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Editorial Introduction

The present volume, entitled “Interpolation, Schur functions and moment prob-
lems II ”, contains a selection of essays on various topics in Schur Analysis and
addresses the goals set in 2006 in Volume 165 “Interpolation, Schur functions and
moment problems” of the OT Series.

The origins of Schur Analysis lie in I. Schur’s remarkable 1917/1918 two-part
paper [33] which includes his insightful approach to constructing an algorithm for
solving the coefficient problem for functions holomorphic on the unit disk 𝔻 :=
{𝑧 ∈ ℂ : ∣𝑧∣ < 1} that are also bounded by 1. The class of all such functions is
now referred to as the Schur class. The algorithm has come to be known as the
Schur algorithm. The English translation of Schur’s paper [33] and research papers
on the Schur algorithm were published in volume 18 of the OT Series (see [19]).

Schur’s parametrization ([33]) of a Schur function’s Taylor coefficients using
a sequence of contractive parameters was the starting point for many applications
of Schur analytic methods to various types of block matrices. Schur showed that
lower triangular Toeplitz matrices resulting from the Taylor coefficient sequence
of a Schur function are contractive. Schur’s results represent a particularly note-
worthy special case, which opened the gateway to more general cases and led to
the development of Schur analytic methods for other block matrices. The theory
developed for non-negative Hermitian matrices is a particularly interesting exam-
ple of these later developments. More specifically, it was shown that non-negative
Hermitian matrices can be fully described using their diagonal blocks and a trian-
gular configuration of contractive matrices, often referred to as a choice triangle.
Every non-negative Hermitian matrix corresponds to a triangular configuration
of matrix balls. A contractive parameter taken from the choice triangle then in-
dicates the position of the relevant block within the corresponding matrix ball.
Further information on Schur Analysis of block matrices and related topics can
be found, for instance, in Bakonyi/Woerdeman [9], Constantinescu [11] as well as
Dubovoj/Fritzsche/Kirstein [12] and references therein.

R. Nevanlinna deserves particular mention for being among the first to rec-
ognize, adapt and further develop Schur’s ideas. In his dissertation (see [27]),
R. Nevanlinna arrived at a modification of the Schur algorithm with which he
was able to describe all Schur functions satisfying certain interpolation conditions.
Nevanlinna was unaware of the fact (likely due to the tumultuous times of World
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War I in which he obtained his results) that Pick [30] had already determined nec-
essary and sufficient conditions for the aforementioned interpolation problem in
terms of whether or not a particular matrix (later given the name Pick matrix ) con-
structed from the given data was non-negative Hermitian. Interpolation problems
remained a favourite subject of R. Nevanlinna. His most significant achievements
in this field are found in his 1929 article [29] in which he discusses many new
ideas on characterizing the connection between limit point and limit circle cases.
It should be mentioned that reprints of the papers Schur [33], Nevanlinna [29]
and Pick [30] as well as Herglotz [23] and Weyl [36] are all to be found in the
collection [17].

R. Nevanlinna is also responsible for introducing a very interesting approach
to power moment problems on the real axis (see [28]). Inspired by his work on
interpolation problems in [27], R. Nevanlinna found a way to restate the Ham-
burger moment problem on the real axis as an equivalent problem. The equiva-
lent problem involves finding functions holomorphic in the open upper half-plane
Π+ := {𝑧 ∈ ℂ : Im 𝑧 ∈ (0, +∞)} with a given asymptotic expansion and having
non-negative imaginary parts. This reformulation of the problem makes it possi-
ble to apply Schur’s method for power moment problems. The, up to this point,
groundbreaking work of Stieltjes [34] and Hamburger [20] was based on continued
fractions methods. A survey of the theory of classical power moment problems is
found in Akhiezer [5].

Bolstered by the advances in operator theory and influenced by the needs
of electrical engineering, signal transmission and processing, as well as prediction
theory for stationary stochastic processes, Schur’s method experienced a renais-
sance near the end of the 1960s. The publications of Adamjan–Arov–Krein [1–4]
laid the groundwork for this resurgence of the Schur method and led to intensive
research on matrix and operator versions of classical interpolation and moment
problems. The flexibility and variety of Schur analytic methods led to the publish-
ing of an exceptionally large number of books dedicated to this topic: Alpay [6],
Alpay/Dijksma/Rovnyak/de Snoo [7], Bakonyi/Constantinescu [8], Bakonyi/-
Woerdeman [9], Ball/Gohberg/Rodman [10], Constantinescu [11], Dubovoj/Frit-
zsche/Kirstein [12], Dym [13], Foias/Frazho [15], Foias/Frazho/Gohberg/Kaas-
hoek [16], Helton [24], Katsnelson [25] (see also [26], which is the English trans-
lation of the first part of [25]), Rosenblum/Rovnyak [31], Sakhnovich [32]. These
books share the common feature that they all deal with matrix and operator gen-
eralizations of Schur’s method.

Schur Analysis’ rapid growth and evolution is documented by the numerous
articles, particularly the many recent articles, published on topics in Schur Anal-
ysis. It is to be expected that these developments will continue for quite a while
to come. This volume addresses a number of current trends and developments in
Schur Analysis. By and large, the focus is on matricial generalizations of Schur’s
and Nevanlinna’s earlier described classical results.

The first central theme of this volume involves matrix versions of power mo-
ment problems on partial intervals of the real axis as well as how these problems
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might be approached. The solvability of such moment problems can be character-
ized by regarding a block Hankel matrix constructed from the initial data and con-
sidering its Hermitian non-negativeness. This leads to a need to know more about
the inner structure of block Hankel matrices. Before going into further detail on
this, it is worth recalling a similar topic, very much related to non-negative Hermit-
ian block Toeplitz matrices. As part of developing approaches to matrix versions of
interpolation problems for the Carathéodory and Schur function classes, much was
done in the 1980s to describe the inner structure of non-negative Hermitian and
contractive block matrices (see, for instance, Dubovoj/Fritzsche/Kirstein [12]).
The focus was on block Toeplitz matrices and it was determined that a non-
negative Hermitian block Toeplitz matrix could be uniquely described with a se-
quence of contractive parameters. This parameter sequence, often referred to as a
Schur parameter sequence, contains considerable information on the inner structure
of a given block Toeplitz matrix. The next task was to find a similarly useful inner
parametrization for non-negative Hermitian block Hankel matrices. The canonical
Hankel parametrization, which was introduced in [14] and [18], proved to be a
very effective tool. A number of questions concerning the inner structure of spe-
cial non-negative Hermitian block Hankel matrices could thus be resolved. Closely
related to the search for these answers is the need for a corresponding Schur-type
algorithm for finite and infinite sequences of complex matrices.

The second main theme of this volume relates to the theory of matricial
Carathéodory functions and deals with various aspects of this theory. The close
connection to the theory of orthogonal rational matrix functions on the unit circle
is among the most important tools used in discussing these topics.

This volume contains six papers, and we now review their contents.

Reciprocal sequences (of finite and infinite sequences of matrices) and their
applications: The paper “On the concept of invertibility for sequences of complex
𝑝× 𝑞 matrices and its applications to holomorphic 𝑝× 𝑞 matrix-valued functions”
by B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz focuses on a type of in-
vertibility for finite and infinite sequences of complex 𝑝× 𝑞 matrices. The problem
of characterizing all invertible sequences of complex 𝑝× 𝑞 matrices naturally leads
to what will be referred to as first term dominant sequences of complex 𝑝× 𝑞 ma-
trices. Given an invertible sequence of complex 𝑝× 𝑞 matrices, the question of how
to determine its inverse sequence (of complex 𝑞 × 𝑝 matrices) is answered using a
recursively defined sequence of 𝑞 × 𝑝 matrices, called its reciprocal sequence. This
definition opens up many possibilities for analyzing and solving a great number of
matricial complex function theory problems. This includes, for example, the prob-
lem of characterizing the holomorphicity of a holomorphic 𝑝 × 𝑞 matrix-function
𝐹 ’s Moore-Penrose inverse 𝐹 +.

The paper “On reciprocal sequences of matricial Carathéodory sequences and
associated matrix functions” by B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn
discusses, among other topics, applications of reciprocal sequences to a particular
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subclass from matricial complex function theory. The focus is, in particular, on the
case 𝑝 = 𝑞 and the class 𝒞𝑞 (𝔻 ) of all 𝑞 × 𝑞 Carathéodory functions on the open
unit disk 𝔻 := {𝑤 ∈ ℂ : ∣𝑤∣ < 1 }. These are all 𝑞× 𝑞 matrix-functions Ω that are
holomorphic in 𝔻 and for which 1

2 [ Ω(𝑤) + Ω
∗(𝑤) ] is non-negative Hermitian for

all 𝑤 ∈ 𝔻. As an important result, it is shown that for any function Ω ∈ 𝒞𝑞 (𝔻 ),
the Moore-Penrose inverse Ω+ of this function again belongs to 𝒞𝑞 (𝔻 ). It is also
determined that the Taylor coefficient sequence of Ω+ is the reciprocal sequence
to Ω’s Taylor coefficient sequence.

In the paper “On a Schur-type algorithm for sequences of complex 𝑝× 𝑞 ma-
trices and its interrelations with the canonical Hankel parametrization” by
B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz, a further application of
reciprocal sequences is discussed. The central focus is on special classes of se-
quences of complex 𝑞× 𝑞 matrices that are closely related to a number of different
matricial versions of the Hamburger Moment Problem on the real axis ℝ. Given
a sequence ( 𝑠𝑗 )

∞
𝑗=0 of complex 𝑝× 𝑞 matrices, the reciprocal sequence of complex

𝑞 × 𝑝 matrices
(

𝑠 ♯𝑗
)∞
𝑗=0

is used to develop a Schur-type algorithm for sequences

of 𝑝 × 𝑞 matrices. This makes it possible for an algebraic approach to matricial
versions of the Hamburger Moment Problem to be modelled on the basis of this
algorithm.

Matricial power moment problems: With “The multiplicative structure of
the resolvent matrix for the truncated Hausdorff matrix moment problem”, Abdon
E. Choque Rivero offers a continued look into topics from his earlier collaborations
with Yu.M. Dyukarev, B. Fritzsche and B. Kirstein. These collaborations yielded a
constructive approach to obtaining a special polynomial resolvent matrix. Choque
Rivero derives a factorization of this polynomial as a product of linear factors.

The paper “On a special parametrization of matricial 𝛼-Stieltjes one-sided
non-negative definite sequences”, by B. Fritzsche, B. Kirstein and C. Mädler, deals
with topics concerning the matrix version of the Stieltjes moment problem for a
half-infinite closed interval. The authors obtained characterizations of the solvabil-
ity for the relevant moments in earlier collaborations with Yu.M. Dyukarev. These
solvability criteria say that the initial data sequence must be one-sided 𝛼-Stieltjes
non-negative definite. The class of all such matrix sequences serves as a starting
point for this paper. The objective here is to derive an inner parametrization for
sequences of this class. This parametrization should, in a particular manner, reflect
the one-sided 𝛼-Stieltjes structure of the aforementioned sequences. The authors
used a similar approach in their earlier work regarding Hankel non-negative definite
sequences. There, they obtained that the structure of these sequences was clearly
recognizable in their canonical Hankel parametrizations. The authors, furthermore,
constructed a Schur-type algorithm which yielded the Hankel parametrization as
part of its result. The approach used here for the 𝛼-Stieltjes case is quite similar.
The first step involves a detailed look at the constructed 𝛼-Stieltjes parametriza-
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tion. In particular, a relationship between this parametrization and the Hankel
parametrization is established.

Orthogonal rational matrix-valued functions: In a series of papers, over the
past decade, B. Fritzsche, B. Kirstein and A. Lasarow worked out essential features
of a Szegő theory for orthogonal rational matrix-valued functions on the unit circle
and applied this theory to corresponding interpolation and moment problems. The
paper “On maximal weight solutions of a moment problem for rational matrix-
valued functions” continues these studies and focuses on special canonical solutions
of the matricial moment problem under consideration. These canonical solutions
turn out to be molecular non-negative Hermitian measures on the unit circle, which
means that they are concentrated on a finite set of points of the unit circle. It is
shown that these canonical solutions have a particular extremal property which is
connected to a maximal mass condition in a prescribed point of the unit circle.
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problems, Funkcional. Anal. i Priložen. 2 (1968), no. 4, 1–17 (Russian). MR0636333
(58 #30446)

[3] , Analytic properties of the Schmidt pairs of a Hankel operator and the gen-
eralized Schur-Takagi problem, Mat. Sb. (N.S.) 86(128) (1971), 34–75 (Russian).
MR0298453 (45 #7505)

[4] , Infinite Hankel block matrices and related problems of extension, Izv. Akad.
Nauk Armjan. SSR Ser. Mat. 6 (1971), no. 2-3, 87–112 (Russian, with Armenian
and English summaries). MR0298454 (45 #7506)

[5] N.I. Akhiezer, The classical moment problem and some related questions in analysis,
Translated by N. Kemmer, Hafner Publishing Co., New York, 1965. MR0184042 (32
#1518)

[6] D. Alpay, The Schur algorithm, reproducing kernel spaces and system theory,
SMF/AMS Texts and Monographs, vol. 5, American Mathematical Society, Prov-
idence, RI, 2001. Translated from the 1998 French original by Stephen S. Wilson.
MR1839648 (2002b:47144)

[7] D. Alpay, A. Dijksma, J. Rovnyak, and H. de Snoo, Schur functions, operator colli-
gations, and reproducing kernel Pontryagin spaces, Operator Theory: Advances and
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On the Concept of Invertibility for Sequences
of Complex 𝒑× 𝒒-matrices and its Application
to Holomorphic 𝒑× 𝒒-matrix-valued Functions

Bernd Fritzsche, Bernd Kirstein, Conrad Mädler and Tilo Schwarz

Abstract. The main topic of this paper is the invertibility of finite and infinite
sequences of complex 𝑝×𝑞-matrices. This concept was previously considered in
the mathematical literature for the special case in which 𝑝 = 𝑞, under certain
regularity conditions, in the context of matricial power series inversion. The
problem of describing all (finite and infinite) invertible sequences of complex
𝑝 × 𝑞-matrices leads directly to the class of “first term dominant” sequences
( 𝑠𝑗 )

𝜅
𝑗=0 of complex 𝑝 × 𝑞-matrices. These sequences have the property that

the null space of 𝑠0 is contained in the null spaces of all 𝑠𝑗 , while the range of

𝑠0 encompasses the range of every 𝑠𝑗 . The inverse sequence
(
𝑠‡𝑗

)𝜅
𝑗=0

in ℂ
𝑞×𝑝

for an invertible sequence ( 𝑠𝑗 )
𝜅
𝑗=0 in ℂ

𝑝×𝑞 is then constructed. This leads, in
conjunction with the concept of power series inversion, to a general recursive
method for constructing a reciprocal sequence

(
𝑠♯𝑗

)𝜅
𝑗=0

in ℂ
𝑞×𝑝 to any given

sequence ( 𝑠𝑗 )
𝜅
𝑗=0 in ℂ

𝑝×𝑞. It is shown that if ( 𝑠𝑗 )
𝜅
𝑗=0 is invertible, then its

inverse and reciprocal sequences coincide, i.e.,
(
𝑠‡𝑗

)𝜅
𝑗=0

=
(
𝑠♯𝑗

)𝜅
𝑗=0

.

Using reciprocal sequences allows for interesting new approaches to a
number of fascinating problems in matricial complex analysis. This paper
considers the holomorphicity of the Moore-Penrose inverse of a 𝑝× 𝑞-matrix-
function, using an approach based on analyzing the structure of Taylor coef-
ficient sequences. A main result of this paper states that the Moore-Penrose
inverse 𝐹 † of a complex 𝑝× 𝑞-matrix-function 𝐹 which is holomorphic in an
open disk 𝐾 of the complex plane ℂ is holomorphic in 𝐾 if, and only if, the
Taylor-McLaurin coefficient sequence ( 𝑠𝑗 )

𝜅
𝑗=0 for 𝐹 at the center 𝑧0 of 𝐾 is

invertible. When this is the case, the reciprocal sequence
(
𝑠♯𝑗

)𝜅
𝑗=0

to ( 𝑠𝑗 )
𝜅
𝑗=0

is the Taylor-McLaurin coefficient sequence for 𝐹 † in 𝑧0.

Mathematics Subject Classification (2010). 30E05; 15A09.

Keywords. Inverse sequence corresponding to an invertible sequence of com-
plex 𝑝×𝑞-matrices, reciprocal sequence corresponding to an arbitrary sequence
of complex matrices, invertible sequences of complex 𝑝× 𝑞-matrices.
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0. Introduction

Let 𝑞 be a positive integer and let 𝑓 be a holomorphic 𝑞 × 𝑞-matrix-valued function,
defined in some disk, 𝐾, around the origin, and satisfying

det [ 𝑓 ( 𝑧 ) ] ∕= 0,
for all 𝑧 ∈ 𝐾. The 𝑞 × 𝑞-matrix-valued function,

𝑓−1 : 𝐾 −→ ℂ
𝑞×𝑞 , defined by 𝑓−1 ( 𝑧 ) := [ 𝑓 ( 𝑧 ) ]

−1

is then also holomorphic in 𝐾. Suppose that the Taylor series of 𝑓 and 𝑓−1 around
the origin are given by

𝑓 ( 𝑧 ) =

∞∑
𝑗=0

𝑠𝑗𝑧
𝑗 and 𝑓−1 ( 𝑧 ) =

∞∑
𝑗=0

𝑟𝑗𝑧
𝑗.

Kaluza [13] was the first to study the relationship between the sequences ( 𝑟𝑗 )
∞
𝑗=0

and ( 𝑠𝑗 )
∞
𝑗=0 for the scalar case, 𝑞 = 1. Jurkat [12], Lamperti [14], Brietzke [3] and

Baricz/Vesti/Vuorinen [1] also continued to study this relationship. It should be
mentioned that Kaluza’s results are useful in the study of renewal sequences (see
Horn [11], Hansen/Steutel [10]).

For each non-negative integer 𝑛, the sequences ( 𝑟𝑗 )
∞
𝑗=0 and ( 𝑠𝑗 )

∞
𝑗=0 are then

linked by the formulas⎛⎜⎜⎜⎝
𝑠0 0 ⋅ ⋅ ⋅ 0
𝑠1 𝑠0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑠𝑛 𝑠𝑛−1 ⋅ ⋅ ⋅ 𝑠0

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

𝑟0 0 ⋅ ⋅ ⋅ 0
𝑟1 𝑟0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑟𝑛 𝑟𝑛−1 ⋅ ⋅ ⋅ 𝑟0

⎞⎟⎟⎟⎠ = 𝐼(𝑛+1)𝑞, (0.1)

where 𝐼(𝑛+1)𝑞 is the unit matrix of order (𝑛+ 1) 𝑞. Thus, for each non-negative
integer 𝑛, the matrices of the left-hand side of (0.1) are non-singular and⎛⎜⎜⎜⎝

𝑠0 0 ⋅ ⋅ ⋅ 0
𝑠1 𝑠0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑠𝑛 𝑠𝑛−1 ⋅ ⋅ ⋅ 𝑠0

⎞⎟⎟⎟⎠
−1

=

⎛⎜⎜⎜⎝
𝑟0 0 ⋅ ⋅ ⋅ 0
𝑟1 𝑟0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑟𝑛 𝑟𝑛−1 ⋅ ⋅ ⋅ 𝑟0

⎞⎟⎟⎟⎠ .

We are interested in a generalization of these results to the case in which 𝑝 and 𝑞
are positive integers and 𝑓 is a holomorphic 𝑝× 𝑞-matrix-valued function, defined
in some disk, 𝐾, around the origin.

For each complex 𝑝× 𝑞-matrix 𝐴, we will use 𝐴† to denote the Moore-Penrose
inverse of 𝐴. Given 𝑓 , we define

𝑓 † : 𝐾 −→ ℂ
𝑞×𝑝 as 𝑓 † ( 𝑧 ) := [ 𝑓 ( 𝑧 ) ]† .

We want to find suitable characterizations of the holomorphicity of 𝑓 † in𝐾. Specif-
ically, our goal is to characterize the holomorphicity of 𝑓 † in terms of the sequence,
( 𝑠𝑗 )

∞
𝑗=0, of Taylor coefficients belonging to 𝑓 .
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We are, thus, naturally led to consider the class of 𝑝× 𝑞-matrix-sequences,
( 𝑠𝑗 )

∞
𝑗=0, for which there exists a 𝑞 × 𝑝-matrix-sequence ( 𝑟𝑗 )

∞
𝑗=0, such that for each

non-negative integer 𝑛:⎛⎜⎜⎜⎝
𝑠0 0 ⋅ ⋅ ⋅ 0
𝑠1 𝑠0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑠𝑛 𝑠𝑛−1 ⋅ ⋅ ⋅ 𝑠0

⎞⎟⎟⎟⎠
†

=

⎛⎜⎜⎜⎝
𝑟0 0 ⋅ ⋅ ⋅ 0
𝑟1 𝑟0 ⋅ ⋅ ⋅ 0
...

...
. . .

...
𝑟𝑛 𝑟𝑛−1 ⋅ ⋅ ⋅ 𝑟0

⎞⎟⎟⎟⎠ . (0.2)

Sequences of this type will be called invertible sequences and will serve as the main
focus of the first part of this paper. We will later give a complete description of all
invertible sequences of 𝑝× 𝑞-matrices. If ( 𝑠𝑗 )

∞
𝑗=0 is one such invertible sequence,

then it will be shown that there exists a unique sequence, ( 𝑟𝑗 )
∞
𝑗=0, satisfying (0.2)

for each non-negative integer 𝑛. We will, furthermore, present a concrete method
for constructing ( 𝑟𝑗 )

∞
𝑗=0 from ( 𝑠𝑗 )

∞
𝑗=0 (see Theorem 4.21).

This paper is organized as follows. Section 1 serves as a quick review and
summary of some of the notation used in this paper.

