20,21], and [13]).

To explain some criteria of solvability in the case 2 = R, we introduce certain
sets of sequences from C?*9, which are determined by the properties of particular
Hankel matrices built of them. For each n € Ny, let Hq on (respectively, H.,,,) be
the set of all sequences (s;)%" Lo from C7*7 such that the block Hankel matrix

Hy o= [sj4]f k=0 (1.2)
is non-negative Hermitian (resp. positive Hermitian). Furthermore, let 7—[> (resp.
H, ) be the set of all sequences (s;)32, from C?*? such that, for all n € Ny, the
sequence (sj)j o belongs to Hq on (resp H5,). For each n € Ny, the elements of
the set ’Hq on (resp. M. y,) are called Hankel non-negative definite (vesp. Hankel
positive definite) sequences. For each n € Ny, let Hq 5, be the set of all sequences
(S])j:O from C?2*? for which there are matrices so,1+1 € C4*? and sg, 40 € C7*4

2(n+1)
such that (sj)j(:% belongs to Hq o(n+1)"

use ’H;’;n 41 to denote the set of sequences (sj)?i'gl from C?2*? for which there is

Furthermore, for each n € Ny, we will
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X 2(n+1)
some Sop4o € C9%7 such that (Sj)j:o belongs to HZ

the elements of the set ’qu,fl

22(nt1)° For each m € Ny,
are called Hankel non-negative definite extendable
sequences. For technical reasons, we set 7—[%;;“; = ’H%oo. The solvability of the
Hamburger moment problems under consideration can be characterized as follows.
Theorem 1.1 (see [13, Theorem 4.17], [15, Theorem 6.6]). Let k € NoU{+oc0} and
let (s5)5— be a sequence from C?*9. Then ML[R; (s;)5_q,=] # 0 if and only if

(85)5=0 € His
Theorem 1.2. Let n € Ny and let (SJ) o be a sequence from CI*9. Then the set
ML[R ,(SJ)?:O, <] is non-empty if and only if (53)2”0 € Hq on

For different proofs of Theorem 1.2, we refer to [5, Theorem 3.2], [13, Theo-
rem 4.16] and [23, Satz 9.20].

Now let © € By \ {0}, k € Ng U {+o0} and 0 € MZ (). If the mapping
p: Br — C7*? is defined by p(B) := o(B NQ), then clearly p€ ML (R), and
taking (1.1) into account, we see that, for each k € Zg ,, the equation

52“) _ sff)

holds. Thus, we see that if ¢ € ML[Q; (s;)5_y, =] (vesp. 0 € ML (s5)3%0, <)),
then € ML[R; (s;)5_g,=] (vesp. p € ML[R; (sj)iio,g]). Consequently, if the
set ./\/lqz[ s (s5)5= 0] =] (resp. MIIZ[Q, (sj)?ﬁo, <]) is non-empty, then (s;)f_, € ’qu,f
(resp. (s;)32 € 'Hq on)- The choice of Q2 € Bg\ {0} in the problems M[; (s;)}_ 0, =]

and M[©; (s;)7Ly, <] leads us consequently to special subclasses of the classes Hq on
and 'z'-lqZ :°. In this paper, we continue the investigations in [12], where the case of an
interval [, 400) with arbitrarily given a € R was considered. For the convenience
of the reader, we are going to recall the characterizations of solvability of our
moment problems which Were obtained in [12]. First we introduce corresponding

subclasses of the classes ’H ,, and HZ:°, which depend on a given real number a.

q,K b
Definition 1.3.

(a) For each a € R, let K=

P00 = ’H;O, and, for each o € R and each n € N| let

ICq‘_Qna = {(S])j o€ Hq on 't (—asj + 31-&-1)5(% Y € H(I_Q(n 1)}

and, for each o € R and each n € Ny, furthermore, let IC(;%H’Q be the set
of all sequences (SJ)?"Jrl from C9*% such that {(s;)52, (—as; +s;41)3%} C
'Hq on- Furthermore, for each o € R and each m € N, let K232 , be the
set of all sequences (s; )J o from C?*9 for which there is some s,,41 € C9*¢
such that (sj)m+1 belongs to ICq m+1.q- For each a € R and each m € Ny,
we call a sequence (SJ) " o a-Stieltjes right-sided non-negative definite (resp.
a-Stieltjes right-sided non-negative definite extendable) if it belongs to K2
(resp. to K2;¢ ). In the case a = 0, the sequence (s7)7%0 is also called Stieltjes
non-negative deﬁmte (resp. Stieltjes non-negative deﬁmte extendable).

q,m,a
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(b) For each a € R, let Eq 00 = ’quo, and, for each a € R and each n € N, let

n—1
LII_Q'HOL:: {(Sj)j OEH n- (aS]_SJ+1)](O )EHqQ(n 1)}

and, for each @ € R and each n € Ny, furthermore, let L(;zn-s-l,a be the set
of all sequences (sj)?zgl from C?*? such that {(s;)32, (as; — sj+1)5%} C
HZ

.on- Furthermore, for each o € R and each m € Ny, let Lz, be the set

of all sequences (s;)jL, from C?*? for which there is some s,,,+1 € C?*? such
that (sj)m+1 belongs to Eq m+1,a- For each a € R and each m € Ny, we call a
sequence (Sj)j o a-Stieltjes left-sided non-negative definite (resp. a-Stieltjes

left-sided non-negative definite extendable) if it belongs to L2 (resp. to

el

q,m,x

The classes of sequences introduced in part (b) of Definition 1.3 do not appear
n [12]. We will see soon that these classes are convenient tools to handle the
corresponding moment problems for intervals of the type (—oo, @], where a € R.

Remark 1.4. Let o € R, n € No, and (s;)7_, € KZ .o (resp. K2
easily see that (s;)7L, € KZ .o (resp. K23 ) for each m € Zg .

q,m,o

T o). Then we

In view of Remark 1.4, for each o € R, let ICq>OO . be the set of all sequences
(55)320 from C9%? such that (s;)7-, € KZ,, , forallm € No. Further, let K. , :=
Kz The notation I, stands for the identity matrix in C2*9.

q,m,x q,00,x

q,00,a"
The following result describes the interrelations between the classes of se-
quences from C?7*?, which were introduced in parts (a) and (b) of Definition 1.3.

Lemma 1.5. Let a € R, let k € No U {400}, and let (s;)5_, be a sequence from
CI%4. For j € Zo s, let uj == (—1)7s;.

(a) ( ) =0 € ICq,n a lf and OTLly lf (U’j) =0 € ‘Cq,n,fa

(b) (S])] 0 EK(]KO/ Zf and Only Zf(uj)] 0 E‘an—a

Proof. For all n € Ny, the matrix V,, := dlag[( 1)1, ] _o is obviously unitary. For

all n € Ny with 2n < &, the equation H = V*H,V, holds and, for all n € Ny
with 2n + 1 < k, we have (—a)HS" — K,S,“ = V¥ (—aH, + K,)V,. 0

Lemma 1.5 shows that it is justified for us to concentrate our further consid-
erations mainly on the right-sided case.

Using the just introduced sets of sequences from C?*9, we recall the solvability
criteria of the problems M[[a, +-00); (s;)7L, =] and M[[a, +00); (s;)7L,, <]:

Theorem 1.6. Let a € R, let k € Ng U {+00}, and let (s;)5_, be a sequence from
C9*9. Then ML [[or, +00); (s5)f—g, =] # 0 if and only if (s;)5_g € K3 -

In the case k € Ny, a proof of Theorem 1.6 is given in [12, Theorem 1.3].
In the case Kk = +00, the asserted equivalence can be proved using the equation
ML[a, +00); (57)520, =] = M=o ML [[ev, +00); (5)72¢, =] and the matricial ver-
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sion of the Helly-Prohorov theorem (see [14, Satz 9]). We omit the details of the
proof, the essential idea of which originated in [1].
For Problem M([[a, +-00); (s5)7, <], the solvability criterion is the following:

Theorem 1.7 ([12, Theorem 1.4]). Let a € R, let m € Ny, and let (s;)72 be a
sequence from C1*%. Then M [[a, +-00); (s;)Tg, <] # 0 if and only if (s;)7, €
KZma

Now we turn our attention to the interval (—oo, o, where o € R is arbitrarily
given.

Theorem 1.8. Let a € R, let k € No U {400}, and let (85)5=0 be a sequence from
Cox4. Then ML[(—00,al; (s5)f—g, =] # 0 if and only if (s;)5_, € LZE,.

Proof. Combine Theorem 1.6, part (b) of Lemma 1.5 and Lemma B.3. O

Theorem 1.9. Let o € R, let n € Ny, and let (Sj)?no be a sequence from CI*9.
Then M (=00, al; (552, <] # 0 if and only if ()27 € L2 -
Proof. Combine Lemma B.3, part (a) of Lemma 1.5, and Theorem 1.7. O

A characterization of the case M%[(—oo0,al; (5;)331, <] # 0, where a € R,

J
n € Ng, and a sequence (sj)ii?)'l from C?*4 are given, is more difficult, so that we

want to discuss a necessary and sufficient condition for that somewhere else.

In the scalar situation, the particular case of the interval [0, +00) played an
important role in the history of the power moment problem. Namely, the classical
investigations of Stieltjes [25,26] are considered now as a cornerstone in the early
period of moment problems. For a modern summary of the state of affairs on the
Stieltjes moment problem and its relations to operator theory, we refer to the
paper by Simon [24].

In the matrix case, several authors treated the power moment problem for the
interval [0, +00). Parametrizations of the set MZ[[0, +00); (s;)]Ly, <] are given,
under a certain nondegeneracy condition, by Dyukarev [11]. In the general case, de-
scriptions of MZ[[0, +00); (s;)}g, <] are stated by Bolotnikov [2], [3, Theorem 1.5]
and by Chen/Hﬁ in [7, Theorem 2.4], whereas in the case m € Ny descriptions of
the set MZ[[0, +00); (s5)7-, =] are given by Hu/Chen in [19, Theorem 4.1, Lem-
mas 2.3 and 2.4]. Moreover, for each m € Ny and arbitrary real numbers «, the
cases M [[a, +00); (55)7Lg, =] # 0 and M [[ar, +00); (s5) Lo, <] # O are charac-
terized in [12, Theorems 1.3 and 1.4].

The importance of Theorems 1.6 and 1.7 led us in [12] to a closer look
at the properties of sequences from C?*¢, which are a-Stieltjes right-sided non-
negative definite or a-Stieltjes right-sided non-negative definite extendable. Guided
by our former investigations on Hankel non-negative definite sequences and Han-
kel non-negative definite extendable sequences, which were done in [13], we started
in [12, Section 4] a thorough study of the structure of a-Stieltjes right-sided non-
negative definite sequences and a-Stieltjes right-sided non-negative definite extend-
able sequences. The central theme of this paper is to continue these investigations



216 B. Fritzsche, B. Kirstein and C. Méadler

in order to gain deeper insights into the structure of the elements of the set of Han-
kel non-negative definite sequences and distinguished subsets, of which we system-
atically used the canonical Hankel parametrization of sequences (see [13,15,18]).
The first main goal of this paper is to find a convenient parametrization of se-
quences from C9%7  which is particularly well adapted to the class of a-Stieltjes
right-sided non-negative definite sequences and its important subclasses. In or-
der to realize this aim, we introduce the right-sided a-Stieltjes parametrization of
sequences from CP*9 (see Section 4).

This paper is organized as follows.

In Section 2, we summarize some basic facts on «a-Stieltjes right-sided non-
negative definite sequences and «-Stieltjes right-sided non-negative definite ex-
tendable sequences. This material is mostly taken from [12].

In Section 3, we recall the canonical Hankel parametrization of sequences of
matrices from CP*4.

In Section 4, we introduce the right-sided a-Stieltjes parametrization of se-
quences from CP*?, The main result of Section 4 is Theorem 4.12 which contains
characterizations of the class of a-Stieltjes right-sided non-negative definite se-
quences and their interesting subclasses in terms of the right-sided a-Stieltjes
parametrization. As an example the right-sided a-Stieltjes parametrization of the
sequence of Catalan numbers is computed.

In Section 5, we continue our former investigations on completely degenerate
Hankel non-negative definite sequences. For arbitrarily given o € R, we study the
subclass of this class of sequences which consists of a-Stieltjes right-sided non-
negative definite sequences.

In Section 6, we present some interrelations between the right-sided a-Stieltjes
parametrization and the canonical Hankel parametrization of a-Stieltjes right-
sided non-negative definite sequences. The main results are Theorems 6.8 and 6.20.

In Section 7, we fix numbers @ € R and 8 € [a,+00). It is shown that a
[-Stieltjes right-sided non-negative definite sequence is also a-Stieltjes right-sided
non-negative definite (see Remark 7.1). Furthermore, some interrelations between
the a- and right-sided (§-Stieltjes parametrization of this sequence are indicated
(see Propositions 7.2, 7.5, and 7.6).

Inspired by investigations of Chen/Hu [5], we constructed in [18] a Schur-type
algorithm for sequences of matrices from CP*4. This algorithm turned out to be
intimately connected with the canonical Hankel parametrization. More precisely,
it was shown in [18, Theorem 9.15] that the canonical Hankel parametrization
of a Hankel non-negative definite extendable sequence can be generated by the
Schur-type algorithm under consideration. In a forthcoming paper, we will develop
an a-Stieltjes version of a Schur-type algorithm for sequences of matrices from
CP>*4, An important feature of this algorithm will be the fact that the right-
sided a-Stieltjes parametrization of an a-Stieltjes right-sided non-negative definite
extendable sequence can be generated by it.
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2. Some facts on the classes of a-Stieltjes one-sided non-negative
definite sequences and some of its subclasses

The central theme of this section is to study the classes of sequences of complex
matrices which were given in Definition 1.3. It should be mentioned that the classes
introduced in part (a) of Definition 1.3 have been discussed already in [12]. Since
Lemma 1.5 shows that the left-sided classes are connected with the corresponding
right-sided classes by a simple reflection principle, we will mainly concentrate on
the right case.

Definition 2.1. For each a € C, each k € NU {+oc}, and each sequence (s;)5_g
from CP*9, let the sequences (sabj);”;ol and (Saqj);;& be given by

Sapj = —aS; + Sjt1 and Saqj = OS5 — Sj41 (2.1)

for each j € Zg x—1. Then (sabj);«:ol (resp. (Saqj);{:_ol) is called the sequence gen-
erated from (s;)5_o by right-sided (resp. left-sided) a-shifting.

Remark 2.2. Let a € C, let k € NU {+oc}, and let (s;)%_, be a sequence from
CP*4. In view of Definition 2.1, then sqqj = —sap; for all j € Zg x—1.

In view of Lemma 1.5, we add the following:

Remark 2.3. Let a € C, k € NU {+oo} and let (s;)%_, be a sequence from CP*1.
Let 8 := —a and (u;)%_, be defined by u; := (=1)7s;. It can be easily checked
that ugqj = (—1)7san; for each j € Zg 1.

Remarks 2.2 and 2.3 allow us to concentrate mainly on the right-sided case.

Theorems 1.6, 1.7, and 1.8 show that both sequences (s;)j_, and (saw);_&
(resp. (Saqj)iz ~,) together contain essential information about the considered mo-
ment problems connected with the interval [a, +00) (resp. (—o0, ).

It should be mentioned that the construction in Definition 2.1 was introduced
for a € C and rectangular matrices, though the generic case in this paper will be
connected with real numbers o and square matrices.

Remark 2.4. Let k € NU {400} and (s;)5_, be a sequence from CP*?. In view of
(2.1), then sgp; = s;41 for all j € Zg —1.

Obviously, for each o € R and each n € N, we have
2(n—1
’Cq_2na:{(5])j 0 EH(]Qn (SGDJ)g(O ) EH(I_Q(n 1)}
’C(IZ;na:{(S])zno EH(]Qn (SGDJ)Qn ' EHQZ’H 1}

and, for each o € R and each n € Ny, we see that ICqZZn-i-l o 1s the set of all

sequences (s;)341 from C2*7 such that {(sj)J 0 (saw)J o} € HZ,, and that

Jj= q,2n

>, 2n+1
ICq—,2en+1,a = {(31) mte Hq 41" (Saw) 2o € H, 277} :
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It seems to be useful to state some simple, but useful interrelations between the
sequences (s;)5_o and (sas;j)7—y. Here and in the following, for each A € CP*4, let
N (A) be the null space of A and let R(A) be the column space of A.

Remark 2.5. Let o € C, k € NU {+00}, (s)_¢ be a sequence from CP*? and
m € Z1 . Then it is readily checked that

Sm = asp + E amflﬂsaw.

In particular, the inclusions A (sg) N [m;n:—ol N(sass)] € N(sm) and Rism) C
R(so) + Z;n;()l R(Sax;) hold true.

Now we give some more or less simple observations on the arithmetics of
several sets introduced in Definition 1.3.

Remark 2.6. Let o € R, k € NgU {+o0} and » € N. For all v € Z;,, let

(s gq;)) _0 €Kz, 0 (resp. KZ;¢,,). Then we easily see that (3, _, sgv)) 0 €KZn
(resp. qu )

Remark 2.7. Let a € R, k € No U {400}, (s;)5_ € IC[IKQ (resp. KZ;¢,), and
A € C?*P_ Then it is readily checked that (A*SJA)jZO € K2, (resp. K332 ,).

DK,

Remark 2.8. Let « € R, k € NgU{+oo} and n € N. For alll € Zy ,,, let ¢y € N
and (55 )) %_o be a sequence from C#*%. Then it is readily checked that (s (»l)) o€

KZ .o (resp. K220 ) for all | € Z, ,, if and only if (diag[s (-)]l 1)i=0 € ICZL L
(resp. IC—ﬂ s, o)

We will write C%*? for the set of all Hermitian complex ¢ x ¢ matrices. We will
use the Lowner semi-odering in C{{*?, i.e., we write A > B (resp. A > B) in order
to indicate that A and B are Hermitian complex matrices such that A — B is non-
negative (resp. positive) Hermitian. For each 8 € R, let | 8| := max{k € Z: k < 3},
i.e., | 8] is the integer part of S.

Lemma 2.9. Let o € R, k € No U {+00} and (s;)f_, € KZ Then:

q,K,o"

(a) sj € CK? for all j € Zo,,, and Saw; € CF? for all j € Zo,x—1.

(b) soi € (Cq;q for all k € Ng with 2k < k and sapog € (Cq;q for all k € Ny with
2k +1 < k.

(c) N(s2rx) € N(sj) and R(sj) € Rsax) for each k € Zo 5 and each j €
Log2|5]-1-

(d) N(sas2k) € N(sasj) and R(Savj) C R(Sav2k) for each k € Zy s~ and each
J € Lyp gyt 1

Proof. Combine Definition 1.3 with [18, Lemma 3.2]. O
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To obtain similar statements analogous to parts (c) and (d) for the class

IC;;’L o we recall the following result:

Lemma 2.10 ([12 Lemma 4.7, Lemma 4. 11]). Let « € R and n € Ny. Then
- 2,0 o C ’Hq 4. Furthermore, if (53)2”+1 € qu it then (Sapj)ito € Hq o

Lemma 2.11. Let o € R, m € Ny and (s;)L, € KZ:% . Then:

(a) N(s2r) € N(s;j) and R(s;) € R(sax) for each k € Zo 7 and each j € ZLog m.
(b) N(sas2r) € N(sapj) and R(sas;) € R(sasar) for each k € Zy -1 and each
J € Zogm—1-

Proof. Combine Definition 1.3, Lemma 2.10 and [18, Lemma 3.1]. O

At the end of this section, we turn our attention to some subclass of ICq oo

which is characterized by stronger positivity properties. For each n € Ny, let Hq o
be the set of sequences from C?2*7 such that the block Hankel matrix H,, given by
(1.2) is positive Hermitian. If a € R, then we set K7 , = H_,. For each a € R

and each n € N, let

. 2n—2
’C>2n o= {(Sj)j o€ Hq on " (SaDj)jio € H;2n72} .
Furthermore, if a € R and if n € No, then let K75, ; , be the set of all sequences

(sj)ii?)'l from C9%? such that {(sj)?io, (Sabj)?io} CH.on

Remark 2.12. Let g € N, a € R, n € Ny, and (s;)7_ € K3 .o For each m € Zg p,
then, (s;)7L, € K

q,m,o"

In view of Remark 2.12, it is natural to denote by K7 . , the set of all
sequences (s;)52, from C?*? such that (s;)jL, € K7, holds for all m € No.
For each @ € R and each x € Ng U {+00}, a sequence (s;)5_, € ICq s 18 called
«a-Stieltjes right-sided positive definite. In the special case a = 0, it is also called
Stieltjes positive definite. We state some first obvious observations on a-Stieltjes

right-sided positive definite sequences.

Remark 2.13. Let o € R and & € Ng U {+00}. Then K-, , C KZ

q,k,0"

Remark 2.14. Let @« € R, K € Ng U {400} and r € N. For all v € Z,, let
(s (v))J 0 € K2« If there is some vy € Zi, such that (sgv ))j 0 € K7 .o then

(er; 1 ;U))j OGIC(]K(I
Remark 2.15. Let a € R, k € No U {+00}, (s5)f—g € K7, o, and A € CI*9. If A is

q,k,x

non-singular, then (A*s;A)5_, € K7, ,, and if A is singular, then (A*s;A)5_, €
Kz Kz
ara \ Vg ka0

Remark 2.16. Let « € R, Kk € NgU {+o0} and n € N. For all [ € Zy ,, let ¢, € N

and (s ())j _o be a sequence from C%*%. Then (s ())J 0 €K ., foralll € Zy, if

J qi,k,o

and only if (diag[s (-)]l )= € ICZl L
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In the sequel, we will need the Moore-Penrose inverse A' of a complex
p X ¢ matrix A (see Appendix A).

In order to formulate some essential observations on the above introduced
sets, it is useful to introduce now some further constructions of matrices notation,
which will play a central role in the following.

Let £ € No U {+00} and a sequence (s;)%_, from CP*? be given. Then, for
every choice of j, k € Ny with j < k <&, let

Sy
s Sj+1 s
yj<,2 =1 and z;lz =S5, 841, Sk (2.2)
Sk
For each n € Ny with 2n < &, let Hff> = [sj+k];?,k:0. If n € Ny is such that
2n 4+ 1 < k, then let
K$) = [sj0041) ko (2.3)
and for each n € Ng with 2n + 2 < k, let
G = [sjrrral] rmo- (24)

We use the notation L< ) = = 59, and, for each n € N with 2n < &, let
LY 1= 5o = 21 (H )Yy . (2.5)

In situations in which it is clear which sequence (s;)j_, of complex matrices is

meant, we will write y;x, 2jk, Hn, Kn, Gn, and L, instead of yj<.s,z, 209 HT<LS>7

g,k
K,<LS>7 GSLS), and L§f>, respectively. Furthermore, if « € C, k € NU {+o0}, and a
sequence (s;)}_, from CP*9 are given, then let (tj);;& be defined by t; = sap;

and (2.1) for each j € Zo x—1, and let
Heypp := HSY and Lasn = LY (2.6)
for each n € Ng with 2n+1 < &, let Kqopp 1= Kflw for each n € Ng with 2n+2 < k,

and, for every choice of integers j, k with 0 < j <k <k —1, let

Yavj ke i= y;tlz and Zapjk ‘= zjt,i (2.7)

Now we recall important characterizations of the set qu o

Lemma 2.17 ([12, Lemma 4.15]). Let « € R, n € Ny and (sj)%'g1 € IC—QnJrl o
Then (81)2n+1 € ICq 2n+1,« Zf and Only ZfN( n) g N( al>n)-

Lemma 2.18 ([12, Lemma 4.16]). Let a € R, n € N and (s;)52, € K= Then

(Sj)j 0 € qu .o if and only if N(Lopn—1) € N (Ly).

q,2n,a”
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Lemmas 2.17 and 2.18 have the following important consequences:

Proposition 2.19. Let o € R.
(a) Letn € Ny and (SJ)Q"Jrl € ICq dntla- Lhen

N(Lo) € N(Laso) € N(L1) € -+ CN(Lapn—1) SN (Ln) € N(Lasn)

and

R(Lo) 2 R(Laso) 2 R(L1) 2 -+ 2 R(Lasn—1) 2 R(Ln) 2 R(Lasn)-

(b) Let n € N and (s;)32, € qu n.o- Then

N(Lo) €N (Laso) S N(L1) € -+ CN(Lapn—1) € N(Ly)

and
R(Lo) 2 R(Laso) 2 R(L1) 2 -+~ 2 R(Lasn1) 2 R(Ly):

Proof. Use Remark 1.4 and Lemmas 2.17 and 2.18. g

Now we verify that a-Stieltjes right-sided positive definite sequences are
a-Stieltjes right-sided non-negative definite extendable.

Proposition 2.20. Let a € R and v € Ng U {+o0}. Then K7, , C lC;,fa
Proof. Because of the definition of the sets in question, the cases k = 0 and
Kk = 400 are trivial. Suppose now that k = 2n + 1 with some n € Ny. We consider

an arbitrary sequence (sj)?”gl € qu on+1.q- Lhen (Sj)gnf{l belongs to IC;QM_LQ

and (53)320 belongs to ’H>2n Thus, [13, Remark 2.1] shows in particular that
rank L, = ¢, i.e., N(Ly,) = {0gx1}. Lemma 2.17 yields then (53)2”+1 € qu dntlar
It remains to prove the case that x = 2n with some n € N. Let (s;)3%, € K75, o
Then (s;)32, € ICq on.o and (saw) e H_ 2n_o- Consequently, [13, Remark 2.1]
implies rankLaM 1 =q, ie., N( avn—1) = {0gx1}. Using Lemma 2.18, we get
(s5)3% € qu 5n.«- The proof is complete. a

3. Canonical Hankel parametrization

With later applications to the matrix version of the Hamburger moment problem in
mind, a particular inner parametrization, called canonical Hankel parametrization,
for sequences of complex matrices was developed in [13,15,18]. We recall the
definition of the canonical Hankel parametrization of a sequence from CP*?. To
explain this notion, we need some further matrices built from the given data.
Let k € No U {+oo} and (s;)5_, be a sequence from CP*9. For all k£ € N with
2k — 1 <&, let

@1<:> = Zlgg%k (ng >1)T li;k 1

. . . (3.1)
= = (HE TR (HS )Ty
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and, for all £ € N with 2k < k, let

(s) ._ () (s) \t, (s) (s) ._ () (s) \t, (s)
M = Zk,Qkfl(Hkil)Tykil,Qh Ny = Zk:+1,2k(Hk71) Yk, 26— (3.2)
and let
AP = M 4 N ), (3.3)

Moreover, let 0,x4 be the null matrix in CP*? and let

@(()s) = Opxq, Eés> 1= Opxg; Més> 1= Opxg; N(§8> = 0Opxgq, and A(<)S> = Opxq-
(3.4)
If a sequence (s;)5_, from CP*? is given, then we will write O, Y, My, Ni

and Ay for @ﬁ, Zﬁ, M,ﬁs>, N,is> and A,<:>, respectively. Furthermore, if o € C,
k € NU {400}, and a sequence (sj);?:() from CP*? are given, then let

Ourk = @,it> for all k € Ng with 2k < k (3.5)
and let
Mooy, := M{" and  Agpr = A forall k € Ng with 2k <k —1, (3.6)
where (t; )K_l is defined by ¢; := sqap; and (2.1) for all j € Zg x—1.

Remark 3.1. Let k € NU {+oo} and let (s;)7%, be a sequence from CP*9. Then
one can easily see that there are unique sequences (Cy)5_, and (Dy)f_, from CP*?
such that sg; = O + Dy, for all k € Zg , and so—1 = A1 + C, for all k € Zy .,
where O and Ag_1 are given by (3.1) and (3.3), respectively. In particular, we see
that Cy = sag—1 — Ag—1 for all k € Z; ,, and moreover Dy, = Ly, for all k € Z ..

Remark 3.1 leads to the notion of canonical Hankel parametrization, which
was introduced in [13, Definition 2.28] and [18, Definition 2.3].

Definition 3.2. Let k € NU{+o0} and let (sj)?io be a sequence from CP*9. For all
k € Zy x, let Cp := sop—1 — Ap—1, where Ag_; was introduced in (3.4) and (3.3),
and, for all k € Zg ., let Dy := Ly, where Ly was introduced in (2.5). Then the
pair [(Cr)fi_1, (Dk)f—ol is called the canonical Hankel parametrization of (s;)3%,.