In Section 2 we introduce the concept of invertibility for finite and infinite
sequences of complex 𝑝 × 𝑞-matrices. We pay special attention to a particular
subclass of invertible sequences. The results we obtain for this subclass then dictate
how we proceed further. One of our main objectives for the remainder of this
paper then consists of extending the results for this subclass to the greater class
of invertible sequences.

We give an overview of important rules for working with invertible sequences
in Section 3.

Central to this paper is Section 4, in which we give a characterization of
invertible sequences and, furthermore, explicit formulas for constructing the inverse
sequence (see Theorem 4.21).

Section 4’s results give us a new perspective on the class of invertible se-
quences and thus serve as our motivation for Section 5. In particular, we take
an extensive look at the construction of reciprocal sequences for finite and infi-
nite sequences of complex 𝑝 × 𝑞-matrices. This leads us to a characterization of
the invertibility of a sequence in terms of its reciprocal sequence (see Proposition
5.13).

To begin Section 6, we present some additional rules for working with in-
vertible sequences. The main result of Section 6 is Theorem 6.11, which offers
us important insight into the structure of a given invertible sequence ( 𝑠𝑗 )

𝜅
𝑗=0 of

complex 𝑝 × 𝑞-matrices. Specifically, we find that every such sequence is gener-
ated (in a certain way) by a suitably constructed sequence, ( 𝑠𝑗 )

𝜅
𝑗=0, of complex

𝑟 × 𝑟-matrices with 𝑟 := rank 𝑠0 and det 𝑠0 ∕= 0.
Section 7 focuses on a special subclass of invertible sequences of complex

𝑞 × 𝑞 matrices, called EP sequences (see Definition 7.1). These are sequences in
ℂ𝑞×𝑞 for which every lower-triangular block Toeplitz matrix of the type defined in
Notation 2.1 is an EP matrix.
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In Section 8 we examine the properties of the Moore-Penrose inverse 𝐹 †, for
a holomorphic (in a non-empty open and connected subset, 𝒢, of ℂ) 𝑝× 𝑞-matrix-
function 𝐹 . The main result of Section 8 is Theorem 8.9, which says that, if 𝐹 is a
matrix-function, holomorphic in a point 𝑧0 of its domain, then 𝐹 † is holomorphic

in 𝑧0 if, and only if, the sequence of 𝐹 ’s Taylor coefficients,
(
𝐹 (𝑗)( 𝑧0 )

𝑗!

)∞
𝑗=0
, is

invertible. Whenever this is indeed the case, we also recognize

(
(𝐹 †)

(𝑗)
( 𝑧0 )

𝑗!

)∞

𝑗=0

as the inverse sequence to
(
𝐹 (𝑗)( 𝑧0 )

𝑗!

)∞
𝑗=0
.

In this paper, we will often draw upon the theory of Moore-Penrose inverses.
For this reason, we have summarized some of the relevant information on the
Moore-Penrose inverse in Appendix A. In particular, we look at the Moore-Penrose
inverse of a product of matrices (see Proposition A.5 and Proposition A.7) and
verify special results on the Moore-Penrose inverse of a block-matrix under certain
constraints (see Proposition A.10, Corollary A.11 and Corollary A.12).

1. Some notation

Let ℂ, ℝ, ℕ0, and ℕ be the set of all complex numbers, the set of all real numbers,
the set of all non-negative integers, and the set of all positive integers, respectively.
For every choice of 𝛼, 𝛽 ∈ ℝ ∪ {−∞,+∞}, let ℤ𝛼,𝛽 be the set of all integers 𝑘 for
which 𝛼 ≤ 𝑘 ≤ 𝛽. Whenever there is no ambiguity with regard to the size of a
matrix, we will omit the indices.

Throughout this paper, let 𝑝 and 𝑞 be positive integers. If 𝒳 is a non-empty
set, then let 𝒳 𝑝×𝑞 be the set of all 𝑝× 𝑞-matrices with elements in 𝒳 . We will
write 0𝑝×𝑞 for the zero-matrix in ℂ𝑝×𝑞, and will use 𝐼𝑞 to denote the unit matrix
in ℂ𝑞×𝑞.

We will write ℂ
𝑞×𝑞
H and ℂ

𝑞×𝑞
≥ , respectively, for the set of all Hermitian and

non-negative Hermitian complex 𝑞 × 𝑞-matrices. For each 𝐴 ∈ ℂ
𝑝×𝑞, let ℛ(𝐴) be

the range of 𝐴 and let 𝒩 (𝐴) be the null-space of 𝐴. If 𝑛 ∈ ℕ and if (𝑣𝑗)
𝑛
𝑗=1 is a

sequence of complex 𝑝× 𝑞-matrices, then let

row(𝑣𝑘)
𝑛
𝑘=1 := (𝑣1, 𝑣2, . . . , 𝑣𝑛) and col(𝑣𝑗)

𝑛
𝑗=1 := (𝑣

∗
1 , 𝑣∗

2 , . . . , 𝑣∗
𝑛)

∗.

With 𝐴⊗𝐵, we denote the Kronecker product of the matrices 𝐴 = (𝑎𝑗𝑘)𝑗=1,...,𝑝
𝑘=1,...,𝑞

∈
ℂ𝑝×𝑞 and 𝐵 ∈ ℂ𝑟×𝑠: 𝐴⊗𝐵 := (𝑎𝑗𝑘𝐵)𝑗=1,...,𝑝

𝑘=1,...,𝑞
. We draw attention to the fact that,

if 𝑠0 ∈ ℂ𝑝×𝑞 and if𝑚 ∈ ℕ0, then the (𝑚+1)𝑝×(𝑚+1)𝑞-matrix diag(𝑠0, 𝑠0, . . . , 𝑠0)
can be expressed as 𝐼𝑚+1 ⊗ 𝑠0.

If 𝑀 is a non-empty subset of ℂ𝑞, then 𝑀⊥ stands for the orthogonal com-
plement of 𝑀 in ℂ𝑞 (with respect to the Euclidean inner product). Furthermore,
if 𝒰 is a linear subspace of ℂ𝑝 and if 𝒱 is a linear subspace of ℂ𝑞, then 𝒰 ⊕ 𝒱 is
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the set of all vectors 𝑤 ∈ ℂ𝑝×𝑞 which admit the representation 𝑤 =

(
𝑢
𝑣

)
for some

𝑢 ∈ 𝒰 and 𝑣 ∈ 𝒱 .

2. A first look at invertible sequences in ℂ𝒑×𝒒

In this section we will introduce the concept of invertibility for finite as well as
infinite sequences of complex matrices. We begin with some notation, which will
help simplify things.

Notation 2.1. Given a 𝜅 ∈ ℕ0∪{+∞} and a sequence ( 𝑠𝑗 )𝜅𝑗=0 in ℂ𝑝×𝑞, we define,

for each 𝑚 ∈ ℤ0, 𝜅, the lower-triangular block Toeplitz matrix S
(𝑠)
𝑚 as

S(𝑠)
𝑚 :=

⎛⎜⎜⎜⎜⎜⎝
𝑠0 0 0 ⋅ ⋅ ⋅ 0
𝑠1 𝑠0 0 ⋅ ⋅ ⋅ 0
𝑠2 𝑠1 𝑠0 ⋅ ⋅ ⋅ 0
...

...
...

. . .
...

𝑠𝑚 𝑠𝑚−1 𝑠𝑚−2 ⋅ ⋅ ⋅ 𝑠0

⎞⎟⎟⎟⎟⎟⎠ . (2.1)

Whenever it is clear which sequence is meant, we will simply write S𝑚 instead

of S
(𝑠)
𝑚 .

The following definition will prove to be, for our purposes, a very important
and useful one.

Definition 2.2. Let 𝑚 ∈ ℕ0. A sequence (𝑠𝑗)
𝑚
𝑗=0 of complex 𝑝× 𝑞-matrices is called

invertible if there is a sequence (𝑟𝑗)
𝑚
𝑗=0 of complex 𝑞 × 𝑝-matrices such that the

Moore-Penrose inverse
[
S

(𝑠)
𝑚

]†
of the matrix S

(𝑠)
𝑚 coincides with the block Toeplitz

matrix S
(𝑟)
𝑚 .

Remark 2.3. If 𝑚 ∈ ℕ0 and (𝑠𝑗)
𝑚
𝑗=0 is an invertible sequence of complex 𝑝× 𝑞-

matrices, then there is a unique sequence (𝑟𝑗)
𝑚
𝑗=0 of complex 𝑞 × 𝑝-matrices such

that [
S(𝑠)
𝑚

]†
= S(𝑟)

𝑚 . (2.2)

Recalling Corollary A.11, we see that this sequence, (𝑟𝑗)
𝑚
𝑗=0, satisfies

[
S

(𝑠)
𝑘

]†
=

S
(𝑟)
𝑘 for each 𝑘 ∈ ℤ0,𝑚.

Remark 2.3 leads us to the following definition, which complements Defini-
tion 2.2.

Definition 2.4. A sequence (𝑠𝑗)
∞
𝑗=0 of complex 𝑝× 𝑞-matrices is called invertible if

there is a sequence, (𝑟𝑗)
∞
𝑗=0, of complex 𝑞 × 𝑝-matrices such that (2.2) holds true

for each non-negative integer 𝑚.
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Notation 2.5. Given a 𝜅 ∈ ℕ0 ∪ {+∞}, we will use ℐ𝑝×𝑞,𝜅 to denote the set of all
invertible sequences, (𝑠𝑗)

𝜅
𝑗=0, of complex 𝑝× 𝑞-matrices.

Definitions 2.2 and 2.4 along with Remark 2.3 lead us to:

Definition 2.6. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. The unique sequence
(𝑟𝑗)

𝜅
𝑗=0 with (2.2) for each 𝑚 ∈ ℤ0,𝜅, is called the inverse sequence corresponding

to (𝑠𝑗)
𝜅
𝑗=0 and will be denoted by (𝑠

‡
𝑗)
𝜅
𝑗=0.

Remark 2.7. Let 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. From Remark 2.3, we

see that the following statements hold:

(a) ( 𝑠𝑗 )
𝑚
𝑗=0 ∈ ℐ𝑝×𝑞,𝑚 for all 𝑚 ∈ ℤ0, 𝜅.

(b) For all 𝑚 ∈ ℤ0, 𝜅, the inverse sequence corresponding to ( 𝑠𝑗 )
𝑚
𝑗=0 is

(
𝑠‡𝑗
)𝑚
𝑗=0
.

(c) For the first element of the inverse sequence, we have 𝑠‡0 = 𝑠†0.

Remark 2.8. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. Using (A.1) and recalling
Definitions 2.2 and 2.4, we see that (𝑠‡𝑗)

𝜅
𝑗=0 ∈ ℐ𝑞×𝑝,𝜅 and, furthermore, that (𝑠𝑗)𝜅𝑗=0

is the inverse sequence corresponding to (𝑠‡𝑗)
𝜅
𝑗=0.

Remark 2.9. Let 𝑟, 𝑠 ∈ ℕ, 𝑈 ∈ ℂ
𝑟×𝑝 with 𝑈∗𝑈 = 𝐼𝑝, 𝜅 ∈ ℕ0 ∪ {+∞},

(𝑠𝑗)
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, and 𝑉 ∈ ℂ𝑞×𝑠 with 𝑉 𝑉 ∗ = 𝐼𝑞. Using part (c) of Lemma A.3, we

see that[
diag (𝑈)𝑚𝑗=0 ⋅ S𝑚 ⋅ diag (𝑉 )𝑚𝑗=0

]†
= diag (𝑉 ∗)𝑚𝑗=0 ⋅ S†

𝑚 ⋅ diag (𝑈∗)𝑚𝑗=0,

for all 𝑚 ∈ ℤ0,𝜅. Consequently, (𝑈𝑠𝑗𝑉 )
𝜅
𝑗=0 belongs to ℐ𝑟×𝑠,𝜅 and (𝑉 ∗𝑠‡𝑗𝑈

∗)𝜅𝑗=0 is

the inverse sequence corresponding to (𝑈𝑠𝑗𝑉 )
𝜅
𝑗=0.

We now consider a generic subclass of invertible sequences. The results we ob-
tain for this subclass (see, for instance, Proposition 2.11 and Proposition 2.14) will
later dictate how we proceed in studying the larger class of invertible sequences.
One of our goals will be to, in some way, extend these special-case results to the
greater class.

Notation 2.10. Given a 𝜅 ∈ ℕ∪ {+∞}, we will use ℐ̃𝑞×𝑞, 𝜅 to denote the set of all
sequences ( 𝑠𝑗 )

𝜅
𝑗=0 such that 𝑠0 is invertible.

Applying [8, Lemma 5.6] yields the following useful properties for ℐ̃𝑞×𝑞, 𝜅.
Proposition 2.11. If 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ̃𝑞×𝑞, 𝜅, then

(a) ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑞×𝑞,𝜅 and

(
𝑠‡𝑗
)𝜅
𝑗=0

∈ ℐ̃𝑞×𝑞, 𝜅.
(b) The sequence

(
𝑠‡𝑗
)𝜅
𝑗=0

is given by

𝑠‡𝑘 =

⎧⎨⎩
𝑠0

−1, if 𝑘 = 0

−𝑠0
−1

⎛⎝ 𝑘−1∑
𝑗=0

𝑠𝑘−𝑗𝑠
‡
𝑗

⎞⎠ , if 𝑘 ∈ ℤ1, 𝜅
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or, alternatively, by

𝑠‡𝑘 =

⎧⎨⎩
𝑠0

−1, if 𝑘 = 0

−
⎛⎝ 𝑘−1∑
𝑗=0

𝑠‡𝑘−𝑗𝑠𝑗

⎞⎠ 𝑠0
−1, if 𝑘 ∈ ℤ1, 𝜅.

(c) If ( 𝑠𝑗 )
𝜅
𝑗=0 is a sequence of Hermitian matrices, then

(
𝑠‡𝑗
)𝜅
𝑗=0

is also a se-

quence of Hermitian matrices. Correspondingly, the inverse sequence for a
sequence of symmetric matrices will also be a sequence of symmetric matri-
ces.

(d) det S
(𝑠)
𝑚 = (det 𝑠0 )

𝑚+1 ∕= 0 and
[
S

(𝑠)
𝑚

]−1

= S
(𝑠‡)
𝑚 , for each 𝑚 ∈ ℤ0, 𝜅.

Next, we show that ℐ̃𝑞×𝑞, 𝜅 is closed with respect to the Cauchy product,
which is defined as follows:

Notation 2.12. Let 𝜅 ∈ ℕ0 ∪ {+∞}. For sequences (𝑠𝑗)𝜅𝑗=0 and (𝑡𝑗)
𝜅
𝑗=0 in ℂ𝑝×𝑞

and ℂ𝑞×𝑟, respectively, we will denote the Cauchy product of these two sequences
by ( (𝑠⊙ 𝑡)𝑗 )

𝜅
𝑗=0, i.e., for all 𝑗 ∈ ℤ0,𝜅:

(𝑠⊙ 𝑡)𝑗 =

𝑗∑
𝑙=0

𝑠𝑙𝑡𝑗−𝑙.

Remark 2.13. Let 𝜅 ∈ ℕ0∪{+∞}. Suppose, furthermore, that (𝑠𝑗)𝜅𝑗=0 and (𝑡𝑗)
𝜅
𝑗=0

are, respectively, sequences in ℂ𝑝×𝑞 and ℂ𝑞×𝑟. If (𝑢𝑗)𝜅𝑗=0 is a sequence in ℂ𝑝×𝑟,
then

(𝑢𝑗)
𝜅
𝑗=0 =

(
( 𝑠⊙ 𝑡 )𝑗

)𝜅
𝑗=0

if and only if S(𝑠)
𝑚 S(𝑡)

𝑚 = S(𝑢)
𝑚 , for all 𝑚 ∈ ℤ0,𝜅.

Proposition 2.14. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If ( 𝑠𝑗 )
𝜅
𝑗=0 and ( 𝑡𝑗 )

𝜅
𝑗=0 are sequences of

complex 𝑞 × 𝑞-matrices, then:

(a)
(
( 𝑠⊙ 𝑡 )𝑗

)𝜅
𝑗=0

∈ ℐ̃𝑞×𝑞, 𝜅 if and only if the sequences ( 𝑠𝑗 )
𝜅
𝑗=0 and ( 𝑡𝑗 )

𝜅
𝑗=0

both belong to ℐ̃𝑞×𝑞, 𝜅.
(b) If ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ̃𝑞×𝑞, 𝜅 and ( 𝑡𝑗 )

𝜅
𝑗=0 ∈ ℐ̃𝑞×𝑞, 𝜅, then

(
( 𝑠⊙ 𝑡 )𝑗

)𝜅
𝑗=0

∈ ℐ̃𝑞×𝑞, 𝜅
and (

( 𝑠⊙ 𝑡 )
‡
𝑗

)𝜅
𝑗=0

=
( (

𝑡‡ ⊙ 𝑠‡
)
𝑗

)𝜅
𝑗=0

.

Proof. (a) Follows directly from ( 𝑠⊙ 𝑡 )0 = 𝑠0𝑡0.
(b) Let 𝑚 ∈ ℤ0, 𝜅. Using part (d) of Proposition 2.11, we have[

S(𝑠)
𝑚

]−1

= S
(𝑠‡)
𝑚 ,

[
S(𝑡)
𝑚

]−1

= S
(𝑡‡)
𝑚 and

[
S(𝑡⊙𝑠)
𝑚

]−1

= S
((𝑡⊙𝑠)‡)
𝑚 .

Combining this with Remark 2.13, we obtain

S
(𝑠‡⊙𝑡‡)
𝑚 =

[
S
(𝑠‡)
𝑚

][
S
(𝑡‡)
𝑚

]
=
[
S(𝑠)
𝑚

]−1 [
S(𝑡)
𝑚

]−1
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=
( [

S(𝑡)
𝑚

] [
S(𝑠)
𝑚

] )−1

=
[
S(𝑡⊙𝑠)
𝑚

]−1

= S
((𝑡⊙𝑠)‡)
𝑚 ,

from which we get (b). □

Now that we have covered the class ℐ̃𝑞×𝑞, 𝜅, we again turn our attention
to the general class ℐ𝑝×𝑞,𝜅 of invertible matrix-sequences. We next show that our
definition for invertibility could easily have been formulated using upper-triangular
instead of lower-triangular block Toeplitz matrices.

Notation 2.15. Given a 𝜅 ∈ ℕ0 ∪ {+∞} and a sequence ( 𝑠𝑗 )𝜅𝑗=0 in ℂ𝑝×𝑞, we

define, for each 𝑚 ∈ ℤ0, 𝜅, the upper-triangular block Toeplitz matrix 𝕊
(𝑠)
𝑚 as

𝕊
(𝑠)
𝑚 :=

⎛⎜⎜⎜⎜⎜⎝
𝑠0 𝑠1 𝑠2 ⋅ ⋅ ⋅ 𝑠𝑚
0 𝑠0 𝑠1 ⋅ ⋅ ⋅ 𝑠𝑚−1

0 0 𝑠0 ⋅ ⋅ ⋅ 𝑠𝑚−2

...
...

...
. . .

...
0 0 0 ⋅ ⋅ ⋅ 𝑠0

⎞⎟⎟⎟⎟⎟⎠ . (2.3)

Whenever it is clear which sequence is meant, we will simply write 𝕊𝑚 for 𝕊
(𝑠)
𝑚 .

Remark 2.16. It should be noted that, for each 𝜅 ∈ ℕ0 ∪{+∞}, for each sequence
(𝑠𝑗)

𝜅
𝑗=0 of complex 𝑝× 𝑞-matrices, and for each 𝑚 ∈ ℤ0,𝜅, the block Toeplitz

matrices S𝑚 and 𝕊𝑚, are connected via the equality

𝕊𝑚 = 𝑈𝑝,𝑚S𝑚𝑈𝑞,𝑚, (2.4)

where 𝑈𝑞,𝑚 := (𝛿𝑗,𝑚−𝑘𝐼𝑞)𝑚𝑗,𝑘=0 and 𝛿𝑙𝑛 is the Kronecker symbol, i.e., 𝛿𝑙𝑛 = 1 for
𝑙 = 𝑛 and 𝛿𝑙𝑛 = 0 for 𝑙 ∕= 𝑛. Since the matrices 𝑈𝑝,𝑚 and 𝑈𝑞,𝑚 are unitary and
Hermitian, we obtain the following identity from (2.4) and part (c) of Lemma A.3:

𝕊
†
𝑚 = 𝑈∗

𝑞,𝑚S
†
𝑚𝑈∗

𝑝,𝑚 = 𝑈𝑞,𝑚S
†
𝑚𝑈𝑝,𝑚. (2.5)

Remark 2.17. Let 𝑚 ∈ ℕ0. Furthermore, suppose that ( 𝑠𝑗 )
𝑚
𝑗=0 and ( 𝑟𝑗 )

𝑚
𝑗=0 are,

respectively, sequences in ℂ𝑝×𝑞 and ℂ𝑞×𝑝. Using (2.1) and (2.3), we see that[
𝕊

(𝑠)
𝑚

]∗
= S(𝑟)

𝑚 if and only if ( 𝑠𝑗 )
𝑚
𝑗=0 =

(
𝑟∗𝑗
)𝑚
𝑗=0

.

Proposition 2.18. If 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 is a sequence of complex 𝑝× 𝑞-

matrices, then the following statements are all equivalent:

(i) ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅.

(ii) There is a sequence ( 𝑟𝑗 )
𝜅
𝑗=0 of complex 𝑞 × 𝑝-matrices such that

[
𝕊

(𝑠)
𝑚

]†
=

𝕊
(𝑟)
𝑚 for each 𝑚 ∈ ℤ0, 𝜅.

When condition (i) is met, the sequence ( 𝑟𝑗 )
𝜅
𝑗=0 is uniquely determined and 𝑟𝑗 = 𝑠‡𝑗

for each 𝑗 ∈ ℤ0,𝑚.

Proof. Combine Remark 2.16 and Remark 2.3. □
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From Proposition 2.18 we see that, as announced, the concept of invertibility
could also have been based on upper-triangular block Toeplitz matrices.

3. The arithmetic of invertible sequences

In this section, we derive rules for working with invertible sequences.

Remark 3.1. If 𝑚 ∈ ℕ0 and ( 𝑠𝑗 )
𝑚
𝑗=0 is a sequence in ℂ𝑝×𝑞, then

𝕊
(𝑠)
𝑚 =

[
S(𝑠∗)
𝑚

]∗
=

[
S
(𝑠T)
𝑚

]T
,

where S
(𝑠∗)
𝑚 and S

(𝑠T)
𝑚 are, respectively, the lower-triangular block-Toeplitz-ma-

trices (see (2.1)) corresponding to the sequences
(

𝑠∗𝑗
)𝑚
𝑗=0

and
(

𝑠T
𝑗

)𝑚
𝑗=0
.

Lemma 3.2. Suppose 𝜅 ∈ ℕ0 ∪ {+∞} and that (𝑠𝑗)
𝜅
𝑗=0 is a sequence from ℂ𝑝×𝑞.

Then

(𝑠∗𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑞×𝑝,𝜅 if and only if (𝑠𝑗)

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅.

In this case,
(
(𝑠‡𝑗)

∗
)𝜅
𝑗=0

is the inverse sequence corresponding to (𝑠∗𝑗 )
𝜅
𝑗=0.

Proof. Combine Proposition 2.18 and Remark 3.1. □

Remark 3.3. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑞×𝑞,𝜅. If 𝑠∗𝑗 = 𝑠𝑗 for each 𝑗 ∈
ℤ0,𝜅, then, from Lemma 3.2, we see that the inverse sequence (𝑠

‡
𝑗)
𝜅
𝑗=0 corresponding

to (𝑠𝑗)
𝜅
𝑗=0 is also a sequence of Hermitian matrices.

Proof. Use Lemma 3.2. □

Lemma 3.4. Suppose 𝜅 ∈ ℕ0 ∪{+∞} and that (𝑠𝑗)
𝜅
𝑗=0 is a sequence from ℂ

𝑝×𝑞. It
then holds that

(𝑠T
𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑞×𝑝,𝜅 if and only if (𝑠𝑗)

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅.

In this case,
( (

𝑠‡𝑗
)T )𝜅

𝑗=0
is the inverse sequence corresponding to

(
𝑠T
𝑗

)𝜅
𝑗=0

.

Proof. Apply Proposition 2.18 and Remark 3.1. □

Remark 3.5. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑞×𝑞,𝜅. If 𝑠T
𝑗 = 𝑠𝑗 , for each

𝑗 ∈ ℤ0,𝜅, then we see from Lemma 3.4 and Remark 3.1 that the inverse sequence,

(𝑠‡𝑗)
𝜅
𝑗=0, of (𝑠𝑗)

𝜅
𝑗=0 satisfies (𝑠

‡
𝑗)

T = 𝑠‡𝑗 , for each 𝑗 ∈ ℤ0,𝜅.

Lemma 3.6. If 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then, for each

𝑚 ∈ ℤ0,𝜅:

S𝑚S
†
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0), S†

𝑚S𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0) (3.1)
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and

𝕊𝑚𝕊
†
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0), 𝕊

†
𝑚𝕊𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0). (3.2)

If, furthermore, 𝑝 = 𝑞 and if ℛ ( 𝑠0 ) = ℛ ( 𝑠∗0 ), then
S𝑚S

†
𝑚 = S†

𝑚S𝑚 and 𝕊𝑚𝕊
†
𝑚 = 𝕊

†
𝑚𝕊𝑚,

for every 𝑚 ∈ ℤ0,𝜅.

Proof. We start with the proof of the first identity in (3.1). Let 𝑚 ∈ ℤ0,𝜅. We see

from the construction of the sequence
(

𝑠‡𝑗
)𝜅
𝑗=0

that

S†
𝑚 = S

(𝑠‡)
𝑚 . (3.3)

Let (𝐶𝑗 )
𝜅
𝑗=0 :=

( (
𝑠⊙ 𝑠‡

)
𝑗

)𝜅
𝑗=0

be the Cauchy product of ( 𝑠𝑗 )
𝜅
𝑗=0 and

(
𝑠‡𝑗
)𝜅
𝑗=0
.

For each 𝑗 ∈ ℤ0, 𝑚, we thus have

𝐶𝑗 =

𝑗∑
𝑘=0

𝑠𝑗𝑠
‡
𝑘−𝑗 . (3.4)

From (3.4) and part (c) of Remark 2.7, it follows that 𝐶0 = 𝑠0𝑠†0. Using Remark
2.13 and (3.3), we obtain

S(𝐶)
𝑚 = S𝑚S

(𝑠‡)
𝑚 = S𝑚S

†
𝑚. (3.5)

Since
(
S𝑚S

†
𝑚

)∗
= S𝑚S

†
𝑚, we see from (3.5) that(

S(𝐶)
𝑚

)∗
= S(𝐶)

𝑚 . (3.6)

Using (3.6), 𝐶0 = 𝑠0𝑠†0 and the definition of S
(𝐶)
𝑚 (see (2.1)), we conclude that

S
(𝐶)
𝑚 = 𝐼𝑚+1 ⊗

(
𝑠0𝑠†0
)
. Thus, equation (3.5) implies the first equation in (3.1).

The second identity in (3.1) can be similarly verified.
Having just proved (3.1), we can now use these identities to obtain (3.2),

since, using (2.4) and (2.5), the identities in (3.2) follow from (3.1).
If 𝑝 = 𝑞 and 𝒩 ( 𝑠0 ) = 𝒩 ( 𝑠∗0 ), then from Proposition A.4 we see that

𝑠0𝑠†0 = 𝑠†0𝑠0. Thus, combining (3.1) and (3.2) yields the remaining assertions. □

Remark 3.7. If 𝜅 ∈ ℕ0∪{+∞} and (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then the proof of Lemma 3.6
shows that

(
𝑠⊙ 𝑠‡

)
𝑗
= 𝛿0, 𝑗 ⋅ 𝑠0𝑠†0 and

(
𝑠‡ ⊙ 𝑠

)
𝑗
= 𝛿0, 𝑗 ⋅ 𝑠†0𝑠0 for each 𝑗 ∈ ℤ0,𝜅.

Now we turn our attention to the Cauchy product of invertible sequences of
complex matrices. The following result generalizes Proposition 2.14.

Proposition 3.8. Let 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. If ( 𝑡𝑗 )

𝜅
𝑗=0 ∈ ℐ𝑞×𝑟,𝜅

with ℛ ( 𝑠∗0 ) = ℛ ( 𝑡0 ) , then(
( 𝑠⊙ 𝑡 )𝑗

)𝜅
𝑗=0

∈ ℐ𝑝×𝑟,𝜅 and
(
( 𝑠⊙ 𝑡 )

‡
𝑗

)𝜅
𝑗=0

=
( (

𝑡‡ ⊙ 𝑠‡
)
𝑗

)𝜅
𝑗=0

.
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Proof. Let 𝑚 ∈ ℤ0, 𝜅. By assumption, we have[
S(𝑠)
𝑚

]†
= S

(𝑠‡)
𝑚 and

[
S(𝑡)
𝑚

]†
= S

(𝑡‡)
𝑚 . (3.7)

Remark 2.13 yields

S(𝑠⊙𝑡)
𝑚 = S(𝑠)

𝑚 ⋅ S(𝑡)
𝑚 and S

(𝑡‡⊙𝑠‡)
𝑚 = S

(𝑡‡)
𝑚 ⋅ S(𝑠

‡)
𝑚 . (3.8)

Formula (A.4) yields

𝑠∗0 ( 𝑠
∗
0 )

†
= 𝑠†0𝑠0 (3.9)

and [
S(𝑠)
𝑚

]∗ ( [
S(𝑠)
𝑚

]∗ )†
=
(
S(𝑠)
𝑚

)†
S(𝑠)
𝑚 . (3.10)

Since ℛ ( 𝑠∗0 ) = ℛ ( 𝑡0 ), part (b) of Lemma A.3 yields 𝑠∗0 ( 𝑠
∗
0 )

† = 𝑡0𝑡†0. Thus, from
(3.9), we see that

𝑠†0𝑠0 = 𝑡0𝑡†0. (3.11)

Applying Lemma 3.6 gives us[
S(𝑠)
𝑚

]†
S(𝑠)
𝑚 = 𝐼𝑚+1 ⊗

(
𝑠†0𝑠0

)
(3.12)

and

S(𝑡)
𝑚

[
S(𝑡)
𝑚

]†
= 𝐼𝑚+1 ⊗

(
𝑡0𝑡†0
)

. (3.13)

Using (3.10), (3.12), (3.11) and (3.13), we get[
S(𝑠)
𝑚

]∗ ( [
S(𝑠)
𝑚

]∗ )†
=
[
S(𝑠)
𝑚

]†
S(𝑠)
𝑚 = 𝐼𝑚+1 ⊗

(
𝑠†0𝑠0

)
= 𝐼𝑚+1 ⊗

(
𝑡0𝑡†0
)
= S(𝑡)

𝑚

[
S(𝑡)
𝑚

]†
.

Thus, part (b) of Lemma A.3 yields

ℛ
( [

S(𝑠)
𝑚

]∗ )
= ℛ
(
S(𝑡)
𝑚

)
.

Hence, from Proposition A.7, we get[
S(𝑠)
𝑚 S(𝑡)

𝑚

]†
=
[
S(𝑡)
𝑚

]† [
S(𝑠)
𝑚

]†
. (3.14)

Finally, applying (3.8), (3.14) and (3.7) yields[
S(𝑠⊙𝑡)
𝑚

]†
=
[
S(𝑠)
𝑚 S(𝑡)

𝑚

]†
=
[
S(𝑡)
𝑚

]† [
S(𝑠)
𝑚

]†
= S

(𝑡‡)
𝑚 ⋅ S(𝑠

‡)
𝑚 = S

(𝑡‡⊙𝑠‡)
𝑚 ,

which completes the proof. □
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If 𝑙 ∈ ℤ2,+∞, 𝜅 ∈ ℕ0 ∪ {+∞}, and (𝑠𝑗)𝜅𝑗=0 is a sequence in ℂ𝑞×𝑞 with
non-singular matrix 𝑠0, then Proposition 2.14 yields (𝑠𝑗)

𝜅
𝑗=0 ∈ ℐ𝑞×𝑞,𝜅. Further-

more, we know that the 𝑙-th Cauchy product of ( 𝑠𝑗 )
𝜅
𝑗=0 is in ℐ𝑞×𝑞,𝜅, and that((⊙𝑙

𝑘=1 𝑠‡
)
𝑗

)𝜅
𝑗=0

is the inverse sequence to

((⊙𝑙
𝑘=1 𝑠

)
𝑗

)𝜅
𝑗=0

, i.e.:

(( 𝑙⊙
𝑘=1

𝑠
)
𝑗

)𝜅
𝑗=0

∈ ℐ𝑞×𝑞,𝜅 and

(( 𝑙⊙
𝑘=1

𝑠
)‡
𝑗

)𝜅
𝑗=0

=

(( 𝑙⊙
𝑘=1

𝑠‡
)
𝑗

)𝜅
𝑗=0

.

If 𝑠0 satisfies ℛ ( 𝑠0 ) = ℛ ( 𝑠∗0 ), then this result can be extended to the degenerate
case:

Proposition 3.9. If 𝑙 ∈ ℤ2,+∞, 𝜅 ∈ ℕ0∪{+∞}, and (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑞×𝑞,𝜅 are such that
𝑠0 satisfies ℛ ( 𝑠0 ) = ℛ ( 𝑠∗0 ) , then(( 𝑙⊙

𝑘=1

𝑠
)
𝑗

)𝜅
𝑗=0

∈ ℐ𝑞×𝑞,𝜅 and

(( 𝑙⊙
𝑘=1

𝑠
)‡
𝑗

)𝜅
𝑗=0

=

(( 𝑙⊙
𝑘=1

𝑠‡
)
𝑗

)𝜅
𝑗=0

.

Proof. From Corollary A.8 for each 𝑘 ∈ ℕ, we get ℛ ( 𝑠𝑘0 ) = ℛ ( 𝑠0 ) and conse-

quently ℛ ( 𝑠𝑘0 ) = ℛ ( 𝑠∗0 ) . Now the assertion follows by induction from Proposi-
tion 3.8. □

From Remark A.9 we see that Proposition 3.9 works, in particular, for the
case in which 𝑠0 is a normal matrix.

4. Constructing the inverse sequence

The main focus of this section will, firstly, be on coming to an explicit description of
the set ℐ𝑝×𝑞,𝜅, of all invertible sequences, ( 𝑠𝑗 )𝜅𝑗=0, in ℂ

𝑝×𝑞. We will, secondly, focus
on finding an effective method for constructing the inverse sequence associated with
a sequence, ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. Our next task will be to find a suitable approach

to solving these problems. The following result will help point us in the right
direction.

Proposition 4.1. If 𝑚 ∈ ℕ and ( 𝑠𝑗 )
𝑚
𝑗=0 ∈ ℐ𝑝×𝑞,𝑚, then:

(a) ℛ ( 𝑠𝑗 ) ⊆ ℛ ( 𝑠0 ) for each 𝑗 ∈ ℤ0, 𝑚.
(b) 𝒩 ( 𝑠0 ) ⊆ 𝒩 ( 𝑠𝑗 ) for each 𝑗 ∈ ℤ0, 𝑚.

(c) 𝑠‡𝑚 = −𝑠†0

(
𝑚−1∑
𝑘=0

𝑠𝑚−𝑘𝑠
‡
𝑘

)
.

(d) 𝑠‡𝑚 = −
(

𝑚∑
𝑘=1

𝑠‡𝑚−𝑘𝑠𝑘

)
𝑠†0.
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Proof. The proof relies on applying Corollary A.11, which requires taking corre-

sponding block partitions of the matrices S
(𝑠)
𝑚 and S

(𝑠‡)
𝑚 into account. From the

definition of the sequence
(

𝑠‡𝑗
)𝑚
𝑗=0
, we see that⎛⎝ S

(𝑠‡)
𝑚−1 0𝑚𝑝×𝑞

( 𝑠‡𝑚 𝑠‡𝑚−1 ⋅⋅⋅ 𝑠‡1 ) 𝑠‡0

⎞⎠ = S
(𝑠‡)
𝑚 =

[
S(𝑠)
𝑚

]†
=

(
S

(𝑠)
𝑚−1 0𝑚𝑝×𝑞

( 𝑠𝑚 𝑠𝑚−1 ⋅⋅⋅ 𝑠1 ) 𝑠0

)†

.

(4.1)
(a) From (4.1) and Corollary A.11 we get ℛ ( (𝑠𝑚 ⋅ ⋅ ⋅ 𝑠1

) ) ⊆ ℛ ( 𝑠0 ) ,
from which (a) follows directly.

(b) Because of ( 𝑠𝑗 )
𝑚
𝑗=0 ∈ ℐ𝑝×𝑞,𝑚, Lemma 3.2 yields

(
𝑠∗𝑗
)𝑚
𝑗=0

∈ ℐ𝑞×𝑝,𝑚. Thus,

(a) implies ℛ ( 𝑠∗𝑗 ) ⊆ ℛ ( 𝑠∗0 ) for each 𝑗 ∈ ℤ0, 𝑚. By going over to the orthogonal

complements, we obtain (b).

(c) From (4.1) and Corollary A.11 we get(
𝑠‡𝑚 𝑠‡𝑚−1 ⋅ ⋅ ⋅ 𝑠‡1

)
= −𝑠†0

(
𝑠𝑚 𝑠𝑚−1 ⋅ ⋅ ⋅ 𝑠1

) [
S

(𝑠)
𝑚−1

]†
. (4.2)

Remark 2.3 yields [
S

(𝑠)
𝑚−1

]†
= S

(𝑠‡)
𝑚−1. (4.3)

Combining (4.2) and (4.3) gives us

𝑠‡𝑚 = −𝑠†0
(
𝑠𝑚 𝑠𝑚−1 ⋅ ⋅ ⋅ 𝑠1

)
⎛⎜⎜⎜⎝

𝑠‡0
𝑠‡1
...

𝑠‡𝑚−2

⎞⎟⎟⎟⎠ = −𝑠†0

(
𝑚−1∑
𝑘=0

𝑠𝑚−𝑘𝑠
‡
𝑘

)
.

(d) Applying (c) to the sequence
(

𝑠∗𝑗
)𝑚
𝑗=0

∈ ℐ𝑞×𝑝,𝑚, recalling Lemma 3.2 and
the identity ( 𝑠∗0 )

†
=
(

𝑠†0
)∗
(see (A.2)), the assertion follows directly. □

It should be mentioned that, for the special case in which 𝑝 = 𝑞 and
det 𝑠0 ∕= 0, the results of parts (c) and (d) were obtained as part (b) of Proposition
2.11.

Remark 4.2. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If ( 𝑠𝑗 )𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅 with 𝑠0 = 0𝑝×𝑞, then part
(a) of Proposition 4.1 yields that 𝑠𝑗 = 0𝑝×𝑞 for each 𝑗 ∈ ℤ0, 𝜅.

Proposition 4.1 gives us a good starting-point and will play a large role in
the next few sections. Keeping the results of parts (a) and (b) of Proposition 4.1
in mind, we next introduce a class of sequences of complex matrices which, as we
will see, will continue to play a major role throughout the rest of this paper.

Definition 4.3. Let 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )𝜅𝑗=0 be a sequence in in ℂ𝑝×𝑞. We
then say that ( 𝑠𝑗 )

𝜅
𝑗=0 is dominated by its first term (or, simply, that it is first
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term dominant) when

𝒩 (𝑠0) ⊆
𝜅∩
𝑗=0

𝒩 (𝑠𝑗) and

𝜅∪
𝑗=0

ℛ(𝑠𝑗) ⊆ ℛ(𝑠0). (4.4)

The set of all first term dominant sequences (𝑠𝑗)
𝜅
𝑗=0 in ℂ𝑝×𝑞 will be denoted by

𝒟𝑝×𝑞,𝜅.
We can now rewrite the results of parts (a) and (b) of Proposition 4.1.

Proposition 4.4. If 𝜅 ∈ ℕ0 ∪ {+∞}, then ℐ𝑝×𝑞,𝜅 ⊆ 𝒟𝑝×𝑞,𝜅.
Proof. From the definition of the set 𝒟𝑝×𝑞,𝜅 it is clear that the assertion follows
from parts (a) and (b) of Proposition 4.1. □

We now take a closer look at the class 𝒟𝑝×𝑞,𝜅 and will obtain results, which
will later help us to show that 𝒟𝑝×𝑞,𝜅 ⊆ ℐ𝑝×𝑞,𝜅.
Remark 4.5. If 𝜅 ∈ ℕ0 ∪ {+∞} and if (𝛼𝑗 )

𝜅
𝑗=0 is a sequence in ℂ, then

(𝛼𝑗 )
𝜅
𝑗=0 ∈ 𝒟1×1,𝜅 if and only if 𝛼0 ∕= 0 or (𝛼𝑗 )𝜅𝑗=0 is the constant sequence with

value 0.

It should be noted that, for each 𝜅 ∈ ℕ0 ∪ {+∞}, the set 𝒟𝑞×𝑞,𝜅 contains
all sequences (𝑠𝑗)

𝜅
𝑗=0 of complex 𝑞 × 𝑞-matrices having non-singular matrix 𝑠0.

Additionally, we make the following simple observations:

Remark 4.6. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices. Then

(𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅 if and only if (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, for all 𝑚 ∈ ℤ0,𝜅.

Remark 4.7. Let 𝜅 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )𝜅𝑗=0 be a sequence of complex 𝑝 × 𝑞-

matrices. If, for each 𝑗 ∈ ℤ0, 𝜅, we set

𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0,

then 𝑠0 = 𝑠0 and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.

Remark 4.8. Suppose 𝑚 ∈ ℕ0 and that (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚. Furthermore, suppose

that 𝜅 ∈ ℤ𝑚+1,+∞ ∪ {+∞} and also that (𝐴𝑗)𝜅𝑗=𝑚+1 is a sequence of complex
𝑞 × 𝑝-matrices. If we set 𝑠𝑗 := 𝑠0𝐴𝑗𝑠0, for each 𝑗 ∈ ℤ𝑚+1,𝜅, then, clearly, we get a
sequence (𝑠𝑗)

𝜅
𝑗=0 belonging to 𝒟𝑝×𝑞,𝜅.

Our focus now will be on matters related to the column-space of the matrix

S
(𝑠)
𝑚 given in (2.1).

Lemma 4.9. If 𝑚 ∈ ℕ0 and (𝑠𝑗)
𝑚
𝑗=0 is a sequence of complex 𝑝× 𝑞-matrices, then

the following statements are all equivalent:

(i) ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
(ii) ℛ(S𝑗) = ℛ(𝐼𝑗+1 ⊗ 𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
(iii) ℛ(S𝑚) = ℛ(𝐼𝑚+1 ⊗ 𝑠0).
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Proof. The case 𝑚 = 0 is trivial. Suppose 𝑚 ≥ 1.
“(i)⇒(ii)”: We prove (ii) by induction. There is an 𝑛 ∈ ℤ1,𝑚 such that

ℛ(S𝑗) = ℛ(𝐼𝑗+1 ⊗ 𝑠0) (4.5)

for each 𝑗 ∈ ℤ0,𝑛−1. From (2.1), we obtain the block-partition

S𝑛 =

(
S𝑛−1 0

𝑧1,𝑛 𝑠0

)
,

where, in view of (i), it is obvious that the block 𝑧1,𝑛 :=
(
𝑠𝑛 𝑠𝑛−1 ⋅ ⋅ ⋅ 𝑠1

)
satisfies ℛ(𝑧1,𝑛) ⊆ ℛ(𝑠0). Hence, part (a) of Lemma A.13 yields

ℛ(S𝑛) = ℛ (diag(S𝑛−1, 𝑠0)) . (4.6)

On the other hand, if we consider (4.5) for 𝑗 = 𝑛− 1, we get
ℛ (diag(S𝑛−1, 𝑠0)) = ℛ(S𝑛−1)⊕ℛ(𝑠0) = ℛ(𝐼𝑛⊗𝑠0)⊕ℛ(𝑠0) = ℛ(𝐼𝑛+1⊗𝑠0). (4.7)

Thus, in view of (4.6) and (4.7), condition (ii) is proved by induction.
“(ii)⇒(iii)”: This implication is obvious.
“(iii)⇒(i)”: Let 𝑗 ∈ ℤ0,𝑚. Suppose that 𝑦 ∈ ℛ(𝑠𝑗). There is, then, an 𝑥 ∈ ℂ𝑞

such that 𝑦 = 𝑠𝑗𝑥. Obviously, 𝑤 := col(𝑠𝑘𝑥)
𝑚
𝑘=0 can be expressed as

𝑤 = S𝑚 ⋅ col(𝛿𝑗0𝑥)𝑚𝑗=0.