Remark 3.3. Let kK € NU {400} and let (Cy)%_; and (Dg)f_, be sequences from
CP*4, Then it can be immediately checked by induction that there is a unique
sequence (s;)7%, from CP*? such that [(Ck)5_;, (Di)i—o] is the canonical Hankel
parametrization of (s;)~ %0, namely the sequence (SJ)QHO recursively given by sof =
O + Dy, for all k € Zy .. and sap41 = A + Ciga for all k € Zo, 1.

In view of Definition 3.2, [15, Proposition 2.10 (b)] admits the following
reformulation:
Proposition 3.4. Let n € N and let (sj)?ﬁo be a sequence from C9*9 with canonical
Hankel parametrization [(Cy)i_y, (Dr)i_o)- Then (s;)7% € Hign if and only if
the following three conditions hold:

(I) (Cr)r_y is a sequence of Hermitian matrices.
(II) (Dg)j_o is a sequence of non-negative Hermitian matrices.
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(IIT) All the inclusions

N(Do) CN(D1) C -+ CN(Dp—2) € N(Dp—1)
N N 1N N
N(Cy)  N(Cy) N(Cpnor)  N(Cn)

hold true.

Proposition 3.4 shows that the membership of a sequence to Hizn can be

nicely expressed in terms of its canonical Hankel parametrization. Taking Re-
mark 3.3 into account, we see from Proposition 3.4 that Hankel non-negative
definite sequences with prescribed canonical Hankel parametrization can be con-
structed. In the next section, we will introduce a particular parametrization for
sequences from CP*? which plays a similar role concerning the membership of a
sequence to the set K%H’a where o € R.

At the end of this section, we express the rank and the determinant of the
matrix H, built from a sequence (s;)5%, € 7{;2 in terms of its canonical Hankel
parametrization.

n

Lemma 3.5. Let k € NU {+oc0} and let (sﬁ?io € ’Hi% with canonical Hankel
parametrization [(Cr)i_q, (Dg)i_o]. Then rank H,, = >_}'_, rank Dy, and det H,, =

[Tr o det Dy for all n € Zq,..

Proof. According to [15, Proposition 4.17], for all n € N, there exists a complex
(n+1)g x (n+ 1)g matrix F,, with detF,, = 1 such that F}, H,F, = diag[Lx]}_,.
In view of the definition of the set Hi% and Definition 3.2, this implies the
assertions. g

4. One-sided -Stieltjes parametrizations

Our current focus on matricial moment problems for intervals of the type [, +00)
or (—oo,a], where « is an arbitrary real number, motivates us to look for corre-
sponding one-sided a-analogues of the canonical Hankel parametrization of seqe-
unces from CP*9. Our above considerations show that, for reasons of symmetry, we
can mainly concentrate on the right-sided case. In this case, we use the matrices
defined in (3.1), (2.5) and (2.6) to introduce the following notion which will turn
out to be one of the central objects of this paper.

Remark 4.1. Let o € C, let £ € No U {+00}, and let (s;)j_, be a sequence from
CP*4, Then one can easily see that there is a unique sequence (Qj)?:o from CP*4
such that so = Of + Q2 for all k € Ny with 2k < k and sopt+1 = @sag + Oapk +
Qo1 for all k € Ny with 2k + 1 < k. In particular, we see that Qo = Ly, for all
k € Ny with 2k < k and moreover Qar+1 = Lapsi for all £ € Ny with 2k +1 < k.

Remark 4.1 leads us to the following notion.

Definition 4.2. Let a € C, let € No U {400}, and let (s;)5_, be a sequence from
CP*4. Then the sequence (Q;)j_, given by Qo := Ly, for all k € Ng with 2k < x
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and by Qopt1 := Lok for all k € Ny with 2k + 1 < k is called the right-sided
a-Stieltjes parametrization of (s;)5_g. In the case a = 0 the sequence (Q;)5_ is
simply called the right-sided Stieltjes parametrization of (sj)fzo.

Remark 4.3. Let a € C, let k € No U {+00}, and let (Q;)%_, be a sequence from
CP*4, Then it can be immediately checked by induction that there is a unique
sequence (s;)5_, from CP*? such that (Q;)5_ is the right-sided a-Stieltjes para-
metrization of (s;)_y, namely the sequence (s;)5_, recursively given by sz =
Ok + Qo for all k£ € Ny with 2k < k and Sog+1 = asei + Oask + Qor+1 for all
k € Ng with 2k + 1 < k.

Let us add the left-sided analogue of Definition 4.2.

Remark 4.4. Let a € C, let £ € Ng U {400}, and let (s;)5_, be a sequence from
CP*4, Then there is a unique sequence (Qj)?:o from CP*? such that sor = Op+Qok
for all k € Ny with 2k < k and in the case K > 1 moreover sg11 = aSor — @ff) —
Qaks1 for all k € Ny with 2k + 1 < k, where the sequence (tj);”;ol is given by
tj = Saq; and (2.1) for all j € Zg ,—1. In particular, we see that Q2 = Ly, for all

k € No with 2k < k and Qo1 = L\ for all k € Ny with 2k +1 < &,

Definition 4.5. Let o € C, k € No U {+oc} and let (s;)5_, be a sequence from
CP*4. Let (tj);:_ol be defined by t; := saq; and (2.1) for all j € Zg ,—1. Using
(2.5), let ng := Ly, for all k € Ny with 2k < x and Q2k+1 = L,iw for all £ € Ny
with 2k + 1 < k. Then the sequence (Q;)j_, is called the left-sided a-Stieltjes
parametrization of (s;)5_o. In the particular case o = 0, the sequence (Q;)5_, is
simply called the left-sided Stieltjes parametrization of (Sj)f:o.

Remark 4.6. Let o € C, let Kk € Ny U {400}, and let ((:Qj)f:() be a sequence
from CP*9. Then it can be immediately checked by induction that there is a
unique sequence (s;)5_, from CP*? such that (Qj)?:o is the left-sided o-Stieltjes
parametrization of (s;)5_y, namely the sequence (s;)}_, given by sg = O + Q2
for all k € Ny with 2k < x and, in the case k > 1, moreover by sox+1 = asap —
@ff) — Qap41 for all k € Ny with 2k + 1 < &, where the sequence (tj);;& is given
by t; := Saq; and (2.1) for all j € Zg —1.

Remark 4.7. Let a € C, k € NgU{+o0} and let (s;)%_, be a sequence from CP*1.
Denote by (Q;)%_, and (Q;) _o the right and left-sided a-Stieltjes parametrization
of (s;) %_o, respectively. Then from the definition of the corresponding matrices it
is clear that Q; = (—1)7Q; for each j € Zg ..

In view of Remark 4.7, we can mainly concentrate on the investigation of the
right-sided a-Stieltjes parametrization.
Remark 4.8. Let a € C, let k € Ng U {400}, and let (s;)5_, be a sequence from
CP*4. Further, let (Q;)7_, be the right-sided a-Stieltjes parametrization of (s;)5_,.
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Keeping in mind Definition 4.2 and the definition of the matrices Ly, k € Zo, 5,
and Lok, k € Z, fol it is readily checked that, for each m € Z ., the sequence

(Qj)7xo is the right-sided a-Stieltjes parametrization of (s;)’,.
We list now some properties of the right-sided a-Stieltjes parametrization,
which can be easily proved using basic results on Moore-Penrose inverse of complex

matrices, which are especially summarized in [17, Remark A.2, Lemma A.3]. We
omit the details of the proofs.

Remark 4.9. Let a € C, k € No U {+00}, (s;)_, be a sequence from CP*? and
(Qj)5—o be the right-sided a-Stieltjes parametrization of (s;)5_o. Then:
(a) (QT)j o s the right-sided a-Stieltjes parametrization of (s )J 0

(b) (@)= is the right-sided a-Stieltjes parametrization of (s j)j 0

(¢) For each choice of m,n € N, U € C™*P with U*U = I, and V € C?7*" with
VV* = I,, the sequence (UQJ»V);”:O is the right-sided a—Stieltjes parametri-
zation of (Us;V)i_,.

Remark 4.10. Let « € C, kK € NgU {+o0} and n € N. For all m € Zj,, let
Pms Gm € N, (8§»m));:0 be a sequence from CPm*%m  and (Q(m))’;ﬁ o be the right-
sided «-Stieltjes parametrization of ( (m )) _o- Then it is readily checked that
(dlag[Q( )]m 1)—o is the right-sided - Stleltjes parametrization of

(diag[s\™)2 _1)%o.

Lemma 4.11. Let o € R, let k € No U {400}, and let (s;)5_, € K2, o
sided a-Stieltjes parametrization (Q;)5_o. Then:
(a) rank H,, = Zk:o rank Qo and det H,, = szo det Qo for all n € Ny with
2n < k.
(b) If k > 1, then rankHopn =5 _orankQopt1 and det Hopn =[] _odetQar1
for alln € Ng with 2n+1 < k

with right-

Proof. Combine the Definition of ICq .o With Definition 4.2 and Lemma 3.5. [

;O

Guided by Proposition 3.4, now we are looking for characterizations of par-
ticular classes of sequences from C?*? in terms of their canonical right-sided
a-Stieltjes parametrization.

Theorem 4.12. Let a € R, k € No U {400}, (s5)5—o be a sequence from C*? and
(Qj)5=¢ be the right-sided a-Stieltjes parametrization of (s;)i_y. Then:

(a) (sj)f= is a sequence from CI? if and only if (Qj)5=0 is a sequence from
(CZIX[I.
(b) The following statements are equivalent:
(1) (Sj)j =0 € ICq K,o"
(i) Q; € (C‘i ? for each j € Zo, and, in the case k > 2, the inclusion
N(Qj) SN (Qjt1) holds for each j € Zg x—2.
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(ili) Q; € (quq for each j € Zy, and, in the case k > 2, the equations

Qg+1Q QJ Qj+1 holds for each j € Zo,;—2-
(¢) The following statements are equivalent:

(1V) ( ) =0 € ICq,n a”
(v) Q; € C¥*? for each j € Zy, and, in the case k > 1, furthermore
N(Q;) Q_N(QjH) for all j € Zg so—1.
(vi) Q; € CL*7 for each j € Zo, and, in the case k > 1, furthermore
Qj+1Q;Qj = Qjt1 for all j € Zo,x—1.
(d) The following statements are equivalent:
(Vll) (Sj)j =0 € Icq K,o°
(viil) Q; € CL*? for each j € Zo .

Proof. (a) This equivalence is readily checked by induction.

(b) “(i)=(ii)”: Since (i) is supposed, (Q;)5_, is a sequence of Schur comple-
ments of non-negative Hermitian block Hankel matrices. Hence, Q; € (Cq;q for
eachj € Zo.x (see also [12, Propositions 4.9 and 4.13]). Obviously, if £ > 2, then
(85)5= o belongs to IC—K 1,0> and, thus, Remark 4.8, Definition 4.2, and Proposi-
tlon 2. 19 yield N(QJ) C N(QjH) for each j € Zg j—2.

“(ii)=(i)": Because of Qo € CL*?, we have (s;)}_, € ’HZ qu o =0,
thus (i) holds. If kK > 1, then QO,Q1 € (quq imply immediately (s;);_o € ICq Lot
Now let k > 2. We know that there is an m € Z ,_1 such that (sj)J 0 EKZ
Because of N'(Qm-1) € N(Qm), Lemmas 2.17 and 2.18 yield (s;)7, € K25 .
Thus, from Q,, € CL*? and [12, Proposition 4.9 and Proposition 4.13] we see that
(s5)7Lo belongs to ICq m.a- Consequently, (i) is inductively proved.

“(ii)«<(iii)”: Use Lemma A.1.

(¢) “(iv)=(v)?: If k = 400, then (v) follows from part (b). The case x = 0 is
trivial. Suppose that x € N. According to (iv), there is an s,4+1 € C7%? such that
(SJ)"H'1 e ICq—K_H o Thus, (v) follows from part (b).

“(v)=(iv)”: If k = +00, then this implication is true because of (b). If k =

qma

2n with some n € Ny, then, setting son+1 1= aSan + Zavn,2n— 1Hm>n 1ya>n on—1,
Definition 4.2 shows Q2,41 = Ogxq, so that part (b) implies (s] )?”H € qu 2+l
If Kk = 2n — 1 with some n € N, then with sg,, 1= 25, 2n— 1H _1Yn,2n—1 We have
Qan = 0gxq and part (b) yields (s;)32, € qu an.q- 10 €ach case, (iv) holds true.

“(v)&(vi)”: Use Lemma A.1.

(d) “(vil)=-(viii)”: Because of (vii), the sequence (s;)5_, belongs to K2,
Thus, from (b) it follows that Q; € CL*? for each j € Zg,. Since (vii) holds, we
know that

rank H, = (n+ 1)g for each n € Ny with 2n < & (4.1)
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and that
rank Hypp = (n+ 1)g for each n € Ny with 2n + 1 < k. (4.2)

Consequently, Lemma 4.11 yields (viii).
“(viii)=(vii)”: Part (b) shows that (vii) implies (s;)5_, € KZ,.o- Because of
Lemma 4.11, we get then (4.1) and (4.2). Thus, (vii) holds true. O

Taking Remark 4.3 into account, the application of Theorem 4.12 provides
us the possibility to construct, for arbitrarily given a € R, sequences from C7*4
with prescribed right a-Stieltjes properties.

As a first application of Theorem 4.12 we present now a complete answer to
the completion problem for a-Stieltjes right-sided positive definite sequences.

Proposition 4.13. Let o € R, let n € Ny, and let (sj)in+1 be a sequence from

Ce*4. Then (sj)?”'gl € K7 ani1.a if and only if (s;)i2% € K9y o and sany1 >

asap, + Onpn, where O 4y is given by (3.5).
Proof. Use part (d) of Theorem 4.12, Definition 4.2, (2.6), (2.5), and (2.1). O
Proposition 4.14. Let o € R, let n € N, and let (SJ)Q”O be a sequence from C9%9.

Then (s;)720 € Ky on.o if and only if (53)2” Ler>
©,, is given by (3.1).

22n—1,0 and San > Oy, where

Proof. Use part (d) of Theorem 4.12, Definition 4.2, and (2.5). O

It should be mentioned, that Propositions 4.13 and 4.14 allow us an alter-
nate approach to Proposition 2.20. The combination of Propositions 4.13 and 4.14
even produces an improvement of Proposition 2.20. Namely, we see now that an
a-Stieltjes right-sided positive definite sequence admits always an a-Stieltjes right-
sided positive definite extension.

Ezample 4.15 (Catalan numbers). Let s; := J+1 (23) for all j € No and let (Q;)52,
be the right-sided 0-Stieltjes parametrization of (s;)52,. Then (s;)72y € K7 oo
and Q; = 1 for all j € Ny. Indeed, det H, = 1 for all n € Ny (see, e.g., [22]).
Thus, from [15, Remark 3.1 (a)] we see that Dy = 1 for all £ € Ny, where
[(Ck)iZ1, (Dr)i] is the canonical Hankel parametrization of (s;)32,. In view
of Definitions 4.2 and 3.2 we get that Qo = Ly = Dy = 1 for all k£ € Ny. For
all j € Ny, let t; := s;41. Then det HYY =1 for all n € Ny (see, e.g., [22]).
Thus, from [15, Remark 3.1 (a)] we sece that F, = 1 for all k¥ € Ny, where
[(Ek)k 15 (Fi)7Zo] is the canonical Hankel parametrization of (;)72,. In view
of Definition 4.2, (2.6), Remark 2.4 and Definition 3.2, we get that Qop+1 =
Losr, = L,@ = F;, = 1 for all £k € Ny. Finally, part (d) of Theorem 4.12 yields

(85)5%0 € ]C1>,oo,0'
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5. Completely degenerate «-Stieltjes non-negative definite
sequences

In this section, we continue our former investigations on completely degenerate
Hankel non-negative definite sequences, which were done in [12,13,15,18]. First
we recall the corresponding notions. Based on the matrices defined via (2. 5)

now introduce an important subclass of 'Hq on- If n € Ny and if (s;)32, € 'Hq ons
then (Sj)j o is called completely degenerate if L,, = 0. For each n € Ny, the set

HZd of all completely degenerate sequences belonging to HZ, is a subset of

q,2n

HZy, (see [13, Corollary 2.14]). If m € Ny and (s)7%0 € M

q,2n

q 2n
—hm are given, then
from [13, Proposition 2.13] one can easily see that (SJ) ', belongs to H:QC,?L if and
only if there is some n € Zg ,, such that L, = 0gxq. A Hankel non-negative definite
sequence (sj);?‘;o from C?7*? is said to be completely degenerate if there is some
non-negative integer n such that (sj)?io is a completely degenerate Hankel non-
negative definite sequence. By H%gfod we denote the set of all completely degenerate
Hankel non-negative definite sequences (Sj)?io from C9*9. A Hankel non-negative
definite sequence (s;)72, from C?*? is called completely degenerate of order n if
the sequence (sjﬁ”o is completely degenerate. By ’H> ¢dm we denote the set of all
Hankel non-negative definite sequences (s;)5, from (quq which are completely
degenerate of order n. If n € Ny and (s;)52, € Hg <", then (s;)37 € H:QC,?L for
each m € Zp, o0-

Given a fixed number o € R, now we introduce important subclasses of the
class of completely degenerate Hankel non-negative definite sequences. Let n € Np.
Then we define

>,cd . > >,cd >cd . p> >,cd
ICana' (IQTL(J/QH(IQTL’ ‘Cq,’Qna‘_ (IQTL(J/QH(IQTL’

> ,cd 2n+1 > >,cd
q,2n+1 a " {( € ]C q,2n+1,a * (sal>])] 0 € Hq,Qn } ’
and

>,cd 3 2n+1 . >,cd
‘Cq,2n+1,a = {(S]) € ‘Cq 2n+1,a° (S(KU)] 0 € Hq 2n } .

Furthermore, let K;o%da be the set of all sequences (s;)2, € IC,I so,q for which

there exists some m € Np such that (s;)7, € K;Tdea and let E;o%da be the set
of all sequences (s;)52, € LZ . . for which there exists some m € Ng such that
(Sj);nl:O € ‘Cilrz(,ia

Ezample 5.1. Let m € N, let (&), be a sequence from R, and let (A4;);; be a
sequence from (quxq. For all j € Ny, let s; :=>")" & A;. Let o, 8 € R with a <
min{¢1,&a, ..., &} and max{&i,&a, ..., &n} < B. Then (s;)22, € L’Z;dﬁ NKZ:,.
Indeed, [13, Lemma 2.40 (b)] yields (s;)52, € Hzx" for some u € N. Hence,

(55)320 € HZo and (s;)%%, € 7—[;;;?. For all n € Ny, we have, in view of (2.1),
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furthermore

| |
—

Uy (diag[A/]i™) Un = E:éjv%r—af VA& — aly) ]
7,k=0

n

(& —a)g ™A,

I
NE

1 G k=0

- —aZflﬁ'kA +Z§J+"+1A

§,k=0
= [—asj+k + Sj+k+1]j,k:0 = [Sapj+k]} k=0
where U, = [¢F/€& — aly)i=1.. . .m, and
k

=0,...,n

Vi (diag[AiiZy) Vi =

NE

(ﬁvﬁ—ﬁgmaﬁv%—&@ﬂ

L 3,k=0

1
n

(B—&)&™" 4

I
NE

l

1 3,k=0

— ﬁ % §+kA £J+k+1A
Rl

= [Bsjtr — Sj+k+1]j,k:0 = [spaj+klrzo

n

j,k=0

where V,, = [flk\/ﬁ—&f ]l:L... m- Hence, since (A4;)]", is a sequence of non-

k=0,...,n

negative Hermitian matrices, we have {(saw)j 0> (8845)720} C HZ ., which, in

view of (5;)32, € HZ ., and (s;)3%, € Hq x4 yields the assertion.

q,00

>,cd

5, can be characterized in the following

The membership of a sequence to HZ5
way.

Remark 5.2. Let n € N and (s;)72, € Hign with canonical Hankel parametriza-
tion [(Cr)i_y, (Di)i_ol. Then (s;)22y € HZ5i if and only if D, = Ogxq (see
Definition 3.2).

The right a-analogue of Remark 5.2 looks as follows.

Proposition 5.3. Let « € R, m € Ny and (s;)7, € Kz with right-sided
a-Stieltjes parametrization (Q;)7y. Then (s;)Ty € K258, if and only if Qum =

qma

OGXG

Proof. Taking the definition of the set IC,%;?L‘?Q into account, the assertion follows

immediately by combining Definition 4.2 and Remark 5.2. U
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Corollary 5.4. Let o € R and (s;)72, € KZ oo

metrization (Q;)52,. Then (s;)5, € K;O‘éfa if and only if there exists some m €
Ng with Q., = quq

Proof. Use Proposition 5.3. g

with right-sided «-Stieltjes para-

Lemma 5.5. Let o € R, let k € NoU {+o0}, let (s;)f_y € K2, and let m € Zg
be such that (s;)7, € KZ54,. Then (s;)7— € KZ; cd for all n € Zp, .

q,m,c” q,n,x

Proof. Use Proposition 5.3 and part (c) of Theorem 4.12. O

Lemma 5.6. Let o € R, k € NgU{+00} and r € N. For allv € Z1 ., let (Sg-v))';-’:o €
Kz Let m € Zo,, and (3! (U)) o €KZ;¢4. Then (8§»v))f:() e Kz, for all

q,k,0" Ulj q,K,x

NS Zl,r

Proof. For each j € Zg ., let tj := > _ s . By assumption, then (¢;)j_, belongs

v=1 j
to Kz;¢¢, and, in particular, to ICq x,o- Remark 1.4 shows that (¢;)7_, € Kz o

for each n € Zg . Let (R; )J o be the right-sided a-Stieltjes parametrization of

(t;)5—- Furthermore, for each v € Z1 ., let (Q(U))] o be the right-sided a-Stieltjes

parametrization of (s; (w ))j _o-

(I) First we consider the case k € Ny. Since (8§»v))§?:0 e k2
for each v € Z; , from part (b) of Theorem 4.12 we see that

QW e Ccy (5.1)

x,a 18 supposed

holds true for each v € Zi,. Because of the assumption (¢;)}_, € IC;:‘}N we

have R,, = Ogxq. Using a result on Schur complements of sums of non-negative
Hermitian block matrices (see [15, Lemma 4.21]), we conclude that

Y =R- Y Qe
v=1 v=1 B
Consequently, because of (5.1), for each v € Z; ,, we get — ,(.f)) € (Cq;q and, using

(5.1) again, then Q,(f) = Ogxq. Thus, in the case k € Ny, the proof is complete.
(II) Now let £ = +oc. Then there is an m € Ny such that (¢;)7L, € KZed

q,m,a’
Part (I) of this proof yields that (s (”)) Lo € Kz;5d, for each v € Zy . This implies
(sg-v))jzo € Kz, for each v € Zy,,. O

Lemma 5.7. Let o € R, k € No U {400}, (s5)-g € K%, p € N and A € CP*4.
If Kk > 1, then suppose that

N(A) € (Y Ns)) (5.2)

Then (As; A*)5_ € KzZed

DK,
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Proof. Remark 2.7 shows that (¢;)5_, defined by t; := As; A%, j € Zj,x, belongs
to K2, - Let (R;)5_, be the right-sided a-Stieltjes parametrlzatlon of (t;)5_o-
(I) The case k = 0 is trivial.
(IT) Now we consider the case k € N. If x > 2, then we see from (2.1) and

(5.2) that

K—1 K—2

(YN (s5) € () Nsasy)- (5.3)
Jj=0 Jj=0

Because of (s;)}_, € IC%;;‘}N we have Q. = 0gxq. From a result on Schur comple-

ments of non-negative Hermitian block Hankel matrices (see [18, Proposition 3.11]),

and the inclusions (5.2) and (5.3) we get that R, = AQ.A* = A-0gxq-A* = Opxp.

Thus, (¢;)5_, belongs to Kzed

PR,
(IIT) Now let r = +oo. Then there is an m € Ng such that (s;)jL, € Kz,
Parts (I) and (II) yield that (t;)7" € Kzed,. Thus, (¢ )50 belongs to K;O‘;da O

Remark 5.8. Let « € R, kK € NgU {400} and n € N. For all ] € Z; ,, let ¢; €
N and (s;l))fzo be a sequence from C#*%. Further, let m € Zg,. In view of
Remark 2.16 and elementary properties of the Moore-Penrose inverse of block
diagonal matrices, we easily see then that (s;l))’j’zo € Kz<dm for all | € Zy,, if

qi;kK, o
and only if (diag[sgl)]l’;l)?:o € kzedm

2l quksal
Proposition 5.9. Let o € R and let k € Ng U {+00}. Then KZ;2%, C K22,
Proof. Let (s;j)_y € KZd. Then (sj)5=¢ belongs in particular to K2, o Since

the cases kK = 0 and k = +o0 are trivial, it remains to consider the case x € N.
Then @Qx = Ogxq, Which implies ./\/’(Qﬁ,_l) C C? = N(Q). Thus Lemmas 2.17
and 2.18 yield (s;)5_ € Kz O

q,h} a’

Proposition 5.10. Let o € R, let m € Ny, let (sj);-”zo be a sequence from CI%9,
and let (Q;)7y be the right-sided a-Stieltjes parametrization of (s;)7y. Then the
following statements are equivalent:
(1) (550 € K2k
(ii) The following three conditions are fulfilled:
(ii-1) Qm = 0gxq-
(ii-2) If m > 1, then Q; € CL*? for each j € Zom—1-
(ii-3) If m > 2, then N(Q;) CN(Q]H) for each j € Zom—2.
Proof. “(i)=(ii)”: Because of (i), we have ( i)jeo € KZ .o and (ii-1). Proposi-
tion 5.9 shows that (s;)7", belongs to Kz Thus, part (c¢) of Theorem 4.12
yields (ii-2) and (ii-3).
“(ii)=(i)": In view of (ii), from part (c) of Theorem 4.12, we obtain (s;)L, €
KZy . and, hence, (s;)7, € KZ,, ,. Thus, (ii-1) implies (i). O

q,m,o

qma



232 B. Fritzsche, B. Kirstein and C. Méadler

Proposition 5.11. Let a € R, let (s;)32 be a sequence from C1*9, and let (Q;)3%,
be the right-sided o-Stieltjes parametrization of (sj);2. Then (s;)52, belongs to
K;o‘;da if and only if there is an m € Ny such that the following statements hold
true:

(i) Qk =0gyxq for each k € Zup oo
(ii) If m > 1, then Q; € (Cq;q for each 1 € Zo m—1.
(iii) If m > 2, then N(Qj;) € N(Qj+1) for each j € Zom—2.

Proof. First suppose (s;)52, € K229, Then (s;)52, € K2, , = K22 , and there
is an m € Ny such that Qm = Ogxgq- Thus, part (c) of Theorem 4.12 yields that
Q; € CT% and N(Q;) € N(Qj+1) hold true for each j € Ny. Since N(Q,,) =
N(quq) C1, the conditions (i), (ii), and (iii) are fulfilled.

Conversely, now suppose that () (ii), and (iii) are true. Then part (b) of

Theorem 4.12 provides us (s;)52, € K?Z .o and, consequently, (i) implies (s; )20 €

>,cd
q’oo’a O

The structure of the completely degenerate Hankel non-negative definite se-
quences was completely described in [13, Proposition 4.9 (c)]. A closer look at this
result yields the following observation on the structure of the elements of the set
’C> cd

q,00,0"

Proposition 5.12. Let o € R, let (s;)52, € K54, and let n € N be such that
so # Ogxq and (s;j)}— € Kz:¢d,. Then there exist a number m € Ly | ns11q @
sequence (&)™, of pairwise different numbers from [a, +00) and a sequence (A;)[",

from (qu \ {Oyxq} such that for all j € Ny the representation

=Y gA
=1
holds true.

Proof. We first consider the case n = 2k with some k € N. We have then (s;)32, €
HZ bk Hence, from [13, Proposition 4.9 (a), (b)] we obtain the existence of
a number m € Zj g, a sequence (§);, of pairwise different numbers from R
and a sequence (A;); from CL* such that ML[R; (s;)32,, =] = {>)% 0¢, Ar},
where d¢,: Br — [0,+00) is the Dirac measure with unit mass in & for all
l € Zim. In view of so # 0Ogxq, We assume without loss of generality that
Ap # Ogxq for all I € Zy . Because of (s;)32, € K254, we have (s;)32, €
K75 o> which in view of Theorem 1.6 implies MY [[a, +00); (s7)72¢, =] # 0. Let
€ ML [[ar, +00); (55)320, =] and let v: Br — C?* be defined by v(B) := (BN
[, +00)). According to [12, Remark 2.25 (b)], we have then v 6 MLR (SJ);«";O, =|.