Hence, from (iii) we see that 𝑤 ∈ ℛ(𝐼𝑚+1 ⊗ 𝑠0). Thus, there exists a 𝑣 ∈ ℂ
(𝑚+1)𝑞

such that 𝑤 = (𝐼𝑚+1 ⊗ 𝑠0)𝑣. Consequently,

𝑦 = 𝑠𝑗𝑥 = (𝛿0𝑗𝐼𝑞, 𝛿1𝑗𝐼𝑞, . . . , 𝛿𝑚𝑗𝐼𝑞)𝑤

= (𝛿0𝑗𝐼𝑞, 𝛿1𝑗𝐼𝑞, . . . , 𝛿𝑚𝑗𝐼𝑞)(𝐼𝑚+1 ⊗ 𝑠0)𝑣

= (𝛿0𝑗𝑠0, 𝛿1𝑗𝑠0, . . . , 𝛿𝑚𝑗𝑠0)𝑣

= 𝑠0(𝛿0𝑗𝐼𝑞 , 𝛿1𝑗𝐼𝑞 , . . . , 𝛿𝑚𝑗𝐼𝑞)𝑣.

In particular, 𝑦 ∈ ℛ(𝑠0). This meansℛ(𝑠𝑗) ⊆ ℛ(𝑠0). Therefore, (i) holds true. □
Using part (a) of Lemma A.14 instead of part (a) of Lemma A.13, the fol-

lowing result can be proved in much the same way as Lemma 4.9.

Lemma 4.10. If 𝑚 ∈ ℕ0 and (𝑠𝑗)
𝑚
𝑗=0 is a sequence of complex 𝑝× 𝑞-matrices, then

the following statements are all equivalent:

(i) ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
(ii) ℛ(𝕊𝑗) = ℛ(𝐼𝑗+1 ⊗ 𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
(iii) ℛ(𝕊𝑚) = ℛ(𝐼𝑚+1 ⊗ 𝑠0).

Having obtained Lemmas 4.9 and 4.10, we now present corresponding results
for null-spaces.

Lemma 4.11. Let 𝑚 ∈ ℕ0 and let (𝑠𝑗)
𝑚
𝑗=0 be a sequence of complex 𝑝× 𝑞-matrices.

The following statements are all equivalent:

(i) 𝒩 (𝑠0) ⊆ 𝒩 (𝑠𝑗) for each 𝑗 ∈ ℤ0,𝑚.
(ii) 𝒩 (S𝑗) = 𝒩 (𝐼𝑗+1 ⊗ 𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
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(iii) 𝒩 (S𝑚) = 𝒩 (𝐼𝑚+1 ⊗ 𝑠0).
(iv) 𝒩 (𝕊𝑗) = 𝒩 (𝐼𝑗+1 ⊗ 𝑠0) for each 𝑗 ∈ ℤ0,𝑚.
(v) 𝒩 (𝕊𝑚) = 𝒩 (𝐼𝑚+1 ⊗ 𝑠0).

Proof. Consider the matrices S∗
𝑚 and 𝕊∗𝑚, apply Lemma 4.9 and Lemma 4.10 to

the sequence (𝑠∗𝑗 )
𝑚
𝑗=0, and form orthogonal complements. □

Remark 4.12. Let 𝜅 ∈ ℕ∪{+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of Hermitian com-
plex 𝑞×𝑞-matrices. Using Remark 2.17, Lemma 4.11, Lemma 4.10, Lemma 4.9 and
Lemma A.3 (specifically, parts (a) and (b)), we see that the following statements
hold:

(a) 𝕊𝑗 = S∗
𝑗 for each 𝑗 ∈ ℤ0,𝜅.

(b) The following statements are all equivalent:
(i) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒟𝑞×𝑞,𝜅.

(ii) 𝒩 (𝑠0) ⊆ 𝒩 (𝑠𝑗) for all 𝑗 ∈ ℤ0,𝜅.
(iii) ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) for all 𝑗 ∈ ℤ0,𝜅.

(iv) 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 for all 𝑗 ∈ ℤ0, 𝜅.

(v) 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 for all 𝑗 ∈ ℤ0, 𝜅.
(c) If condition (i) is met, then 𝒩 (S∗

𝑗 ) = 𝒩 (S𝑗) and ℛ(S∗
𝑗 ) = ℛ(S𝑗) for all

𝑗 ∈ ℤ0,𝜅.

Our next objective can be described as follows: If𝑚 ∈ ℕ and (𝑠𝑗)
𝑚
𝑗=0∈𝒟𝑝×𝑞,𝑚,

then we want to show that ( 𝑠𝑗 )
𝑚
𝑗=0 ∈ ℐ𝑝×𝑞,𝑚 by explicitly constructing a sequence

(𝑟𝑗)
𝑚
𝑗=0 in ℂ𝑞×𝑝 such that

[
S

(𝑠)
𝑚

]†
= S

(𝑟)
𝑚 . With this in mind and recalling part

(c) of Proposition 4.1, we proceed with the following definition:

Definition 4.13. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex

𝑝× 𝑞-matrices. The sequence (𝑠♯𝑗)
𝜅
𝑗=0 defined by

𝑠♯𝑘 :=

⎧⎨⎩
𝑠†0, if 𝑘 = 0

−𝑠†0

𝑘−1∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙 , if 𝑘 ∈ ℤ1,𝜅

(4.8)

is called the reciprocal sequence corresponding to (𝑠𝑗)
𝜅
𝑗=0.

Notation 4.14. Given a 𝜅 ∈ ℕ0 ∪ {+∞} and a sequence (𝑠𝑗)𝜅𝑗=0 of complex 𝑝× 𝑞-

matrices, we will always use
(

𝑠♯𝑗
)𝜅
𝑗=0

to denote the reciprocal sequence correspond-

ing to (𝑠𝑗)
𝜅
𝑗=0. Also, for each 𝑚 ∈ ℤ0,𝜅, we set (using Notation 2.1, with

(
𝑠♯𝑗
)𝜅
𝑗=0

instead of ( 𝑠𝑗 )
𝜅
𝑗=0):

S♯𝑚 := S
(𝑠♯)
𝑚 . (4.9)

Remark 4.15. If 𝜅 ∈ ℕ ∪ {+∞} and ( 𝑠𝑗 )𝜅𝑗=0 is a sequence in ℂ𝑝×𝑞, then

𝑠♯1 = −𝑠†0𝑠1𝑠†0.
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Example 4.16. Let 𝑠0 ∈ ℂ𝑝×𝑞 and 𝜅 ∈ ℕ0 ∪ {+∞}. From Definition 4.13, we see

that if 𝑠𝑗 = 𝛿0, 𝑗 ⋅ 𝑠0 for each 𝑗 ∈ ℤ0,𝜅, then 𝑠♯𝑗 = 𝛿0, 𝑗 ⋅ 𝑠♯0 for each 𝑗 ∈ ℤ0,𝜅.

Remark 4.17. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 is a sequence in ℂ𝑝×𝑞, then it
immediately follows from Definition 4.13 that, for each 𝑚 ∈ ℤ0,𝜅, the reciprocal

sequence for (𝑠𝑗)
𝑚
𝑗=0 is

(
𝑠♯𝑗
)𝑚
𝑗=0
.

To prove that S†
𝑚 = S♯𝑚 for any sequence (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, we will need the

following result on the Moore-Penrose inverse of the block Toeplitz matrix S𝑚.

Lemma 4.18. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. For each 𝑚 ∈ ℤ1,𝜅,

the Moore-Penrose inverse S†
𝑚 of the block Toeplitz matrix S𝑚 admits the block

representations

S†
𝑚 =

(
S†
𝑚−1 0𝑚𝑞×𝑞

−𝑠†0𝑧1,𝑚S
†
𝑚−1 𝑠†0

)
and S†

𝑚 =

(
𝑠†0 0𝑞×𝑚𝑞

−S†
𝑚−1𝑦1,𝑚𝑠†0 S†

𝑚−1

)
, (4.10)

where

𝑧1,𝑚 :=
(
𝑠𝑚 𝑠𝑚−1 ⋅ ⋅ ⋅ 𝑠1

)
and 𝑦1,𝑚 := col(𝑠𝑗)

𝑚
𝑗=1. (4.11)

Proof. Let 𝑚 ∈ ℤ1,𝜅. We will apply Corollary A.11. From (2.1) we see that S𝑚
admits the block partitions

S𝑚 =

(
S𝑚−1 0
𝑧1,𝑚 𝑠0

)
and S𝑚 =

(
𝑠0 0

𝑦1,𝑚 S𝑚−1

)
. (4.12)

Since (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, we have

𝒩 (𝑠0) ⊆
𝑚∩
𝑗=1

𝒩 (𝑠𝑗) and

𝑚∪
𝑗=1

ℛ(𝑠𝑗) ⊆ ℛ(𝑠0). (4.13)

Clearly,

ℛ(𝑧1,𝑚) ⊆ ℛ(𝑠0), (4.14)

Lemma 4.9 yields ℛ(S𝑚−1) = ℛ(𝐼𝑚 ⊗ 𝑠0). Thus, taking part (b) of Lemma A.3
into account, we obtain

S𝑚−1S
†
𝑚−1 = (𝐼𝑚 ⊗ 𝑠0)(𝐼𝑚 ⊗ 𝑠0)

† = (𝐼𝑚 ⊗ 𝑠0)(𝐼𝑚 ⊗ 𝑠†0) = 𝐼𝑚 ⊗ (𝑠0𝑠†0). (4.15)

Formulas (4.13) and part (b) of Lemma A.3, together, yield 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 for each
𝑗 ∈ ℤ0,𝑚. Using (4.15), this gives us

S𝑚−1S
†
𝑚−1𝑦1,𝑚 =

[
𝐼𝑚 ⊗ (𝑠0𝑠†0)

]
⋅col(𝑠𝑗)𝑚𝑗=1 = col(𝑠0𝑠†0𝑠𝑗)

𝑚
𝑗=1 = col(𝑠𝑗)

𝑚
𝑗=1 = 𝑦1,𝑚.

Thus, using Lemma A.3, part (b), we obtain

ℛ(𝑦1,𝑚) ⊆ ℛ(S𝑚−1). (4.16)

The first inclusion in (4.13) gives us

𝒩 (𝑠0) ⊆ 𝒩 (𝑦1,𝑚). (4.17)
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Lemma 4.11 yields 𝒩 (S𝑚−1) = 𝒩 (𝐼𝑚 ⊗ 𝑠0). Since the first inclusion in (4.13)
implies 𝒩 (𝐼𝑚 ⊗ 𝑠0) ⊆ 𝒩 (𝑧1,𝑚), we also get

𝒩 (S𝑚−1) ⊆ 𝒩 (𝑧1,𝑚). (4.18)

Combining (4.12) with (4.14) and (4.18), and applying Corollary A.11 yields the
first block-representation of S†

𝑚 in (4.10). Similarly, to obtain the second block-
representation in (4.10), we combine (4.12) with (4.16) and (4.17). □

It should be noted that, for Lemma 4.18, a corresponding result can be shown

for the upper block Toeplitz matrices 𝕊𝑚, introduced via 𝕊𝑚 := 𝕊
(𝑠)
𝑚 and (2.3).

Notation 4.19. In the following, for each 𝜅 ∈ ℕ0∪{+∞}, for each sequence (𝑠𝑗)𝜅𝑗=0

of complex 𝑝× 𝑞-matrices, and for each 𝑚 ∈ ℤ0,𝜅, let the block Toeplitz matrices
S♯𝑚 and 𝕊♯𝑚 be given, respectively, by formula (4.9) and (using Notation 2.15, with(

𝑠♯𝑗
)𝜅
𝑗=0

instead of ( 𝑠𝑗 )
𝜅
𝑗=0):

𝕊
♯
𝑚 := 𝕊

(𝑠♯)
𝑚 .

Given a sequence (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, we now have a new way of looking at

the Moore-Penrose inverses of the matrices S𝑚 and 𝕊𝑚.

Proposition 4.20. If 𝜅 ∈ ℕ0∪{+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then, for each 𝑚 ∈ ℤ0,𝜅:

S†
𝑚 = S♯𝑚 and 𝕊

†
𝑚 = 𝕊

♯
𝑚.

Proof. The case 𝜅 = 0 is trivial. Suppose, therefore, that 𝜅 ≥ 1. Because S†
0 = S♯0,

there exists an 𝑚 ∈ ℤ1,𝜅 such that S†
𝑘 = S♯𝑘 for each 𝑘 ∈ ℤ0,𝑚−1. From Lem-

ma 4.18, we then get

S†
𝑚 =

(
S♯𝑚−1 0

−𝑠†0𝑧1,𝑚S
♯
𝑚−1 𝑠♯0

)
. (4.19)

Hence, Definition 4.13 yields

−𝑠†0𝑧1,𝑚S
♯
𝑚−1 =

⎛⎝−𝑚−1∑
𝑗=0

𝑠†0𝑠𝑚−𝑗𝑠
♯
𝑗 ,−

𝑚−2∑
𝑗=0

𝑠†0𝑠𝑚−1−𝑗𝑠
♯
𝑗 , . . . ,−

1−1∑
𝑗=0

𝑠†0𝑠1−𝑗𝑠
♯
𝑗

⎞⎠
= (𝑠♯𝑚, 𝑠♯𝑚−1, . . . , 𝑠♯1). (4.20)

Combining (4.19) and (4.20), we obtain S†
𝑚 = S♯𝑚. Thus, by induction, we have

shown that S†
𝑚 = S♯𝑚 for each 𝑚 ∈ ℤ0,𝜅. Furthermore, since the matrix 𝑈 in (2.5)

is unitary, we see from part (c) of Lemma A.3 that 𝕊†𝑚 = 𝑈𝑞,𝑚S
♯
𝑚𝑈𝑝,𝑚 = 𝕊

♯
𝑚 for

each 𝑚 ∈ ℤ0,𝜅 □
We next come to the main result of this section.

Theorem 4.21. If 𝜅 ∈ ℕ0 ∪ {+∞}, then
(a) ℐ𝑝×𝑞,𝜅 = 𝒟𝑝×𝑞,𝜅.
(b) If (𝑠𝑗)

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then the inverse sequence corresponding to (𝑠𝑗)

𝜅
𝑗=0 coin-

cides with the reciprocal sequence corresponding to (𝑠𝑗)
𝜅
𝑗=0.
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Proof. (a) From Proposition 4.4, we get ℐ𝑝×𝑞,𝜅 ⊆ 𝒟𝑝×𝑞,𝜅. To prove (a) we there-
fore only need to show that ℐ𝑝×𝑞,𝜅 ⊇ 𝒟𝑝×𝑞,𝜅. To this end, let (𝑠𝑗)𝜅𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.
From Proposition 4.20 it follows that S†

𝑚 = S♯𝑚 for all 𝑚 ∈ ℤ0,𝜅. From (4.9) and
Definition 2.2 we then see that (𝑠𝑗)

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, and thus, ℐ𝑝×𝑞,𝜅 ⊇ 𝒟𝑝×𝑞,𝜅.

(b) Suppose (𝑠𝑗)
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. From Proposition 4.4, we see that (𝑠𝑗)

𝜅
𝑗=0 ∈

𝒟𝑝×𝑞,𝜅. Using Proposition 4.20, we then obtain S†
𝑚 = S♯𝑚 for all 𝑚 ∈ ℤ0,𝜅. From

Definition 2.6, we now see that the inverse sequence corresponding to (𝑠𝑗)
𝜅
𝑗=0

coincides with the reciprocal sequence (𝑠♯𝑗)
𝜅
𝑗=0 corresponding to (𝑠𝑗)

𝜅
𝑗=0. □

Corollary 4.22. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then the reciprocal

sequence corresponding to
(

𝑠♯𝑗
)𝜅
𝑗=0

is (𝑠𝑗)
𝜅
𝑗=0.

Proof. Combine Theorem 4.21 and Remark 2.8. □

Corollary 4.23. Let 𝜅 ∈ ℕ ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞, 𝜅. For each 𝑚 ∈ ℤ1, 𝜅,

then(
𝑠♯𝑚 𝑠♯𝑚−1 ⋅ ⋅ ⋅ 𝑠♯1

)
= −𝑠†0𝑧1,𝑚S

†
𝑚−1 and col

(
𝑠♯𝑗
)𝑚
𝑗=1

= −S†
𝑚−1𝑦1,𝑚𝑠†0,

where 𝑧1,𝑚 and 𝑦1,𝑚 are defined as in (4.11).

Proof. Consider the left lower blocks in the block partitions (4.10) and take into
account that Theorem 4.21 implies S†

𝑚 = S♯𝑚. □

Corollary 4.24. Let 𝜅 ∈ ℤ2,+∞ ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞, 𝜅. If 𝑘 ∈ ℤ2, 𝜅, then

𝑠♯𝑘 = 𝑠†0
(
−𝑠𝑘 + 𝑧1, 𝑘−1S

†
𝑘−2𝑦1, 𝑘−1

)
𝑠†0,

where 𝑧1,𝑚 and 𝑦1,𝑚 are defined as in (4.11).

Proof. By Corollary 4.23, it follows that(
𝑠♯𝑘 𝑠♯𝑘−1 ⋅ ⋅ ⋅ 𝑠♯1

)
= −𝑠†0𝑧1, 𝑘S

†
𝑘−1 = −𝑠†0

(
𝑠𝑘 𝑠𝑘−1 ⋅ ⋅ ⋅ 𝑠1

)
S†
𝑘−1.

Thus,

𝑠♯𝑘 =
(
𝑠♯𝑚 𝑠♯𝑚−1 ⋅ ⋅ ⋅ 𝑠♯1

)( 𝐼𝑝
0(𝑘−1)𝑝×𝑝

)
= −𝑠†0

(
𝑠𝑘 𝑠𝑘−1 ⋅ ⋅ ⋅ 𝑠1

)
S†
𝑘−1

(
𝐼𝑝

0(𝑘−1)𝑝×𝑝

)
. (4.21)

Lemma 4.18 gives us the block partition

S†
𝑘−1 =

(
𝑠†0 0𝑞×(𝑘−1)𝑞

−S†
𝑘−2𝑦1,𝑘−1𝑠†0 S†

𝑘−2

)
.

Thus, it follows that

S†
𝑘−1

(
𝐼𝑝

0(𝑘−1)𝑝×𝑝

)
=

(
𝑠†0

−S†
𝑘−2𝑦1, 𝑘−1𝑠†0

)
. (4.22)
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Furthermore, (
𝑠𝑘 𝑠𝑘−1 ⋅ ⋅ ⋅ 𝑠1

)
=
(
𝑠𝑘 𝑧1, 𝑘−1

)
. (4.23)

Using (4.21)–(4.23), we obtain

𝑠♯𝑘 = −𝑠†0
(
𝑠𝑘 𝑧1, 𝑘−1

)( 𝑠†0
−S†

𝑘−2𝑦1, 𝑘−1𝑠†0

)
= −𝑠†0𝑠𝑘𝑠

†
0 + 𝑠†0𝑧1, 𝑘−1S

†
𝑘−2𝑦1, 𝑘−1𝑠†0

= 𝑠†0
(
−𝑠𝑘 + 𝑧1, 𝑘−1S

†
𝑘−2𝑦1, 𝑘−1

)
𝑠†0,

which completes the proof. □

5. A closer look at the set 퓓𝒑×𝒒,𝜿 and reciprocal sequences

Theorem 4.21 shows us that the sets ℐ𝑝×𝑞,𝜅 and 𝒟𝑝×𝑞,𝜅 are equal to one another.
The same theorem also tells us that the problem of constructing a sequence’s
inverse amounts to constructing its reciprocal. To find out more about ℐ𝑝×𝑞,𝜅, we
can therefore look at 𝒟𝑝×𝑞,𝜅. By examining the properties of reciprocal sequences
and determining the rules that apply when working with these sequences, we can
learn more about these same aspects as they apply to inverse sequences. This
section will serve that very purpose. We now take a closer look at the set 𝒟𝑝×𝑞,𝜅
and its elements.

Proposition 5.1. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 is a sequence in ℂ𝑝×𝑞, then the

following statements are all equivalent:

(i) (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.

(ii) 𝒩 (𝑠0) ⊆
𝜅∩
𝑗=0

𝒩 (𝑠𝑗) and 𝒩 (𝑠∗0) ⊆
𝜅∩
𝑗=0

𝒩 (𝑠∗𝑗 ).

(iii)

𝜅∪
𝑗=0

ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) and

𝜅∪
𝑗=0

ℛ(𝑠∗𝑗 ) ⊆ ℛ(𝑠∗0).

(iv) (𝑠∗𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑞×𝑝,𝜅.

(v) 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 and 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 for all 𝑗 ∈ ℤ0, 𝜅.

(vi) 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 for all 𝑗 ∈ ℤ0, 𝜅.

Proof. Use parts (a) and (b) of Lemma A.3 and consider orthogonal complements.
□

Remark 5.2. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then Remark 4.5 yields
(rank 𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒟1×1,𝜅 and ( det 𝑠𝑗 )

𝜅
𝑗=0 ∈ 𝒟1×1,𝜅.

Remark 5.3. If 𝜅 ∈ ℕ0 ∪ {+∞}, (𝛼𝑗 )𝜅𝑗=0 ∈ 𝒟1×1,𝜅 and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then,

taking Remark 4.5 into account, we see that (𝛼𝑗𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.
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Lemma 5.4. Suppose 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. Let 𝐿 ∈ ℂ𝑘×𝑝 and

𝑅 ∈ ℂ𝑞×𝑛 be such that ℛ(𝑠0) ⊆ ℛ(𝐿∗) and ℛ( 𝑠∗0 ) ⊆ ℛ (𝑅 ) . Then (𝐿𝑠𝑗𝑅 )
𝜅
𝑗=0 ∈

𝒟𝑘×𝑛,𝜅, (𝐿𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑘×𝑞,𝜅 and ( 𝑠𝑗𝑅 )

𝜅
𝑗=0 ∈ 𝒟𝑝×𝑛,𝜅.

Proof. Because of (A.8), we have ℛ ( 𝑠∗0 ) = ℛ( 𝑠†0 ), and thus ℛ( 𝑠†0 ) ⊆ ℛ (𝑅 ) .
Hence, part (b) of Lemma A.3 implies

𝑅𝑅†𝑠†0 = 𝑠†0. (5.1)

Because of ℛ ( 𝑠0 ) ⊆ ℛ (𝐿∗ ), part (b) of Lemma A.3 yields 𝐿∗ (𝐿∗ )† 𝑠0 = 𝑠0.
Using (A.4), we now get

𝐿†𝐿𝑠0 = 𝑠0. (5.2)

Let 𝑗 ∈ ℤ0, 𝜅. Because of Proposition 5.1, we have

𝑠𝑗 = 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0.

Thus, taking both (5.1) and (5.2) into account, we get

𝐿𝑠𝑗𝑅 = 𝐿𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0𝑅

= 𝐿𝑠0

(
𝑅𝑅†𝑠†0

)
𝑠𝑗𝑠

†
0

(
𝐿†𝐿𝑠0

)
𝑅

= (𝐿𝑠0𝑅 )
(

𝑅†𝑠†0𝑠𝑗𝑠
†
0𝐿† ) (𝐿𝑠0𝑅 ) .

This implies

𝒩 (𝐿𝑠𝑗𝑅 ) ⊆ 𝒩 (𝐿𝑠0𝑅 ) and ℛ (𝐿𝑠𝑗𝑅 ) ⊆ ℛ (𝐿𝑠0𝑅 ) .

Hence, (𝐿𝑠𝑗𝑅 )
𝜅
𝑗=0 belongs to 𝒟𝑘×𝑛,𝜅. The two remaining assertions can be simi-

larly verified. □
Remark 5.5. Let 𝐿 ∈ ℂ𝑘×𝑝, 𝑅 ∈ ℂ𝑞×𝑛, 𝜅 ∈ ℕ0∪{+∞}, and (𝑠𝑗)𝜅𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. Sup-
pose, furthermore, that rank𝐿 = 𝑝 and rank𝑅 = 𝑞. It follows then, that ℛ (𝐿∗ ) =
ℂ𝑝 andℛ (𝑅 ) = ℂ𝑞. Thus, from Lemma 5.4 we then see that (𝐿𝑠𝑗𝑅)

𝜅
𝑗=0 ∈ 𝒟𝑘×𝑛,𝜅.

Remark 5.6. Let (𝑝𝑙)
𝑘
𝑙=1 and (𝑞𝑙)

𝑘
𝑙=1 be sequences in ℕ and let 𝜅 ∈ ℕ0 ∪ {+∞}.

For each 𝑙 ∈ ℤ1,𝑘, let
(

𝑠
(𝑙)
𝑗

)𝜅
𝑗=0

be a sequence in ℂ
𝑝𝑙×𝑞𝑙 . Setting 𝑝 :=

𝑘∑
𝑙=1

𝑝𝑙 and

𝑞 :=

𝑘∑
𝑙=1

𝑞𝑙, we then see from (4.4) that

(
diag (𝑠

(𝑙)
𝑗 )

𝑘
𝑙=1

)𝜅
𝑗=0

∈ 𝒟𝑝×𝑞,𝜅 iff
(

𝑠
(𝑙)
𝑗

)𝜅
𝑗=0

∈ 𝒟𝑝𝑙×𝑞𝑙,𝜅, for all 𝑙 ∈ ℤ1,𝑘.

Remark 5.7. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞 such that

𝑠2𝑙+1 = 0𝑝×𝑞 for all 𝑙 ∈ ℕ0 with 2𝑙+ 1 ≤ 𝜅.

Recalling Definition 4.13, it can be shown by induction that

𝑠♯2𝑙+1 = 0𝑞×𝑝 for all 𝑙 ∈ ℕ0 with 2𝑙+ 1 ≤ 𝜅.
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Remark 5.8. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪ {+∞}, and (𝑠𝑗)𝜅𝑗=0 be a sequence in ℂ𝑝×𝑞.
Recalling Definition 4.13, it can be shown by induction that(

(𝛼𝑠𝑗 )
♯
)𝜅
𝑗=0

=
(

𝛼†𝑠♯𝑗
)𝜅
𝑗=0

,

i.e., that (𝛼†𝑠♯𝑗)
𝜅
𝑗=0 is the reciprocal sequence corresponding to (𝛼𝑠𝑗)

𝜅
𝑗=0.

Remark 5.9. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence in ℂ𝑝×𝑞.
Recalling Definition 4.13, it can be verified by induction that( (

𝛼𝑗𝑠𝑗
)♯ )𝜅

𝑗=0
=
(

𝛼𝑗𝑠♯𝑗
)𝜅
𝑗=0

.

We will next recognize that constructing the sequence reciprocal to a sequence
( 𝑠𝑗 )

𝜅
𝑗=0 in ℂ𝑝×𝑞 always yields an element of 𝒟𝑞×𝑝,𝜅.

Proposition 5.10. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 is a sequence in ℂ𝑝×𝑞, then:

(a)
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ 𝒟𝑞×𝑝,𝜅.
(b) For each 𝑗 ∈ ℤ0, 𝜅, both of the following identities hold:

𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 and 𝑠♯𝑗𝑠0𝑠†0 = 𝑠♯𝑗 .

(c) 𝑠♯0

[
𝑘∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙

]
= 0𝑝×𝑞 for each 𝑘 ∈ ℤ1, 𝜅.

(d) If

𝜅∪
𝑗=1

ℛ ( 𝑠𝑗 ) ⊆ ℛ ( 𝑠0 ), then

𝑘∑
𝑙=0

𝑠𝑙−𝑘𝑠
♯
𝑙 = 0𝑝×𝑝 for each 𝑘 ∈ ℤ1, 𝜅.

Proof. (a) From Definition 4.13 it is immediately clear that ℛ( 𝑠♯𝑗 ) ⊆ ℛ( 𝑠♯0 ), for
each 𝑗 ∈ ℤ0,𝜅. Using Definition 4.13, it follows by induction that 𝒩

(
𝑠♯0
) ⊆ 𝒩 ( 𝑠♯𝑗 ),

for each 𝑗 ∈ ℤ0,𝜅.

(b) Taking (A.1) and Definition 4.13 into account, we obtain 𝑠0 = (𝑠†0)
† =

(𝑠♯0)
†. Thus, combining (a) and (4.4) with parts (b) and (a) of Lemma A.3, we

conclude that

𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯0(𝑠
♯
0)

†𝑠♯𝑗 = 𝑠♯𝑗 and 𝑠♯𝑗𝑠0𝑠†0 = 𝑠♯𝑗(𝑠
♯
0)

†𝑠♯0 = 𝑠♯𝑗 ,

for each 𝑗 ∈ ℤ0,𝜅.
(c) Using (b) and Definition 4.13, we get

𝑠♯0

[
𝑘∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙

]
= 𝑠†0𝑠0𝑠♯𝑘 + 𝑠♯0

[
𝑘∑
𝑙=1

𝑠𝑘−𝑙𝑠
♯
𝑙

]
= 𝑠♯𝑘 − 𝑠♯𝑘 = 0𝑝×𝑞.

(d) Using part (b) of Lemma A.3 and (c), we see that

𝑘∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙 =

𝑘∑
𝑙=0

𝑠0𝑠†0𝑠𝑘−𝑙𝑠
♯
𝑙 = 𝑠0

(
𝑠♯0

[
𝑘∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙

])
= 𝑠0 ⋅ 0𝑝×𝑞 = 0𝑝×𝑝. □
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We now characterize the case in which two sequences of complex 𝑝×𝑞-matrices
have the same reciprocal sequence.

Proposition 5.11. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)
𝜅
𝑗=0 and (𝑡𝑗)

𝜅
𝑗=0 are sequences in

ℂ𝑝×𝑞, then the following two statements are equivalent to one another:

(i) For every 𝑗 ∈ ℤ0,𝜅:

𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑡0𝑡†0𝑡𝑗𝑡

†
0𝑡0.

(ii) For every 𝑗 ∈ ℤ0,𝜅:

𝑠♯𝑗 = 𝑡♯𝑗 .

Proof. From part (b) of Proposition 5.10 we obtain

𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 and 𝑡†0𝑡0𝑡♯𝑗 = 𝑡♯𝑗 , for every 𝑗 ∈ ℤ0,𝜅. (5.3)

“(i)⇒(ii)”: From Definition 4.13, Remark 4.7 and (i) we see that

𝑠♯0 = 𝑠†0 = 𝑠0𝑠†0𝑠0𝑠†0𝑠0 = 𝑡0𝑡†0𝑡0𝑡†0𝑡0 = 𝑡†0 = 𝑡♯0. (5.4)

For 𝜅 = 0, we have thus proved (ii).

Suppose now that 𝜅 ≥ 1 and that for some 𝑚 ∈ ℤ1,𝜅:

𝑠♯𝑗 = 𝑡♯𝑗 , for every 𝑗 ∈ ℤ0,𝑚−1.

From Definition 4.13, (5.3), and (i) it then follows that

𝑠♯𝑚 = −𝑠†0
𝑚−1∑
𝑗=0

𝑠𝑚−𝑗𝑠
♯
𝑗 = −𝑠†0

𝑚−1∑
𝑗=0

𝑠0𝑠†0𝑠𝑚−𝑗𝑠
†
0𝑠0𝑠♯𝑗

= −𝑡†0

𝑚−1∑
𝑗=0

𝑡0𝑡†0𝑡𝑚−𝑗𝑡
†
0𝑡0𝑡♯𝑗 = −𝑡†0

𝑚−1∑
𝑗=0

𝑡𝑚−𝑗𝑡
♯
𝑗 = 𝑡♯𝑚.

Thus we have proved (ii) by induction.

“(ii)⇒(i)”: From (A.1), Definition 4.13, and (ii), we obtain

𝑠0 = (𝑠
†
0)

† = (𝑠♯0)
† = (𝑡♯0)

† = (𝑡†0)
† = 𝑡0. (5.5)

Taking (5.5) into account, we see that 𝑠0𝑠†0𝑠0𝑠†0𝑠0 = 𝑡0𝑡†0𝑡0𝑡†0𝑡0. For 𝜅 = 0 we have
therefore proved (i).

Suppose now that 𝜅 ≥ 1. From Remark 2.17, (ii) and (5.5), we get

𝑠0𝑠†0𝑠1𝑠†0𝑠0 = 𝑠0

( − 𝑠♯1
)
𝑠0 = 𝑡0

( − 𝑡♯1
)
𝑡0 = 𝑡0𝑡†0𝑡1𝑡†0𝑡0. (5.6)

We have thus proved (i) for 𝜅 = 1.

Now suppose that 𝜅 ≥ 2 and that for some 𝑚 ∈ ℤ2,𝜅:

𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑡0𝑡†0𝑡𝑗𝑡

†
0𝑡0, for every 𝑗 ∈ ℤ1,𝑚−1.



32 B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz

From Definition 4.13, (5.3), (ii) and (5.5), we obtain

−𝑠†0𝑠𝑚𝑠†0 = −𝑠†0𝑠𝑚𝑠♯0

= −𝑠†0

𝑚−1∑
𝑗=0

𝑠𝑚−𝑗𝑠
♯
𝑗 + 𝑠†0

𝑚−1∑
𝑗=1

𝑠𝑚−𝑗𝑠
♯
𝑗

= 𝑠♯𝑚 + 𝑠†0

𝑚−1∑
𝑗=1

𝑠0𝑠†0𝑠𝑚−𝑗𝑠
†
0𝑠0𝑠♯𝑗

= 𝑡♯𝑚 + 𝑡†0

𝑚−1∑
𝑗=1

𝑡0𝑡†0𝑡𝑚−𝑗𝑡
†
0𝑡0𝑡♯𝑗

= −𝑡†0

𝑚−1∑
𝑗=0

𝑡𝑚−𝑗𝑡
♯
𝑗 + 𝑡†0

𝑚−1∑
𝑗=1

𝑡𝑚−𝑗𝑡
♯
𝑗

= −𝑡†0𝑡𝑚𝑡♯0 = −𝑡†0𝑡𝑚𝑡†0.

Taking (5.5) into account, we see that 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0 = 𝑡0𝑡†0𝑡𝑚𝑡†0𝑡0. By induction, we
have thus proved (i). □

Corollary 5.12. Let 𝑚 ∈ ℕ0 and ( 𝑠𝑗 )
𝑚
𝑗=0 be a sequence in ℂ𝑝×𝑞. Furthermore, let

𝑡𝑗 :=

{
𝑠𝑗 , if 𝑚 > 0 and 𝑗 ∈ ℤ0,𝑚−1

𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0, if 𝑗 = 𝑚.

Then both ( 𝑠𝑗 )
𝑚
𝑗=0 and ( 𝑡𝑗 )

𝑚
𝑗=0 have the same reciprocal sequence, i.e., 𝑡♯𝑗 = 𝑠♯𝑗

holds true for all 𝑗 ∈ ℤ0,𝑚.

Proof. Use Proposition 5.11. □

Now we present a characterization of the invertibility of a sequence in terms
of the reciprocal sequence.

Proposition 5.13. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If ( 𝑠𝑗 )
𝜅
𝑗=0 is a sequence in ℂ𝑝×𝑞 and if we

then define the sequence
(

𝑠𝑗
)𝜅
𝑗=0

via 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0, for each 𝑗 ∈ ℤ0, 𝜅, then:

(a) Both of these sequences have the same reciprocal sequence, i.e.:(
𝑠♯𝑗
)𝜅
𝑗=0

=
(

𝑠♯𝑗
)𝜅
𝑗=0

. (5.7)

(b) The sequence
(

𝑠𝑗
)𝜅
𝑗=0

is invertible and its inverse sequence
(

𝑠‡𝑗
)𝜅
𝑗=0

is the

sequence reciprocal to ( 𝑠𝑗 )
𝜅
𝑗=0, i.e.:(

𝑠𝑗
)𝜅
𝑗=0

∈ ℐ𝑝×𝑞,𝜅 and
(

𝑠‡𝑗
)𝜅
𝑗=0

=
(

𝑠♯𝑗
)𝜅
𝑗=0

.
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(c) The reciprocal sequence
( (

𝑠♯𝑗
)♯ )𝜅

𝑗=0
for the sequence

(
𝑠♯𝑗
)𝜅
𝑗=0

satisfies( (
𝑠♯𝑗
)♯ )𝜅

𝑗=0
=
(

𝑠𝑗
)𝜅
𝑗=0

. (5.8)

(d) The following three statements are all equivalent:

(i) ( 𝑠𝑗 )
𝜅
𝑗=0 is the reciprocal sequence for

(
𝑠♯𝑗
)𝜅
𝑗=0

.

(ii) ( 𝑠𝑗 )
𝜅
𝑗=0 = ( 𝑠𝑗 )

𝜅
𝑗=0 .

(iii) ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅.

Proof. (a) Remark 4.7 gives us 𝑠0 = 𝑠0. Thus, for each 𝑗 ∈ ℤ0, 𝜅, we obtain

𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑠0𝑠†0𝑠𝑗𝑠

†
0𝑠0 = 𝑠0𝑠†0

(
𝑠0𝑠†0𝑠𝑗𝑠

†
0𝑠0

)
𝑠†0𝑠0 = 𝑠0𝑠†0𝑠𝑗𝑠

†
0𝑠0.

Hence, Proposition 5.11 yields (5.7).
(b) Recalling Remark 4.7, we see that

( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. (5.9)

From (5.9) and part (a) of Theorem 4.21 we get ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. From part (b)

of Theorem 4.21 we get and (a) we conclude that(
𝑠‡𝑗
)𝜅
𝑗=0

=
(

𝑠♯𝑗
)𝜅
𝑗=0

=
(

𝑠♯𝑗
)𝜅
𝑗=0

.

(c) From (5.9) and Corollary 4.22, it follows that( (
𝑠♯𝑗
)♯ )𝜅

𝑗=0
=
(

𝑠𝑗
)𝜅
𝑗=0

.

Thus, (a) implies (5.8).
(d) “(i) ⇐⇒ (ii)” This equivalence follows from (c).
“(ii) ⇐⇒ (iii)” This follows from Proposition 5.1 and part (a) of Theorem

4.21. □
Corollary 5.14. Let 𝜅 ∈ ℕ ∪ {+∞} and let ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. For each 𝑘 ∈ ℤ1, 𝜅,

then

𝑘∑
𝑙=0

𝑠♯𝑙−𝑘𝑠𝑙 = 0𝑞×𝑞.

Proof. Let 𝑘 ∈ ℤ1, 𝜅. It follows from part (a) of Proposition 5.10 and Definition

4.13 that
𝑘∪
𝑙=0

ℛ( 𝑠♯𝑙−𝑘 ) ⊆ ℛ( 𝑠♯0 ). Thus, part (d) of Proposition 5.10 yields
𝑘∑
𝑙=0

𝑠♯𝑙−𝑘
(

𝑠♯𝑙
)♯
= 0𝑞×𝑞. (5.10)

Because ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, we see from part (d) of Proposition 5.13 that( (

𝑠♯𝑗
)♯ )𝜅

𝑗=0
= ( 𝑠𝑗 )

𝜅
𝑗=0 .

Combining this with (5.10) completes the proof. □



34 B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz

We next look to find generalizations of some parts of Lemma 3.2. We will
first need the following results.

Remark 5.15. Suppose that 𝑘 ∈ ℕ0 ∪ {+∞} and that ( 𝑠𝑗 )𝜅𝑗=0 is a sequence in

ℂ𝑝×𝑞. For each 𝑗 ∈ ℤ0, 𝜅, we set 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0, 𝑡𝑗 := 𝑠∗𝑗 and 𝑡̃𝑗 := 𝑡0𝑡†0𝑡𝑗𝑡

†
0𝑡0.

Then, using (A.2), we get

𝑡̃𝑗 = 𝑠∗0 ( 𝑠
∗
0 )

† 𝑠∗𝑗 ( 𝑠∗0 )
† 𝑠∗0 = 𝑠∗0

(
𝑠†0
)∗

𝑠∗𝑗
(

𝑠†0
)∗

𝑠∗0 =
(

𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0

)∗
= 𝑠∗𝑗 .

Proposition 5.16. Suppose that 𝑘 ∈ ℕ0 ∪{+∞} and that ( 𝑠𝑗 )
𝜅
𝑗=0 is a sequence in

ℂ𝑝×𝑞. Then ( (
𝑠∗𝑗
)♯ )𝜅

𝑗=0
=
( (

𝑠♯𝑗
)∗ )𝜅

𝑗=0
.

Proof. For each 𝑗 ∈ ℤ0, 𝜅 we set 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0, 𝑡𝑗 := 𝑠∗𝑗 and 𝑡̃𝑗 := 𝑡0𝑡†0𝑡𝑗𝑡

†
0𝑡0.

Then Remark 5.15 yields (
𝑡̃𝑗
)𝜅
𝑗=0

=
(

𝑠∗𝑗
)𝜅
𝑗=0

. (5.11)

Part (a) of Proposition 5.13 yields (5.7) and(
𝑡♯𝑗
)𝜅
𝑗=0

=
(

𝑡̃♯𝑗
)𝜅
𝑗=0

. (5.12)

Combining Remark 4.7 and part (a) of Theorem 4.21 we see that(
𝑠𝑗
)𝜅
𝑗=0

∈ ℐ𝑝×𝑞,𝜅. (5.13)

Because of (5.13), applying Lemma 3.2 yields
(

𝑠∗𝑗
)𝜅
𝑗=0

∈ ℐ𝑞×𝑝,𝜅 and( (
𝑠∗𝑗
)‡ )𝜅

𝑗=0
=
( (

𝑠‡𝑗
)∗ )𝜅

𝑗=0
. (5.14)

In view of part (b) of Theorem 4.21, formula (5.14) can be rewritten as( (
𝑠∗𝑗
)♯ )𝜅

𝑗=0
=
( (

𝑠♯𝑗
)∗ )𝜅

𝑗=0
. (5.15)

Using (5.7), (5.15), (5.11), (5.12) and (5.11) again, we obtain( (
𝑠♯𝑗
)∗ )𝜅

𝑗=0
=
( (

𝑠♯𝑗
)∗ )𝜅

𝑗=0
=
( (

𝑠∗𝑗
)♯ )𝜅

𝑗=0
=
(

𝑡̃♯𝑗
)𝜅
𝑗=0

=
(

𝑡♯𝑗
)𝜅
𝑗=0

=
( (

𝑠∗𝑗
)♯ )𝜅

𝑗=0
.

Thus, the proof is complete. □

Corollary 5.17. If 𝑘 ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
𝜅
𝑗=0 is a sequence in ℂ

𝑞×𝑞
H , then(

𝑠♯𝑗

)𝜅
𝑗=0

is also a sequence in ℂ
𝑞×𝑞
H .