Thus, v = > "%, d¢, A For all j € Ny, we have then s; = s => ", & A and for
alll € Zym furthermore Ogxqg # A =v({&}) = p{&}n [a +00)), which implies
& € o, +00).
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Now we consider the case n = 2k + 1 with some k € No. Because of (s;)52, €
KZ:2d, we have (s )50 € Kz: In view of (s;)j_g € KzZ:¢d | Lemma 5.5 yields

q,00, q, oo ar q,n,o
then (sj)f(koﬂ) € IC;QC?CH) Hence, the assertion follows in this case from the
already proved assertion for the case of an even number n. O

6. Connection between «-Stieltjes and canonical Hankel
parametrization

The central theme in this section is to investigate, in the case of given a-Stieltjes
right-sided non-negative definite sequences, certain interrelations between the
right-sided a-Stieltjes parametrization introduced in Definition 4.2 and the canon-
ical Hankel parametrization introduced in Definition 3.2.

Remark 6.1. Let a € C, k € Zg oo U{+00} and (s;)f_, be a sequence from CP*4
with right-sided a-Stieltjes parametrization (Qj)f o- Then we easily see that:

(a) Qa2 = Dy, for all k € Ny with 2k < x,where [(Ck)k 1 (Dk)L J] is the canon-
ical Hankel parametrization of (sj)zL 2

(b) If K > 3, then Q2r41 = Fy for every choice of k € Ny with 2k +1 <
K, where [(EQ,EE;%(F@,E:%” is the canonical Hankel parametrization of

LK 1
(Saw)j o -

Remark 6.2. Let k € Za 4o U{+00} and let (s;)%_, be a sequence from CP*9. For
each k € N with 2k < k, then:

(a) Taking (2.1), (2.2), (2.3) and (2.4) into account the matrix Hj admits the
block representations

Hy — [ Hi_4 yk,2k—1:| 7 H, = [yo,k—l K1 } 7 (6.1)
Zk,2k—1 S2k Sk Zk+1,2k
and
20.k—1 Sk S0 21,k
Hp= "% , Hy = ke
r |:Kk1 yk+1,2lj g |:y1,k ij

(b) Taking the block decompositions (6.1) into account, from [13, Remark 2.1]

and [17, Lemma A.3] we see that (s;)?%, belongs to ’H o if and only if the
. k—
four conditions (Sj)i( 0 Ve /H;k—la Hk_lkalyk,gk_l = Yk2k—1, Zk2k—1 =

Yok and Ly € (quxq hold true. Furthermore, if (s;)%%, € H;Qk, then

sj = s; for each j € Zg o1, and the equations Zk,QkleZ._lkal = 2j,26—1 and

rank Hy, = Z?:o rank L; are true.

(c¢) From [13, Proposition 2.13] and [17, Lemma A.3] we know that (sj)?io €

'Hq 5 if and only if (sj)iio € 'Hi% and LkLL_lLk,l = L; hold true. If
(s;)2ky € M35, then Ly 1L} | Ly = Ly.
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Remark 6.3 ([13, Lemma 3.14]). Let n € N and let (s;)2

im0 € 'Hq 5, Then the
matrices introduced in (3.2), (3.3), (3.4) and (2.5) satisfy

An =M, + LnLILf](S?nfl - Mnfl)'

For fixed o € R, we indicate now some interrelations between the matrices in-
troduced in (2.5) and (3.6). To describe these connections, we will use the matrices
given via (3.2), (3.4), and (3.6).

Proposition 6.4. Let n € N, let a € R and let (s;)37 € ICq on.a- Lhen
Ln = (sal>2n71 - Mabnfl) - Labnfanfl(S?nfl - Mnfl)o (62)
Proof. Since (s;)?2, belongs to ICq on.a> W see that
(S])] 0 € Hq,Qn’ (63)
2(n—1 2(n—1
{(Sj)j(:o )a (Savj)j— ( )} < H;2(n71) (6.4)
and
(Sj)?io te ’Cq 2n—1,a° (6.5)

Since, in view of (6.3), (1.2), and (2.2), part (b) of Remark 6.2 shows that
808881 = s is valid. Thus, in the case n = 1, equation (6.2) obviously holds true.

Now we consider the case n > 2. We have then
_ T
Sop—1 — Mp_1 = Sop—1 — Zn—1,2n— 3H —oUn2n—2 = [—Zn—1,2n—3H, _o, Ij|Yn 2n—1

[ Zn—1,2n— BH 27I]Hn 1H —1Yn,2n—1

H,_» Yn—1,2n—3
= [—Zn-1,2n— 3H _o, 1] Zn—an—Zi ns%_r; H:Lf]yn,anl
= [qu(nfl)qaLn—l]H:L_lyn,Qn—h (66)

where the 1st equation is due to (3.2), the 2nd equation is due to (2.2), the
3rd equation is due to (6.3) and part (b) of Remark 6.2, the 4th equation is due
ton—12>1 and part (a) of Remark 6.2 and the 5th equation is due ton —1 > 1,
(6.4), part (b) of Remark 6.2 and (2.5). Moreover, we conclude

— T
Sap2n—1 — Mabn—l = Sap2n—1 — Zal>n—1,2n—3Ha>n_2ya>n,2n—2

6.7)
= [_Zabn—l,Qn—f’)Hlpn_Qa Iq]yabn,Qn—h

where the 1st equation is due to (3.2) and the 2nd equation is due to (2.2). Because
of (6.5), Lemma 2.17 yields N(Ly,—1) € N(Lapn—1), which, in view of part (b) of
Lemma A.1, implies

LabnflLlfanfl = Lapn—1- (68)
In view of n —1 > 1, (6.4) and part (b) of Remark 6.2, we have

T _
Za>n71,2n73Ha|>n72Hal>n72 = Zapn—1,2n—3-
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Taking additionally into account (2.5), we get

- [qu(nfl)qa Labn—l]-
(6.9)

Hal>n—2 yabn—l,Qn—Z’):l

T
—Zapn—1.2n—3H, I
[ apn—1,2n=3Hapn—2; [I] Zapn—1,2n—3 Sap2n—2

We have then
Labn—lLL_l(SQTL—l - Mn—l) = [qu(nfl)q7 Labn—lLl_lLn—l]Hl_lyn,Zn—l
= [qu(nfl)qvLabn—l]H:L_lyn,Qn—l

Ha>n72 Yarn—1,2n—3
’ H:;,_lyn,anl

T
= |—Zasn—1.2n—3H 1,
[ abn—L2n—3  apn—22 q] Zapn—1,2n—3 Sap2n—2

= [_Zabn—l,Qn—BH(];Dn_Qa Iq]H(xbn—lHl_lyn,Zn—la (610)

where the 1st equation is due to (6.6), the 2nd equation is due to (6.8), the
3rd equation is due to (6.9) and the 4th equation is due to (2.6), (2.7),n —1>1
and part (a) of Remark 6.2. Taking (6.7) and (6.10) into account, we see that
(sal>2n71 - Mabnfl) - LabnflLlfl(S?nfl - Mnfl)
= [_Zabn—l,Qn—ZiH(];pn—Zv Iq](yabn,Qn—l - Habn—lH:L_lyn,Qn—l)- (6-11)

We also obtain from (2.6), (1.2), (2.1), (2.3), (2.7), (2.2) and part (a) of Remark 6.2
that

[Habn—la yabn,Qn—l] = [_aHn—l + Kn—h —QYn2on—1+ yn+1,2n]
_ anl Yn,2n—1 20,n—1 Sn
a ( ol Onaxl |:Zn,2n—1 som | T [Orngxq: Ina] Kn-1 Ynt1,2n

= (—a[lnqvonqxq]Hn + [anxqvlnq]Hn) = (_Q[Inqa anxq] + [anxqv Inq]) H,

and, due to part (a) of Remark 6.2, (6.3), part (b) of Remark 6.2, and (2.5),
consequently,

T _ _H;ry,flyn 2n—1
Yapn,2n—1 — Habnlenflyn,anl - [HabnflayaDnanl] I ’
q

anl Yn,2n—1 _HJL_ n,2n—
= (_Q[InQ7an><q] + [anXflaInq]) |:Zn,2n1 Som, :| |: 11:3 -2 ! (612)

= (_OZ[Inqvoanq] + [anan Inq]) |:OT£1><q:| = |:0(n—1)q><q:| .
From (6.11) and (6.12) then (6.2) follows. O
Proposition 6.5. Let « € R, n € N and (sj)?zgl € K§2n+1,a- Then

LaDn = (S2n+1 - Mn) - Ln an + LL>n71(5a1>2n71 - Mabnfl)j| . (613)
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Proof. Because (s; )52{1

> 2(n—1) > 2, .,
Heon (Savj)jmo € He o1y, and (5i)3% € Kiopo- If n > 2, then, similar

to (6.6), from Remark 6.2 we get

belongs to K§2n+1,av we have {(Sj)§20a(5a>j)?zo} -

Sapan—1 — Mapn—1 = [qu(nfl)qaLabn—l]Han—lyaDn,Qn—l- (6.14)

Thus, if n > 2, then using (6.14), Proposition 2.19, and part (b) of Lemma A.1,
we conclude

LnLLanl(sal>2nfl - Mabnfl) = [qu(n—l)qaLn]HlpnflyaDnanl

and, consequently,

(52n+1 - Mn) - Ln |:an + LLDH_l(Sabn—l - Mabn—l)i|
— (S2n+1 - Mn) - aLn - [qu(n—l)qa Ln]Hlpnflyabn,anl' (615)

If n =1, then it is similarly checked that
(52n+1 - Mn) - Ln |:an + LLDn_l(Sabn—l - Mabn—l)i|

= (52n+1 - Mn) - aLn - LnHan_lyabn,Qn—l (616)

holds true. Hence, in the case n = 1 as well as in the case n > 2, from (6.15) and
(6.16) it follows that

(52n+1 — Mn) - L, |:OéIq + LLanl(SQDn—l - Mabn—l)j| (617)
—al, 0 —H! _
= [0gxng, Ln, Sant1 — My, (n+1)f1} + [ q><(”+1)f1:|> [ apn—1Yapn,2n—1
Ogcn 2t ] ([OqX(nH)q Tnt1)q Iq

Taking into account (2.5), (3.2), and part (b) of Remark 6.2, we have

[qunq; an Son41 — Mn]

_ T T

- [qunq7 Son — Zn,2n71Hn71yn,2n717 Son41 — Zn,2n71Hn71yn+1,2n] (6 ].8)
Hn—l Yn,2n—1 yn+1 2n

= [~zn2a—tH}_1. 1] ; e
Zn,2n—1 Son S2n+1

Thus, from (6.17), (6.18) and part (a) of Remark 6.2 we obtain

(52n+1 - Mn) - Ln |:an + LLDH_l(Sabn—l - Mabn—l):|

_gt
= [—Zn,zn—1HJL,1,Iq](—aHn + K,) { Ha»nljyabn?nl} . (6.19)
q
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Since (%»j)?io belongs to 7—[;2”, part (b) of Remark 6.2 yields

_gt
(-Can + Kn) [ Habn—lyabn,Qn—1:|

Iq
— Hopn-1 Yarn,2n—1 _Hlbnflyapnﬂn—l _ anxq (6 20)
Zapn,2n—1 Sar2n Iq abn ’ '
Finally, (6.19) and (6.20) imply (6.13). O

Corollary 6.6. Let n € N.
(a) If (sj)?io € IC(E%,O, then
Ly, = (s2n — Mopn—1) — Lo>nf1Ll,1(82nf1 — Mp_1).
(b) If(Sj)?ZF € Ici2n+1,0’ then
Losn = (s2041 — M) — Ly L1 (820 — Mosn—1).

Proof. (a) Use Proposition 6.4 and Remark 2.4.
(b) This follows from Proposition 6.5 and Remark 2.4. O

Lemma 6.7. Let o € R, k € NU {400} and (s;)5_, € K2, o Further, let (Qj)5=o
be the right-sided o-Stieltjes parametrization of (s; )g_o Then
sorp1 — Mg = Qapr + (ay + QorQb, ) Qa
for all k € No with 2k + 1 < k, where Ay, is given via (3.3), where Q_1 := Ogxq-
Proof. Obviously, from Definition 4.2 we see that
51— Ao =s1=—aso+ 51+ asyp = Lapo + aLo = Q1 + aQo.
Now let £ > 3 and k € N be such that 2k +1 < k. Since (s;)5_, belongs to IC,I .
we have then (sj)%Jg1 € ’Crf2k+1 o and hence (s;)%, € 'H;;k N IC;;,,C o N /C(;kaa.
Consequently, we get
Sak+1 — A = (S2p41 — = (Ax — My)

— LiL k 1(S2p—1 — Mj_1)

— LyL wk 1Lavk— 1Lk 1(S2k—1 — My_1)
+ LiLY o [Lk — (Sasak—1 — Mapk—1)]
= (sok+1 — My) — Lkka_l(Sa»%q — Mapr—1) + LkLLDk_lLk
= Lopk +aLy + LkLabk 1Lk = Losk + (adg + LkLLDk_l)Lk
= Qart1 + (ady + szng,l)sz

where the 2nd equation is due to (sj)?io € Hi’zek and Remark 6.3, the 3rd equation

(
= (
= (
= (

Sopt1 — My

is due to (s; )J 0 € ICq 5k« Part (b) of Proposition 2.19 and part (b) of Lemma A.1,
the 4th equation is due to (s; )J 0 € ICq %, and Proposition 6.4, the 6th equation
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is due to (sj)?fdl € ICqZQk+1 ., and Proposition 6.5, and the 8th equation is due to
Definition 4.2. The proof is complete. U

Now we are able to state the interrelation between right a-Stieltjes parametri-

zation and canonical Hankel parametrization for sequences of the class IC%HVQ.

Theorem 6.8. Let oo € R, K € Zy oo U {400}, and (s;)5_, € KZ Let (Q5)5-o

q,k,a " ) /-
be the right-sided a-Stieltjes parametrization of (s;)5_, and let [(C’k)lgijl, (Dk),iié]

be the canonical Hankel parametrization of (sj)jL%J Let Q—_1 := Ogxq. Then

Cr = Qap—1 + (aly + Qop—2Qb, 3)Qar—2
for all k € N with 2k < k and Dy = Qo for all k € Ng with 2k < k.

Proof. Use Definition 3.2, Lemma 6.7, and Remark 6.1. O

2

If the canonical Hankel parametrization of (s;)5%, € K=y,

is given, then,
we are going to show that the right-sided a-Stieltjes parametrization of (sj)?io
can be computed recursively. To derive this we still need the following auxiliary

result.

Lemma 6.9. Let o € R, k € NU{+o00}, and (s;)5_g € KT, o Let (Q;)—q be the

right-sided a-Stieltjes parametrization of (s;)5_q. Let Q-1 := Ogxq. For all k € Ny
with 2k + 1 < k, then

Q2k+1 = Sokt1 — Ap — (adg + LkQ;k_l)Lko (6.21)
Proof. Use Lemma 6.7 and Definition 4.2. O

Proposition 6.10. Let o € R, let kK € NU {+o0}, and let (Sj)?io € IC;QH’Q.
Let [(Cr)i—y, (Dr)j—o] be the canonical Hankel parametrization of (s;)3%, and let
Q-1 := 0gxq. Then the right-sided a-Stieltjes parametrization (Qj)?io of (sﬁ?io

is given by Qo = Dy, for all k € Zy ,; and by the recurrence formulas

Qari1 = Cry1 — (o, + DyQS,_)Dy
for allk € Zo o—1.

Proof. Use Remark 6.1, Lemma 6.9 and Definition 3.2. g

Corollary 6.11. Let o € R, let K € NU {400}, and let (s;)3%, € lC;QWl with
canonical Hankel parametrization [(Cr)i_,, (Dr)f_o] and right-sided o-Stieltjes
parametrization (Qj)?io, Then (Ci)f_, and (Dy)i_, are sequences of Hermitian

matrices. Then:
(a) Cx —aDg—1 > Qak—1 > Ogxq for all k € Z .
(b) N(Cr, — aDy_1) C N(Qax—1) and R(Q2x—1) C R(Cr — aDy_1) for all k €
Z1 .
(c) 0 < detQop—1 < det(Cx — aDy_1) and rank Qa—1 < rank(Cy — aDy_1) for
allk € Zy .
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(d) For all n € Zo -1 the inequalities 0 < det Hypp < H:le det(Cr — aDy—1)
and rank Hop, < 22;1 rank(Cy — aDg_1) hold.

Proof. From [13, Proposition 2.30] and [15, Proposition 2.15] we know that (Cy)f_,
and (Dy)f_, are sequences of Hermitian matrices.

(a) According to part (b) of Theorem 4.12, we have Q; € CL*? for all j €
Z0,2x, Which, in view of Proposition 6.10, implies B

Cr —aDyp_1 = Qap—1 + Dklegk_ngq = Qa2k—1+ Q2k72Q;k_3Q2k72

= Qop—1 + Qﬁkszgk_ngkfz > Qar—1 > Ogxq
for all k € Z ,;, where Q_1 := Ogxq-

(b), (c) Use (a).
(d) This follows from Lemma 4.11 and (c). O

Corollary 6.12. Let o € [0,400), let & € NU{+o0}, and let (s;)5%, € ICq or,0 With
canonical Hankel parametrization [(Cr)i_y,(Dr)i_o] and right-sided o- Stzeltjes
parametrization (Qj)?io. Then:

(a) Ck > Qak—1 > 0gxq for all k € Zy .

(b) N(Cx) C N(Qak—-1) and R(Q2r—-1) C R(Cy) for all k € Zy .

(c) 0 <detQar—1 < detCy and rank Qo1 < rank Cj, for all ke€Z,.

(d) 0 < det Hopp, < [I021 det Oy, and rank Hyp, < S7F] rank Gy, for all n €

Zo,j—1-

Proof. (a) According to part (b) of Theorem 4.12, we have @Q); € (quxq for all
J € Zo 2x, which, in view of Proposition 6.10 and « € [0, +00), implies

Cr = Qap—1 + (al; + Dyp_1Ql,_4)Dyy

= Qap—1 + aQ2r—2 + Q3p_oQby_5Q2u-2 > Qo1 > Ogneq
for all k € Z; ,;, where Q1 := Ogxq-

(b), (c) Use (a).
(d) This follows from Lemma 4.11 and (c). O

The next result contains interesting monotomcity results for the canonical

Hankel parameters of a sequence belonging to ICq %0

Corollary 6.13. Let o € R, let k € NU {400}, and let (s;)5%, € K= with

canonical Hankel parametrization [(Ck)r_y, (Dr)i_o]- Then:
(a) Cr > aDy_1 forallk € Zy .
(b) If k > 2, then N(Cy — aDy—1) C N (Dy) and R(Dy) € R(Cy — aDg_1) for
all k € Zlvﬁ_l.

Proof. (a) Use part (a) of Corollary 6.11.

(b) According to part (b) of Corollary 6.11, we have N (Cy, — aDjy_1) C
N(Q2r-1) and R(Q2k-1) C R(Cx — aDy_1) for all k € Z; ,. Part (b) of The-
orem 4.12 yields Q; € C¥* for all j € Zpax and N(Q;) € N(Qj+1) for all

q,2K,0x
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J € Zp,215—2. From Proposition 6.10 we obtain Q2 = Dy, for all k € Zg,. Thus,
we get

N(Cr — aDr—1) € N(Qak—1) € N(Qa2r) = N(Dy)
and hence R(Dy) C R(Cy — aDy_1) for all k € Zq 1. O

The following result should be compared with Proposition 3.4.

Corollary 6.14. Let a € [0, +00), let & € NU{+00}, and let (s;)3%, € ICq 2r.0 With
canonical Hankel parametrization [(Cy)f_y, (Di)i_o]. Then (Ck)k,l and (Dk)k:()
are sequences of non-negative Hermitian matrices. Further, N(Dy_1) C N (Cy) for
all k € Z1 « and, in the case k > 2, moreover N'(Cy) C N (Dy) for all k € Zq 1.

Proof. Because of [15, Propositions 2.10 and 2.15], we know that Dy, € (Cq;q for all
k € Zo, and N(Dy_1) C N(Cy) for all k € Z; .. Since « € [0,400) is assumed,
part (a) of Corollary 6.13 yields then Cj € (Cq;q for all k € Z, ,, and, furthermore,
N(C) € N(aDg—1), which implies N (C) € N(Cy, — aDg—1) for all k € Zj .
Thus, in view of part (b) of Corollary 6.13, the proof is complete. O
The following example shows that the converse statement to the first part
of Corollary 6.14 is false. More precisely, we will construct a sequence (Sj)?:o €
HlZA \ IC12,4,0 the canonical Hankel parametrization of which consists of positive
real numbers.
Ezxample 6.15. Let so 1= 2, let s1 := 2, let s9 := 6, let s3 := 12, and let s4 =
29. Let (Q;)j—o be the right-sided 0-Stieltjes parametrization of (s;)_, and let
[(Cr)i_y, (Dk)2_,) be the canonical Hankel parametrization of (Sj)?:(y Then Dy =
Cy =2, Dy =4, and Cy = Dy = 2, which in view of Proposition 3.4 implies
(Sj)§:0 € le,zr Furthermore, Qo = Q1 =2, Q2 = 4, Q3 = —6, and Q4 = 2, which
in view of part (b) of Theorem 4.12 implies (s;)j_o ¢ IC12,4,0 although C; = Cy =
2>0.
Ezample 6.16. Let o € (—00,0) and let k € Zo 100 U {+00}. Let Qo := I3, let

Q= [é 1 0] let Q2 = (8)((13(8)}, and let Q); := O3x3 for all j € Zs .. Let

—

(sj)§:’0 be the sequence from C3*3 with right-sided a-Stieltjes parametrization
(Qj)2“0 and let [(Cr)f_y, (Dk)g o] be the canonical Hankel parametrization of
(57)3%0- In view of —a € (0,+00) and part (b) of Theorem 4.12, then (s;)3%, €
A
0

=0
IC3’2FV’O( According to Theorem 6.8, furthermore, C; = Q1 + aQo = —« [é i(%
”

and Dy = Qo = [8(1)8} which implies {— C17C’1}0C3X3 0, N(C1)\N(Dy
and NV(D1) \ N(Cy) # 0.

Corollary 6.17. Let a € (0,+00), let & € NU{+o00}, and let (s;)5%, € ICq 20,0 With
canonical Hankel parametrization [(Cy)i_1, (Dr)i_o]. Then (Cy)f_, and (Dk) P
are sequences of non-negative Hermitian matrices. Further, N(Dg_1) = N(Cy)
for all k € Zy, and, in the case k > 2, moreover N (Dy_1) C N(Dg) for all
ke Zl,nfl'

Jj=

0
0
0
)
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Proof. Because of Corollary 6.14, we know that D, € (Cq;q for all k € Zo.
Since a € (0,+00) is assumed, part (a) of Corollary 6.13 yields then N (Cy) C
N(aDy_1) = N(Dy_1) for all k € Z; . Thus, in view of Corollary 6.14, the proof

is complete. O
Ezample 6.18. Let o € (—00,0] and let k € NU {+00}. Let Qo € CL*7\ {0yx4},
let Q1 = —aQo, and let Q; := 044 for all j € Zjo.. Let (S])J o be the

unique sequence from C9*? with right-sided a-Stieltjes parametrization (Q;)~ Lo
(see Remark 4.3) and let [(Ck)i_y, (Dr)ji_o] be the canonical Hankel parametriza-
tion of (s;)3%,. In view of —a € [0,400) and part (b) of Theorem 4.12, then

(Sj)j 0 € ICq 2.+ According to Theorem 6.8, furthermore, Dy = Qo # 0gxq and
=Q+ aQo = Ogx¢, which in particular implies N'(Dy) # N (Cy).

Now we derive a further interrelation between right-sided «-Stieltjes para-
metrization and canonical Hankel parametrization. For this reason, we still need
the following auxiliary result.

Lemma 6.19. Let o € R, K € Za 100 U{+00} and (s;)5_o € KZ .o with right-sided
a-Stieltjes parametrization (Q;)5_y. For all k € No wzth 2k+1< k-1,
Sap2ki1 — Nask = Qakya + (aly + Qorr1 Qb ) Qa1
Proof. We have
Q2+ (aly + Q1QN)Q1 = Ly + (aly + Laso L) Laso
= (82 — 21,1H3y1,1) + (ady + Sabosg)sapo

(s2 — slsgsl) + |aly + (—aso + sl)sg (—asg + s1)

= §9 — 515581 - 04280 + asy + azsosgso — asosgsl — aslsg)so + 818881
= §9 — 515581 - 04280 + asy + a2so — @8] — asy + 515551 = —Q8] + 82 = Sap1

= Sarl — Aal>07

where the 1st equation is due to Definition 4.2, the 2nd equation is due to (2.5), the
3rd equation is due to (2.2), (1.2) and (2.1), the 6th equation is due to (s;)}_ €
Kz Kk > 2, part (c) of Lemma 2.9 and parts (c) and (b) of Lemma A.1, the

q,k,a)

7th equation is due to (2.1), and the 8th equation is due to (3.4). Now suppose x >

4 and let k € N with 2k+2 < x. Since (s;)%5_, belongs to KZ o> We have (Sj)ik'gz €

ICq’%JrQ’a and hence (SJ)%+1 € ICq bk+1,» Which, because of Lemma 2.10, implies
(Saw‘)?io € ’Hq - From Remark 6.3 we obtain then
Aal>k = Mal>k + LaDkLLDk 1(5m>2k'—1 - Mabk’—l)- (622)
2%k+2 2k+1

Because of (s;);Z" € ICq ohio.o We have (s;);Z0" € Kq_2k+1 o N ICq dhtl,q- From
Lemma 2.17 we obtam that N(Lx) C N(L a|>k) which, in view of part (b) of
Lemma A.1, implies

Lok Ll Ly = Lopk. (6.23)
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2k+2 >
Because of (s;)75;" € qu k1200

Proposition 6.5, 1mphes

Losk = (Sop+1 — My) — Ly |aly + LLDk,l(SaDQk—l — Mapk-1)| - (6.24)

we have (sj)zk'*'1 e k=

7 2k+1.> Which, because of

2k+2

Since (s;)75,

belongs to K= from Proposition 6.4 we have

0.2k+2,00
Lis1 = (Sapoks1 — Mapk) — Lopk L (s2p01 — My). (6.25)

Finally, we obtain

Sap2kt1 — Navk = (Sap2kt1 — Mask) — (Aask — Mask)

= (Sav2kt1 — Mask) — Lask Ll 1 (Sas2k—1 — Moapr—1)

= (Sap2k+1 — Mapk) — LapkLszLLDk—l(Sawk—l — Mapi—1)

= (Sap2k+1 — Mapk) + La>kLL [Lask — (S2k+1 — My) + oLy

= (Sav2k+1 — Mask) = Lask L (s2k41 — My) + @Laok LE Lk + Lok L] Lok

= Lit1 + @Lask + Lask L} Lask = L1 + (@l + LapkL}) Lask

= Qorro + (aly + Qori1Q3,)Qori1,

where the 2nd equation is due to (6.22), the 3rd equation is due to (6.23), the
4th equation is due to (6.24), the 6th equation is due to (6.25) and (6.23), and the
8th equation is due to Definition 4.2. O

Theorem 6.20. Let a € R, k € Z 1ooU{+00}, and (s;)i—g € K2, - Let (Q;)—¢ be
r—1 r—1
the right-sided a-Stieltjes parametrization of (s;)5— and let [(Ek)1£:1 J, (Fk),EZZO J]

r—1
be the canonical Hankel parametrization of (sabj)ii(f J, Then

By, = Qor + (@l + Qar—1Q%,_5)Qar—1
for all k € N with 2k 4+ 1 < k and Fy, = Qax+1 for all k € Ny with 2k + 1 < k.
Proof. Use Definition 3.2, Lemma 6.19, and Definition 4.2. g

Let so and the canonical Hankel parametrization of (saw) %o be given, then

we will show that the right-sided a-Stieltjes parametrization of (sj)2“+1 € IC—2N+1 o
can be computed recursively. To realize this aim, we need the followmg auxiliary
result.