Taking part (b) of Theorem 4.21 into account, we see that Proposition 5.16
and Corollary 5.17 are extensions of Lemma 3.2 and Remark 3.3, respectively.
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Lemma 5.18. Let 𝜅 ∈ ℕ0∪{+∞} and (𝑠𝑗)
𝜅
𝑗=0 be a sequence in ℂ𝑝×𝑞. Let 𝐿 ∈ ℂ𝑘×𝑝

and 𝑅 ∈ ℂ𝑞×𝑛 be such that ℛ(𝐿∗) = ℛ(𝑠0) and ℛ ( 𝑠∗0 ) = ℛ (𝑅 ) . Then(
(𝐿𝑠𝑗𝑅 )

♯
)𝜅
𝑗=0

=
(

𝑅†𝑠♯𝑗𝐿
†
)𝜅
𝑗=0

,
(
(𝐿𝑠𝑗 )

♯
)𝜅
𝑗=0

=
(

𝑠♯𝑗𝐿
†
)𝜅
𝑗=0

,

and (
( 𝑠𝑗𝑅 )

♯
)𝜅
𝑗=0

=
(

𝑅†𝑠♯𝑗
)𝜅
𝑗=0

.

Proof. From Proposition A.7 we see that

(𝐿𝑠0𝑅 )
†
= 𝑅†𝑠†0𝐿†. (5.16)

Combining (5.16) with Definition 4.13 gives us (𝐿𝑠0𝑅 )
♯
= 𝑅†𝑠†0𝐿†. Hence, there

is an 𝑚 ∈ ℤ1,𝜅 such that

(𝐿𝑠𝑙𝑅)
♯ = 𝑅†𝑠♯𝑙𝐿

†, for all 𝑙 ∈ ℤ0,𝑚−1.

Since ℛ(𝐿∗) = ℛ(𝑠0), considering orthogonal complements, we obtain 𝒩 ( 𝑠∗0 ) =
𝒩 (𝐿 ) , and, because of (A.9), thus, 𝒩 ( 𝑠†0 ) = 𝒩 (𝐿 ) . Now part (a) of Lemma
A.3 yields

𝑠†0𝐿†𝐿 = 𝑠†0. (5.17)

Since we assumed that ℛ ( 𝑠∗0 ) = ℛ (𝑅 ), from (A.8), we get that ℛ( 𝑠†0 ) = ℛ (𝑅 ).
Thus, Remark A.6 implies

𝑅𝑅†𝑠†0 = 𝑠†0. (5.18)

Consequently, if 𝜅 ≥ 1, then from Definition 4.13, (5.16), (5.17), (5.18) and part
(b) of Proposition 5.10 we get

(𝐿𝑠𝑚𝑅)♯ = −(𝐿𝑠0𝑅)†
𝑚−1∑
𝑙=0

(𝐿𝑠𝑚−𝑙𝑅)(𝐿𝑠𝑙𝑅)
♯

= −𝑅†𝑠†0𝐿†
𝑚−1∑
𝑙=0

(𝐿𝑠𝑚−𝑙𝑅 )
(

𝑅†𝑠♯𝑙𝐿
†
)

= −𝑅†
(

𝑠†0𝐿†𝐿
)𝑚−1∑
𝑙=0

𝑠𝑚−𝑙
(

𝑅𝑅†𝑠†0
)

𝑠0𝑠♯𝑙𝐿
†

= −𝑅†𝑠†0

𝑚−1∑
𝑙=0

𝑠𝑚−𝑙
(

𝑠†0𝑠0𝑠♯𝑙

)
𝐿† = −𝑅†𝑠†0

𝑚−1∑
𝑙=0

𝑠𝑚−𝑙𝑠
♯
𝑙𝐿

†

= 𝑅†
(
−𝑠†0

𝑚−1∑
𝑙=0

𝑠𝑚−𝑙𝑠
♯
𝑙

)
𝐿† = 𝑅†𝑠♯𝑚𝐿†.

Thus, by induction, the first assertion is proved. The remaining two assertions can
be similarly verified. □
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Lemma 5.19. Let 𝜅 ∈ ℕ0 ∪{+∞} and (𝑠𝑗)
𝜅
𝑗=0 be a sequence in ℂ𝑝×𝑞. If 𝑈 ∈ ℂ𝑘×𝑝

with 𝑈∗𝑈 = 𝐼𝑝 and 𝑉 ∈ ℂ𝑞×𝑛 with 𝑉 𝑉 ∗ = 𝐼𝑞, then

(𝑈𝑠𝑗𝑉 )
♯ = 𝑉 ∗𝑠♯𝑗𝑈

∗ for each 𝑗 ∈ ℤ0,𝜅.

Proof. Using Definition 4.13 and part (c) of Lemma A.3, we get

(𝑈𝑠0𝑉 )♯ = (𝑈𝑠0𝑉 )† = 𝑉 ∗𝑠†0𝑈∗ = 𝑉 ∗𝑠♯0𝑈∗. (5.19)

Now suppose that 𝑚 ∈ ℤ1,𝜅 and that the equation (𝑈𝑠𝑗𝑉 )
♯ = 𝑉 ∗𝑠♯𝑗𝑈

∗ holds for
each 𝑗 ∈ ℤ0,𝑚−1. Then, using Definition 4.13 and (5.19), we conclude that

(𝑈𝑠𝑚𝑉 )♯ = −(𝑈𝑠0𝑉 )†
𝑚−1∑
𝑙=0

(𝑈𝑠𝑚−𝑙𝑉 )(𝑈𝑠𝑙𝑉 )
♯

= −𝑉 ∗𝑠†0𝑈∗
𝑚−1∑
𝑙=0

𝑈𝑠𝑚−𝑙𝑉 𝑉 ∗𝑠♯𝑙𝑈
∗

= 𝑉 ∗
(
−𝑠†0

𝑚−1∑
𝑙=0

𝑠𝑚−𝑙𝑠
♯
𝑙

)
𝑈∗ = 𝑉 ∗𝑠♯𝑚𝑈∗.

Thus, the proof is complete. □
Remark 5.20. Let (𝑝𝑙)

𝑛
𝑙=1 and (𝑞𝑙)

𝑛
𝑙=1 be sequences of positive integers and let

𝜅 ∈ ℕ0 ∪ {+∞}. Furthermore, for each 𝑙 ∈ ℤ1,𝑛, let
(

𝑠
(𝑙)
𝑗

)𝜅
𝑗=0

be a sequence in

ℂ
𝑝𝑙×𝑞𝑙 . It is then not difficult to show, by induction, that[

diag
(

𝑠
(𝑙)
𝑗

)𝑛
𝑙=1

]♯
= diag

( (
𝑠

(𝑙)
𝑗

)♯ )𝑛
𝑙=1

for all 𝑗 ∈ ℤ0,𝜅.

As our final topic in this section, we now focus on a subclass of the class
𝒟𝑝×𝑞,𝑚, introduced in Definition 4.3.
Notation 5.21. For each 𝑚 ∈ ℕ we define 𝒟̃𝑝×𝑞,𝑚 as the set of all sequences

( 𝑠𝑗 )
𝑚
𝑗=0 in ℂ𝑝×𝑞, which satisfy ( 𝑠𝑗 )

𝑚−1
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚−1.

Remark 5.22. Let 𝑚 ∈ ℕ and ( 𝑠𝑗 )
𝑚
𝑗=0 be a sequence in ℂ𝑝×𝑞. For 𝑗 ∈ ℤ0,𝑚, let

𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0. Then Proposition 5.1 shows that

( 𝑠𝑗 )
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚 if and only if ( 𝑠𝑗 )

𝑚−1
𝑗=0 = ( 𝑠𝑗 )

𝑚−1
𝑗=0 .

Remark 5.23. Let 𝑚 ∈ ℕ. Remark 4.6 then yields 𝒟𝑝×𝑞,𝑚 ⊆ 𝒟̃𝑝×𝑞,𝑚.

Because of part (b) of Theorem 4.21, the next result can be considered an
extension of part (d) of Proposition 4.1.

Proposition 5.24. Let 𝑚 ∈ ℕ and ( 𝑠𝑗 )
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Then

𝑠♯𝑚 = −
(

𝑚∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘

)
𝑠†0.
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Proof. In view of Definition 4.13, we have 𝑠♯0 = 𝑠†0. Using this and Remark 2.17,
we get

−
(

1∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘

)
𝑠†0 = −𝑠♯0𝑠1𝑠†0 = −𝑠†0𝑠1𝑠†0 = 𝑠♯1.

Thus, the assertion is proved for 𝑚 = 1. Now let 𝑚 ∈ { 2, 3, . . . }. For each
𝑗 ∈ ℤ0, 𝑚, let

𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0.

Then Remark 5.22 yields

( 𝑠𝑗 )
𝑚−1
𝑗=0 = ( 𝑠𝑗 )

𝑚−1
𝑗=0 . (5.20)

Combining Remark 4.7 and part (a) of Theorem 4.21 we see that

( 𝑠𝑗 )
𝑚
𝑗=0 ∈ ℐ𝑝×𝑞,𝑚. (5.21)

Furthermore, part (a) of Proposition 5.13 gives us(
𝑠♯𝑗
)𝑚
𝑗=0

=
(

𝑠♯𝑗
)𝑚
𝑗=0

. (5.22)

In view of (5.21), we see from Theorem 4.21 and part (d) of Proposition 4.1 that

𝑠♯𝑚 = −
(

𝑚∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘

)
𝑠†0 = −

(
𝑠♯0𝑠𝑚𝑠†0 +

𝑚∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘𝑠
†
0

)
. (5.23)

From (5.20) and (5.22) we see that

𝑚−1∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘𝑠
†
0 =

𝑚−1∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘𝑠
†
0. (5.24)

Because of Definition 4.13 and Remark 4.7, we obtain 𝑠♯0 = 𝑠†0 = 𝑠†0. Thus, taking

𝑠♯0 = 𝑠†0 into account, we get

𝑠♯0𝑠𝑚𝑠†0 = 𝑠†0
(

𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0

)
= 𝑠†0𝑠𝑚𝑠†0 = 𝑠♯0𝑠𝑚𝑠†0. (5.25)

Combining (5.22), (5.23), (5.24) and (5.25) we conclude that

𝑠♯𝑚 = 𝑠♯𝑚 = −
(
𝑚−1∑
𝑘=1

𝑠♯𝑚−𝑘𝑠𝑘

)
𝑠†0.

This completes the proof. □

6. Further observations on invertible sequences

We again focus on the class of invertible sequences of complex 𝑝× 𝑞-matrices and
here begin with some simple observations. Throughout this section, let 𝑚 and 𝑛
be positive integers.
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Remark 6.1. If 𝜅 ∈ ℕ0 ∪ {+∞} and if (𝛼𝑗 )𝜅𝑗=0 is a sequence in ℂ, then we see

from Remark 4.5 and part (a) of Theorem 4.21, that (𝛼𝑗 )
𝜅
𝑗=0 ∈ ℐ1×1,𝜅 if and only

if 𝛼0 ∕= 0 or (𝛼𝑗 )𝜅𝑗=0 is the constant sequence with value 0.

Remark 6.2. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then we see from part (a)
of Theorem 4.21 as well as from Remark 5.2 that

( rank 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ1×1,𝜅 and ( det 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ1×1,𝜅.

Remark 6.3. Let 𝜅 ∈ ℕ0∪{+∞}. If (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then we see from Remark 2.8,
part (b) of Theorem 4.21 and Remark 5.7, that

𝑠‡2𝑘+1 = 0𝑞×𝑝, for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅

if and only if

𝑠2𝑘+1 = 0𝑝×𝑞, for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Remark 6.4. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝛼𝑗)𝜅𝑗=0 ∈ ℐ1×1,𝜅 and (𝑠𝑗)
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then

we see from part (a) of Theorem 4.21 and Remark 5.3 that (𝛼𝑗𝑠𝑗)
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅.

Remark 6.5. Let 𝛼 ∈ ℂ and 𝜅 ∈ ℕ0∪{+∞}. If ( 𝑠𝑗 )𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, then Remark 6.4,
part (b) of Theorem 4.21 and Remark 5.9 give us that(

𝛼𝑗𝑠𝑗
)𝜅
𝑗=0

∈ ℐ𝑝×𝑞,𝜅 and
( (

𝛼𝑗𝑠𝑗
)‡ )𝜅

𝑗=0
=
(

𝛼𝑗𝑠‡𝑗
)𝜅
𝑗=0

.

Lemma 6.6. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, 𝐿 ∈ ℂ𝑚×𝑝 and 𝑅 ∈ ℂ𝑞×𝑛

such that ℛ(𝑠0) ⊆ ℛ(𝐿∗) and ℛ ( 𝑠∗0 ) ⊆ ℛ (𝑅 ) , then (𝐿𝑠𝑗𝑅 )
𝜅
𝑗=0 ∈ ℐ𝑚×𝑛,𝜅.

Proof. Use part (a) of Theorem 4.21 and Lemma 5.4. □

Remark 6.7. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, 𝐿 ∈ ℂ𝑚×𝑝 and 𝑅 ∈ ℂ𝑞×𝑛

with rank𝐿 = 𝑝 and rank𝑅 = 𝑞, then, ℛ (𝐿∗ ) = ℂ𝑝 and ℛ (𝑅 ) = ℂ𝑞. Thus,
Lemma 6.6 gives us that (𝐿𝑠𝑗𝑅 )

𝜅
𝑗=0 ∈ ℐ𝑚×𝑛,𝜅.

Lemma 6.8. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 ∈ ℐ𝑝×𝑞,𝜅, 𝐿 ∈ ℂ𝑚×𝑝 and 𝑅 ∈ ℂ𝑞×𝑛

with ℛ(𝑠0) = ℛ(𝐿∗) and ℛ ( 𝑠∗0 ) = ℛ (𝑅 ) , then:
(a) (𝐿𝑠𝑗𝑅 )

𝜅
𝑗=0 ∈ ℐ𝑚×𝑛,𝜅 and

(
(𝐿𝑠𝑗𝑅 )

‡ )𝜅
𝑗=0

=
(

𝑅†𝑠‡𝑗𝐿
† )𝜅
𝑗=0

.

(b)
(
(𝐿𝑠𝑗 )

‡
)𝜅
𝑗=0

∈ ℐ𝑚×𝑞,𝜅 and
(
(𝐿𝑠𝑗 )

‡
)𝜅
𝑗=0

=
(

𝑠‡𝑗𝐿
† )𝜅
𝑗=0

.

(c)
(
( 𝑠𝑗𝑅 )

‡ )𝜅
𝑗=0

∈ ℐ𝑝×𝑛,𝜅 and
(
( 𝑠𝑗𝑅 )

‡ )𝜅
𝑗=0

=
(

𝑅†𝑠‡𝑗
)𝜅
𝑗=0

.

Proof. Combine Lemma 6.6, part (b) of Theorem 4.21 and Lemma 5.18. □

Lemma 6.9. Let (𝑝𝑙)
𝑚
𝑙=1 and (𝑞𝑙)

𝑚
𝑙=1 be sequences of positive integers and let 𝜅 ∈

ℕ0 ∪ {+∞}. Suppose, for every 𝑙 ∈ ℤ1,𝑚, that
(

𝑠
(𝑙)
𝑗

)𝜅
𝑗=0

is a sequence in ℂ𝑝𝑙×𝑞𝑙 .
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If we set 𝑝 :=

𝑚∑
𝑙=1

𝑝𝑙 and 𝑞 :=

𝑚∑
𝑙=1

𝑞𝑙, then:

(
diag
(

𝑠
(𝑙)
𝑗

)𝑚
𝑙=1

)𝜅
𝑗=0

∈ ℐ𝑝×𝑞,𝜅 iff
(

𝑠
(𝑙)
𝑗

)𝜅
𝑗=0

∈ ℐ𝑝𝑙×𝑞𝑙,𝜅, for all 𝑙 ∈ ℤ1,𝑚,

and if
(
diag
(

𝑠
(𝑙)
𝑗

)𝑚
𝑙=1

)𝜅
𝑗=0

is indeed invertible, then it has the inverse sequence(
diag
( (

𝑠
(𝑙)
𝑗

)‡ )𝑚
𝑙=1

)𝜅
𝑗=0

.

Proof. Use Theorem 4.21, Remark 5.6 and Remark 5.20. □

Notation 6.10. Given an integer 𝑟 with 1 ≤ 𝑟 ≤ min ( 𝑝, 𝑞 ) and a matrix 𝐴 ∈ ℂ𝑟×𝑟,
we will use the notation

𝐴[ 𝑝, 𝑞 ] :=

⎧⎨⎩

𝐴, if 𝑝 = 𝑞 = 𝑟(
𝐴

0(𝑝−𝑟)×𝑞

)
, if 𝑝 > 𝑞 = 𝑟(

𝐴 0𝑝×(𝑞−𝑟)
)

, if 𝑞 > 𝑝 = 𝑟(
𝐴 0𝑟×(𝑞−𝑟)

0(𝑝−𝑟)×𝑟 0(𝑝−𝑟)×(𝑞−𝑟)

)
, if min { 𝑝, 𝑞 } > 𝑟.

The following proposition offers us some important insight into the structure
of a given sequence ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅. We will see that when the first element of

this sequence is non-zero, i.e., 𝑠0 ∕= 0𝑝×𝑞, it is naturally generated by a sequence,
( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ̃𝑟×𝑟, 𝜅, where 𝑟 := rank 𝑠0.

Proposition 6.11. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑝×𝑞,𝜅 be such that

𝑟 := rank 𝑠0 is positive. Let 𝜎1 ≥ 𝜎2 ≥ ⋅ ⋅ ⋅ ≥ 𝜎𝑟 > 0 be the singular values of
𝑠0 and let Δ := diag (𝜎1, 𝜎2, . . . , 𝜎𝑟). Furthermore, let 𝑈 and 𝑉 be, respectively,
unitary complex 𝑞 × 𝑞- and 𝑝× 𝑝-matrices such that

𝑠0 = 𝑉Δ[ 𝑝, 𝑞 ]𝑈∗. (6.1)

Let 𝑈 be the left 𝑞 × 𝑟-block of 𝑈 and let 𝑉 be the left 𝑝× 𝑟-block of 𝑉 . Then:

(a) The sequence ( 𝑡𝑗 )
𝜅
𝑗=0 given by

𝑡𝑗 := 𝑉 ∗𝑠𝑗𝑈 for each 𝑗 ∈ ℤ0, 𝜅 (6.2)

belongs to ℐ̃𝑟×𝑟, 𝜅.
(b) 𝑠𝑗 = 𝑉 𝑡𝑗𝑈

∗ and 𝑠𝑗 = 𝑉 𝑡
[ 𝑝, 𝑞 ]
𝑗 𝑈∗ for each 𝑗 ∈ ℤ0, 𝜅.

(c) Let
(

𝑠‡𝑗
)𝜅
𝑗=0

and
(

𝑡‡𝑗
)𝜅
𝑗=0

be, respectively, the inverse sequences for
(

𝑠𝑗
)𝜅
𝑗=0

and
(

𝑡𝑗
)𝜅
𝑗=0

. Then 𝑠‡𝑗 = 𝑈𝑡‡𝑗𝑉
∗ for each 𝑗 ∈ ℤ0, 𝜅.
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Proof. From (6.1) we see that 𝑡0 = Δ. In particular, we see that the matrix 𝑡0 is

non-singular. Hence, Notation 2.10 and Proposition 2.11 yield ( 𝑡𝑗 )
𝜅
𝑗=0 ∈ ℐ̃𝑟×𝑟, 𝜅.

Proposition 4.4 shows that ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. Thus, from Proposition 5.1 we

conclude that

𝒩 ( 𝑠0 ) ⊆
𝜅∩
𝑗=0

𝒩 ( 𝑠𝑗 ) and 𝒩 ( 𝑠∗0 ) ⊆
𝜅∩
𝑗=0

𝒩 ( 𝑠∗𝑗 ) (6.3)

hold true. Because of (6.1), if 𝑟 < 𝑞, then the right 𝑞×(𝑞 − 𝑟)-block 𝑈 of 𝑈 satisfies

the inclusion ℛ(𝑈 ) ⊆ 𝒩 ( 𝑠0 ) which, in view of (6.3), implies

𝑠𝑗𝑈 = 0𝑝×𝑞−𝑟 for each 𝑗 ∈ ℤ0, 𝜅. (6.4)

Similarly, because of (6.1) and (6.3), if 𝑟 < 𝑝, then the right 𝑝 × (𝑝− 𝑟)-block 𝑉
of 𝑉 satisfies

𝑠∗𝑗𝑉 = 0𝑞×𝑝−𝑟 for each 𝑗 ∈ ℤ0, 𝜅. (6.5)

Using (6.2), (6.4), (6.5) and Notation 6.10, we then obtain 𝑉 ∗𝑠𝑗𝑈 = 𝑡
[ 𝑝, 𝑞 ]
𝑗 for each

𝑗 ∈ ℤ0, 𝜅 and consequently,

𝑠𝑗 = 𝑉 𝑡
[ 𝑝, 𝑞 ]
𝑗 𝑈∗ = 𝑉 𝑡𝑗𝑈

∗ for each 𝑗 ∈ ℤ0, 𝜅. (6.6)

Using Remark 2.9, we get from (6.6) that 𝑠‡𝑗 = 𝑈𝑡‡𝑗𝑉
∗ holds true for each 𝑗 ∈

ℤ0, 𝜅. □

7. Some considerations on EP sequences

A complex 𝑞 × 𝑞 matrix 𝐴 is called range-Hermitian (also EP matrix) if ℛ (𝐴 ) =
ℛ (𝐴∗ ). The class of range-Hermitian matrices belonging to ℂ𝑞×𝑞 is denoted by
ℂ
𝑞×𝑞
EP . The class ℂ

𝑞×𝑞
EP was introduced in Schwerdtfeger [18]. It is important in

the theory of generalized inverses (see, e.g., the monographs Campbell/Meyer [4,
Chapter 4, Section 3] and Ben-Israel/Greville [2, Chapter 4, Section 4], and also
the papers Pearl [16] and Meyer [15]).

Definition 7.1. Let 𝑛 ∈ ℕ0 and let ( 𝑠𝑗 )
𝑛
𝑗=0 be a sequence from ℂ𝑞×𝑞. Then ( 𝑠𝑗 )

𝑛
𝑗=0

is called an EP sequence (EP stands for Equal Projectors) if the matrix S
(𝑠)
𝑛 defined

by (2.1) belongs to ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
EP .

Remark 7.2. Let 𝑞 ∈ ℕ, 𝑛 ∈ ℕ and let ( 𝑠𝑗 )
𝑛
𝑗=0 be an EP sequence from ℂ𝑞×𝑞. For

𝑘 ∈ ℕ0, then ( 𝑠𝑗 )
𝑘
𝑗=0 is an EP sequence. Indeed, this is a direct consequence of

the block decomposition

S𝑛 =

(
S𝑘 0(𝑘+1)𝑞×(𝑛−1)𝑞

∗ S𝑛−(𝑘+1)

)
of the matrix S

(𝑠)
𝑛 and part (a) of Proposition A.15.
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Remark 7.2 leads us to the following definition, which complements Defini-
tion 7.1.

Definition 7.3. Let ( 𝑠𝑗 )
𝑛
𝑗=0 be a sequence of complex 𝑞×𝑞 matrices. Then ( 𝑠𝑗 )

∞
𝑗=0

is called an EP sequence if, for each 𝑛 ∈ ℕ0, the sequence ( 𝑠𝑗 )
𝑛
𝑗=0 is an EP

sequence. Let 𝑞 ∈ ℕ and 𝜅 ∈ ℕ0 ∪ {+∞}. Then ℱEP
𝑞, 𝜅 will stand for the set of all

EP sequences ( 𝑠𝑗 )
𝜅
𝑗=0 from ℂ𝑞×𝑞.

The following results show that EP sequences are particularly invertible.

Proposition 7.4. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )
𝜅
𝑗=0 be a sequence from ℂ𝑞×𝑞.

(a) The following statements are equivalent:
(i) ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℱEP

𝑞, 𝜅.

(ii) 𝑠0 ∈ ℂ
𝑞×𝑞
EP and ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ 𝒟𝑞×𝑞, 𝜅.

(iii) 𝑠0 ∈ ℂ
𝑞×𝑞
EP and ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℐ𝑞×𝑞, 𝜅.

(b) Let (i) be satisfied. Then 𝑠0𝑠†0 = 𝑠†0𝑠0. For each 𝑛 ∈ ℕ, furthermore,

S𝑛S
†
𝑛 = 𝐼𝑛+1 ⊗

(
𝑠0𝑠†0
)

and S†
𝑛S𝑛 = 𝐼𝑛+1 ⊗

(
𝑠†0𝑠0

)
.

Proof. (a) 1.) “(i) ⇒ (ii)”. In view of (i) and Remark 7.2, we have 𝑠0 ∈ ℂ
𝑞×𝑞
EP .

Let 𝑚 ∈ ℤ1, 𝜅. Then, from (2.1) and (4.11), we get the block partitions in (4.12).
Because of (i), we obtain

S𝑚 ∈ ℂ
(𝑚+1)𝑞×(𝑚+1)𝑞
EP . (7.1)

In view of (4.11), (4.12) and (7.1), applying part (a) of Proposition A.15 yields(
𝑠𝑚 𝑠𝑚−1 ⋅ ⋅ ⋅ 𝑠1

)
= 𝑧1,𝑚 = 𝑠0𝑠†0𝑧1,𝑚 =

(
𝑠0𝑠†0𝑠𝑚 𝑠0𝑠†0𝑠𝑚−1 ⋅ ⋅ ⋅ 𝑠0𝑠†0𝑠1

)
and

col ( 𝑠𝑗 )
𝑚
𝑗=1 = 𝑦1,𝑚 = 𝑦1,𝑚𝑠†0𝑠0 = col

(
𝑠𝑗𝑠

†
0𝑠0

)𝑚
𝑗=1

.

Consequently, 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 and 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 , for each 𝑗 ∈ ℤ1, 𝑚. Thus, Proposi-

tion 5.1 yields

( 𝑠𝑗 )
𝑚
𝑗=0 ∈ 𝒟𝑞×𝑞,𝑚. (7.2)

Since ( 𝑠𝑗 )
0
𝑗=0 ∈ 𝒟𝑞×𝑞, 0 obviously holds true, we get from (7.2) and Remark 4.6

that ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑞×𝑞, 𝜅. Thus, we obtain (ii).

2.) “(ii) ⇒ (iii)”. This follows from part (a) of Theorem 4.21.

3.) “(iii) ⇒ (i)”. In view of (iii), we have 𝑠0 ∈ ℂ
𝑞×𝑞
EP . Thus, Proposition A.4

yields 𝑠0𝑠†0 = 𝑠†0𝑠0. Let 𝑚 ∈ ℤ0, 𝜅. In view of (iii), we have ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℐ𝑞×𝑞, 𝜅. Thus,

Lemma 3.6 implies

S𝑚S
†
𝑚 = 𝐼𝑚+1 ⊗

(
𝑠0𝑠†0
)

and S†
𝑚S𝑚 = 𝐼𝑚+1 ⊗

(
𝑠†0𝑠0

)
.

Thus, S𝑚S
†
𝑚 = S†

𝑚S𝑚. Hence, Proposition A.4 yields S𝑚 ∈ ℂ
(𝑚+1)𝑞×(𝑚+1)𝑞
EP .

Hence, (i) holds.
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(b) All assertions of (b) were already obtained in the proof of the implication
“(iii) ⇒ (i)”. □

Corollary 7.5. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )
𝜅
𝑗=0 be a sequence from ℂ𝑞×𝑞 such

that 𝑠0 ∈ ℂ
𝑞×𝑞
EP . For each 𝑗 ∈ ℤ0, 𝜅, let 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠

†
0𝑠0. Then ( 𝑠𝑗 )

𝜅
𝑗=0 ∈ ℱEP

𝑞, 𝜅.

Proof. In view of Remark 4.8, we have 𝑠0 = 𝑠0 and ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑞×𝑞, 𝜅. Thus,

taking into account that 𝑠0 ∈ ℂ
𝑞×𝑞
EP and applying part (a) of Proposition 7.4 gives

us the assertion. □

Proposition 7.6. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )
𝜅
𝑗=0 be a sequence from ℂ𝑞×𝑞.

Then
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ ℱEP
𝑞, 𝜅 if and only if 𝑠0 ∈ ℂ

𝑞×𝑞
EP .

Proof. In view of Definition 4.13, we have 𝑠♯0 = 𝑠†0. Let
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ ℱEP
𝑞, 𝜅. Then

part (a) of Proposition 7.4 yields 𝑠♯0 ∈ ℂ
𝑞×𝑞
EP . Hence, 𝑠♯0 = 𝑠†0 implies 𝑠†0 ∈ ℂ

𝑞×𝑞
EP .

Consequently, Proposition A.4 gives us 𝑠0 ∈ ℂ
𝑞×𝑞
EP .

Conversely, assume 𝑠0 ∈ ℂ
𝑞×𝑞
EP . Then Proposition A.4 implies 𝑠†0 ∈ ℂ

𝑞×𝑞
EP .

Combining this with 𝑠♯0 = 𝑠†0, we get 𝑠♯0 ∈ ℂ
𝑞×𝑞
EP . Part (a) of Proposition 5.10

yields
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ 𝒟𝑞×𝑞, 𝜅. Using this and 𝑠♯0 ∈ ℂ
𝑞×𝑞
EP , we see from part (a) of

Proposition 7.4 that
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ ℱEP
𝑞, 𝜅. □

Corollary 7.7. Let 𝜅 ∈ ℕ0∪{+∞} and let ( 𝑠𝑗 )
𝜅
𝑗=0 ∈ ℱEP

𝑞, 𝜅. Then
(

𝑠♯𝑗
)𝜅
𝑗=0

∈ ℱEP
𝑞, 𝜅.

Proof. Part (a) of Proposition 7.4 yields 𝑠0 ∈ ℂ
𝑞×𝑞
EP . Thus, applying Proposition 7.6

completes the proof. □

8. Moore-Penrose pseudoinverses of holomorphic
matrix-malued functions

In the first part of this section, we study the holomorphicity of a 𝑝 × 𝑞-matrix-
function’s Moore-Penrose inverse.

Remark 8.1. Let 𝒢 be a non-empty open and connected subset of ℂ. Since every
function 𝑓 : 𝒢 −→ ℂ for which both 𝑓 and 𝑓 are holomorphic in 𝒢 is necessarily
constant in 𝒢 (see, e.g., [6, Ch. II, §2, Proposition 2.10]), the following statements
hold:

(a) If 𝐹 : 𝒢 −→ ℂ𝑝×𝑞 is a function for which both 𝐹 and 𝐹 ∗ are holomorphic in
𝒢, then 𝐹 is constant in 𝒢.

(b) If 𝐻 : 𝒢 −→ ℂ𝑞×𝑞 is a holomorphic function in 𝒢 with Hermitian values,
then 𝐹 is constant in 𝒢.

Lemma 8.2. Let 𝒢 be a non-empty open and connected subset of ℂ. If 𝐹 : 𝒢 −→
ℂ𝑝×𝑞 is such that both 𝐹 and 𝐹 † are holomorphic in 𝒢, then both 𝐹𝐹 † and 𝐹 †𝐹
are constant in 𝒢.
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Proof. Since 𝐹𝐹 † and 𝐹 †𝐹 are holomorphic functions in 𝒢 with Hermitian values,
the assertion follows from part (b) of Remark 8.1. □

The following result (which can be found in Campbell/Meyer [4, Theorem
10.5.4]) is, in a sense, converse to Lemma 8.2.

Proposition 8.3. Let 𝒢 be a non-empty open and connected subset of ℂ. If
𝐹 : 𝒢 −→ ℂ𝑝×𝑞 is a function, holomorphic in 𝒢, such that both 𝐹𝐹 † and 𝐹 †𝐹
are constant in 𝒢, then 𝐹 † is holomorphic in 𝒢.

These results lead us to a global characterization for the case of holomor-
phicity for the (pointwise) Moore-Penrose pseudoinverse of a holomorphic matrix-
function in a non-empty open and connected subset of ℂ.

Proposition 8.4. If 𝒢 is a non-empty open and connected subset of ℂ, 𝐹 : 𝒢 −→
ℂ𝑝×𝑞 is holomorphic in 𝒢, and 𝑧0 ∈ 𝒢, then all of the following statements are
equivalent:

(i) 𝐹 † is holomorphic in 𝒢.
(ii) For each 𝑧 ∈ 𝒢:

(𝐹𝐹 †)(𝑧) = (𝐹𝐹 †)(𝑧0) and (𝐹 †𝐹 )(𝑧) = (𝐹 †𝐹 )(𝑧0).

(iii) For each 𝑧 ∈ 𝒢:
𝒩 (𝐹 (𝑧)) = 𝒩 (𝐹 (𝑧0)) and ℛ(𝐹 (𝑧)) = ℛ(𝐹 (𝑧0)).

Proof. “(i)⇒(ii)”: follows from Lemma 8.2.
“(ii)⇒(i)”: follows from Proposition 8.3.
“(ii) ⇔ (iii)”: Recalling Proposition A.1 and considering orthogonal comple-

ments, we see that 𝐹 (𝑧)𝐹 †(𝑧) and 𝐼𝑞−𝐹 †(𝑧)𝐹 (𝑧) are, for each 𝑧 ∈ 𝒢, the matrices
associated with the orthogonal projection from ℂ𝑝 onto ℛ(𝐹 (𝑧)) and from ℂ𝑞 onto
𝒩 (𝐹 (𝑧)), respectively. Consequently, (ii) and (iii) are equivalent. □
Corollary 8.5. If 𝒢 is a non-empty open and connected subset of ℂ and 𝐹 : 𝒢 →
ℂ
𝑝×𝑞, then the following statements are all equivalent:

(i) For each 𝑤 ∈ 𝒢 and each 𝑧 ∈ 𝒢:
𝒩 (𝐹 †(𝑤)) = 𝒩 (𝐹 †(𝑧)) and ℛ(𝐹 †(𝑤)) = ℛ(𝐹 †(𝑧)).

(ii) For each 𝑤 ∈ 𝒢 and each 𝑧 ∈ 𝒢:
𝒩 (𝐹 (𝑤)) = 𝒩 (𝐹 (𝑧)) and ℛ(𝐹 (𝑤)) = ℛ(𝐹 (𝑧)).

If condition (i) is met, then 𝐹 † is holomorphic if and only if 𝐹 is holomorphic.

Proof. From (A.8) it follows that

𝒩 (𝐹 †(𝑧)
)
= 𝒩
(
[𝐹 (𝑧)]

†)
= ℛ
((
[𝐹 (𝑧)]

†)∗)⊥
= ℛ
((
[𝐹 (𝑧)]

†)†)⊥
= ℛ (𝐹 (𝑧))⊥

and

ℛ (𝐹 †(𝑧)
)
= ℛ
(
[𝐹 (𝑧)]

†)
= ℛ ([𝐹 (𝑧)]∗) = [ℛ ([𝐹 (𝑧)]∗)⊥]⊥ = 𝒩 (𝐹 (𝑧))

⊥

hold true for all 𝑧 ∈ 𝒢, hence we see that (i) and (ii) are equivalent.
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Now suppose (i). Then (ii) is also true. Since (𝐹 †)† = 𝐹 , we see from Propo-
sition 8.4 that 𝐹 † is holomorphic if and only if 𝐹 is holomorphic. □

We now consider the case in which, for a holomorphic 𝑝× 𝑞-matrix-function
𝐹 and a 𝑧0 in its domain, 𝒢:(

𝐹 (𝑗) ( 𝑧0 )

𝑗!

)∞

𝑗=0

∈ ℐ𝑝×𝑞,∞.

We will see that the Moore-Penrose inverse 𝐹 † of 𝐹 is holomorphic in a particular
neighbourhood of 𝑧0. We will, furthermore, determine the Taylor series for 𝐹 †.

For 𝑧0 ∈ ℂ and 𝑅 ∈ ( 0, +∞ ), we will use

𝐾 ( 𝑧0; 𝑅 ) := { 𝑧 ∈ ℂ : ∣𝑧 − 𝑧0∣ < 𝑅 }
to denote the open disk with radius 𝑅, centered at 𝑧0.

Notation 8.6. Let 𝑟 be an integer with 1 ≤ 𝑟 ≤ min ( 𝑝, 𝑞 ). If 𝒢 is a non-empty
subset of ℂ and if 𝑔 : 𝒢 −→ ℂ𝑟×𝑟 is a matrix-valued function, then, in view of
Notation 6.10, let 𝑔[ 𝑝, 𝑞 ] : 𝒢 −→ ℂ𝑝×𝑞 be defined by

𝑔[ 𝑝, 𝑞 ] ( 𝑧 ) := [ 𝑔 ( 𝑧 ) ]
[ 𝑝, 𝑞 ]

.

Proposition 8.7. Let 𝒢 be a non-empty open and connected subset of ℂ and let
𝐹 : 𝒢 −→ ℂ

𝑝×𝑞 be holomorphic in 𝒢. Suppose that 𝑧0 ∈ 𝒢 is such that(
𝐹 (𝑗) ( 𝑧0 )

𝑗!

)∞

𝑗=0

∈ ℐ𝑝×𝑞,∞.

Then:

(a) If 𝐹 ( 𝑧0 ) = 0𝑝×𝑞, then there exists an 𝑅 ∈ ( 0, +∞ ) such that 𝐾 ( 𝑧0; 𝑅 ) ⊆ 𝒢
and 𝐹 ( 𝑧 ) = 0𝑝×𝑞 for all 𝑧 ∈ 𝐾 ( 𝑧0; 𝑅 ).

(b) Let 𝐹 ( 𝑧0 ) ∕= 0𝑝×𝑞 and 𝑟 := rank𝐹 ( 𝑧 ). Let 𝜎1 ≥ 𝜎2 ≥ ⋅ ⋅ ⋅ ≥ 𝜎𝑟 > 0 be the
singular values of 𝐹 ( 𝑧0 ) and let Δ := diag (𝜎1, 𝜎2, . . . , 𝜎𝑟). Furthermore, let
𝑈 and 𝑉 , respectively, be unitary complex 𝑞× 𝑞- and 𝑝×𝑝-matrices such that

𝐹 ( 𝑧0 ) = 𝑉Δ[ 𝑝, 𝑞 ]𝑈∗.

Let 𝑈 be the left 𝑞 × 𝑟-block of 𝑈 and 𝑉 be the left 𝑝× 𝑟-block of 𝑉 . Then:
(b1) The function

𝑓 := 𝑉 ∗𝐹𝑈 (8.1)

is holomorphic in 𝒢.
(b2) There exists an 𝑅0 ∈ ( 0, +∞ ) such that 𝐾 ( 𝑧0; 𝑅0 ) ⊆ 𝒢 and

det 𝑓 ( 𝑧 ) ∕= 0 for all 𝑧 ∈ 𝐾 ( 𝑧0; 𝑅0 ).
(b3) If 𝑧 ∈ 𝐾 ( 𝑧0; 𝑅0 ), then

𝐹 † ( 𝑧 ) = 𝑈 [ 𝑓 ( 𝑧 ) ]−1 𝑉 ∗. (8.2)

(b4) The function 𝐹 † is holomorphic in 𝐾 ( 𝑧0; 𝑅0 ).
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Proof. (a) Remark 4.2 gives us that
(
𝐹 (𝑗)( 𝑧0 )

𝑗!

)∞
𝑗=0

is the constant sequence with

value 0𝑝×𝑞. This implies (a).
(b1) This is obvious from the definition of 𝑓 .

(b2) By construction, we have rank 𝑓 ( 𝑧0 ) = rank𝐹 ( 𝑧0 ) = 𝑟. Thus,
det 𝑓 ( 𝑧0 ) ∕= 0. Since the function det 𝑓 is continuous, it follows that (b2) holds.

(b3) For each 𝑗 ∈ ℕ0, we set

𝑠𝑗 :=
𝐹 (𝑗) ( 𝑧0 )

𝑗!
(8.3)

and

𝑡𝑗 := 𝑉 ∗𝑠𝑗𝑈. (8.4)

From (8.3), (8.4) and the definition of 𝑓 , we see that

𝑡𝑗 =
𝑓 (𝑗) ( 𝑧0 )

𝑗!
for each 𝑗 ∈ ℕ0. (8.5)

Taking (8.4) into account, we see from part (b) of Proposition 6.11 that

𝑠𝑗 = 𝑉 𝑡
[ 𝑝, 𝑞 ]
𝑗 𝑈∗ for each 𝑗 ∈ ℕ0. (8.6)

From (8.3), (8.5) and (8.6) we obtain

𝐹 ( 𝑧 ) = 𝑉 𝑓 [ 𝑝, 𝑞 ] ( 𝑧 )𝑈∗. (8.7)

Using (8.7) and the fact that the matrices 𝑈 and 𝑉 are unitary, the formula

𝐹 † ( 𝑧 ) = 𝑈
[
𝑓 † ( 𝑧 )

][ 𝑝, 𝑞 ]
𝑉 ∗ follows by applying part (c) of Lemma A.3. This

implies (8.2).

(b4) follows immediately from (b1), (b2) and (8.2). □

Remark 8.8. Let ℱ and 𝒢 be subsets of ℂ such that the interior of ℱ ∩ 𝒢 is non-
empty and let 𝑧0 be an interior point of ℱ ∩ 𝒢. If the matrix-valued functions
𝐹 : ℱ → ℂ𝑝×𝑞 and 𝐺 : 𝒢 → ℂ𝑞×𝑟 are holomorphic in 𝑧0, then

S[𝐹 ]
𝑚 S[𝐺]

𝑚 = S[𝐹𝐺]
𝑚 , for all 𝑚 ∈ ℕ0,

where S
[𝐹 ]
𝑚 , S

[𝐺]
𝑚 and S

[𝐹𝐺]
𝑚 denote the matrices given by (2.1), substituting, respec-

tively,
(

1
𝑗!𝐹

(𝑗)(𝑧0)
)𝑚
𝑗=0
,
(

1
𝑗! 𝐺

(𝑗)(𝑧0)
)𝑚
𝑗=0

and
(

1
𝑗! (𝐹𝐺)(𝑗)(𝑧0)

)𝑚
𝑗=0

for ( 𝑠𝑗 )
𝑚
𝑗=0.

Now we come to the main result of this section.

Theorem 8.9. Let 𝒢 be a non-empty and connected subset of ℂ. If 𝑧0 is an interior
point of 𝒢 and 𝐹 : 𝒢 → ℂ𝑝×𝑞 is holomorphic in 𝑧0, then

𝐹 † is holomorphic in 𝑧0 if and only if

(
1

𝑗!
𝐹 (𝑗)(𝑧0)

)+∞

𝑗=0

∈ ℐ𝑝×𝑞,+∞.
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Whenever this is the case,
(

1
𝑗! (𝐹

†)(𝑗)(𝑧0)
)+∞

𝑗=0
is the inverse sequence correspond-

ing to
(

1
𝑗! 𝐹

(𝑗)(𝑧0)
)+∞

𝑗=0
.