Lemma 6.21. Let o € R, k € No U {+o00}, and (s;)5_, € KZ o Let (Qj)5=o be
the right-sided «a-Stieltjes parametrization of (sj) —_o- Then

S0 ifk=0
sz = t .
Sap2k—1 — Napk—1 — (g + Lapk—1Q%)_o)Lapk—1  ifE>1
for all k € Ny with 2k < k.
Proof. Use Definition 4.2 and Lemma 6.19. O
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Proposition 6.22. Let a € R, let kK € NU {400}, let (sj)?i'gl € Kr§2n+1,a’ and
let [(Ex)f—y, (F)i—o) be the canonical Hankel parametrization of (Sapj)ito. Then

the right-sided «-Stieltjes parametrization Q 2“ Loof (s 2“ Ls given by the
J 3)j=0
recurrence formulas

0 S0 ifk=0
k= .
2 Ey — (aly + Fi— 1Q2k o) Fi—1 ifk>1

for all k € Zo . and by Qar+1 = Fi for all k € Zg ..

Proof. Use Lemma 6.21, Definition 3.2 and Remark 6.1. O

Corollary 6.23. Let o € R, let k € N U {+o0}, and let (SJ)Q"””JOrl € ICq 2tl.or
with right-sided o-Stieltjes parametrization (QJ)ZKH. Let [(Ex)f_q, (Fi)i_o) be
the canonical Hankel parametrization of (Sapj)3" iZo- Then:
(a) By —aFi_1 > Qar > Ogxq for all k € Zq .
(b) N(Ek — Oszfl) C N(ng) and R(sz) C 'R(Ek — akal) for all k € Zl,n'
(c) 0 < det Qo < det(Ey — aFix_1) and rank Qo < rank(Ey — aFj_1) for all
ke Zl,n'
(d) 0 < detH,, < (detso)[[,_,det(Ey — aFy_1) and rank H, < ranksg +
Sor_ rank(Ey, — aFy_1) for alln € Zy .

Proof. From [13, Proposition 2.30] and [15, Proposition 2.15] we know that (Ej)f_,
and (F)i_, are sequences of Hermitian matrices.

(a) According to part (b) of Theorem 4.12, we have Q; € CL*? for all j €
70,2541, which, in view of Proposition 6.22, for all £ € Z, ,;, implies

By — aFy 1 = Qo + Fr1Qb,_,Fr 1
= Qo + szle;k_ngkq
= Qo + Q;kqQ;k,ngkq > Qar > 0gxq-

(b), (c) Use (a).
(d) Use Lemma 4.11, Definition 4.2, and (c). O

Corollary 6.24. Let a€[0,400), let kENU{+00}, and let (sj)i"gl EICq et 1,0 With
right-sided a-Stieltjes parametrization (Qj)giﬂ Further, let [(Er)i_y,(Fr)i_o] be
the canonical Hankel parametrization of (%»j)?io' Then:

(a) Ex > Qo > 0gxq for all k € Zy .

(b) N(Ex) CN(Qax) and R(Qar) € R(Ex) for all k € Z .

(c) 0 < detQax < det Ex and rank Qo < rank Ey, for all k € Zy .

(d) 0 < det H,, < (detsg)[[,_, det By and rank H,, < ranksg+ Y ,_, rank Ej,
foralln € Zy .
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Proof. (a) According to part (b) of Theorem 4.12, we have @Q); € (quxq for all
J € Zo 2541, which, in view of Proposition 6.22 and « € [0, +00), implies

B = Qoi + (aly + Fr1Qb,_)Fi1

= Qo + 0Q2i—1 + Q;kqQ;k,ngkA > Qar > 0gxq

for all k € Zy ..

(b), (c) Use (a).
(d) Use Lemma 4.11, Definition 4.2, and (c). O

7. Connection between right - and right 3-Stieltjes
parametrizations

In this section, we consider a fixed o € R, a fixed 8 € [, +00) and a sequence
(55)5=0 € IC;H,B. First we will verify that (s;)5_, belongs to K2, ,, too. After-
wards, we will study interrelations between the right-sided a-Stieltjes parametri-

zation and the right-sided (-Stieltjes parametrization of (s;)5_-

Remark 7.1. Let « € R, 5 € [a,+00), and k € NgU {+00}. Then by inspection of
the corresponding block Hankel matrices it is readily checked that ICqZ cKz

KB =gk,

If the given real numbers o and 3 fulfill « < 8 and (s;)f_, € IC;H)B, then the

right-sided -Stieltjes parametrization of (s;)5_, and the right-sided a-Stieltjes

parametrization of (s;)5_, are connected recursively.

Proposition 7.2. Leta € R, 8 € [a, +00), k € NoU{+00} and (s;)5_, € IC;H’B with
right-sided «-Stieltjes parametrization (Qj)f:o and right-sided [3-Stieltjes para-
metrization (Rj);?:O, Then Qo = Raox for all k € Ny with 2k < k and

Qart1 > (B — @) Rop, + Ropya
for all k € Ng with 2k + 1 < k.

Proof. From Definition 4.2 we get QQop = Ly = Roy for all k € Ny with 2k < k.
Now suppose £ > 1 and let k € Ng with 2k + 1 < k. For all j € Zg o, let
t; == (8 — «o)s;. According to (2.1), we get for all j € Zg o that
Savj = —asj + 8541 = (B — )sj + (=Ps; + 5j41) = tj + 5poj,
which in view of (1.2) implies
Hoor = H,it> + Hﬁ>k~ (7.1)
Because of (s;)5_, € IC;H,B and 2k + 1 < k, we have (sj)?fgl

hence {(s;)3%, (sp5)3%0} € ’H;Qk, ie., Hy € (C(;H)qx(kﬂ)q and

>
S ]C(;Qk-&-l,[i and

Hﬂbk c (C(Zk+1)q><(k+1)q- (72)
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According to (1.2), we get H,it> = (8 — a)Hy, which, in view of 8 — a € [0, +00)
and Hy € (C(;H)qx(kﬂ)q, implies

HY e el (7.3)

In view of (7.3), (7.2), and (7.1), the application of [15, Lemma 4.21 (b)] yields
Lok > L,iw + Lgyi. Moreover, from (7.3) we know L,iw € CL, and from (2.5) we

get LI = (8- a)Ly. Finally, we obtain Lapk > Li"” + Lgsr = (8— ) Li + Loy >
Lgyk, which in view of Definition 4.2 implies the asserted inequalities. O

Corollary 7.3. Let a € R, 8 € (a, +0), K € NU {+oo} and (s;)f_, € ICiK’ﬁ with
right-sided «-Stieltjes parametrization (Qj)f:o and right-sided (-Stieltjes para-
metrization (R;)5_o. Then:
(a) Qak+1 > (B — @)Rop > Ogxq and Qak+1 > Rogt1 > Ogxq for all k € Ny with
2k +1 < k.
(b) N(Q2k+1) € N(Rar) NN (Rak+1) and R(Rak1) U R(Rak+1) € R(Qak41) for
all k € Ng with 2k + 1 < k.
(¢) 0 < (B —a)?det Ro < det Qapt1, 0 < det Ropy1 < det Qopt1, rank Rop <
rank Qop+1, and rank Rog11 < rank Qor41 for all k € Ng with 2k +1 < k.
(d) Hopn > (8 — a)Hy > Ogxq and Hopn > Hgon > O0gxq for all n € Ny with
2n+1 < k.

Proof. (a) According to part (b) of Theorem 4.12, we have R; € (quxq for all
J € Zg,x, which, in view of Proposition 7.2 and g — o € (0, +00), implies (a).
Parts (b) and (c) follow from (a). Part (d) is obvious. O

Corollary 7.4. Let a € R, let k € NU {400}, let (s;)5_y € K2, , with right-sided

a-Stieltjes parametrization (Q;)5—o, and let € € (0,400) be such that (s;)}_y €
K= Then:

q,k,0+€"

(a) Qak+1 > €Qa > Ogxq for all k € Ng with 2k + 1 < k.

(b) N(Q2r) = N(Qar+1) and R(Q2x+1) = R(Qax) for all k € Ny with 2k +1 <
k—1.

(¢) 0 < detQar < e ?det Qogt1 for all k € Ng with 2k + 1 < k.

(d) rank Qo = rank Qax41 for all k € Ng with 2k +1 < x — 1.

(e) 0 <detH, < ¢TI Qet Hpp for all n € Ny with 2n+ 1 < k.

(f) rank H,, = rank Hupp, for all n € Ny with 2n+1 <k — 1.

Proof. (a) Let 8 := « + e. From Proposition 7.2 (with the notation used there)
we get that Qo = Roy for all k € Ny with 2k < k, which, in view of part (a) of
Corollary 7.3, implies (a).

(b) Since € € (0, +00) is assumed, (a) yields N (Qax1+1) € N (€Qar) = N (Qax)
for all k € Ng with 2k + 1 < k, which, in view of part (b) of Theorem 4.12,
implies (b).

(c) Use (a).

(d) This follows from (b).
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(e) Use Lemma 4.11 and (c).
(f) This is a consequence of Lemma 4.11 and (d). O

Proposition 7.5. Let a € R, B € [a, +00), k € No U {+00} and (s;)5_, € ICqK 5
Then the right-sided a-Stieltjes parametrization (Q;)5—o of (s;)5—o is given in
terms of the right-sided [3-Stieltjes parametrization (R )i—o of (Sj)j,() by Qo =
Roy for all k € Ny with 2k < k and, in the case k > 1, by the recurrence formulas

Q2k+1 = Roky1 + [(5 )l + Rox(RY,_, — Q%) | Rax (7.4)
for all k € Ng with 2k +1 < k, where Q_1 := Ogxq and R_1 := 0gxq.

Proof. From Definition 4.2 we get QQar, = L = Ry, for all k € Ny with 2k < &.
Now suppose £ > 1 and let k& € Ny be such that 2k + 1 < k. From Remark 7.1
we get (s;)5_o € Kz, o Because of Lemma 6.9, we have then (6.21). According
to (sj);”zo € IC;H,B and Lemma 6.7, we get s1 — Ag = Ry + SRp and, if £k > 1,
furthermore, sogt1 — Ay = Roky1 + (BI; + RQkR;kil)RQk. Definition 4.2 yields
Ry, = Ly. Thus, (7.4) is obtained by substituting the last equations into (6.21).

O

Proposition 7.6. Let a € R, B € [a, +00), £ € No U {+00} and (s;)5_, € ICq "B
Then the right-sided (-Stieltjes parametrization (R;)5_q of (s;)f—o is given in
terms of the right-sided a-Stieltjes parametrization (Q;)5—y of (s;)5—o by Rox =
Qo for all k € Ny with 2k < k and in the case k > 1 by the recurrence formulas

Roky1 = Qa1 — |(B— a)ly + Qar(RY,_, — QY1) Q.
for all k € Ng with 2k +1 < k, where Q_1 := Ogxq and R_1 := 0gxq.
Proof. Use Proposition 7.5. O

Appendix A. Moore-Penrose inverse

If A € CP*9, then the Moore-Penrose inverse AT of A is the unique complex
g X p matrix G which fulfills the four equations AGA = A, GAG = G, (AG)* =
AG, and (GA)* = GA.

Lemma A.1. Let A € CP*Y and r,s € N. Then:
(a) (AN = A, (AT)* = (A9, R(AT) = R(A*) and N(AT) = N (A*).
(b) Let B € C"™4. Then N'(A) C N'(B) if and only if BATA = B.
(c) Let C € CP*5. Then R(C) C R(A) if and only if AATC = C.
(d) IfU € C™*P with U*U = I, and if V € C?*% with VV* = I, then (UAV)T =
V*ATU*.

Lemma A.1 is well known and the corresponding proof is straightforward.
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Appendix B. Some considerations on non-negative Hermitian
measures

Let B¢ be the set of all Borel subsets of C. If (©2,2() is a measurable space, then
let ./\/qu(Q7 2A) be the set of all non-negative Hermitian ¢ x ¢ measures on (Q,2().

Proposition B.1. Let (Q,2) and (Q,2) be measurable spaces and pu € ML(Q,2A).

Furthermore, let T: Q — Q be an A-A-measurable mapping. Then T(u): A —
Co%4 defined by [T(n)](A) == u(T~(A)) is a non-negative Hermitian measure
which belongs to /\/lq (Q Ql) Furthermore, if f: Q — C is an A-Be-measurable
mapping, then

fer (2aT;c) (B.1)
if and only if
foT e £Y(Q,, 1;C). (B.2)

If f belongs to L(Q, A, T(p); C), then
/~ fd[T(n)] = / i (foT)dp for all A €. (B.3)
i T-1(A)

Proof. Obviously, i = T(u) belongs to M‘IZ(Q,QNl) Let f: Q — C be an
20-Be-measurable mapping. According to [16, Lemma B.1], condition (B.1) holds
true if and only if the following statement is fulfilled:

(I) For each v € C?, the function f belongs to £(€2, 2, v*[T'(1)]v; C).
Since

T(o" ) = v* [T ()] v (B.4)

holds true for each v € C, from [8, Proposition 2.6.5] we see that (I) is equivalent
to:

(II) For each v € CY, the function f o T belongs to £1(Q,2A, v* uv; C).

Using [16, Lemma B.1], we get that (II) is fulfilled if and only if (B.2) is true.

For each j € Zi g4, let e; 1= [0;1,0;2,...,0jq], where &;, = 1 for j = k
and 0, := 0 for j # k. Furthermore, for each j € Z; 4 and each k € Zy 4, let
](2) = 1(ej + ex), U(l) = 5 (ej —iex), Uj(-i) = J(ej — eg), and U(S) = 1 (ej +iex).

We consider an arbltrary f e LY A, T(p);C) and an arbltrary A € 2. For
every choice of j and k in Z; 4, from [9, Remark 1.1.1], [16, Lemma B.3], (B.4),
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and [8, Proposition 2.6.5] we then get

2 ( /T L [T(u)]> er = ii% )" ( /T T [T<m1> o
—Z Lot >>*[T<u>]v§§2)
—Z Lo P ()]
—Z/ Fo)d |(wi) ]
-yt ([0 ow} :

=e; [/A(foT)du} ex

Consequently, (B.3) is also proved. O

For all subsets Q of C, let  := {—w: w € Q}. Furthermore for all € Br\{0}
and all u € MZ(Q), let i1 be the image measure of 4 under the mapping r:  — Q
defined by r(t) := —t.

Lemma B.2. Let Q be a non-empty subset of R, let u € M[IZ(Q), and let k €

No U {+oo}. Then p € ML (Q) if and only if it € M‘;H(Q) and, in this case,
» _ j () — a

s; = (—l)Jsj forall j € Zo,..

Proof. Use Proposition B.1. O

Lemma B.3. Let a € R, let k € No U {400}, let (t;)5_y be a sequence from CI*9,
and let T € ML (=00, al; (t;)f—g,=]. Then 7 € ML[[—a,+00); ((=1)7t;)5_g,=].

Proof. The proof consists of an application of Lemma B.2. O
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On Maximal Weight Solutions of a Moment
Problem for Rational Matrix-valued Functions

Bernd Fritzsche, Bernd Kirstein and Andreas Lasarow

Abstract. We study some special solutions of a finite moment problem for
rational matrix functions. Roughly speaking, we discuss a family of molecular
non-negative Hermitian matrix-valued Borel measures on the unit circle with
a special structure. As one of the main results, we will see that each member
of this family offers an extremal property in the solution set of the moment
problem concerning the weight assigned to some point of the open unit disk.
Our approach uses the theory of orthogonal rational matrix functions.
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Keywords. Non-negative Hermitian matrix measures, matrix moment prob-
lem, matricial Carathéodory functions, orthogonal rational matrix functions.

0. Introduction

The study of a moment problem for rational matrix functions, called Problem (R),
underlies the present paper. This problem can be regarded as a generalization of
the truncated trigonometric matrix moment problem (see Section 2 for the exact
formulation). In a certain way, we continue in this paper the investigations of [23]
and [24], where we began to explore some extremal questions within the solution
set of Problem (R) in the nondegenerate case. For an introduction to Problem (R)
and related topics we refer the reader to [17]-]19].

The considerations on Problem (R) are motivated by an extension of the
theory of orthogonal rational functions on the unit circle drawn up by Bultheel,
Gonzélez-Vera, Hendriksen, and Njastad in [8] (see also [5]-[7]) for the matrix case.
Thus, the investigations here are connected with those in [20], [21], and [34] as well.

As explained in [5], para-orthogonal rational (complex-valued) functions can
be used to obtain quadrature formulas on the unit circle. This can be done quite
similar to the classical case of polynomials pointed out by Jones, Njastad, and

The third author’s research for this paper was supported by the German Research Foundation
(Deutsche Forschungsgemeinschaft) on badge LA 1386/3-1.
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Thron in [30]. In a sense, the treatments in [25] can be regarded as a first step
toward an implementation of this method to the case of rational matrix-valued
functions and the present work continues to build on this approach.

One of the central aims in [23] was to extend the construction of a particular
solution of Problem (R) stated in [17, Theorem 31] to a whole family of solutions.
In doing so, we have focussed on the nondegenerate case. Roughly speaking, this
means that the given moment matrix G in Problem (R) has to satisfy an additional
condition of regularity. In the present paper we will mostly assume that condition
as well. The set of particular solutions studied here features then formal structural
similarities to the family introduced in [23].

The family of solutions in [23] is parametrized by points w of the open unit
disk of the complex plane which are not poles of the underlying rational matrix
functions. In [23] and [24] we have shown that each member F,S‘iﬂ of this family
is extremal in several directions with respect to that point w which plays the role
of the parameter. Moreover, in [24, Section 6] we have verified that the associ-
ated Riesz—Herglotz transform of the non-negative Hermitian matrix-valued Borel
measure Féau), is a rational matrix function which can be expressed in terms of
orthogonal rational matrix functions on the unit circle. The paper on hand ties
directly in with this insight in a certain way. In fact, for the nondegenerate case,
the particular solutions analyzed below form a family of solutions of Problem (R),
where the elements of the associated family of Riesz—Herglotz transforms admit
similar representations. In contrast to [24, Section 6], instead of strictly contractive
matrices, now some special unitary matrices appear in these descriptions as pa-
rameters. In particular, we will determine which extremal properties these special
solutions of Problem (R) comprise.

An application of the theory of orthogonal rational matrix functions with
respect to a non-negative Hermitian matrix Borel measure on the unit circle will
be the basic strategy. The considerations below can be regarded as a generaliza-
tion of the investigations in [22, Section 9], where the Szegd theory of orthogonal
matrix polynomials is used to explore some extremal solutions of the matricial
Carathéodory problem. Effectively, we will see that larger parts of the results pre-
sented there can be extended to the studied moment problem for rational matrix
functions here. Beyond that, inspired by some thoughts in [12] and [35], we get
somewhat more insight on the extremality as in [22, Section 9].

Concerning the truncated trigonometric moment problem in the scalar case,
a result closely related to the extremal feature studied here was obtained by Gero-
nimus (see [27, Theorem 20.1]). From today’s point of view, these treatments of
Geronimus are connected with those of para-orthogonal polynomials on the unit
circle (see, e.g., [9], [28], [30], [40], and [41]). For a comprehensive exposition of
the discussion of extremal questions (similar to [27, Theorem 20.1]) associated
with several scalar power moment problems we refer to Krein [32, Section 2 in
Chapter I] as well as to Krein and Nudelman [33, Section 3 in Chapter III].

With a view to former considerations of extremal questions in the matrix case
like those in the present paper we turn to Arov [2], where underlying sets given by
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some specific linear fractional transformations were analyzed in this regard (see
also Sakhnovich [39], where another method is applied).

In comparison with the classical investigations, the matrix case is somewhat
more complicated. One of the main difficulties is as follows. The extremal prob-
lems in question offer in the scalar case solutions which are uniquely determined
(see, e.g., [22, Proposition 9.17]). This fact can be deduced, for instance, from ele-
mentary results on para-orthogonal polynomials on the unit circle. In the matrix
case, it is not that simple to see whether this uniqueness is available or not. In
fact, this matter is not discussed in [2] (or in [39] and [12]) and in [22] only some
special situations are mentioned, where uniqueness can be met. However, in [35]
it is shown that the uniqueness relating to this kind of extremal questions within
the solution set of the truncated trigonometric matrix moment problem for the
nondegenerate case applies. In keeping with that, in the present paper we will
verify a similar condition for uniqueness with respect to Problem (R).

The paper is organized as follows. For the reader’s convenience we recall
in Section 1 some notation which we have already used in previous papers on
rational matrix functions and which we will use in the following as well. We will
also review a characterization of the nondegenerate case from our former work (see
Theorem 1.1) which is fundamental for that which follows.

In Section 2 we turn to canonical solutions of Problem (R) which were in-
troduced in [25]. We first give in Section 2 the exact formulation of Problem (R)
and then we recall the notion of canonical solutions of Problem (R). Here, we will
concentrate on the nondegenerate case. In this case (cf. Theorem 2.1), the cano-
nical solutions of Problem (R) can be parametrized by the set of unitary matrices
(of appropriate size). The solutions F,SOL) of Problem (R) which are of particular
interest in the present paper form a subclass of this parametrized family, where
points u of the unit circle come into consideration as parameters.

The special solutions FT(L?;L concerning points u of the unit circle will be in-
troduced in Section 3. By definition we will see that the family of these matrix
measures have formal structural similarities to the family of extremal solutions of
Problem (R) discussed in [24] and complete this family to a certain extent. We will
present some basic facts on F,(Lalz which are closely related to some on the extremal
solutions in [23] and [24]. However, there are also some essential contrasts (see,
e.g., Theorem 3.9 and Proposition 3.13).

In Section 4, we single out some features of F,SOL) given by the exceptional

position in the whole family of canonical solutions of Problem (R). The main result

here (see Theorem 4.1) reveals conditions which can be used to characterize FT(L?;).

We will also point out (cf. Proposition 4.15) that the solution F,(Lalz can be repre-
sented as the limit with respect to weak convergence of non-negative Hermitian
matrix measures and the family of extremal solutions studied in [23] and [24].
Finally, for the nondegenerate case, we explain in Sections 5 and 6 that cano-
nical solutions of Problem (R) comprise an extremal property within the solution
set concerning the values of singletons. In this context, we will verify that the
measure I, has an exceptional position with respect to the point u which plays
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the role of the parameter. More precisely, we will see that for each point u of the
unit circle the measure F,Eau) maximizes the value of the matrix F'({u}) with respect
to the Lowner semiordering of Hermitian matrices when F' varies over the solution
set of Problem (R) for the nondegenerate case. In the process, we will also realize
that Féau) is the unique solution of this extremal question (see Theorem 5.5).

Since an application of results on orthogonal rational matrix functions is the
basic strategy, in keeping with [20] and [21] (see also [24]), we mostly focus on the
situation that the poles of the underlying rational matrix functions must be in a
sense in good position with respect to the unit circle. In particular, the measure
an"u is exclusively well defined under this assumption. However, in Section 6 we
will also discuss the somewhat more general case, where it is only assumed that
the poles are not located on the unit circle. In fact, we will see that the maximal
weight task is essentially the same (see, e.g., Theorem 6.1 and Proposition 6.3).
We will also derive some conclusions from the above-mentioned extremal property
of canonical solutions of Problem (R). For instance, we will obtain a result which
shows some kind of universality concerning the pole location of the underlying
rational matrix functions (see Proposition 6.6).

1. Preliminaries

Let Ny and N be the set of all non-negative integers and the set of all positive
integers, respectively. For each k € Ny and each 7 € Ny or 7 = +o00, let Ny » be
the set of all integers n for which £ < n < 7 holds. Furthermore, let

D:={weC:|uw <1} and T:={zeC:|z|=1}

be the unit disk and the unit circle of the complex plane C. The extended complex
plane C U {oco} will be designated by C.

Throughout this paper, let p and ¢ be positive integers. If X is a nonempty
set, then XP*? stands for the set of all p x ¢ matrices each entry of which belongs
to X. If A € CP*9, then the null space (resp., the range) of a A will be designated
by N(A) (resp., R(A)), the notation A* means the adjoint matrix of A, and A"
stands for the Moore—Penrose inverse of A. For the null matrix which belongs
to CP*9 we will write Opxqy. The identity matrix that belongs to C?*? will be
denoted by I,. If A € C7%9, then det A is the determinant of A and Re A (resp.,
Im A) stands for the real (resp., imaginary) part of A, i.e., Re A := ;(A + A")
(resp., ImA := 211(A — A*)). We will write A > B (resp., A > B) when A
and B are Hermitian matrices (square and of the same size) such that A — B
is a non-negative (resp., positive) Hermitian matrix. Recall that a complex p X ¢
matrix A is contractive (resp., strictly contractive) in the case of I, > A*A (resp.,
I, > A*A). If A is a non-negative Hermitian matrix, then VA stands for the
(unique) non-negative Hermitian matrix B given by B? = A.

Let 7 € N or 7 = 400. Suppose that (aj);-:l is a sequence of numbers be-
longing to C\ T and n € Ny ;. For n = 0, let 740 be the constant function on Cqy
with value 1 and R0 be the set of all constant complex-valued functions defined
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on Co. Let Py :=0 and Zy,0 := 0. If n € N, then let 7y, : C — C be defined by
T (U) 1= H(l — aju)
j=1
and let R, denote the set of all rational functions f which admit a representation
p
f =
To,n
with some polynomial p,, : C — C of degree not greater than n. Furthermore

using the convention ! := 00), let
& 0

n 1 n
Pyp = U { o } and Lo = JEJl {oj}.

Let F' € MZ(T,Br), where ML (T, Br) stands for the set of all non-negative
Hermitian g X ¢ measures defined on the o-algebra Bt of all Borel subsets of T.
As already in [17], the right (resp., left) C?*%-module RE*? will be equipped by

(X Y)FT ::/(X( ) () Y (2)

o 1), = f om0 )

for all X,Y € REY7 with a matrix-valued inner product. (For details on the inte-
gration theory Wlth respect to non-negative Hermitian ¢ X ¢ measures, we refer to
Kats [31] and Rosenberg [36]-[38].) Moreover, if (X)}'_, is a sequence of matrix-
valued functions which belong to the right (resp., left) C?*%-module R%*?, then

a,n
we associate the non-negative Hermitian matrix

G = ([0 Fa) Xk.<z>)j’k_0

(reSva()wa (/X ) (X)) >jk—o)

Particular attention will be payed to the situation that some nondegeneracy
condition holds. Recall that a matrix measure F' € MZ(T,B7) is called nonde-
generate of order n if the block Toeplitz matrix

TEq,F)3 ( gF)k)Jk 0

céF) ::/Z*ZF(dz)
T
for some integer £. We will write ML"(T, Br) for the set of all ' € ML (T, Br)

which are nondegenerate of order n.

The condition that F € MZL(T,Br) belongs to ML"(T,Br) can be also
expressed in terms of G( F) (resp., Hg?n )) for some Xo, X1,..., X, € REEL In
this regard, we recall now a result which is taken from [18] (there, Theorem 5.6).

n

is non-singular, where
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Theorem 1.1. Let ' € ML (T,Br) and let n € Ng. Then the following statements
are equivalent: -
(i) F e ML"(T,Br).
(ii) There ezist a sequence ()52, with oy € C\'T, j € N, a?d a basis (Xi)}_
of the right C**9-module RL*] such that the matriz G( ) is non- singular.
(iii) There exist a sequence ()52, with aj € C\T, j € N, F(md a basis (Yi)7_o
of the left C**?-module RE ! such that the matriz Hg, . ) is non- singular.
(iv) For each sequence (a;)32, with oy € C\T, j € N, every basis (X)j_o of the
right CT*9-module RL, and every basis (Yi)i_, of the left CT*7-module

RLL, the complex matrices G( and Hy, a’F is positive Hermitian.

Let F' € M%"(T,Br). In view of Theorem 1.1 (cf. [18, Theorem 5.8]) and [17,
Theorem 10] one can see that by (RE*Z, (+,-) ) a right (resp., by (RZX,;% (,)F1) a
left) C?*9-Hilbert module with reproducing kernel Kr(“l ) (resp., K 'r(z . ) is given.
In doing so, along the lines of the classical theory of reproducing kernels which goes
back to the landmark paper [1] by Aronszajn, the machinery happens here in the
context of matrix functions (cf., e.g., [3], [4], [14], and [29]). The reproducing kernels
with respect to rational matrix functions under consideration were intensively
studied in [17], [19], and [20] (see also [23]). The relevant kernel is a mapping from
((CO \IP’a n) X (Co\ Py,p) into C7%1. For each w € Cop\ Py,n, let the matrix function

An w (Co \ Py, = C7%7 (resp., C’n o (Co \ Pq., = C?%?) be defined by

A;‘f;UF) (v) := K(a’F)(uw) (resp.7 Cr(L‘i’UF) (v) := Kr(f:l’F) (w,v) ) (1.1)

n;r

Here, K,(L o F) (resp., Kler ) is the reproducing kernel relating to (RL%7, (+,-)r,r)

nl

(resp., (R34, (-, -)r,)) means that A%awF) € RIS (resp., Cr(LawF € RL%) and that

a,mn )

n,w n,w

(A(OéF) X) = X(w) (resp., (X, C’O‘F)) l:X(U’))’ X e R,

for each w € Cg \ Py n. Note that (cf. [17, Remark 12]), if X¢,X1,...,X, is a
basis of the right C?*9-module RE*%? (resp., Yo, Y1,...,Y, is a basis of the left
Co*9-module RZ%7), then this kernel can be represented via

K (0,w) = Z,(0)(GE L) (En(w))’

* —1
(resp K (w,0) = (Ta(w)) () T (v) )
for all v,w € Cg \ Pq,p, where
Yo
Y
(X07X17...7Xn) resp., Y, = :

[I]

Y,
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In keeping with the studies in [24], we mostly focus the considerations below
on the situation that the elements of the underlying sequence (%‘)?:1 must be in
a sense in good position with respect to T. In doing so, the notation 7; stands
for the set of all sequences (a;)52; of complex numbers which satisfy ajay # 1
for all j,k € N. For example, if (a;)32; is a sequence of numbers belonging to D,
then ()72, € T1. Moreover, if ()32, € 71, then obviously a;; ¢ T for all j € N.
Effectively, we choose («;)32; € T in the following to angle for applying some
results of [20] and [21] on orthogonal rational matrix functions on T.

Let (a;)32; € Ti. Furthermore, for each j € N, let

-1 if O[j =0
L A if Qg 75 0
||

and let the function by, : Co \ { (37 } — C be given by

oy = : 1
b njl—ozju 1fu€(C\{aj}
i ! if u=o00
| ’

Observe that, if Bg{% stands for the constant function on Cy with value I, and if

k
Béq}c = (Hb%‘)lqv k € Nin,

Jj=1

then the system B((lq’z), Bé(f)l, cee B((lq,zq, forms a basis of the right (resp., left) C7*9-

module RE*Y (see, e.g., [18, Section 2]). Thus, if X € REX?, then there are uniquely

a,n >

determined matrices Ay, Aq,..., A, belonging to C?*? such that
0
X= Y A8,
j=0

The reciprocal rational (matriz-valued) function X" of X with respect to ()52,
and n is given by

[an] . - * (9)
xterhi=y AL By,
=0

where ()32, is defined by 3; := a1 for each j € Ny , and 3; := a; otherwise
(cf. [20, Section 2]). This transform of a function X belonging to R4*{ into another
Xln belonging to R is an essential tool in the theory of orthogonal rational
matrix functions on T (see, e.g., [20] and [21]). With respect to the preceding case
of orthogonal matrix polynomials on T, we refer to [10] (see also [11, Section 3.6]).
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2. Some basics on canonical solutions of Problem (R)

As a continuation of the studies in [17] (see also [19], [23], [24], and [25]), we
consider the following rational matrix moment problem, called Problem (R).

Problem (R): Let n € N and ay,a,...,a, € C\ T. Let G € CrHDax(nt1)a gpg
suppose that Xo, X1, ..., X, is a basis of the right C?*9-module Rgﬁ{l Describe the
set M[(a;)i_1, G; (Xk)j—o) of all measures F € ML (T, Br) such that Gg? G.

n =

The case n = 0 which includes only a condition on the weight F'(T) of some
F e MY(T,B71) does not enter into Problem (R). However, the considerations in
previous papers and below are intrinsically practicable for that case as well.

If aj = 0 for each j € Ny, then RE*T is the set of all complex g x ¢ matrix
polynomials of degree not greater than n. Thus (cf. [17, Section 2]), Problem (R)
leads to the truncated trigonometric matrix moment problem choosing X} as the
complex ¢ x ¢ matrix polynomial Ej , given, for each k € N ,,, by

B (uw) :=uf1,, ueC.

To single out this case, if '€ M (T, Br), then we will use the notation M[T%F)]

instead of M[(a)j—, T%F); (Erq)i—o)-

Unless otherwise indicated, let n € N and let aq,aq,...,a, € C\ T in the
following. Also, in view of Problem (R), let G € C**thax(»+1)d and suppose
that Xo, X1,..., X, is a basis of the right C?*?-module RE* 7. We call a measure
F e M(a;)5-, G; (Xk)j—o] a canonical solution (cf. [15, Section 5] and [25]) when

rank Tgr)l =rank G. (2.1)

(Note that the size of the matrix TEQI in (2.1) is (n + 2)g x (n + 2)q, whereas
the size of G is (n+ 1)g x (n + 1)q.) In the case that M[(a;)}_;, G; (Xk)j_o] is
nonempty, such special solution always exists (cf. [25, Theorem 2.6]). Moreover (cf.
25, Theorem 2.10]), a solution F' is a canonical solution in M{(a;)7_;, G; (X )j—o]

if and only if there is a finite subset A of T such that F(T \ A) = 04x4 and

Z rank F({z}) = rank G. (2.2)
zZEA

We now turn our consideration to the nondegenerate case, i.e., we presume
that M([(a;)}_;, G; (Xk)j—o) is nonempty, where G is some non-singular matrix.
In this case, the canonical solutions of Problem (R) form a family which can be
parametrized by the set of unitary ¢ x ¢ matrices. In doing so, the investigations
in the subsequent section are based on the concrete formulas in [25, Theorem 3.6].
These are expressed in terms of orthogonal rational matrix functions on T. For a
better grasp, we recall in the following the relevant objects and [25, Theorem 3.6].

Let ()52, € Ti and F' € M (T, Br). Furthermore, let 7 € Ny or 7 = +00.
A sequence (Y;)]_, of functions with Y, € R;qu for each k € Ny, is called a left
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(resp., right) orthonormal system corresponding to («j)32, and F' in the case of

(Yma Yie) = 5m,qu (resp., (Ymv Ys) = 5m,qu )a m,s € N0,7'7
F, F.r
where 8, s ;= 1 if m = s and 0y, 5 := 0 otherwise (cf. [20, Definition 3.3]). If
(Lk)j—o is a left orthonormal system and if (Rx)],_, is a right orthonormal system,
respectively, corresponding to ()32, and F, then we call [(Lx)}_o, (Rx)j—o] & pair

of orthonormal systems corresponding to (aj)?‘;l and F.

In what follows, let Ly and R be non-singular complex g x ¢ matrices fulfilling
L{Lo = RoR} (2.3)
and (with 7 > 1) let (U;)7_; be a sequence of complex 2¢ x 2¢g matrices such that

j if (1 —|ai—1)(1—]as]) >0
U;jquj:{ Jag 1 ( |043 11)( |0‘J|)

o (= a1 — Jay]) <0 24

for each j € Ny ;, where j4q is the 2¢ X 2¢ signature matrix given by

S I, Ogxq
Jaa * Ogxq  —I4

and where we use for technical reasons the setting o := 0. Besides, we set

1_a.2 .
\/ P i (1= Jay (1 Jay]) > 0

1—faj—1f?
T e
O[j -1 .
- f(1—]a;—1)(1—=]ay]) <0
1—|Oéj_1|2 1 ( |a] 1|)( |aJ|)

for each j € Ny ;. As in [21, Section 3|, we define sequences of rational matrix
functions (Ly)j,_, and (Rk)j_, by the initial conditions

Lo(u) = Lo and Ro (u) = Ro (25)

for each u € C and recursively by

( L;j(u) ) _ l-ajqu U( b, (u)lg  Ogxq )( Lj-1(u) )
REw)) ~ 7 1mapu T O T AR )
for each j € N; ; and each u € C\Pq, ;. The pair [(Ly)},_q, (Rk)f_o] of rational ma-
trix functions is called the pair which is left-generated by [(v;)7_1; (U;)7_1; Lo, Ro].
Based on this concept and the bijective correspondence between such kind of pairs
and pairs of orthonormal systems of rational matrix functions stated in [21] we
will use the notation dual pair of orthonormal systems as explained below.

Let F € M%Z™(T,Br) and let [(Li)i_o, (Rk)7_o] be a pair of orthonormal
systems corresponding to (aj)j—; and F. Obviously (cf. [20, Remark 5.3]), there
are non-singular complex ¢ x ¢ matrices Ly and Ry satisfying (2.3) and (2.5).

Recalling that (2.3) implies the identity
(Lo )Ly " =Ry " (R )", (2.6)
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the pair [(L7)0_,, (R¥)9_,] which is given, for each u € C, by the formulas
L¥(uw)=Ly* and R¥(u)=Ry"

is called the dual pair of orthonormal systems corresponding to [(Lx)_q, (Ri)%—o]-
Now, let 7 > 1 and (by virtue of [21, Remark 3.5, Definition 3.6, Proposition 3.14,
and Theorem 4.12]) let (U;)7_; be the unique sequence of complex 2q x 2¢g matrices
fulfilling (2.4) for each j € Ny, such that [(Ly)}_q, (Rk)f_o] is the pair which is
left-generated by [(a;)7_q; (U;)7_;; Lo, Ro] with some non-singular complex g x ¢
matrices Ly and Ry satisfying (2.3) and (2.5). Taking (2.6) into account and that,
by setting V; := jgqUj jqq for each j € Ny ;, (2.4) yields

j if (1 —|oi— 1—|ai]) >0
V;jquj: Jt{q ' ( | J 1|)( ‘ J|)
—Jgg 1 (1= la—1)(1 —[ay]) <0,

the pair [(L#)k 0 (R#)k o) which is left-generated by [(a;)7_1; (V;)721; Lo " Ry 7]
is called the dual pair of orthonormal systems corresponding to [(Lk)k 0 (Rk)k ol-
Recalling [24, Remark 4.1], a pair of orthonormal systems [(Lx)}_,, (Rk)7_]
corresponding to («;)?2; and some F'€ M[(a)}_;, G; (Xk)i_o] is called a pair of
orthonormal systems corresponding to M{(a;)j_1, G; (Xk)j—o]- We also speak of
the dual pair of orthonormal systems corresponding to that pair [(Lx)}_, (Rk)j_ol-
Suppose that [(Lx)}_g, (Rk)j_o] is a pair of orthonormal systems correspon-
ding to M((;)7_;, G; (Xk)j—o] and let [(L#)k 0 (Rk#)kzo] be the dual pair of
orthonormal systems corresponding to [(Ly)}_q, (Rk)r_o]- The matrix functions

P = Rle 4 b, UL, and PSP :=(Rf)m — b, ULF

(2.7)
<resp QnU = L™ 4 b, R, U and Qa#). (L#)leon] — banR#U)

with some unitary ¢ X ¢ matrix U will be of particular interest in the following.
Because of (2.7) and the umtamty of the matrix U it follows that the rational
matrix function \Ilgf) : (P(a)) Pé?‘U#) admits also the representation

1

i (o) (L v i)

Qn

Thus, [24, Lemma 6.7] implies that \I/S)‘I)J is given by \IISXI)J = Q o) (Q(a) ) and
—1

S

(o) — (bl (L#)lerlu R#>(b1 LL“’”]U*Jar)

as well, where the complex ¢ X ¢ matrices P,(LI)J( ) b, U*R[a n]( ) + Ly (v),
Q(a) (v), and ( L[a " (v)U* + R, (v) are non-singular for each v € D\ Py .

A function Q1D — C9%9 which is holomorphic in D and for which Re Q(w)
is non-negative Hermitian for all w € D is a ¢ x ¢ Carathéodory function (in D).
In particular, if € M%(T,®Br), then Q: D — C?* defined by

o) = [ 2" Fas)

zZ—w
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is a ¢ X ¢ Carathéodory function (see, e.g., [11, Theorem 2.2.2]). We call this € the
Riesz—Herglotz transform of (the non-negative Hermitian ¢ x ¢ Borel measure) F.

With a view to the rational matrix function \I/g% for some unitary g X ¢
matrix U, the following characterization of canonical solutions of Problem (R) for
the nondegenerate case is proven in [25, Theorem 3.6].

Theorem 2.1. Let ()32, € T and let n € N. Let Xo, X1,..., Xy be a basis of the
right C1*%-module RL1 and suppose that G is a non-singular matriz such that
M()5=1, G5 (Xi)i—o] # O holds. Furthermore, let F € ML(T,Br) and let Q be
the Riesz—Herglotz transform of F. Then the following statements are equivalent:

(i) F is a canonical solution in M[(a;)}_y, G; (Xk)j—o]
(ii) There is a unitary g X ¢ matriz U such that Q(v) = ‘II;QI)J(U) forv e D\ Pg 4.

Moreover, if (i) holds, then the unitary gxq matriz U in (i) is uniquely determined.

In view of Theorem 2.1 and [11, Theorem 2.2.2], if U is a unitary ¢ x ¢
matrix, then we will use the notation F(a) and Q(O) Here, F( I)J stands for the uni-
quely determined measure belonging to ./\/lq (T, ‘BT) such that its Riesz— —Herglotz

transform O I)J satisfies Q(a) (v ) = \I/(a) (v)ifor each v € D\ Py .

The representation of Q( -y which appears in Theorem 2.1 depends on the
concrete choice of the pair of orthonormal systems [(L)}_q, (Rk)}_,] correspon-
ding to the solution set M([(;)}_;, G; (Xk){_o]. However, by [24, Lemma 6.6]
one can see that this is not so essential. If we choose another pair of orthonor-
mal systems [(Lx)?_,, (Ri)?_,] corresponding to M|(«; )71 G5 (Xi)io) (with
associated dual pair [(L#)k:()v (R#)k,zo]), then the only possible difference is that
another unitary ¢ x ¢ matrix U occurs in that representation of Q;QI)J

At the end of the present section is a brief statement concerning the elemen-
tary case n = 0, based on a constant function Xy defined on Cy with a non-singular
g x q matrix Xg as value and a positive Hermitian ¢ x ¢ matrix G. Then (cf. [23,
Remark 2.2]) there is a measure F' € M% (T, Br) such that the equality

[ (Xa(a)) Flaz) Xoe) = @ 28)

holds. In analogy to Problem (R) and (2.1) with some n € N, we call a measure
F € ML(T,Br) fulfilling (2.8) a canonical solution of that problem when

rank T(lF) = rank G. (2.9)

(If Xo =1, then we will also speak of a canonical solution in M[G].)
Suppose that F' € M%(T,Br). Similar to Theorem 2.1 (cf. [22, Remark 6.8
and Example 9.11]), one can find that F is a canonical solution with respect to
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(2.8) and (2.9) if and only if the Riesz—Herglotz transform Q of F' admits

S0

—1 0 vl -

Q) = VX G1Xg V| | = ; V*/XoG1X
0O ... ( Fatv

Zqg—V
for each v € D with some unitary ¢ x ¢ matrix V and (not necessarily pairwise
different) points 21, 22, . .., z4 belonging to T.

Having fixed a z € T, the notation ¢, stands for the Dirac measure defined
on the o-algebra B7 with unit mass located at z. Furthermore, o denotes the zero
measure in ML (T, Br). Thus, it follows that F is a canonical solution with respect
to (2.8) and (2.9) if and only if F' admits the representation

521 0 PPN 0
_ 1Nk -1 0 &z : * 1Nk -1
F=X,G1X: V| | °© V*/XoG1X} (2.10)
: 0
0 N 0 gzq
with a unitary ¢ x ¢ matrix V and z1, 22,..., 24 € T. So, one can see that for a ca-

nonical solution in this context each case of r mass points with r € Ny 4 is possible.

3. A special family of solutions of Problem (R)

In a certain way, the studies in this paper can be regarded as a continuation of
those in [23] and [24] on a class of extremal solutions of Problem (R). In particular,
for the nondegenerate case, the set of special solutions which plays a key role in
this paper features formal structural similarities to the family introduced in [23].
Unless otherwise indicated, let n € N and let aq,aq,...,a, € C\ T in the
following. Furthermore, in view of Problem (R), let Xo, X1,...,X, be a basis
of the right C?*%-module RZ*? and suppose that G is a non-singular complex
(n+1)g x (n+1)g matrix such that M([(c;)}_;, G; (Xk)j_o] is nonempty. By [23,
Theorem 3.4] we know that, if w € D\ Py 5, then F,(LO‘U), B — CI%9 defined by

(@) 1 1 — Jw]?

«@ —* (a a —1
FIB) =y [ 1 (AR AG ) (A ) Aee)

belongs to M([(a;)_;, G; (Xk)i—o], where A stands for the linear Lebesgue mea-
sure defined on Bt and where

Al) = (X07X1,...7X,L)G*1<X0(w),X1(w),...,X,,L(w)) L3
We also use the setting given by (3.1) in the general case that w € Cg \ Pq,,,. Note
that, due to (1.1) and (3.1), if F' € M[(a;)7_;, G; (Xk)j—o], then it follows that

AgL(’,!{uF) = A(a) w e (CO \]Pa,n- (32)

n,w?
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In particular (cf. [17, Remark 14]), if M[(a;)}_;, G; (Xx)i—o] # 0, then
A’E’L 1)11( ) > 0q><qv w e (CO \ Pa,nu (33)
()

In this paper, the value Ay 4 (u) with u € T will be a matter of particular interest.
By using the above settlngs for n = 0 with w € D as well, A . 1s the constant

function with value XoG~'X{ and the matrix measure F, (13

is glven by

1 1—|w|?
F{%(B) = 27T/ [l X *GX;'A(dz), Be By,

whereby (2.8) holds by choosing F' as FO((ZB (cf. [23, Remark 2.2 and Remark 3.5]).

Below, let («;)$2, € 71 and n € N. As in Section 2, let [(Lx)j—o, (Rk)j—o]
be a pair of orthonormal systems corresponding to M[(aj)] 1, G (Xr)p_,] and
let [(L#) o (R#) ¥_o] be the dual pair of orthonormal systems corresponding to
[(Lk)}—g, (Ri)}_o]. Following [24, Lemma 3.11], special attention will be come up
to the rational matrix function ©,, which is defined by

ba, (L) 'R, if 0 €D
O, = 1
ba,

Suppose that w € D\ P, ,,. Because of [24 Lemma 5.7 and Theorem 5. 8; one can
see that the Riesz—Herglotz transform Qn “w of the matrix measure F,g w admits,
for each v € D\ P, 5, the representations

(3.4)
RIILE™  if o, € C\D.

Q) = ((LH*0) — b, @) BE )W) (L20) + b (0) Ra(0) W)

Q) = (RE(0) 4 ba (WL () (R (0) — b, (YWLE (0))

in the case of «,, € D and otherwise

AW =,y ED W = 7E0) (

-1

LW Ra(w)

b, (V)

Q) = (, |y WRE0)+ L) (, | WD ™0) - L)

with W := — (@n (w))*7 wherein the involved inverses exist. Furthermore, for some
u € T, from [24, Lemma 3.11] we know that the matrices L, (u), Ry (u), Ll (u),
and BRI (u) are non-singular and that ©,,(u) is a unitary ¢ x ¢ matrix, where

Do Ln (RE™ ™ if 0, €D
e, = 1

) fenlp =1 if o, e C\D.

This fact along with a comparison of the formulas of Qgﬁ)‘, for some w € D\ Py, 5,
mentioned above and the representations of the Riesz—Herglotz transform of a
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canonical solution of Problem (R) which are the result of Theorem 2.1 forms the
starting point for the further considerations in the paper on hand.

In the following, the notation F,(Lau) stands for the uniquely determined mea-
sure belonging to M (T, Br) such that its Riesz—Herglotz transform ngx ) satisfies

Qgﬁl(v) = \I/g%(v) for cach v € D\ Pq n, where
@ [e% —1 s *
Wiy = (PR) P, U= —(0n(w), (3.5)

is the rational matrix function defined based on (2.7) and some u € T. In particular,
by Theorem 2.1 and [24, Lemma 3.11] we get the following.

Remark 3.1. If u € T, then F,(Lau) is a canonical solution in M([(a;)_1, G;(Xk)j—o]
(for the nondegenerate case with ()52, € 71).

Remark 3.2. Let w € D\ Py, and let u € T. Recalling [20, Remark 2.6], in view
of (3.2) and [17, Theorem 25] one can realize that (ASfj;L)[“’"] (u) # Ogxq. This
implies ©,(w) # O,(u) because of (3.4) and [24, Lemma 3.11]. Thus, by using
[24, Theorem 5.8] it follows that Féau), # Féau) (see also [24, Proposition 3.12]).

The family (F,(Lau) )u er of canonical solutions will play a key role in what
follows. Because of (3.5) and (3.4) there are structural similarities between the
solutions F,E%) and FT(LO‘U), with u € T and w € D\ Py . In this regard, the following

results are quite similar to some in [24] concerning Féau), with w € D\ Py .

Remark 3.3. Let uy,us € T. Recalling Theorem 2.1 and [24, Lemma 3.11], because
of (3.5) and (3.4) one can see that Féau)l = F,(L‘)‘u)2 is satisfied if and only if the
equality O, (u1) = O, (uz) holds (cf. [24, Proposition 3.12]).

From now on, for some w € Cgp \ Py, starting from the given data in Prob-
lem (R) we use, besides the notation Agﬁw given by (3.1), also

X(Ea,nj (w> X(Ea,nj
o) = | ) g | K (3.6)
Xr[La,n] (U)) Xr[La,n]

Comparing now (3.6) with (1.1), by using [24, Remark 2.1] one can realize that,
it F e M[(a;)"_1, G; (Xk)}E_], then

j=1
clenF) =), weCo\ Pay. (3.7)
In particular (cf. (3.3) and [19, Proposition 11]), we have
Cr(ﬁ)u(w) > 0q><q7 w e Cy \Pa,n- (38)

Note also that (3.2) and (3.7) imply (cf. [19, Lemma 5]) the relation
CLo)(v) = (B, (w))" A, (1)BE,(v), v,w € Co\ (PanUZon).  (3.9)

n,w w
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Remark 3.4. Let uj,ug € T. Recalling (3.2) and (3.7), from Remark 3.3 and [24,
Lemma 3.11] it follows that FT(LGU)1 = F,(flzz holds (cf. [23, Proposition 6.4]) if and
only if u; = up or (Aﬁ{f&l)[‘”""] (uz) = O0gxq (resp., (C,(L(i)“)[a’n] (u2) = 0gxq)- Hence,
in view of uy,us € T and [20, Remark 2.6], we get that Fy(fu)l = F,SOQ2 is satisfied
if and only if u; = ug or Aﬁf}&l (u2) = 0gxq (resp., C,(fgl(ug) = 0gxq)-

Remark 3.5. By Remark 3.4 and the fundamental theorem of algebra we get that,
for every sequence (Uk)Z:é of pairwise different points belonging to T, the sequence
(FT(Lau)k)Z:é contains at least two different measures (cf. [23, Corollary 6.5]).

In a certain way, having fixed some u € T, the values of the g x ¢ Carathéodory

function Q;aql are unique within the possible values of any Riesz—Herglotz trans-
form associated with a solution of Problem (R). In fact, we get the following cha-
racterization (which is somewhat stronger than the corresponding result in [24,

Corollary 5.9] with respect to F,(Lau), for some w € D\ P, ,,). In doing so, for some
holomorphic function Q : D — C9%9, the function 2 : C\ T — C9%? is defined by

Q(v) ifveD
—(9(1))* ifveC\ (DUT)

v

Qv) :=

and QO (v) means the value of the tth derivative of QatveC \ T with ¢ € No.

Proposition 3.6. Let u € T and suppose that € is the Riesz—Herglotz transform of

some F' € M[(a;)}_1, G; (Xk)i—ol- Furthermore, let m be the number of pairwise

different points amongst (Oéj)?:o with ag = 0 and let v1,72,...,vm denote these
points, where I stands for the number of occurrences of i in (aj)?:o for each
k € Ny . Then the following statements are equivalent:

(i) F=F%).

(ii) There exists some v € C\ (TUPy,, UZq ) such th@f\ﬁ(v) = ngaql(v)
(ili) There exists some k € Ny p, such that f\l(l’*")('yk) = (Qg{f&)(lk)(%).

(iv) For each k € Ny ,, the equality Q) () = (Q%a&)(lk)(yk) holds.

Proof. Taking Remark 3.1 into account, the assertion is an immediate consequence
of [25, Proposition 2.8]. O

Remark 3.7. Let u € T. Taking Theorem 2.1 and [24, Lemma 3.11] into account,
because of (3.5) and (3.4) we obtain, for each v € D\ Py, that

Q) (v) = ((RLLCW] ())RI™ (0) — by, ()b, (v) (Ln(u))*Ln(v))_l
(B @)Y (R (0) + b ()0, (0) (L () L (),

el (0) = (L @) (L @) + ba, (0)ba, () R (0) (B ()
(@) (L7 @) = b (0)ba, () B (0) (Ra(w)) )
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wherein the involved inverse matrices exist. So, applying the Christoffel-Darboux
formulas for orthogonal rational matrix functions (use [20, Corollary 5.5] and [34,
Proposition 3.1]) yields, for each v € D\ P, ,,, the identities

n

00 = (S () me) (2, 1 S myre))

uv
k=0 k=0

ol = (| 2, L ng‘(w(Rk(u))*) (,; R ()

In contrast to a (general) canonical solution of Problem (R) in the nonde-
generate case, by [24, Lemma 6.6] one can see that the representations due to
Theorem 2.1 and Remark 3.7 of the Riesz—Herglotz transform Qg% of a measure
Féau) with some u € T do not depend on the concrete choice of the pair of or-
thonormal systems [(Lx)p_o, (Rk)j—o] corresponding to M([(c;)7_, G; (Xk)p_o]-

We are going now to give some information on the structure of F,% with
some u € T. But first, we present an auxiliary result (in a more general context)
on the nondegeneracy of molecular non-negative Hermitian ¢ x ¢ matrix measures
on Br. In doing so, we will recall that, having fixed a z € T, we use ¢, to denote

the Dirac measure defined on the o-algebra B with unit mass located at z.

Lemma 3.8. Let m,r € N. Suppose that ug,u1,...,u, € T are pairwise different
and let (As)7_, be a sequence of non-negative Hermitian g x q matrices, where Ag
is non-singular. Furthermore, let F' and F be the matriz measures fulfilling

F:i:aeusAS and ﬁ:isusAs.
s=0 s=1

Then the following statements are equivalent:
(i) Ggfzn (resp., Hgf,)n) is non-singular for some (a;)32; with a;j € C\'T and
basis Xo, X1, ..., X of the right (resp., left) C**?-module RE*1.

(ii) Gg/f:,)L_l (resp., Hg,F”)L_l) is mon-singular for some (a;)32; with a; € C\T and

basis Yo, Y1, ..., Ym—1 of the right (resp., left) C1*9-module Rgfrfb_l.
Proof. Because of Theorem 1.1 one can see that (i) is equivalent to
det TU) £ 0, (3.10)

whereas (ii) is satisfied if and only if

det T 20 (3.11)

holds. Therefore, if we have shown that (3.10) is equivalent to (3.11), then the
assertion follows. However, that (3.10) implies (3.11) is already proven with [35,
Lemma 3.1]. It remains to be shown that (3.11) leads to (3.10) as well. Thus, we
suppose now that (3.11) holds. Furthermore, we assume that

det T =0



Maximal Weight Solutions of a Rational Matrix Moment Problem 267

is fulfilled. Hence (see, e.g., [18, Theorem 5.8]), we find a complex ¢ x ¢ matrix
polynomial P of degree not greater than m such that P(vg) is not equal to the
zero matrix Ogyx4 for some vg € C, but

/T (P(2)) F(d2) P(2) = Ogxs.

By the choice of the matrix measure F', the outcome of this is

T

ST (P(ug)) AP (us) = Oy

s=0
Since the matrices Ay, A1,..., A, are non-negative Hermitian, one can conclude

(P(us))*AsP(US) = Ogxq

for each s € Ny ,. Consequently, taking into account that the matrix Ay is non-
singular, it follows that P(ug) = Ogxq. This yields that there is a complex ¢ X ¢
matrix polynomial @ of degree not greater than m — 1 such that Q(vg) # 04x4 and

Pw)=(v—up)Q(v), wvecC.

So, recalling that the points ug, u1,...,u, € T are pairwise different, we obtain
/T (QE) F(d2) Q) = 3 (Qus)AsQ(us)
s=1
r 1 .
=> e — g (P(us)) AsP(us) = Ogxq-

s=1 S
Admittedly (see again [18, Theorem 5.8]), this is contrary to (3.11). Hence, (3.11)
implicates also (3.10). O

Recall that, for some u € T, from (3.3) we know that Ag}%(u) is a positive
Hermitian g x ¢ matrix, where the equality

Al () = L) (u) (3.12)

n,u n,u

(which follows from (3.1) and (3.6) along with u € T; see also (3.9)) is satisfied.

Theorem 3.9. Let (aj);?il € T1 and let n € N. Let Xo, X1,..., X, be a basis of the
right C*?-module RL] and suppose that G is a non-singular matriz such that
M(a;)1 -1, G5 (Xp)izg] # 0. Letu € T and U := —(@n(u))*, where O (u) is defi-
ned by (3.4). Furthermore, let PT(L(]I)J and Qg% be the functions given by (2.7). Then:
(a) There exist some r € N, nq, pairwise different points z1,za, ...,z € T\ {u},
and a sequence (Ag)i_, of non-negative Hermitian g X q matrices each of
which is not equal to the zero matrix such that

F,(Lalz =gy (Agf‘l)b(u))fl + ZEzs A, and Zrank A, =ngq. (3.13)
s=1

s=1

In particular, FT(LO;L)({U}) = (Agfﬁ)t(u))_l and F,SOL)({ZS}) = A foralls € Ny .
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(b) If z € T, then the relations
N(P5() = M(@p(2)) = R(EE({=) (3.14)

FO({zhARe)x =%, x e R(FE({=)) (3.15)
hold, where A%ag(z) = C,(Lz)(z) and where ASM and CSLQZ) are the rational
matriz functions given by (3 1) and (3.6) with w = z.

(¢) For z € Cy\ Pgyp, det P7( (2) =0 holds if and only if z € {u, z1, 22, ..., 2 }.
(d) Let F, := F{%) — U(Agﬁl(u)) Then F, belongs to ML"™ Y(T,Br) and is
a canonical solution in the set M[T(F“)], ie.,

rank T;Fu) — rank Tgﬁ‘l) = ngq.

Proof. Taking Theorem 2.1 and Remark 3.1 into account, [25, parts (b) of Theo-
rem 4.3] immediately imply the assertion of (b). Because of [25, part (a) of The-
orem 4.3] a similar argumentation shows that there are some ¢ € Ny i1 (n41)qs
pairwise different points 2y, 2o,...,2¢ € T, and a sequence (A,)‘_; of non-nega-
tive Hermitian ¢ x ¢ matrices each of which is not equal to the zero matrix such
that

and

4 £
Fé‘f“u = ZEZSAS and ZrankAs =(n+1)q. (3.16)
s=1 s=1

Hence, the Riesz—Herglotz transform ngx Q)L of F,(Lau) admits the representation

¢
+v
QO () =S T VA, D.
@ (v) S;Zé_v , vE
This gives rise to 1—¢

lim =0 (t2) = F2)({2)

t—1-0
for each z € T (see also [13, Lemma 8.1]). Consequently, recalling (3.2) and (3.3),
by using Remark 3.7 and [20, Lemma 5.1] we get

Fe)({u}) = lim 012t<1 : ZR (1) (R (u >(2Rk (tu) (i (u ))
= <kZ:O Rk(u)(Rk(u))*>_l = (A )

Apparently (note (3.14) and the fundamental theorem of algebra), (3.16) leads
to (3.13) with some integer r € N, ,,, pairwise different points z1, 22, ..., 2z, be-
longing to T, and a sequence (Aj)7_; of non-negative Hermitian ¢ x ¢ matrices
each of which is not equal to 0g4x, Thus, we have verified (a). Based on that and
Remark 3.1, the assertion of (¢) is a consequence of [25, parts (c) of Theorem 4.3]
and Theorem 2.1. Finally, it remains to be shown (d). In view of (3.13) we get

F, = i ez, A
s=1

1
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Therefore, F), belongs obviously to M (T, Br), where (3.13) in combination with
[18, Remark 3.9 and Theorem 6.6] as well as [11, Lemmas 1.1.7 and 1.1.9] yields

rankTiLF_“l) < rankTgLF“) < ZrankAs = ng.
s=1

Hence, recalling Theorem 1. 1 and (2.1), part (d) follows from (a) and Lemma 3.8
along with det G # 0 and F} u) € Ml(a;)7—1, G; (Xr)i—o| (see Remark 3.1). O

Corollary 3.10. Let (a;)32; € Ti and let n € N. Let Xo, X1,..., X, be a basis
of the right CT9-module RL] and suppose that G is a non-singular matriz such
that the set M[(a;)7_y, G; (Xk)j—o] is nonempty. Furthermore, let I be a solution
in M(a;)7_1, G; (X)j—o] which admits the representation

T
F=> e, A, (3.17)
s=1
for some r € N, points uy,us,...,u, € T, and a sequence (A;)5_, of non-negative
Hermitian q x ¢ matrices. Then r > n + 1, where the points uy, us,...,u, can be

chosen as pairwise different and the sequence (Ag)t_q such that each element is
not equal to the zero matriz. Moreover (in that context), if v > nq + 2, then the
matriz measure F does not coincide with F,(Lalz for certain u € T.

Proof. Since F' € M((a;)}—1,G;(Xk)j—o] such that (3.17) holds and since the
matrix G is non-singular, Theorem 1.1 and [18, Theorem 6.11] imply that r > n+1,
where the points u1, us, . .., u, can be chosen as pairwise different and the sequence
(A,)r_ such that Ag # quq for each s € Ny ,.. Based on such reprebentatlon by
using Theorem 3.9 one can see that, if r > ng+2 and if u € T, then F' # Fn u) O

The matrix functions L,, R,, L¥, and R¥ (which are the basis for (3.4)
and (3.5)) can be constructed from the given data in different ways. In view of
the recurrence relations for orthogonal rational matrix functions one needs to
determine the corresponding matrices, which realize those. Following this way,
one can apply the formulas in [21]. Moreover, because of [24, Remark 6.4] one can
use Szegb parameters to obtain representations of Q%aq)t The functions L# and R
can be also extracted from L,, and R,, using the integral formulas in [34, Section 5].

In the following, we present a further alternative to get descriptions of the
q x q Carathéodory function Q% with « € T. In other words, we will reformulate
the above representations in terms of reproducing kernels based on the procedure
already used in [24, Section 6] (see also [25, Remark 3.9 and Theorem 3.10]).

If F e M2 (T,Br) is such that the weight F(T) is a non-singular matrix and
if Q stands for the Riesz-Herglotz transform of F, then Q(w) is a non-singular
matrix for each w € D and 27! is a g x ¢ Carathéodory function, where (Q(O))f
is a positive Hermitian ¢ x ¢ matrix (see, e.g., [11, Proposition 3.6.8]). Taking this
and the matricial version of the Riesz—Herglotz theorem (see [11, Theorem 2.2.2])
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into account, we call the unique measure F'#* € M;(’]I‘, Br) fulfilling

—1 z+w
) = F#(d D
@) = [ 2TV FHas), weD,
the reciprocal measure corresponding to F (cf. [11, Definition 3.6.10] and [26]).
Based on [24, Remarks 6.1 and 6.2], similar to (3.1) and (3.6), we set

Al = (X(),Xl,...,Xn> (G#)fl(xo(w),xl(w), . ,Xn(w)>*

and X(ga,n] (w * X(ga,n]
ol | XITW) |yt | X
X[avn](w) X[avn]

where G stands for the (n+1)g x (n+1)g matrix G( ) which is (uniquely) given
by the reciprocal measure F'# corresponding to some F e M()7=1, G5 (Xk)j—o]-
Let V be a unitary ¢ x ¢ matrix. In view of [25, Theorem 3.10] the function
—1

o = (Al /AL ( (@) fb%(c,gaj))[wlQ*l\/cﬁagn(an) V)
(A VAT @)+ b (CE O ) V)

where Q,, = (L#)l" (an)(L/[na’n] (an))_l, is of particular interest. (We marginally
comment that [24, Lemma 6.4] points out some other possibilities to calculate the
non-singular ¢ X ¢ matrix €2,,.) Thus, recalling the represenations of \IJELO‘I)J stated
in Section 2, by using [24, Lemma 6.4] (note (3.3) and (3.8)) one can realize that

22} = (ol (o) cgagn b, VAL (@) ( Amn)[a,ng—l

;
—1

(\/C%n QCLH) — by VAL () QL (ALH)e ),
‘1’55‘\)/:(1) A AT A o) V(O 97O ) )

-1 1
Ll e )

1 o -1
q)’ELC’Q, - (b * \/C’r(L O)é" (Oén n an + \/An Qo an ’Eza(lnﬂa,n])

( V* \/C,(f‘,%n —*C a #) \/An L (A%“Jf))[a n])

(Xn

Remark 3.11. If u € T and if (note (3.3) and (3.8))

—1
O (1) = ba, (u \/ASX&,L (an) (AL, (u)) 1€ )eml(u \/c,%" ()
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then by [24, Lemma 6.4] one can find that O, (u) is a unitary ¢ X ¢ matrix, where

On(u) = b (0 A (00) (AL (L2, ()
Moreover, [24, Lemma 6.4] along with (3.5) and (3.4) implies that FT(LQU) is the uni-
quely determined measure belonging to M2 (T, B7) such that its Riesz—Herglotz
transform Q%ZL satisfies Q(Q)( ) = <I>(a) v(@) for each v € D \ Pq.n, where <I>( z, is
given as above with V := — (0, (u )) (cf [24, part (c) of Theorem 6.5]).

Due to [25, Remark 2.5] one can see that, roughly speaking, the concept of
reciprocal measures harmonizes with the notion of a canonical solution (see also
[26]). As the next proposition emphasized (cf. [24, Proposition 6.3]), having fixed
some u € T, the situation concerning the solution FT(LO;L) is not that simple. However,
we get at least the following statement (which is similar to Theorem 3.9).

Remark 3.12. Let (Oéj)?il € 71 and let n € N. Let Xg, X1,..., X, be a basis of the
right C?*9-module RZ*? and suppose that G is a non—singular matrix such that
M)y, G; (Xk)z:(;] # (. Let w € T and U : (@n(u))*, where the value
O, (u) is defined by (3.4). Furthermore, let the rational matrix functions P(a #)
and Q(a ) he given by (2.7). Denote by Fy’ (@#) the reciprocal measure correspon-
ding to ESU) Then, recalling Theorem 2.1 and Remark 3.1, as a consequence of
[25, Corollary 4.4] one can conclude the following:

(a) There exist some £ € Ny, 1 (n11)q, pairwise different points w1, usa, ..., u, € T,
and a sequence (A%)‘_, of non-negative Hermitian ¢ x ¢ matrices each of
which is not equal to the zero matrix such that

¢ ¢
Flo#) = Z cu, A7 and Z rank A% = (n + 1)q.

n,u
s=1

In particular, F; i u ({u }) = A¥ for each s € Ny .
(b) If z € T, then the relations

N(PEH(2) = N(QUEF(2)) = R(ESH({2)))

FoP{znAT P (ox = x, x e R(ESSH (=),

are satisfied, where A&f‘;#)(z) = C,(q,?‘g#)(z) holds.
(c) For z € Cy \ Py p, det Prg?ﬁ#)(z) =0 holds if and only if z € {u1,uz,...,us}.

and

A comparison of Theorem 3.9 with Remark 3.12 shows that the reciprocal
measure F () corresponding to F,(Lalz with some u € T has a similar structure as
the underlymg measure F,(L?:L but not at all points. The following result contains
some thought in this regard (see also (3.19) and Example 4.13). Here again, G#
stands for the complex (n+1)g x (n+ 1)g matrix G F#) which is (uniquely) given

by the reciprocal measure F'# corresponding to some F € Ml(a;)-1, G; (Xk)p—ol-
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Proposition 3.13. Let (o;)32; € T1 and let n € N. Let Xo, X1,..., X, be a basis
of the right C**9-module RL] and suppose that G is a non-singular matriz such
that M[(c;)7_1, G; (Xg)i—o] # 0. Furthermore, let u € T and let F%#) be the
reciprocal measure corresponding to the canonical solution F,Eau) Then, for some
z € T, the following statements are equivalent:
(1) F(a’#) coincides with the (special) canonical solution (F#);CQ which is given
relating to the solution set M[(c;)7—y, G¥; (Xy)i_o] and the point .

(i) b () (LF) ) (2) Lo (1) + b, (2) RE (2) RE" (1) = Ogeg
(i) b, (2) LI () L (2) + b, (w) R (w) (B (2) = Ogg-
(iv) (1—uz)> (Li(u))'LY (2) = 2I,.

kO

(v) (1= zu) ZR# ) 21,.
k=0

In particular, the measure F,(L‘i;#) does not coincide with the measure (F#)%QI)L

Proof. Let z € T. The reciprocal measure Fr(L %) is well defined because of [24

Remark 6.2] and the fact that Remark 3.1 implies jall u) € Ml(a)5=1, G; (Xk)j—ol-
Moreover, in consequence of [24, Remarks 6.1 and 6.2] and the choice of G#, the
matrix measure (F #)( ®) is also well defined. Let Q,, and €, be the Riesz— Herglotz
transform of F; ,(Lau#) and (F #)% 2, respectively. Furthermore, let ©,,(u) be defined
by (3.4). Thus, in view of (3.5) and (2.7), the representation

2u(0) = (B () +b0,(0) (00 (0) LEW®) (BI)(0) b, (0) (O () L(v)

holds for each v € D\ P, ,,. Similarly, since [25, Remark 3.4] (see also [34, Theo-
rem 4.6]) tells us that [(L#)z 0 (Rk#)k:o] is a pair of orthonormal systems corre-
sponding to M[(a;)j_y, G¥; (Xk)i_o], where [(Ly)i_o, (Rk)i—o] is obviously the
dual pair of orthonormal systems corresponding to [(L#) 0 (R#) T o), we get

0. (0) = (B (0)~ b, (0) (OF () LE @) (RE" (0) 4 b, (0) (OF (2)) Lu(v)

for each v € D\ P, ,,, where O (2) := ban(z)((L#)[a’”](z))_lR#(z). Consequently,
taking the matricial version of the Riesz—Herglotz theorem (see, e.g., [11, Theo-
rem 2.2.2]) and (3.5) into account, by Theorem 2.1 and [24, Lemma 3.11] one can
see that (i) is equivalent to (ii) (resp., to (iii)). Furthermore (note u,z € T and
the definition of b,,, ), an application of the Christoffel-Darboux formulas for or-
thogonal rational matrix functions stated in [34, Proposition 3.1] (cf. Remark 3.7)
along with [20, Remark 2.5] yields that (ii) holds if and only if (iv) (resp., (v)) is
satisfied. Thus, (i)—(v) are equivalent. Based on this fact (i.e., that the statements
(i) and (v) are equivalent) and v € T one can realize that F,(L o#) # (F#)SL ). O
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Let u € T and let us consider the settings (3.5) and (3.4) in the elemen-
tary case n = 0 (see also [22, Remark 6.8]). Applying a similar reasoning as in
Remark 3.7 one can find that the Riesz—Herglotz transform Qéag of Fo(,(z) admits

u—+ v
@) = " TUx*ax;!, veD.
' U—v
From here one can read in a straightforward manner that appropriate statements
are satisfied for that case as presented in this section for n € N. In particular (cf.

(2.10)), in view of the matricial version of the Riesz—Herglotz theorem we see that

F{%) = e, X" GXp L (3.18)
Moreover, by using the notation of Proposition 3.13 for n = 0 as well it follows that
Fyo®) = (F#)§) . (3.19)

However, this relationship is in some contrast to the case n € N (see Example 4.13).

4. Characterizations of Fé";) in the set of canonical solutions

The considerations in this section are attached to those in the previous one. In
doing so, we will still use the notation fixed there. In particular, in view of (3.5)
and (3.4), we will analyze the rational matrix functions given by (2.7) based on
a point u € T and a pair [(Li)p_,, (Rk)}_,] of orthonormal systems correspon-
ding to M[(aj)7—1, G; (Xk)f—o] with dual pair [(LEYp_o, (RI)p_,] of orthonormal
systems corresponding to [(Lx)}_,, (Rk)}_o]. Furthermore, the Values Al u( ) and
C’T(L,u( ) for u € T will play a crucial part as well, where An « and C’T(L,u are the
rational matrix functions defined by (3.1) and (3.6) with w = u, respectively.

Let u € T. By the choice of the matrix measure FT(LQU) it is clear that this is
a canonical solution of Problem (R) for the nondegenerate case (cf. Remark 3.1).
Roughly speaking, recalling Theorems 2.1 and 3.9 (see also [25, Theorem 4.3]), we
discuss below special features of the matrix measure Fﬁ% concerning its excep-
tional position in the whole family of canonical solutions of Problem (R).

We begin directly with the main result of this section.

Theorem 4.1. Let ()32, € T and let n € N. Let Xo, X1,..., Xy be a basis of the
right C1*%-module R ] and suppose that G is a non-singular matriz such that
Ml(a;)5=1, G; (Xk)kzo] # (. Let w € T and let U be a unitary q x q¢ matriz. Let
Pno‘l)J and Pé?‘ﬁ#) (resp., fo% and Qfﬁﬁ#)) as well as ©,, be the matriz functions
given by (2.7) and (3.4). Furthermore, let Q%aq)t and Qg% be the Riesz—Herglotz

transform of FT(LU) and Fé(%, respectively. Let

Fy = FY% — eu P ({u)).
Then the following statements are equivalent:
(i) FLo = F.

(i) Fo(ul) = (A (W)™ (resp., E({u)) = (O (w) ™).
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Fr(LaI)J({u}) is non-singular.

Poig () = Ogg (resp., QU5 (1) = Ogxg).
U =-(6n()"

There is some v € C\ (T UPq n UZqy ) such that (AZELC“ (v) = o) “u(v).
There is some k € Ny ,,, such that (ﬁg‘%)(lk)( k) = (ﬁ%a,)i)(lk (Yk)-

For each k € Ny ,,,, the equality (ﬁg‘%)( k)(:y )= (ﬁﬁl‘f&)(lk)(%) holds.
(P

(iii
(iv
(v
(vi
(vii
(viii
(ix) Fy is a canonical solution in the set M[T, " 1)]
(x rank T Fa) nq
(xi) The set M[T “)] is a singleton.

In particular, if (i) holds, then det PnaU#)( ) # 0 (resp., detQ e #)( ) # 0) and
(a #)({u}) = Ogxq, where F(a’ ) is the reciprocal measure correspondmg to Fr(;)‘()J

)
)
)
i)
i)
)
x)
)

Proof. In view of the definition of Fr(;)‘[)J and Theorem 2.1 one can conclude the
equivalence of (i), (vi), (vii), and (viii) directly from Proposition 3.6. Taking [24,
Lemma 3.11] and (3.5) into account, the equivalence of (i) and (v) is a consequence
of Theorem 2.1 and the special choice of F,(Lau) Recalling again [24, Lemma 3.11],
because of (2.7) and (3.4) one can find that (v) holds if and only if (iv) is satisfied
(cf. [22, part (b) of Proposition 9.8]). Since from [25, Theorem 4.3] we know that

N(PEL @) Fu = N((QYH(2)) = R(ESS(2))

holds for each z € T, one can see that (iii) is equivalent to (iv). Furthermore, from
(3.3) we know that A%(u) is a positive Hermitian ¢ X ¢ matrix, where (3.12)
holds (see also (3.9)). In particular, one can realize that (ii) leads to (iii). applying
part (a) of Theorem 3.9 and (3.12), we get that (i) implies (ii). Keeping this in
mind, from part (d) of Theorem 3.9 one can derive that (i) yields also (ix). Taking
Theorem 2.1 into account and the fact that the matrix G is non-singular, by using
Theorem 1.1 we have on the one hand

(F((")
rank T;, Y = rank G = (n+ 1)g

and on the other hand (note [18, Example 3.11]) the choice of F,, gives rise to

(F)

g (a) u
rank T ™ (cuFyg({u}) _

< rankT(F ) 4 rank T, nkT(F )JrrankF o{u}).

Consequently, we obtain
(n+1)g < rank T 4 rankFg’%({u}). (4.1)

3

In particular, because of (4.1) and rank Ffl%({u}) < ¢ it follows that

ng < rank T;ﬁ“). (4.2)
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We suppose now that (ix) is fulfilled. Thus, since the size of the matrix T; 1) is

ng x ng and since (4.2) in combination with (ix) leads to

ng < rankT(F“) = rankT( 1)
one can see that (x) holds. Finally, we come from (x). By (4.1) along with (x) we get

(n+1)g < rankT(F“) —|—rankF( o{u}) = nq+rankF U({u})

Hence, the matrix FnU({u}) is non-singular, i.e., (iii) holds. Finally, recalling a
fundamental result on non-negative definite sequences of matrices (see, e.g., [11,
Theorem 3.4.2]), the equivalence of (ix) and (xi) is an immediate consequence of
[25, Proposition 1.12]. So, we have shown that the statements (i)—(xi) are equiva-
lent. Based on that (more precisely, on the fact that (i) and (iii) are equivalent),
the remaining part of the assertion can be deduced from [25, Corollary 4.5]. O

Corollary 4.2. Let («;)32; € Ti and let n € N. Let Xo, X1,..., Xy be a basis of the
right C1*%-module R 1 and suppose that G is a non-singular matriz such that
M(()5-1, G; (Xi) 3= 0] #0. IfueTandif F e M[()}_1,G; (Xk)i=ol, then
the following statements are equivalent:

(i) F=F%).

(ii) F'is a canonical solution in M[(c;)j—y, G; (Xk)i—o] and det F({u}) # 0.
(iii) There is a finite subset A of T such that F(T\A) =0gxq, det F({u}) #0, and

ZZGA\{U} rank F({z}) = nq. (4.3)

(iv) There is a finite subset A of T such that F(T \ A) =0gxq and (4.3) hold.

Proof. Use Theorem 4.1 in combination with Theorem 2.1 and (2.2) (see also
Remark 3.1 and [25, Remark 3.1]). O

Corollary 4.3. Let (a;)32, € T1 and let n € N. Let Xo, X1,..., X, be a basis of
the right C?9-module RE] and suppose that G is a non-singular matriz such
that M[(aj)?:uc' (X )pz o] #0. LetueT. IfF € M[(%)g 1: G5 (X)j—o) and
if Flon) - By — CI%9 s the matriz measure defined by

Fem(B) = /B(M i<z> 1) Fas)(, i(z)m’ )

then F = FT(LO;L holds if and only if F(*™ coincides wzth the (special) canonical
solution F,, ,, which is given relating to the set M[T(F )] and the point u.

Proof. In view of Theorem 1.1 and [18, Remark 5.10], if F(®™) : By — CI¥9 is
defined by (4.4) based on a matrix measure F' € M[(a;)7_;, G; (Xk)j—o], then
F(@n) helongs to ME™(T,Br) since G is a non-singular matrix. Furthermore,
because of [25, Rema?k 2.4] we already know that F' is a canonical solution in
M(a))7—1, G; (Xi)j= 0] if and only if F(®™ is a canonical solution with respect

to the solution set M[ " )]. Thus, the assertion follows immediately from The-
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orem 4.1 along with Theorem 2.1 and the fact that the value F'({u}) is obviously
non-singular if and only if F(®™ ({u}) is non-singular. O

Corollary 4.4. Let F' € M (T,®B71). Furthermore, let n € N and let w € T. Then
the following statements are equivalent:
(i) F coincides with the canonical solution F, ,, giwen relating to M[T%F)] and u.
(ii) There exist a sequence (ozj)‘j‘;l € T1 and a basis Xg, X1, ..., X, of the right
C*9-module ’quq such that F coincides with the canonical solution F,(Lau)

which is given relatmg to M{(c;)% G@L; (X&)i_o] and the point w.

J=1
(i) F coincides with the canonical solution Fn " m./\/l[( 3)7=15 G(;ﬂ)l; (X#)io] for
every ()52, € Ti and basis Xo, X1, ..., Xy of the right C?*?-module RE* 1.

Proof. Applying a similar argumentation as in the proof of Corollary 4.3 (note
here Theorem 1.1 and Theorem 2.1), the assertion follows from Theorem 4.1 along
with a general result on the canonical solution stated in [25, Remark 2.3]. g

Corollary 4.5. Let (a;)52, € T1 and let n € N. Let Xo, X1,..., Xy, be a basis of
the right C**9-module RL] and suppose that G is a non-singular matriz such that
M)y, G35 (Xk) 7ol #Q) Let F be a canonical solution in M[(c;)}_y, G; (Xk)j—]
such that the value F({us}) is a non-singular ¢ X q¢ matriz for each s € Ny ¢ with
some integer £ € N and pairwise different points uy,us,...,us € T.
(a) Then F coincides with F,(Lau) and F# ({us}) = Ogxq for all s € Ny o, where F#
stands for the reciprocal measure corresponding to F. In particular, { <n + 1.
(b) The matriz measure F' admits the representation
n+1

F= Z% @) (ug)™" (4.5)

if 0 =n+1 and otherwzse there are some 1 € Ny 1 g (ny1-0)q, PaiTwise
different points z1,z22,...,2. € T, and a sequence (As)'_; of non-negative
Hermitian q x ¢ matrices each of which is not equal to Ogxq such that
14 r
F:ZEUS (A(‘fu ué + fozs s and ZrankAs =(n+1-4)4q.
s=1 s=1
(¢) Suppose that £ #n+ 1 and let

Fi=F— Z%A’u (us)) " (4.6)

Then F € M;’niz('ﬂ‘, B1) and F is a canonical solution in M[Tgi)é], i.e.,
raunkTgr)14 = rankTSi) = (n+1-14)q.

In particular, for some u € T\ {uy,us,...,up}, the equality F = F,(Lau) holds

if and only if F coincides with the (speczal) canonical solution Fn ¢,u which

is given relating to the set M[T nF)A and the point .
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Proof. Taking Theorems 1.1 and 2.1 into account, this is a simple consequence of
Theorem 4.1 (note also Theorem 3.9). O

Corollary 4.6. Let (a;)32, € T1 and let n € N. Let Xo, X1,..., X, be a basis of
the right C**9-module RL*! and suppose that G is a non-singular matriz such that
M)y, G (Xk) ol # 0. Let F be a canonical solution in M{(a;)7-1,G; (Xk) =]
and let F# be the reciprocal measure corresponding to F. Suppose that the value
F#({25}) is a non-singular q x ¢ matriz for each s € Ny, with some integer { € N
and pairwise different points z1,22,...,2¢ € T.

(a) Then F7# coincides with (F#)%azb and F({zs}) = Ogxq for all s € Ny 4, where
(F#)n Z) stands for the (special) canonical solution which is given relating to
M((a;)i_y, G#; (Xi)p_o] and z,. In particular, £ <n+1.

(b) The matriz measure F'# admits the representation

n+1
F# = Zg (AL (z)) (4.7)
if £ =n+1 and otherwzse there are some 1 € Ny 1 g (np1-0)g, PaITWISE
different points ui,us,...,u. € T, and a sequence (A¥)"_, of non-negative
Hermitian q x g matrices each of which is not equal to Ogxq such that

)
F#* :ZEZ A(“ #) zs +ZsuéA# and Zrank A# (n+1-=4¥)q.

N ¢ _
(c) Suppose that £ # n+1 and let F# := F# - ¢, (A%aj)( ‘))_1. Then F'# be-

longs to /\/lq’”*é(']I‘7 Br) and is a canonical solution in the set M[Tiii)], i.e.,

rankT(+1) ¢ = = rank TV ) = (n+1-10)q.

n—

In particular, for some z € T\{zl, 22, . .., 20}, the equality F# = (F#)%az) holds
zf and only if the measure F# coincides with the (special) canonical solution
(F#)n ¢,u given relating to the set ./\/l[T(F | and the point z.

Proof. Recalling that the matrix G is non-singular, by [24, Remarks 6.1 and 6.2]
and the choice of G# we see that the matrix G# is non-singular as well. Further-
more, in view of [25, Remark 2.5] and the fact that the matrix measure F is a
canonical solution in M[(a;)7_;,G; (Xk)j—,] we get that F# is a canonical solution
in ./\/l[(aj);?:hG#; (X&)i_o]- Hence, the assertion follows from Corollary 4.5. O

In view of (4.5) we still comment as follows (see also [25, Remark 3.2]).

Proposition 4.7. Let (aj)?';l € Ty and let n € N. Let Xy, X1,...,X,, be a basis
of the right C?*9-module R and suppose that G is a non-singular matriz such
that the set M[(a;)7_1, G5 (Xk)jo] is nonempty. Furthermore, let F be a solu-
tion in M[(a;)7_1, G; (Xx)j—o] which admits (3.17) for some integer r € Ny ny1,
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points uy, Uz, ..., ur € T, and a sequence (As)i_, of non-negative Hermitian q X q
matrices. Then r =n + 1, the points ui,us, ..., u, are pairwise different, and
1

A= (A (ug)) ", seNp,.
In particular, F admits (4.5) and F = F,(Lau) as well as F# ({us}) = 0yxq for each
5 € Ny 41, where F# stands for the reciprocal measure corresponding to F.

Proof. Since F' belongs to M[(a;)j—1, G; (Xk)j—o|, where (3.17) is satisfied with
some r € Nj ,,41, and since the matrix G is non-singular, an application of The-
orem 1.1 and [18, Theorem 6.11] implies that » = n + 1, that uy,ug,...,u, are
pairwise different points, and that A, is a non-singular matrix for each s € Ny ,.
(cf. Corollary 3.10). In particular, from (3.17) we see that there is a finite subset
A of T such that F(T\ A) = 0gxq and

ZrankF({z}) = (n+1)g = rank G
zZEA

hold. Therefore, in view of (2.2) one can conclude that the matrix measure F' is a
canonical solution in M[(a;)7_;, G; (Xk)j—o)- The remaining part of the assertion
is then an easy consequence of Corollary 4.5 and the fact that the argumentation
above implies that F'({us}) is non-singular for each s € Ny 41, where the points
UL, U2y . .., Upt1 € T are pairwise different. |

Corollary 4.8. Let ()52, € T1 and let n € N. Let Xo, X1,..., X, be a basis of the
right C?*%-module RE*! and suppose that G is a non-singular matriz such that the
set M[(a;)7_y, G; (Xk)j—o] is nonempty. Furthermore, let the reciprocal measure

F# corresponding to some F € M[(a;)"_;, G; (Xk)?_,] admit the representation

J L
F# = Z e, A7 (4.8)
s=1
for some r € Ny 41, points z1,29,...,2. € T, and a sequence (A¥)"_, of non-
negative Hermitian q X q matrices. Then r = n + 1, the points z1, z2,..., 2, are

pairwise different, and A = (Aﬁ{*j)( ))71 for all s € Ny ... In particular, F# ad-
mits (4.7) and F# = (F#),, .. as well as F({zs}) = Ogxq for all s € Ny 11, where
(F#),,... stands for the (special) canomical solution which is given relating to the
solution set M([(c;)7_y, G#; (Xg)p_o] and the point z,.

Proof. Using a similar argumentation as in the proof of Corollary 4.6, the assertion
can be seen from Proposition 4.7. |

Corollary 4.9. Let ()72, € Ti and let n € N. Suppose that Xo, X1,..., X, is
a basis of the right C1*%-module quq. Furthermore, let uy,ug,...,unt1 € T be
pairwise different, let (A )"'H be a sequence of positive Hermitian q X q matrices,
and let F be the measure fulfilling (3.17) with r = n+ 1. Then F € ML"(T, Br)
and Gg( BL is a non-singular matriz. Moreover, for each s € Ny 41, the equality

AL (ug) = AT

n,us
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holds, the matriz measure F' coincides with the (special) canonical solution FT(LQU)
relating to the solution set M[(c;)7_4, Ggi, (Xk)i_o] and the point us as well as

F#({us}) = Oyxq, where F# stands for the reciprocal measure corresponding to F.

Proof. Because of the choice of F and [18, part (¢) of Theorem 6.11] one can see
that the measure F' belongs to M%"(T,Br). Therefore, Theorem 1.1 implies that
G( X.n 18 a non-singular matrix. Taking this and F € M(a)5—y, Ggle; (Xk)r_o]

into account, for each s € Ny 41, from Proposition 4.7 along with (3.2) it follows
that A%aulj)(ug) A;land F = F,(L,JS as well as F7 ({us}) = Ogxq- O

In view of the special case already discussed in [25, Corollaries 4.6 and 4.9],
we can here conclude the following (note Theorem 2.1).

Corollary 4.10. Let (aj) ., € T1 and let n € N. Let Xo, X1,..., X, be a basis
of the right C™*9-module RE! and suppose that G is a non-singular matriz such
that M[(a;)7-1, G; (Xk)k:()] # (0. Furthermore, let F be a canonical solution in
M(a;)i=1, G; (Xk)i—o] and let

F,:=F —e,F({u})
for some uw € T. Then the following statements are equivalent:

(i) For each z € T, the value F({z}) is either a non-singular matriz or Ogxq-

(ii) F admits (3.17) for some r € N, points uq,us,...,u, € T, and a sequence
(As)t_q of positive Hermitian matrices.

(iii) F admits (4.5) with some pairwise different points ui,ug, ..., up+1 € T.

(iv) F admits (3.17) for somer € Ny 541, points uq,us, ..., u, € T, and a sequen-

ce (As)i_q of non- negative Hermiatian q X q matmces
(v) There is a solution F € M[(« i)7—1, G5 (Xk)i=o] fulfilling the representation

F= zr: cu A
s=1

for some r € Ny 41, points uy,ua,...,u, € T, and a sequence (As)_, of
non-negative Hermitian q x q matrices, where F({u1}) = F({u1}).

(vi) For each uw € T with F({u}) # Ogxq, the measure F, is a canonical solution
in the set M[T(F“)]

(vii) For each u € T with F({u}) # Ogxq, the identity rank T, Fa = ngq holds.

(viii) For each u € T with F({u}) # Ogxq, the set M[Ty “)] is a singleton.

Moreover, if (i) is satzsﬁed and if u € T zs chosen such that F({u}) # 04xq holds,

then F({u}) = (A ;“&(u))’ and F = F%).

Proof. Taking Theorem 2.1 into account and the fact that F is a canonical solution
in M[(a;)7_;, G; (Xk)j—ol, the equivalence of (i), (vi), (vii), and (viii) follows
immediately from the equivalence of (iii), (ix), (x), and (xi) in Theorem 4.1 (note
Corollary 4.4). Recalling that F' is a canonical solution in M([(a)7_;, G; (Xk)j—o]
and (2.2), one can see that the matrix measure F' admits (3.17) for some r € N,
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pairwise different points wuy,ug,...,u, € T, and a sequence (A;)5_; of non-nega-
tive Hermitian ¢ x ¢ matrices. Thus, the equivalence of (i) and (ii) is clear as
well. Based on this reasoning and Corollary 4.5 one can also realize that (i) yields
(iii). Furthermore, (iii) implies obviously (ii) (resp., (iv)). By choosing F := F,
from (iv) it follows immediately (v). To complete the proof of the equivalence of
(i)—(viii), it is enough to show that (v) leads to (iii). Certainly, this we get from
Proposition 4.7 in combination with Theorems 4.1 and 2.1. Finally, the rest of the
assertion we can conclude from Proposition 4.7. ]

The line of argument of Corollary 4.10 includes that, if (v) holds under the
assumptions there, then the measure F occurring in (v) coincides with F'. In doing
s0, we will point out that the condition F({u;}) = F({u1}) in (v) of Corollary 4.10
can be also replaced by some constraint concerning the values of the associated
Riesz—Herglotz transforms (similar to (vi) and (vii) in Theorem 4.1).

The next result is attached to the equivalence of (i) and (ix) in Theorem 4.1.
Roughly speaking, we will add now some mass point to a solution of Problem (R)
instead of removing one. In particular, we will see that every canonical solution of
Problem (R) in the nondegenerate case can be extended to a special which is of
the form introduced in Section 3 (see also Corollary 6.11 below).

Proposition 4.11. Let ()52, € T1 and let n € N. Let Xo, X1,..., X, be a basis
of the right C*9-module R 1 and suppose that G is a non- smgular matrix such
that M[(a;)7—1, G; (Xk)j= 0] # 0. Let F € M[(a))}—1, G; (Xi)}—o] which admits
(3.17) for some r € N, points ui,ug,...,u, € T, and a sequence (As)'_; of non-
negative Hermitian q X q matrices. Furthermore, let

Fua =F+¢c,A,

where u € T\ {u1, ug,...,u} and where A > 0gxq. Suppose that Yy,Y1,..., Y41
s a basis of the right (quq module RL" ‘wi1- Then Fy A belongs to Mq’”H(']I‘ Br)

and the matriz Ggf;:_fl) is non-singular. Moreover, F, o coincides with the measure

F,E_s_)1 « Which is defined relating to the solution set ./\/l[(aJ)J”“Lll7 Gyfbfl), (Vi)

and the point u if and only if F is a canonical solution in M([(c;)"_q, G; (X)7E_o]-
In particular, if Fyy o = F7(L+)17u, then

AT () = AL

n+1l,u

J=0

Proof. The taken requirements imply along with Lemma 3.8 that I}, o belongs to
ML (T,B1) and that the matrix GY;:_fl) is non-singular. Thus, by Theorem 1.1
we get F, o € MZ" (T, Br). Recalling (2.2), the remaining part of the assertion
follows then from Theorem 4.1 in combination with Corollary 4.4. (]

In view of part (d) of Theorem 3.9 we know that, roughly speaking, for
the (special) canonical solution Féau) of Problem (R) in the nondegenerate case
(with some u € T) the order n of the nondegeneracy will be reduced to n — 1 by
substracting the measure ¢, F; 75 o ({u}) from F,E u) In contrast to (x) in Theorem 4.1,
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this property cannot be used to characterize F,(Lalz in the whole set of canonical
solutions of Problem (R). This will be emphasized by the following example.

Ezample 4.12. Let a3 € C\ T and suppose that X, X7 is a basis of the right
C%*9-module 7'\’,3><3 Let F:= 1A + Ao, where

100 000
A;=1010 and A= 010
000 001
Furthermore, let F :=e1A1 + ;A2 + €_;A3, where
100
As;:=1000
001

Then F € M3 (T, Br) and F € M3°(T,Br) hold, where F' = F — e_;A3 and
det G;i # 0. Moreover, F is a canonical solution in M((a;)i=y, Ggi, (X5)h_ 0]
but there does not exist a w € T such that F' coincides with the measure Fj u)

which is defined relating to the set M([(a;)i_;, Ggi, (Xk)1_o) and the point w.

Proof. Clearly, the matrices A1, Az, and A3 are non-negative Hermitian and each
is singular, where rank A; = 2 for j € {1,2,3}. Thus, the choice of F and F
implies F, I € MBZ(’E Br), where F' = F' — ¢_;A3. Moreover, we have

200 1+i 0 0
=1020]>050s and = 0 1-io0
00 2 0 0 0

which implies that the block Toeplitz matrix T( ) is posmve Hermitian (for this
use, e.g., [11, Lemma 1.1.9]). In other words, ¥ belongs to /\/l> (T, Br). Therefore,

from Theorem 1.1 we obtain that det Gg?l # 0. Consequently, in view of (2.2) we
get that F' is a canonical solution in M[(aj)] 13 G(;q, (Xk)i_o], whereas Corol-
lary 4.2 shows that there is no v € T such that F' coincides with the special matrix
measure Fl(z). Furthermore, we get

- 100
=102 0] > 050
001
This yields that F' belongs to M;O(']l Br). O

Note that Example 4.12 along with Remark 3.1 shows that the set of canonical
a. (Xp)k

X,10 Ak = ol
(and the nondegenerate case) is more comprehensive as {FLU) Tu € T}

solutions of Problem (R) in this context with respect to M [(aj)j 15

With a view to Proposition 3.13 and (3.19) we give now an example which
clarifies that, if v € T, then there does not exist some z € T in general such
that the reciprocal measure F,S,?L’#) corresponding to the canonical solution F,SOL)
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coincides with the measure (F #)7(1@2 which is given relating to the solution set

M(ay)5—y, G#;(Xy)?_,] and the point z (not even under the strong specification
that F := F," admits (4.5) with pairwise different points w1, usa, ..., u,+1 € T).

Example 4.13. Let a; € C\ T and let Xg, X; be a basis of the right C2*2-module
Ri’xlz. Furthermore, let F' :=e¢1A1 +£_1A5, where

10 11
Al—(o 1) and A2—<12)

The measure F' belongs to ./\/l2 ! T,B7) and G( ), A4, and A5 are non-
X1

singular matrices, where A % F)( 1) = Ay as well as A(a F)( 1)=A;" and

_ 2 -1
= (37

Moreover, F' coincides with the measure F1( 1) (resp., F1( _)1) which is defined

relating to the set M|(a;)j_;, GX 15 (Xk)k_o) and the point 1 (resp., —1).
(b) The reciprocal measure F'# corresponding to F' is given by
F# = slel + 621 Bl + 6721B2 + 6721 B27
where 21 := \}5 (14 2i) and where

1(3-v5 V5-1 1[3+v5 =61
B, := and B, := .
20\ v5-1 2 20\ —v5—-1 2
In particular, the matrix F7#({u}) is singular for each u € T and there is
no z € T such that F# coincides w1th the measure (F #)7(1 » which is given
relating to the set M[(c)i_;, Ggfl ). (Xk)1_o) and the point 2.

Proof. Since 1 and —1 are pairwise different point belonging to T and since A,
and A, are positive Hermitian 2 x 2 matrices, where Afl = A; and where

_ 2 1
A21<—1 1 )

in view of Corollary 4.9 we get the assertion of (a). Moreover, the choice of F
implies that the Riesz—Herglotz transform 2 of F satisfies the representation

1 (1+v)2+(1-v)? (1-v)?

(1—-v)(1+0v) (1—v)? (1+0v)2 +2(1—v)?

for each v € D. Thus, for each v € D, one can conclude that det Q(v) # 0 and that
(1—v)(1+v) (((1+v)*+2(1-0) —(1—w)?

5vd + 602 + 5 —(1 —v)? (1+v)?2+(1-v)?)"

Consequently, by a straightforward calculation one can see that the reciprocal
measure F# corresponding to F' is given by

Qv) =

Q@) " =

F# = slel + 621B1 + 6721B2 + sleBQ'
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Since z1, z1, —z1, and —z; are pairwise different and since B; and B are singular
matrices, Corollary 4.2 (or Corollary 3.10) yields that F'# ({u}) is singular for each

u € T and that there is no z € T such that F'# coincides with the measure (F#);az)

which is given relating to ./\/l[(ozj);:l, Ggf), (Xk)i_o) and 2. O

In the scalar case ¢ = 1, the state of affairs is more straightforward. In par-
ticular, the set of canonical solutions of that rational (complex-valued) moment
problem for the nondegenerate case is already given via {FT(LQU) :u € T}. Further-
more, the structure discussed in Proposition 4.7 and Corollary 4.10 is significant
for a canonical solution in this context. This will be emphasized by the following.

Remark 4.14. Let ()52, € 71 and let n € N. Suppose that Xo, Xi,..., X, is
a basis of the linear space R,,, and let G be a non-singular matrix such that
M(a)i—y, G; (Xi)p_o] # 0. Let F € M[(a;)}—y, G; (Xk)j—o] and let F# be
the reciprocal measure corresponding to F. By Theorem 4.1 and Proposition 4.7
along with Corollaries 4.2 and 4.6 (where ¢ = 1; see also [25, Remark 2.15]) one
can conclude that the following statements are equivalent:

(i) Fisa canomcal solution in M{(a;)7_1, G; (Xk)i—ol-
(ii) F = Jas o ) for some u € T.
(iii) F admits (4.5) with some pairwise different points wy, ug, ..., un+1 € T.
(iv) F admits (3.17) for some r € Ny 41, points uq, ug, ..., u, € T, and a sequence

(A )_; of non-negative real numbers.
(v) F7# is a canonical solution in M(a;)5-y, G (Xp)1_o)-
(vi) F# = (F#){) for some z € T.
(vii) F# admits (4.7) with some pairwise different points 21, 22, ..., 2,41 € T.
(viii) F7# admits (4.8) for some r € Ny .n+1, points 21, z2,..., 2 € T, and a sequence
(A7)"_, of non-negative real numbers.

This reasoning yields also that, if (i) is satlsflied and if u € T is chosen such that
F({u}) # 0 holds, then F({u})= (A %%(u))f and F'= F,(L?:L where F7#({u})=0

We will now slightly modify the statement of [23, Proposition 6.6]. The result
shows then that an element F,", with some u € T can appear as the weak limit
of some sequence of solutions of Problem (R) discussed in [23] and [24].

Recall that, if (Fj)$2, is a sequence with F; € ML (T, Br) for j € N and if
Fe M_(T, Br), then we say that (F})52; converges weakly to F when

lim g(z) Fj(dz) = /g(z) F(dz)
Jj—+oo Jr T
holds for each real-valued, continuous, and bounded function g on T (see also [16]).

Proposition 4.15. Let (a;)52; € T1 and let n € N. Let Xo, X1,..., Xy be a basis
of the right CT*9-module RL] and suppose that G is a non-singular matriz such
that M[(a;)}—1, G; (Xk)i—o] # 0. Furthermore, let (w;)32, be a sequence of points
belonging to (D \ Py,) UT which converges to some pomt wo € (D\ Py,pn) UT.
Then the sequence (Féaqﬂ]);‘;l converges weakly to the measure F,g,?‘wo.
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Proof. Our strategy is based on an application of [22, Proposition 10.7]. In doing
so, for some F' € M[(a;)7_;, G; (Xk)j_ol, let F(en) 98y — C9%9 be the measure
given via (4.4). In view of the concrete form of the measures under consideration,
it is obvious that the sequence (EEOL),J )j’i1 converges weakly to Fﬁau),o if and only
if the sequence ((F,(fu),j)(“’”))jil converges weakly to (F,Ef"u))o)(a’”). Recalling the
matricial version of the Riesz—Herglotz theorem (see, e.g., [11, Theorem 2.2.2] and
note also [22, Lemma 3.3 and Remark 3.9]), a combination of [22, Proposition 10.7]
with Corollary 4.3 and [23, Lemma 4.3] shows that the sequence ((Fécﬁ,))] )(""”))jil

converges weakly to the measure (F,Efxu))o)(a’”). Thus, the proof is complete. O

Again, we make a brief statement concerning the elementary case n = 0
which is related to looking for measures F' € ML (T, Br) fulfilling (2.8), based
on a constant function Xy defined on Cy with a non-singular ¢ x ¢ matrix X, as
value and a positive Hermitian ¢ x ¢ matrix G. In view of (3.18) with (2.10) one
can immediately find that appropriate statements are satisfied in that context as
presented in this section concerning Problem (R). In particular, one can realize that
the set of canonical solutions with respect to (2.8) and (2.9) is more comprehensive
as {FO(C;) :u € T} in the case of ¢ > 2 (cf. [22, Example 9.11]).

5. An extremal property of FT(L,O;L) in the solution set of Problem (R)

The considerations in the present section are attached to (3.15). In fact, we will
see that this relation results in an extremal property for canonical solutions of
Problem (R) within the solution set in the nondegenerate case. Concerning this
matter, based on Theorem 4.1 we will verify that the (special) canonical solution
F,(Lau) of Problem (R) has an extra behavior with respect to the point v € T.

We first give some auxiliary results in view of (3.15).

Lemma 5.1. Let A > 04y and let B > 0yxq. Then:

(a) The following statements are equivalent:
(i) B > A.

.. (B! A

(11) ( A A) Z 02q><2q-

(iii) A > ABA.

(iv) At > ATABATA.

(v) The identity x*ATx > x*Bx holds for each x € R(A).

(b) The following statements are equivalent:

(vi) The identity x*B~1x > x*Ax holds for each x € R(A).
(vii) ATB71AT > AT,

viii - > A.
(viii) AFTAB™1ATA > A

. ATAB'ATA A
(ix) A A ) = O20x2g-

(c) If (i) is satisfied, then it follows that (vi) holds.
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Proof. In view of the definition of the Moore-Penrose inverse AT of A we have
A=AATA and AT = ATAAT.
Thus, taking some well-known results on the block decomposition of non-negative
Hermitian matrices into account and the fact that the complex ¢ x ¢ matrix A
is non-negative Hermitian (see, e.g., [11, Lemmas 1.1.6 and 1.1.9]), the assertions
of (a) and (b) follow by a straightforward calculation. Furthermore, since (i) is
satisfied if and only if the inequality
y'B™'y > y*Ay
holds for each y € C?*!, obviously, (i) leads to (vi). O

With a view to part (c¢) of Lemma 5.1 we give now a simple example (with
q = 2) which shows that, conversely, (vi) does not generally imply (i).

E le 5.2. Let
zample 5 eA /10 | . 9 9 _q
=100 an =al_1 2 |-

Then A > 0342 and B > 0s«2 hold, where

R(A):{(f{)):xec} and B_lzé(? ;) (5.1)

In particular, the identity x*B~!x = x*Ax is satisfied for each x € R(A), but
B~! — A is not a non-negative Hermitian 2 x 2 matrix.

Proof. 1t is easy to see that A is a non-negative Hermitian 2 x 2 matrix and that
B is a positive Hermitian 2 X 2 matrix, where the equations in (5.1) are fulfilled.
Therefore, we have on the one hand

(55 (5) -1 - (54 ). =<c

which shows that x*B~!x = x*Ax for each x € R(A). On the other hand, we get

- 1(01
1— =
B A 2(12)

which reveals that B~ — A is not a non-negative Hermitian 2 x 2 matrix. O

Lemma 5.3. Let A,B € C?* be Hermitian. The following statements are equivalent:
(i) ABx =x for each x € R(A).

(ii) y*BA =y* for eachy € R(A).

(i) y*ABx = y*x for all x,y € R(A).

(iv) y*BAx = y*x for all x,y € R(A).

(v) y*Bx = y*ATx for all x,y € R(A).

(vi) ABA A

(vii) ATBA = A™.

(viii) ABAT = AT

In particular, if Atx = Bx is fulfilled for each x € R(A), then (i) holds.
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Proof. Obviously, (i) holds if and only if (ii) is satisfied. Furthermore, (i) implies
immediately (iii) as well as (vi) leads to (i). We are going now to the essential part
of the proof. Similar to the argumentation of Lemma 5.1, this will be based on some
fundamental properties of the Moore—Penrose inverse of a (Hermitian) matrix (see,
e.g., [11, pages 13-17] for details). One can see that (iii) is equivalent to

w'AABAz = w*AAz, w,zec CI*L
Since this holds if and only if A2BA = A? and since A = ATA2, one can conclude
that (iii) is equivalent to (vi). Similarly, one can find that (iv) is equivalent to (vi).
The equivalence of (vi) and (vii) (resp., of (vi) and (viii)) is an easy consequence of
AT = (AT)2A and A = A%2AT (resp., of AT = A(A")? and A = ATA?). Besides,
in view of AT = (A")?A we obtain that (vii) holds if and only if

w'ATBAz = w'ATAT Az, w,z e C™*L

Thus, taking R(A) = R(A") into account, one can conclude that (vii) is equivalent
to (v). Hence, we have proven that (i)—(viii) are equivalent. Now, let the equality
Atx = Bx be fulfilled for each x € R(A). Suppose that x € R(A). Consequently,
there is a z € C?7*! such that Az = x and we get

x=Az=AATAz= AA'x = ABx.
Therefore, if ATx = Bx for each x € R(A), then (i) holds. O

Now, keeping Lemma 5.3 in mind, we point out an example which clarifies
that (i) in Lemma 5.3 does not imply ATx = Bx or BAx = x or x*Ax = x*BTx
for each x € R(A) in general (not even under the claim as in Lemma 5.1 that
A > 04xq and B > 0gx4). In fact, this example is attached to Example 5.2.

FEzxample 5.4. Let _ 10 - 1 /21
A:(0 0> and B:—2<12>-

Then A~ > 02x2 and B > 022 hold, thre the equality ABx = X for ea~ch
x € R(A) is satisfied. But, for each x € R(A) \ {0242}, the relations Atx # Bx

and BAx # x as well as x*Ax # x*B*x hold.

Proof. Because of Example 5.2 and (~51) one can conclude that A > 0249 and

B > 0342 hold, where the equality A]~3x = x is satisfied for each x € ’R(A) But,
for each x € C\ {0}, in view of A = AT and Example 5.2 we get

#()-)13)-26)
4()-12)0)
(26)-r -6 )

Recalling (5.1), this points up that Aix # Bx, BAx # x, and x*Ax # x*Btx
for each x € R(A) \ {02x2} (where R(A) \ {02x2} is nonempty). O

and
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We turn now to the main result of this paper. Here, we use again the notation
introduced at the beginning of Section 3 (note in particular (3.1) and (3.3)).

Theorem 5.5. Let ()72, € T and let n € N. Let Xo, X1,..., Xy be a basis of the
right C1*%-module R 1 and suppose that G is a non-singular matriz such that
M(@))f=1, G; (Xi)j= 0] # 0. Furthermore, let F € M[(a;)7_1, G; (X)j—o]- Then

x* (P({u})) x > x"AL)(w)x, x € R(F({u})), (5.2)

is satisfied for each u € T, where equality holds in (5.2) in the case that F is a
canonical solution in M[(a;)7_;, G; (X)j—ol. Moreover, if u € T, then

(Aa@) ™ = F({u}), (5.3)

where equality holds in (5.3) if and only if F coincides with the measure FT(Lau) In
particular, if w € T, then the inequality
1

det Ag%(u)
is satisfied, where equality holds if and only if F' coincides with the measure F,SOL)
Proof. Let u € T. Recall that in view of F' € M([(a;)7_;, G; (Xk)j—o] and the
assumption det G # 0 along with Theorem 1.1 we see that F 6 ./\/lq’ (T, Br).
Furthermore, we know that (3.2) and (3.3) hold. In particular, Al u( ) is a positive

Hermitian ¢ x ¢ matrix. If Y;, : T — C9%? stands for the matrix function given by
Y, (u) =1, and Y, (z) = Ogxq for each z € T \ {u}, then we get on the one hand

/T (Y(2)) F(d2) Y(z) > /T (Yu(2)) F(dz) Yu(2) = F({u})
for each Y € RE? fulfilling Y (u) = I;. On the other hand, from [17, Theorem 22]
and (3.2) one can see that there is a Y € RZ%! fulfilling Y (u) = I, and
[y PanTE) = @A)

Thus, we get that (5.3) holds. Furthermore, from part (a) of Theorem 3.9 we
already know that equality holds in (5.3) in the case of

F = F@)

n,u "

> det F({u}) (5.4)

1

Now, we shall show that there is no othelr choice of F' such that that equality holds
n (5.3), i.e., that F({u}) = (Agf%(u))i implies also F' = Fr(fu) In view of (3.13)
one can realize that the setting

F, = F(a) Eu(A(O‘)( ))

leads to a matrix measure belonging to M (T,Br). Moreover, by the already
proven part of the assertion and Fn%) e M[(a; )7-1, G; (Xk)j—o] one can conclude
that F' = F,(Lalz is the unique choice such that equality holds in (5.3) if and only
if the set M([(a;)}_4, Gg( n), (Xk)p_o] consists exactly of one element, namely F,.
Consequently, because of [19, Theorem 1] and [18, Theorem 4.4] we obtain that
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F= Féau) is the unique choice such that equality holds in (5.3) if and only if
rank T(F«) = rank Tgﬁ‘l).

Hence, from part (d) of Theorem 3.9 we find that F({u}) = (Agf"&(u))_l yields
the identity F = F,(Lau) Based on that and g5.3), since F({u}) is a non-negative
Hermitian ¢ x ¢ matrix and since (Agf%(u))f is a positive Hermitian ¢ X ¢ matrix,
an elementary result in linear algebra (see, e.g., [23, Remark 4.9]) provides that the
inequality (5.4) is satisfied, where equality holds in (5.4) if and only if F' coincides
with the measure F,(Lau) . Besides, from (5.3) along with Lemma 5.1 it follows that
(5.2) holds. Finally, if F is a canonical solution in M[(a;)7_;, G; (Xk)j—o], then
by using Theorem 2.1 and [25, part (b) of Theorem 4.3] we get the identity

F({u})A;"Z(u)X =X, XE€ R(F({u}))

Therefore, an application of Lemma 5.3 tells us that equality holds in (5.2) in the

case that F' is a canonical solution in M([(a;)7_;, G; (Xk)j_o]- O

By comparing (5.2) with an inequality stated in [12, Theorem 1] regarding a
moment problem for matrix measures on the real line one would expect that

X (AL () 'x > xF({u})x, x € R(F({u})), (5.5)

for each F' € M[(a;)_;, G; (Xk)ji_] and each u € T, where equality holds in (5.5)
if I is a canonical solution in M[(a;)7_;, G; (Xi)j_,]- However, the argumentation
in the proof of [12, Theorem 1] contains a mistake (compare, e.g., Lemma 5.3
and Example 5.4 with the step in [12] from (1.6) to the penultimate formula on
page 314). Of course (cf. part (c) of Lemma 5.1), from (5.3) it follows that (5.5) is
satisfied, but equality does not need to hold in (5.5) in the case that F is a canonical
solution in M((a;)7_;, G; (X)j—o]- For instance, based on Example 4.13 (and the
value of the matrix measure F'# concerning the singleton {21}, {21}, {—21}, or
{—#1}) one can get an explicit counterexample for n = 1 (note [25, Remark 2.5]
and [18, Theorem 7.2]). Anyway, by a still easier example, the treatments at the
end of this section clarify that even for n = 0 equality does not need to hold in
(5.5) if F is a canonical solution with respect to (2.8) and (2.9).

Regarding the conception of reciprocal measures in the set M% (T, Br) and
Theorem 5.5 (see also Remark 3.12 and Proposition 3.13) we get the following.

Corollary 5.6. Let («;)32; € Ty and let n € N. Let Xo, X1,..., Xy be a basis of the
right C*?-module RL] and suppose that G is a non-singular matriz such that
M()5=1, G; (Xr)j—o] # 0. Furthermore, let F' € M[(a;)7-;, G; (Xk)j—o] and
let F# be the reciprocal measure corresponding to F. Then:

(a) For each u e T,
X (F*({u})) % = AR (wx,  x € R(F#({u}),

where equality holds if F is a canonical solution in M[(a;)7?_1, G; (Xk)ji_o]-
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(b) If z € T, then 1

(AP@) " = FR({=D),
where equality holds if and only if F# coincides with the (special) canonical
solution (F#)%az) which is given relating to the set M[(a;)"_y, G¥; (Xk)}_,]

Jj=1
and the point z. In particular, if z € T, then the inequality
1
> det F#({z}) (5.6)
det Aﬁ{fg#) (2)

is satisfied, where equality holds if and only if F# = (F#)naz)
(¢) Let z € T and suppose that equality holds in (5.6). Then F = F,SOL) for some

u € T if and only if one of the equivalent statements in Proposition 3.13 holds.
(d) Let z € T and let uw = z. If equality holds in (5.4) (resp., in (5.6)), then

(AL ) > Ogeg = FF{D) (resp (ADUE)" > 0gg=F({2}) ).

Proof. By [24, Remark 2.5] we know that the matrix measure F' is a canonical
solution in the set M[(a;)—;, G; (Xk)j_o] if and only if the matrix measure F#
is a canonical solution in the set M[(c;)7_;, G#; (Xy)2_,) Thus, taking the defi-
nition of G# and [24, Remarks 6.1 and 6.2] into account, Theorem 5.5 along with

Proposition 3.13 provides us with the assertion. O

Remark 5.7. Relating to Corollary 5.6 (and the conditions there), one can see that,
if u € T and if I is the solution in M{[(a;)7_;, G; (X)j—o] such that equality holds
in (5.3), then F#({u}) # (A;ﬁ;#)(u))_l. Moreover, recalling [24, Remark 2.5] and
Theorem 5.5, because of Example 4.13 it follows that the case is possible that F'
is the unique element in M{(a;)7_, G; (X)j—o] such that equality holds in (5.3)
concerning each of its mass points u, but F#({z}) # (Aif‘;#)(z))‘l for each z € T.

The special case discussed in Corollary 4.10 is closely related to the scalar
case ¢ = 1 in some sense (cf. Remark 4.14). In particular, for that situation, the
proof of the uniqueness part concerning Theorem 5.5 can be done in a more self-
evident manner (cf. [22, Proposition 9.13 and Theorem 9.18]). We give now an
explicit example which shows that the uniqueness with respect to equality in (5.3)
for some point u € T does not generally lead to the situation in Corollary 4.10.

Ezample 5.8. Let a1 € C\ T and suppose that Xy, X; is a basis of the right
C7*%-module Riff. Furthermore, let F':= 1A + ;A5 +e_;A3, where A := 15,

1
AQ::(O 8), and A3::(8 (1))

Then F € M2 (T, Br) and the matrix Ggﬂ is non-singular, whereas the matrices
A, and Aj are singular. Moreover, the inequality

10
(49) = m 6.7
is fulfilled for each H € M[(c;)} Ggﬁ; (Xk)i_o). where equality holds in (5.7)

j=1
if and only if H = F. In particular, F' coincides with the measure Fl(oi) which is
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defined relating to the set M((aj)izs, Gg( i, (Xk)i—o) and F({1}) = (Ag?l)(l))_l,
but F({i}) # (A1 0) " and F({~i}) # (A17(-D) "

Proof. Clearly, the matrices Ay and Aj are singular and equality holds in (5.7) in
the case of H = F. Moreover, we have

F 20 F 1—-1 0
C‘())<0 2> and cﬁ)( 0 1+i>

which implies (cf. Example 4.12 and use, e.g., [11, Lemma 1.1.9]) that F belongs
to M2'(T,Br). Therefore, from Theorem 1.1 we get that the matrix G;% is
non-singular. Consequently, the choice of the matrices A, Ay, and A yields in
combination with Corollary 4.2 that F' coincides with the canonical solution F’ 1(a)

in the solution set M|(cv;)j_,, Ggﬂ, (Xk)i—o)- Hence, Theorem 5.5 shows that
F({1}) = (A7 )
and that (5.7) is satisfied for each H € M[(a;)j_;, G(}?&; (Xk)}_o)- Finally, since
A, and Aj are singular and since F({i}) = Ay and F({—i}) = As, we have
. a) o\ —1 . « A\ —1

F({i}) # (A7 (1) and F({~i}) # (A17(-0)" D

Let us now consider the elementary case n = 0 which is based on a given
constant function Xy defined on Cy with a non-singular g x ¢ matrix X as value
and a positive Hermitian ¢ x ¢ matrix G. Suppose that F' € M%(T, B1) which
fulfills (2.8). Then, similar to Theorem 5.5, one can see that

X, *GXy!t > F({u}), weT,

where equality holds if and only if F' = F{j (a) (see also the comments at the end of
Section 3 and [22, Remark 9.16]). One can also conclude that, if u € T, then

X (F{u})) x > x*XoG'Xix, x € R(F({u})),

where equality holds if F' is a canonical solution with respect to (2.8) and (2.9). But,
as announced in view of (5.5), the equality x*F({u})x = x*X;*GX, 'x does not
hold for each x € R(F({u})) and some v € T in general if F' is a canonical solution
with respect to (2.8) and (2.9). This will be emphasized by the following. Let

10 2 —1
XO(O 1) and G(—l 2)

So, Xy and G are positive Hermitian 2 x 2 matrix. In particular, Xy and G are
non-singular. Furthermore, by a straightforward calculation one can check that

JG = <2a1 2—12 a\/ V3.

The considerations at the end of Section 2 imply that

Fimee (g JVereve () ) ve
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is a canonical solution with respect to (2.8) and (2.9) in this context, where
1 4a* —2a?
F({l}) - 4a2 ( _2a2 1 ) .

Therefore, a vector x € C7*! belongs to R(F({1})) if and only if

( —2a20>
X =
c
for some ¢ € C. If we look at such x with ¢ € C\ {0} we get on the one hand

1
X F({1})x = [cl? (4a® + 20 + ) )
and on the other hand ¢
x*Gx = |c|*(8a* + 4a” + 2)

which yields by a? = 1+ \ég' finally x*X;*GXj'x = x*Gx > x*F({1})x.

6. Some conclusions from Theorem 5.5

The condition (aj);?‘;l € 71 in Theorem 5.5 is chosen, since we want to apply results
on orthogonal rational matrix functions. In particular, the definition of the special
measure FT(LQU) with some u € T is based on such statements (see (3.4) and (3.5)).
However, for the somewhat more general case that only ay,aq,...,a, € C\ T is
claimed, one can conclude at least the following.

Theorem 6.1. Letn € N and ay, ag, ..., an € C\T. Let Xo, X1,...,X,, be a basis
of the right C?*9-module RL] and suppose that G is a non-singular matriz such
that M[(a;)}—y, G; (Xk)j—o] # 0. Furthermore, let F' € M{(a;)7_;, G; (Xx)p_]
and let F(*™) be defined by (4.4). Then the inequality

X (F({u})) x > x*AL) (u)x, x e R(F({u})), (6.1)
is satisfied for each u € T, where equality holds in (6.1) if F is a canonical solution
in M[(a;)}_q, G; (Xk)jio]- Moreover, if u € T, then

(AL ()™ = F({u}), (6.2)

n,u

where equality holds in (6.2) if and only if F®™ coincides with the (special)

(a.n)
canonical solution F, ., which is given relating to the set M| F )] and the
point u. In particular, if u € T, then the inequality

1
> det F({u}) (6.3)
det A;aql(u)

is satisfied, where equality holds in (6.3) if and only if F(*™ coincides with Fru.

Proof. Our strategy is based on an application of Theorem 5.5 in the special
context that the first n elements of the underlying sequence belonging to 77 are
equal to zero. The following considerations serve as a preparation of that. Because
of [17, Proposition 5] and F' € M[(a;)7_;, G; (Xk)j—o] one can see that a measure

H € MZL(T,®Br) belongs to M[(a;)7_;, G; (Xk)j—o) if and only if the measure
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H(n) B — C9%9 given by

H*"(B) = /B <7Ta,71L(Z) Iq)*H(dZ> (7'('04,7174(2) Iq)

belongs to M[T%F(am)}. Obviously, for some H € M% (T, Br), this setting implies
, 1
H@™ ({u}) = I (u)|2H({u}), ueT, (6.4)

where H = F if and only if H(®™) = F(®")_ Furthermore, by [25, Remark 2.4] we
know that " is a canonical solution in M([(a;)}_;, G; (Xk)i—o] is equivalent to the
fact that F(®™) is a canonical solution with respect to the set M[T%F(a’n )]. In
view of Theorem 1.1 and [18, Remark 5.10] along with det G # 0 we get

Flom e ML™M(T, Br),

(a,m)
i.e., that the block Toeplitz matrix T%F ) is non-singular. Besides, the choice
F e M(a;)7-1, G; (Xk)j=o] and (3.2) lead to
AleF) = Ale) ) weT.

Hence, by using [17, Remarks 12 and 29] one can conclude that
) 1

- An u 9 Ta
ram ()2 Al 4 €

where

Apu(u) = (uOIq7 u'ly, ... 7u”Iq) (T;F(a’")))_l (uOIq, u'ly,. .., u"Iq) .

(Note that A, ,, is the special matrix function given via (3.1) with w = w in which
a; = 0 for each j € Ny ,, and X}, = Ej, for each k € Ny ,,.) Thus, the assertion
can be finally deduced from Theorem 5.5 and (6.4). O

As an aside we remark that, with a view to Theorem 6.1, similar to the
statement of Corollary 5.6 one can draw a conclusion regarding the conception of
reciprocal measures in the set M%(T,Br) for the somewhat more general case
that a1, az,...,a, € C\ T is assumed instead of ()32, € Th-

Unless otherwise indicated, in view of Problem (R), let G € C(»+Dax(nt+1)q
and suppose that Xo, X1,..., X, is a basis of the right C?*?-module RE*? in the
following, where n € N and a1, as,...,a, € C\ T are arbitrary (but fixed).

With regard to Theorems 4.1 and 6.1 we introduce the following notion.
Suppose that F is a canonical solution in M[(a;)7_;, G; (Xk)j_ol- If u € T, then
F is called u-proper when the value F({u}) is non-singular. We also say that F is
proper if there exists some v € T such that F' is u-proper. Furthermore, F' is called
totally proper if F' is proper and if the condition F({z}) # Ogxq for some z € T
implies that F'({z}) is non-singular.
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Remark 6.2. If Fis a canonical solution in M[(c;)7_;, G; (Xk)}—,] which is proper,
then in view of Theorem 1.1 and [18, Example 3.11] one can see that F belongs to
MZY(T,Br). Furthermore, if F'is a canonical solution in M|(a )71, G5 (Xk) ol
which is totally proper and if 7 is the number of mass points of F, then by [18,
Theorem 6.11] one can conclude that F € M2~ (T, Br).

Based on Theorem 6.1, we now analyze some results of Section 4.

Proposition 6.3. Suppose that G is a non-singular (n+1)q X (n+ 1)q matriz such

that M[()y, G (Xp)_y) £ 0. [fu € T and if F € M(ay)y, Gi (Xk)i_),

then the following statements are equivalent:

(i) Fis a canonical solution in M[(c;)}_1, G; (Xk)f—o] which is u-proper.

(ii) F' s the solution in M[(cy;)}_y, G; (Xk)i_o] such that equality holds in (6.2).

(iii) F is the solution in M[(ay)j_1, G; (Xk)j=o| such that equality holds in (6.3).

(iv) There exists a finite subset A of T such that F(T \ A) = 0g4xq holds, where
det F({u}) # 0 and (4.3) are satisfied.

(v) There ezists a finite subset A of T such that F(T\ A) =04xq and (4.3) hold.

Proof. By Theorem 6.1 one can immediately see that (ii) is satisfied if and only if
(iii) holds. Taking (6.4) into account and that the matrix measure F is a canonical
solution in M([(a;)_;, G; (Xk)j_o] if and only if the matrix measure 1)7(“ ™) given
via (4.4) is a canonical solution with respect to the set M[T(F )] (see [25,
Remark 2.4]), based on Theorem 6.1 and Corollary 4.2 one can conclude that the
statements (ii), (i), (iv), and (v) are equivalent as well. O

Corollary 6.4. Suppose that G is a non-singular (n + 1)q x (n + 1)q matriz such
that M[(c;)5_1, G; (Xk)i—ol # 0. Let u € T and let F € M{(a;)7_;, G; (Xx)r—]
be a canonical solution in M[(a;)?_1, G; (Xk)j—o]- Furthermore, let
F, := F — e, F({u}).

Then the following statements are equivalent:

(i) The canonical solution F in M((c;)}_y, G'  (Xk)i—o] is u-proper.

(ii) Fy, is a canonical solution in the set ./\/l[ e 1)]

(iii) rank T% “) = ng.

(iv) The set M[T%F“)] is a singleton.
Proof. Recalling Corollary 4.2, the assertion follows from Proposition 6.3 along
with Theorem 4.1. O

Remark 6.5. Suppose that G is a non-singular (n + 1)g x (n + 1)g matrix such
that M([(;)j—1, G; (Xk)i—o] # 0. Because of Proposition 6.3 and Theorem 6.1
one can see that, for each u € T, there exists exactly one canonical solution in
M(a;)5—1, G; (Xk)j—o] which is u-proper.

Obviously, similar to Corollaries 4.3 and 4.4, by Proposition 6.3 and The-
orem 6.1 one can deduce results in terms of the notion u-proper. In particular,
even if Problem (R) depends on the pole location of the given rational matrix



294 B. Fritzsche, B. Kirstein and A. Lasarow

functions (i.e., on the choice of the underlying points a1, aq,...,a, € C\ T), in
view of Theorem 6.1 one can see that the extremal solution which realizes equality
in (6.2) (resp., in (6.3)) has this property in some sense independently from the
concrete location of the poles. In fact, we get the following universality result.

Proposition 6.6. Suppose that F € M%L"(T,Br). Furthermore, let u € T. Then
the following statements are equivalent:

(i) F is the solution in M[TSLF)] such that equality holds in (6.2) (resp., in (6.3))
concerning the special choice of o =0 for each j € Ny .

(ii) There are points aq, s, . .., o, € C\T and a basis Xo, X1, ..., X, of the right
CT*9-module RLSI, where F is the solution in M[(aj)?:17Gg£2L§ (Xk)7o]
such that equality holds in (6.2) (resp., in (6.3)).

(i) F is the solution in M[(aj)?:17Gg£2L§ (Xk)P_o] such that equality holds in
(6.2) (resp., in (6.3)) for every choice of points a1, a,...,a, € C\'T and

every basis Xo, X1, ..., Xy of the right C?*9-module R1*9.

a,n

Proof. Recalling Theorem 1.1, the assertion follows from Proposition 6.3. a

Corollary 6.7. Suppose that G is a non-singular (n+1)gx (n+1)q matriz such that
M[(aj)?zl,G;(Xk)Zzo] # 0. Furthermore, let F € M[(Oéj)?:pG;(Xk)Z:oL where

F({us}) = H({us}), s€Nyy,

holds for each H € M((c;)}_1,G;(Xk)j—o] with some integer £ € N and pairwise
different points uy, ug,...,up € T.

(a) Then £ <n+1 and F is a canonical solution in M|(a;)7_;,

which is us-proper for each s € Ny 4.

(b) If t=n+1, then F admits (4.5). In particular, in this case, the canonical
solution I in M[(a;)7_y, G; (Xk)ji_o] is totally proper.
(¢) Suppose that £ # n+ 1. Then there is some u € T\ {u1, uz,...,us} such that

equality holds in (6.2) (resp., in (6.3)) if and only if

F({u}) > H{u}), HeM[T,”],
where F is defined by (4.6). In particular, for some u € T\ {u1,uz,...,us},

the canonical solution Fin M((c;)}_1, G; (Xk)i—o] is u-proper if and only

G; (Xk)1=o)

iff' s a canonical solution in the set M[TELF_)L,] which is u-proper.
(d) The equality F#({us}) = Ogxq holds for each s € Ny 4, where F# stands for
the reciprocal measure corresponding to F.

Proof. Taking Theorem 6.1 into account, the assertion is a consequence of Propo-
sition 6.6 along with Corollary 4.5. a

Corollary 6.8. Suppose that G is a non-singular (n+1)gx (n+1)q matriz such that
M(aj)1, G5 (Xk) =gl # 0. Furthermore, let F € M[(a )7y, G; (Xk)p—o] which
admits (3.17) for some r € Ny p41, points ui,uz,...,u, € T, and a sequence
(A5)I_y of non-negative Hermitian q x ¢ matrices. Then r =n+1 and F admits

(4.5), where the points uq,us, ..., un+1 are pairwise different. In particular, F is
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a canonical solution in M{(a;)7_q, G; (X)j—o] which is totally proper and

F({us}) > H({us}), s € Niny1,
holds for each H € M((a;)j_y, G; (Xi)i—ol, but then F#({us}) = Oyxgq is satisfied,
where F# stands for the reciprocal measure corresponding to F.

Proof. Taking Theorem 6.1 into account, the assertion follows from Proposition 6.6
in combination with Proposition 4.7. g

Corollary 6.9. Let ui,us,...,upt1 € T be pairwise different, let (A5)"! be a

sequence of positive Hermitian q X q matrices, and let F' be the measure fulfilling
(3.17) withr =n+1. Then F € ML"(T,B71) and GE(ZL is a non-singular matriz.
Moreover, if s € Ny 41, then the inequality

(@ F) () ) u resp. ! e Ug
(A0 )™ = H(G) (e e 2 2 D)

is satisfied, for each H € M([(c;)}_y, Gg( L, (Xk)k ol, where equality holds if and
only if H coincides with F', and there again F# ({us}) = Oyxq, where F# stands for
the reciprocal measure corresponding to F'. In particular, F' is a canonical solution
in M[(a;)}_q, G; (Xk)ji—o] which is totally proper.

Proof. Recalling (3.2) and Theorem 6.1, the assertion follows from Proposition 6.6
in combination with Corollary 4.9. g

Corollary 6.10. Suppose that G is a non-singular (n + 1)q x (n + 1)q matriz such
that M[(a;)7—1, G; (Xk)i—o] # 0. Furthermore, let F' be a canonical solution in
M(a;)i=1, G; (Xk)fi—o] and let
F,:=F —e,F({u})
for some uw € T. Then the following statements are equivalent:
(i) The canonical solution F in M[(;)}_y, G; (Xk)i—o] is totally proper.

(ii) F admits (3.17) for some r € N, points uy,us,...,u, € T, and a sequence
(A5)T_y of positive Hermitian matrices.

(iii) F' admits (4.5) with some pairwise different points ui,ua, ..., upy1 € T.

(iv) F admits (3.17) for some r € Ny ny1, points uy,ug,...,ur € T, and a se-

quence (As)h_, of non-negative Hermitian q X q matrices.
(v) There is a solution F' € M[(a;)7_y, G; (X )jo] fulfilling the representation

F= Z%SA
s=1
for some r € Ny 41, points uy,ua,...,u, € T, and a sequence (As)_, of
non-negative Hermitian g X g matrices, where F({@}) = F({u1}).
(vi) For each u € T with F({u}) # Ogxq, the measure F, is a canonical solution
in the set M[T\™)]. -
(vii) For each u € T with F({u}) # Ogxq, the identity rank T = ng holds.
(viii) For each u € T with F({u}) # Ogxq, the set M[Tf“)] is a singleton.
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Moreover, if (i) is satisfied and if uw € T is chosen such that F({u}) # Oqxq holds,
then equality holds in (6.2).

Proof. Use Proposition 6.6 in combination with Corollary 4.10. g

Corollary 6.11. Suppose that G is a non-singular (n + 1)qg x (n + 1)q matriz such
that M[(a;)7_ 1, G; (Xk)jzo] # 0. Let F' € M[(a;)7_y, G; (Xk)i—o] which admits
(3.17) for some r € N, points uy,ug,...,u, €T, and a sequence (As)'_, of non-
negative Hermitian q X q matrices. Furthermore, let

Fya:=F+¢e,A,
where u € T\ {u1,u2,...,u,} and A > 0gxq. Suppose that Yy, Y1, ..., Y11 is a ba-
sis of the rzght Caxa- module REL . Then Fy a belongs to M% ”H(’]I‘ Br) and the

matric GY;: -:1) is non-singular. Moreover, the following statements are equivalent:

1
A(a Fu,A) _ )
() det FrL+1)u (’U,) det A
(11 n+17:LA ( ) = A_l

F,a({u}) > H({u}) holds for each H € M[(aj)ZLJrll,G(F“’A) (Vi) 5]

(iii Y,ntl)

)
)

(iv) Fy,a is a canonical solution m/\/l[(aj);”ll, GY ;:f:l), (Vi) 23] which is u-proper.
) F LGy (V)]

(V) Fua is a canonical solution in M[(a;)i2y, Gy ;s
(vi) F'is a canonical solution in M[(a;)7_1, G; (Xk)i=o]-

k)k=0l"

Proof. Apply Theorem 6.1 and Proposition 6.6 along with Proposition 4.11. [

It is possible that the inequality in (6.2) is fulfilled for some solutions in the
strong sense. In the following, some information on this situation will be given.

Proposition 6.12. Suppose that G is a non-singular (n+1)g X (n+1)q matriz such

that M[(a;)7_y, G; (Xk)j—o] # 0. Furthermore, let F € M([(a;)}—y, G; (Xk)}—o]-
IfF e M’g"H(T, Br) and if u € T, then
(AL2) ™ > F({u}). (6.5)

There again, if F' is a canonical solution in M[(c;)}_y, G; (Xk)i_o] and if u € T
is chosen such that F({u}) # Ogxq, then (6.5) does not hold. In particular, if F is
a canonical solution, then there exists a uw € T such that (6.5) does not hold.

Proof. Let u € T and suppose that F' belongs to Mg”“(?l‘ B1). Furthermore, let
apt1 € C\T and let Yy, Y1,..., Y11 be a basis of the right C4*9-module Rgxrfﬂ
Thus, Theorem 1.1 and F € Mq’”H(T Br) imply that the matrix Gyn+1 is

non-singular. Besides, an application of [20, Corollary 4.7 and Lemma 5.1] yields

Al () > AT (1) > 04xq-

n,u
Consequently, based on (3.2) and Theorem 6.1 with respect to the solution set
Ml(ay);2, Gy s (Y)R25] we get

(A ()" = (Al w)”

n,u

P (Al ) > F{u)).
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Thus, we have shown that (6.5) is fulfilled for each w € T in the case that F
belongs to M@"H(T,%T). Finally, we consider the case that F' is a canonical
solution in ./\/l[_(ozj)?:l, G; (Xx)i_o]. Furthermore, suppose that u € T is chosen
such that F({u}) # 04x4 holds. Obviously (note (2.2)), there exists such a point u.
So, we find some x € R(F({u})) \ {0gx1}. From [25, Proposition 4.7] (cf. part (b)
of Theorem 3.9) we obtain the identity

F({u})Aﬁf‘&(u)x =X. (6.6)

Since x # 0gx1 and since the matrix A%aq)t(u) is non-singular (cf. (3.3)), the vector

y = Ag%(u)x is not equal to Og4x1 as well. In view of (6.6) we also have

(A2) "y = x = F{u) AL (wx = F({u})y.
In particular, y € C7*1\ {0,x1} satisfies

* a -1 *
Y (AR W)y =y F({u})y.
This implies immediately that (6.5) does not hold for this case. O

Corollary 6.13. Suppose that G is a non-singular (n + 1)g x (n + 1)q matriz such
that M[(a)j—1, G; (Xk)j—o] # (). Furthermore, let z1,22,...,2pn12 € T be n + 2

pairwise different points and let F'e M([(a;)7_;, G; (Xk)i—o] be such that the value

F({zs}) is non-singular for all s € Ny p4o. Then (6.5) holds for each u € T.
Proof. Since the choice of F leads in view of [18, Remark 5.12 and Theorem 6.11] to
F e ML TY(T, Br),
the assertion is a simple consequence c_>f Proposition 6.12. O

The particular case studied in Corollary 6.10 is far from the general situation
in a sense (see Example 5.8), but significant for the scalar case ¢ = 1. In fact,
with a view to Remark 4.14 one can see the following. (Note that, for ¢ = 1, the
differentiation between canonical solutions, canonical solutions which are proper,
and canonical solutions which are totally proper is not needed.)

Remark 6.14. Let n € N and aq, aa, ..., a, € C\ T. Suppose that Xo, X1,..., X,

is a basis of the linear space Ry, and let G be a non-singular matrix such that

M{(a)1—y, G; (Xi)p_o] # 0. Let F € M[(a;)}—;, G; (Xi)j—,] and let F# be the

reciprocal measure corresponding to F. By Theorem 6.1 and Proposition 6.6 along

with Remark 4.14 one can conclude that the following statements are equivalent:
(i) F is a canonical solution in M[(a;)7_;, G; (Xk)j—ol-

(ii) There exists some u € T such that the inequality F({u}) > H({u}) holds for

each H € M[(aj)?zl, G; (Xk)p_ol-
(iii) There exist n + 1 pairwise different points wuy,ug,...,uny1 € T such that
F({us}) > H({us}) for all s € Ny 41 and all H € M[(a;)7_;, G; (Xk)p—ol-
(iv) F admits (3.17) for some r € Ny 41, points uq, ug, ..., u, € T, and a sequence

(A;)L_; of non-negative real numbers.
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(v) F7# is a canonical solution in M(ay)j—1, G#; (Xp)P_)-
(vi) There exists some z € T such that the inequality F#({z}) > H*({z}) holds

for each H € M[(a;)7_y, G¥; (Xk)7_,]-

=1

(vil) There exist n + 1 pairwise different points z1,22,...,2,41 € T such that
F#({us}) > H# ({us}) for s € Ny .41 and all H € M((e)7—y, G (Xk)P_o)-

(viii) F# admits (4.8) for some r € Ny ,, 1, points 21, 2o, ..., 2, € T, and a sequence

(A7)"_, of non-negative real numbers.

This reasoning yields also that, if (i) holds and if F'({u})# 0 for some u € T, then
F({u}) > H({u}) for each H € M[(a;)}—1, G; (Xk)i—o] \ {F'}, but F#({u}) = 0.

In particular, for ¢ = 1, Remark 6.14 shows that the weights of the reci-
procal measure corresponding to a solution F' € M((a;)j_;, G; (Xk)i—o] which
fulfills (6.2) with equality are extremal in this regard concerning the solution set
M(ay)5—y, G#;(Xy)?_,] and associated mass points as well. Note that Exam-
ple 4.13 points up that this is a special feature of the scalar case ¢ = 1.
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