Proof. First suppose that 𝐹 † is holomorphic in 𝑧0. From Remark 8.8 we then get

S[𝐹 ]
𝑚 S[𝐹 †]

𝑚 = S[𝐹𝐹 †]
𝑚 and S[𝐹 †]

𝑚 S[𝐹 ]
𝑚 = S[𝐹 †𝐹 ]

𝑚

for all 𝑚 ∈ ℕ0, where S
[𝐹 ]
𝑚 , S

[𝐹 †]
𝑚 , S

[𝐹𝐹 †]
𝑚 and S

[𝐹 †𝐹 ]
𝑚 are given by (2.1) of No-

tation 2.1, using
(

1
𝑗!𝐹

(𝑗)(𝑧0)
)𝑚
𝑗=0
,
(

1
𝑗! [𝐹

†](𝑗)(𝑧0)
)𝑚
𝑗=0
,
(

1
𝑗! (𝐹𝐹 †)(𝑗)(𝑧0)

)𝑚
𝑗=0

and(
1
𝑗! (𝐹

†𝐹 )(𝑗)(𝑧0)
)𝑚
𝑗=0
, respectively, instead of ( 𝑠𝑗 )

𝑚
𝑗=0. From the holomorphicity

of 𝐹 and 𝐹 † in 𝑧0, we see that 𝐹𝐹 † is holomorphic in 𝑧0. From Remark 8.8 we
obtain, for all 𝑚 ∈ ℕ0:

S[𝐹𝐹 †]
𝑚 S[𝐹 ]

𝑚 = S[𝐹𝐹 †𝐹 ]
𝑚 and S[𝐹 †]

𝑚 S[𝐹𝐹 †]
𝑚 = S[𝐹 †𝐹𝐹 †]

𝑚 ,

where S
[𝐹𝐹 †𝐹 ]
𝑚 and S

[𝐹 †𝐹𝐹 †]
𝑚 are given by (2.1) using

(
1
𝑗! (𝐹𝐹 †𝐹 )(𝑗)(𝑧0)

)𝑚
𝑗=0

and(
1
𝑗! (𝐹

†𝐹𝐹 †)(𝑗)(𝑧0)
)𝑚
𝑗=0
, respectively, instead of ( 𝑠𝑗 )

𝑚
𝑗=0. Hence, we have

S[𝐹 ]
𝑚 S[𝐹 †]

𝑚 S[𝐹 ]
𝑚 = S[𝐹𝐹 †]

𝑚 S[𝐹 ]
𝑚 = S[𝐹𝐹 †𝐹 ]

𝑚 = S[𝐹 ]
𝑚 (8.8)

and

S[𝐹 †]
𝑚 S[𝐹 ]

𝑚 S[𝐹 †]
𝑚 = S[𝐹 †]

𝑚 S[𝐹𝐹 †]
𝑚 = S[𝐹 †𝐹𝐹 †]

𝑚 = S[𝐹 †]
𝑚 (8.9)

for all 𝑚 ∈ ℕ0. Since 𝐹 and 𝐹 † are holomorphic in 𝑧0, there exists a positive real
number 𝑅0 such that 𝐹 and 𝐹 † are holomorphic in 𝐾 ( 𝑧0; 𝑅0 ). Then Proposi-
tion 8.4 yields

(𝐹𝐹 †)(𝑧) = (𝐹𝐹 †)(𝑧0) and (𝐹 †𝐹 )(𝑧) = (𝐹 †𝐹 )(𝑧0),

for all 𝑧 ∈ 𝐾 ( 𝑧0; 𝑅0 ), which implies, for all 𝑗 ∈ ℕ:

(𝐹𝐹 †)(𝑗)(𝑧0) = 0𝑝×𝑝 and (𝐹 †𝐹 )(𝑗)(𝑧0) = 0𝑞×𝑞.

It thus follows, for all 𝑚 ∈ ℕ0, that

S[𝐹𝐹 †]
𝑚 = 𝐼𝑚+1 ⊗ [ 1

0!
(𝐹𝐹 †)(0)(𝑧0)] and S[𝐹 †𝐹 ]

𝑚 = 𝐼𝑚+1⊗ [ 1
0!
(𝐹 †𝐹 )(0)(𝑧0)].

Hence, we can conclude, for all 𝑚 ∈ ℕ0, that

S[𝐹 ]
𝑚 S[𝐹 †]

𝑚 = S[𝐹𝐹 †]
𝑚 = 𝐼𝑚+1 ⊗

[
(𝐹𝐹 †)(𝑧0)

]
= 𝐼𝑚+1 ⊗

(
𝐹 (𝑧0) [𝐹 (𝑧0)]

†) ∈ ℂ
(𝑚+1)𝑝×(𝑚+1)𝑝
H (8.10)

and, similarly,

S[𝐹 †]
𝑚 S[𝐹 ]

𝑚 = S[𝐹 †𝐹 ]
𝑚 = 𝐼𝑚+1 ⊗

(
[𝐹 (𝑧0)]

†
𝐹 (𝑧0)

)
∈ ℂ

(𝑚+1)𝑞×(𝑚+1)𝑞
H . (8.11)
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Thus, from (8.8), (8.9), (8.10) and (8.11) it follows that(
S[𝐹 ]
𝑚

)†
= S[𝐹 †]

𝑚 for all 𝑚 ∈ ℕ0.

Recalling Definition 2.6, we see that this implies(
1

𝑗!
𝐹 (𝑗)(𝑧0)

)+∞

𝑗=0

∈ ℐ𝑝×𝑞,+∞ and

(( 𝐹 (𝑗)(𝑧0)

𝑗!

)‡)+∞

𝑗=0

=

(
[𝐹 †](𝑗)(𝑧0)

𝑗!

)+∞

𝑗=0

.

Now suppose
(

1
𝑗! 𝐹

(𝑗)(𝑧0)
)+∞

𝑗=0
∈ ℐ𝑝×𝑞,+∞. Then, parts (a) and (b4) of Propo-

sition 8.7 imply that 𝐹 † is holomorphic in 𝑧0. □

Appendix A. The Moore-Penrose inverse of a complex matrix

Here, we present some facts on the Moore-Penrose inverse. For a comprehensive
exposition of the theory of generalized inverses, we refer the reader, for instance, to
the monographs Ben-Israel/Greville [2], Campbell/Meyer [4], and Rao/Mitra [17]
or [7, Section 1.1].

If 𝑝, 𝑞 ∈ ℕ and 𝐴 ∈ ℂ𝑝×𝑞, then (by definition) the Moore-Penrose inverse,
𝐴†, of 𝐴 is the unique matrix, 𝐴† ∈ ℂ𝑞×𝑝, which satisfies the conditions

𝐴𝐴†𝐴 = 𝐴, 𝐴†𝐴𝐴† = 𝐴†, (𝐴𝐴†)∗ = 𝐴𝐴† and (𝐴†𝐴)∗ = 𝐴†𝐴.

With the next proposition, we present a well-known characterization of the Moore-
Penrose inverse (see, for instance, [7, Theorem 1.1.1]).

Proposition A.1. If 𝐴 ∈ ℂ𝑝×𝑞, then a matrix 𝐺 ∈ ℂ𝑞×𝑝 is the Moore-Penrose
inverse of 𝐴 if and only if 𝐴𝐺 = 𝑃𝐴 and 𝐺𝐴 = 𝑃𝐺, where 𝑃𝐴 and 𝑃𝐺 are, respec-
tively, the matrices associated with the orthogonal projection in ℂ𝑝 onto ℛ (𝐴 )
and the orthogonal projection in ℂ𝑞 onto ℛ (𝐺 ).

For the reader’s convenience, we provide (in the next two results, for which
we omit the proofs) a short review of basic properties of the Moore-Penrose inverse
used in this paper (see, e.g., [2], [4], [17])

Remark A.2. If 𝐴 ∈ ℂ𝑝×𝑞, then from the definition of the Moore-Penrose inverse,
the following are obvious:

(𝐴†)† = 𝐴, (A.1)

(𝐴†)∗ = (𝐴∗)†, (A.2)

(𝐴†)𝑇 = (𝐴𝑇 )†, (A.3)

𝐴†𝐴 = 𝐴∗ (𝐴∗ )† , (A.4)

𝐴𝐴† = (𝐴∗ )† 𝐴∗, (A.5)

𝐴† = 𝐴∗ (𝐴𝐴∗ )† , (A.6)

𝐴† = (𝐴∗𝐴 )† 𝐴, (A.7)

ℛ(𝐴†) = ℛ(𝐴∗), (A.8)
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𝒩 (𝐴†) = 𝒩 (𝐴∗), (A.9)

rank𝐴 = rank
(

𝐴† ), (A.10)

rank
(

𝐴𝐴† ) = rank𝐴, (A.11)

and

rank
(

𝐴𝐴† ) = rank (𝐴†𝐴
)
. (A.12)

Lemma A.3. If 𝐴 ∈ ℂ𝑝×𝑞, then the following statements hold:

(a) If 𝑟 ∈ ℕ and 𝐵 ∈ ℂ𝑟×𝑞, then

𝒩 (𝐴) ⊆ 𝒩 (𝐵) if and only if 𝐵𝐴†𝐴 = 𝐵,

and

𝒩 (𝐴) = 𝒩 (𝐵) if and only if 𝐴†𝐴 = 𝐵†𝐵.

(b) Let 𝑠 ∈ ℕ and 𝐶 ∈ ℂ
𝑝×𝑠, then

ℛ(𝐶) ⊆ ℛ(𝐴) if and only if 𝐴𝐴†𝐶 = 𝐶,

and

ℛ (𝐴 ) = ℛ (𝐶 ) if and only if 𝐴𝐴† = 𝐶𝐶†.

(c) Let 𝑟, 𝑠 ∈ ℕ. For each 𝑈 ∈ ℂ𝑟×𝑝 with 𝑈∗𝑈 = 𝐼𝑝 and each 𝑉 ∈ ℂ𝑞×𝑠 with
𝑉 𝑉 ∗ = 𝐼𝑞, it holds that

(𝑈𝐴𝑉 )† = 𝑉 ∗𝐴†𝑈∗.

We use the following characterizations of the class ℂ𝑞×𝑞EP of all complex 𝑞× 𝑞
range-Hermitian matrices, which can be found in the papers [5] and [19].

Proposition A.4. If 𝐴 ∈ ℂ𝑞×𝑞, then all of the following conditions are equivalent:

(i) 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(ii) 𝒩 (𝐴 ) = 𝒩 (𝐴∗ ) .
(iii) 𝐴𝐴† = 𝐴†𝐴.

(iv) 𝐴† ∈ ℂ
𝑞×𝑞
EP .

(v) There exists an 𝑋 ∈ ℂ
𝑞×𝑞 such that 𝐴𝑋 = 𝐴∗.

(vi) There exists a 𝑌 ∈ ℂ𝑞×𝑞 such that 𝐴∗𝑌 = 𝐴.

The formula (𝐴𝐵)−1 = 𝐵−1𝐴−1, which holds for all non-singular complex
𝑞 × 𝑞-matrices, can not be generalized to Moore-Penrose inverses without addi-
tional constraints. Since a particular sufficient condition we need for(−→𝑛∏

𝑗=1

𝐴𝑗

)†
=

←−
𝑛∏
𝑗=1

𝐴†
𝑗 (A.13)

can be easily proved, we will state the proofs.
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Proposition A.5. Let 𝑛 ∈ ℕ and let ( 𝑝𝑗 )
𝑛+1
𝑗=1 be a sequence of positive integers. For

each 𝑗 ∈ ℤ1, 𝑛, let the matrices 𝐴𝑗 ∈ ℂ𝑝𝑗×𝑝𝑗+1 satisfy the conditions:(−→𝑛∏
𝑗=1

𝐴𝑗

)(←−𝑛∏
𝑗=1

𝐴†
𝑗

)
= 𝐴1𝐴†

1 and
(←−𝑛∏
𝑗=1

𝐴†
𝑗

)(−→𝑛∏
𝑗=1

𝐴𝑗

)
= 𝐴†

𝑛𝐴𝑛. (A.14)

Then (A.13) as well as both of the following equations hold true:

ℛ
(−→𝑛∏
𝑗=1

𝐴𝑗

)
= ℛ (𝐴1 ) and 𝒩

(−→𝑛∏
𝑗=1

𝐴𝑗

)
= 𝒩 (𝐴𝑛 ) . (A.15)

Proof. The case 𝑛 = 1 is trivial. Suppose 𝑛 ≥ 2. Let

𝐵𝑛 :=

−→
𝑛∏
𝑗=1

𝐴𝑗 and 𝐶𝑛 :=

←−
𝑛∏
𝑗=1

𝐴†
𝑗 . (A.16)

From (A.14) we get that

𝐵𝑛𝐶𝑛𝐵𝑛 = 𝐴1𝐴†
1𝐵𝑛 = 𝐴1𝐴†

1𝐴1

−→
𝑛∏
𝑗=2

𝐴𝑗 = 𝐴1

−→
𝑛∏
𝑗=2

𝐴𝑗 = 𝐵𝑛

and, similarly, 𝐶𝑛𝐵𝑛𝐶𝑛 = 𝐶𝑛. Obviously, (A.14) implies

(𝐵𝑛𝐶𝑛 )
∗ =
(

𝐴1𝐴†
1

)∗
= 𝐴1𝐴†

1 = 𝐵𝑛𝐶𝑛

and

(𝐶𝑛𝐵𝑛 )
∗
=
(

𝐴†
𝑛𝐴𝑛
)∗
= 𝐴†

𝑛𝐴𝑛 = 𝐶𝑛𝐵𝑛.

Consequently, the definition of the Moore-Penrose inverse provides us with 𝐵†
𝑛 =

𝐶𝑛. The proof of (A.13) is thus complete. Using (A.13), formulas (A.15) follow,
respectively, from (A.14) and parts (a) and (b) of Lemma A.3. □
Remark A.6. Let 𝑝, 𝑞, 𝑟 ∈ ℕ. If 𝐴 ∈ ℂ𝑝×𝑞 and 𝐵 ∈ ℂ𝑞×𝑟, such that ℛ (𝐴∗ ) =
ℛ (𝐵 ) , then, using (A.6) and part (b) of Lemma A.3, we see that

𝐵𝐵†𝐴† = 𝐵𝐵†𝐴∗ (𝐴𝐴∗ )† = 𝐴∗ (𝐴𝐴∗ )† = 𝐴†.

Furthermore, applying (A.4) and part (b) of Lemma A.3 yields

𝐴†𝐴𝐵 = 𝐴∗ (𝐴∗ )† 𝐵 = 𝐵.

Proposition A.7. Let 𝑛 ∈ ℕ and let ( 𝑝𝑗 )
𝑛+1
𝑗=1 be a sequence of positive integers. For

each 𝑗 ∈ ℤ1, 𝑛, let 𝐴𝑗 ∈ ℂ
𝑝𝑗×𝑝𝑗+1 such that ℛ (𝐴∗

𝑗

)
= ℛ (𝐴𝑗+1 ) . Then both of

the equations in (A.14) hold true. Furthermore, (A.13) and (A.15) are fulfilled.

Proof. The case 𝑛 = 1 is trivial. If 𝑛 = 2, then the first equation in (A.14) follows
immediately from Remark A.6. Suppose now that 𝑛 ≥ 3. We proceed by induction
and we assume that

𝐵𝑛−1𝐶𝑛−1 = 𝐴1𝐴†
1, (A.17)
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where 𝐵𝑛−1 and 𝐶𝑛−1 are defined as in (A.16). Because of Remark A.6 and
ℛ (𝐴∗

𝑛−1

)
= ℛ (𝐴𝑛 ), we have

𝐴𝑛𝐴†
𝑛𝐴†

𝑛−1 = 𝐴†
𝑛−1 (A.18)

and, using (A.17) and (A.18), we then get

𝐵𝑛𝐶𝑛 = 𝐵𝑛−1𝐴𝑛𝐴†
𝑛𝐴†

𝑛−1𝐶𝑛−2 = 𝐵𝑛−1𝐴†
𝑛−1𝐶𝑛−2 = 𝐵𝑛−1𝐶𝑛−1 = 𝐴1𝐴†

1.

Thus, the first equation in (A.14) is proved. The second equation can be checked
analogously. The rest follows from Proposition A.5. □

Corollary A.8. If 𝐴 ∈ ℂ
𝑞×𝑞
EP , then

𝐴𝑛
(

𝐴† )𝑛 = 𝐴𝐴†,
(

𝐴† )𝑛𝐴𝑛 = 𝐴†𝐴, (𝐴𝑛 )
†
=
(

𝐴† )𝑛 ,

ℛ (𝐴𝑛 ) = ℛ (𝐴 ) and 𝒩 (𝐴𝑛 ) = 𝒩 (𝐴 ) .

Remark A.9. If 𝐴 ∈ ℂ𝑞×𝑞 is a normal matrix, then ℛ (𝐴 ) = ℛ (𝐴𝐴∗ ) =
ℛ (𝐴∗𝐴 ) = ℛ (𝐴∗ ) . Thus we see that 𝐴 ∈ ℂ

𝑞×𝑞
EP and therefore that Corollary

A.8 can, in particular, be applied to normal matrices.

Now we derive block representations for the Moore-Penrose inverse of a block
matrix with specified constraints on its blocks. Parts of the following result can be
found in Campbell/Meyer [4, p. 49, Exercise 7.3].

Proposition A.10. Let 𝑟, 𝑠 ∈ ℕ and 𝐸 ∈ ℂ
(𝑝+𝑟)×(𝑞+𝑠). Furthermore, let

𝐸 =

(
𝐴 𝐵
𝐶 𝐷

)
(A.19)

be the block partition of 𝐸 with 𝑝× 𝑞-block 𝐴. Let 𝐿 := 𝐷 − 𝐶𝐴†𝐵 and let

𝐹 :=

(
𝐴† +𝐴†𝐵𝐿†𝐶𝐴† −𝐴†𝐵𝐿†

−𝐿†𝐶𝐴† 𝐿†

)
. (A.20)

Then the following statements are equivalent:

(i) 𝐸† = 𝐹 .
(ii) The equations

𝐴𝐴†𝐵 = 𝐵, 𝐿𝐿†𝐶 = 𝐶, 𝐵𝐿†𝐿 = 𝐵, 𝐶𝐴†𝐴 = 𝐶,

𝐷𝐿†𝐿 = 𝐷 and 𝐿𝐿†𝐷 = 𝐷

hold.
(iii) The first four of the six equations in (ii) hold.
(iv) The inclusions

ℛ(𝐵) ⊆ ℛ(𝐴), ℛ(𝐶) ⊆ ℛ(𝐿), 𝒩 (𝐿) ⊆ 𝒩 (𝐵), 𝒩 (𝐴) ⊆ 𝒩 (𝐶),
𝒩 (𝐿 ) ⊆ 𝒩 (𝐷 ) and ℛ(𝐷) ⊆ ℛ(𝐿) hold true.

(v) The first four of the six inclusions in (iv) hold.
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Proof. Let 𝐺 := 𝐸𝐹 , let 𝐻 := 𝐹𝐸, and let 𝐺 = (𝐺𝑗𝑘)
2
𝑗,𝑘=1 and 𝐻 = (𝐻𝑗𝑘)

2
𝑗,𝑘=1 be

the block partitions of 𝐺 with 𝑝× 𝑝-block 𝐺11 and 𝐻 with 𝑞 × 𝑞-block 𝐻11. Then
𝐺11 = 𝐴𝐴† − (𝐼𝑝 −𝐴𝐴†)𝐵𝐿†𝐶𝐴†, 𝐺12 = (𝐼𝑝 −𝐴𝐴†)𝐵𝐿†, 𝐺21 = (𝐼𝑟 − 𝐿𝐿†)𝐶𝐴†,
𝐺22 = 𝐿𝐿†, 𝐻11 = 𝐴†𝐴 − 𝐴†𝐵𝐿†𝐶(𝐼𝑞 − 𝐴†𝐴), 𝐻12 = 𝐴†𝐵(𝐼𝑠 − 𝐿†𝐿), 𝐻21 =
𝐿†𝐶(𝐼𝑞 −𝐴†𝐴), and 𝐻22 = 𝐿†𝐿.

First suppose (i), i.e., 𝐸† = 𝐹 . Thus, (𝐸𝐹 )∗ = 𝐸𝐹 . For each 𝑥 ∈ ℂ𝑟, then

(𝐼𝑝 −𝐴𝐴†)𝐵𝐿†𝑥 = 𝐺12𝑥 = 𝐺∗
21𝑥 = (𝐴†)∗𝐶∗(𝐼𝑟 − 𝐿𝐿†)𝑥. (A.21)

The left-hand side of (A.21) belongs to𝒩 (𝐴†) and consequently toℛ((𝐴†)∗)⊥, and
the right-hand side of (A.21) belongs to ℛ((𝐴†)∗). Hence 𝐺12 = 0𝑝×𝑟, 𝐺21 = 0𝑟×𝑝,
and 𝐺11 = 𝐴𝐴†. Because of 𝐸† = 𝐹 , we have 𝐸 = 𝐸𝐹𝐸 = 𝐺𝐸 and therefore
𝐴𝐴†𝐵 = 𝐵, 𝐿𝐿†𝐶 = 𝐶 and 𝐿𝐿†𝐷 = 𝐷. Taking into account (𝐹𝐸)∗ = 𝐹𝐸 and
𝐹𝐸𝐹 = 𝐹 , we obtain analogously 𝐵 = 𝐵𝐿†𝐿, 𝐶 = 𝐶𝐴†𝐴 and 𝐷 = 𝐷𝐿†𝐿. Thus,
(ii) holds.

The implication “(ii) ⇒ (iii)” is trivial.

Now suppose that (iii) holds. Then the definition of the matrix 𝐿 along with
𝐿𝐿†𝐶 = 𝐶 and 𝐵𝐿†𝐿 = 𝐵 imply 𝐿𝐿†𝐷 = 𝐷 and𝐷𝐿†𝐿 = 𝐷. Thus, (ii) is fulfilled.

Finally, suppose that (ii) holds. Then we obtain 𝐸𝐹 = 𝐺 = diag(𝐴𝐴†, 𝐿𝐿†) ∈
ℂ

(𝑝+𝑟)×(𝑝+𝑟)
H and

𝐸𝐹𝐸 =

(
𝐴𝐴†𝐴 𝐴𝐴†𝐵
𝐿𝐿†𝐶 𝐿𝐿†𝐷

)
= 𝐸,

and similarly (𝐹𝐸)∗ = 𝐹𝐸 and 𝐹𝐸𝐹 = 𝐹 . Hence, 𝐸† = 𝐹 . Consequently, the
implication “(ii)⇒(i)” is verified.

From parts (a) and (b) of Lemma A.3 we see the equivalence of (ii) and (iv)
as well as the equivalence of (iii) and (v). □

Corollary A.11. Let 𝐴 ∈ ℂ𝑝×𝑞, let 𝐶 ∈ ℂ𝑟×𝑞, let 𝐷 ∈ ℂ𝑟×𝑠, and let

𝐺 :=

(
𝐴 0𝑝×𝑠
𝐶 𝐷

)
and 𝐻 :=

(
𝐴† 0𝑞×𝑟

−𝐷†𝐶𝐴† 𝐷†

)
. (A.22)

(a) The following statements are equivalent:
(i) There are matrices 𝑊 ∈ ℂ𝑞×𝑝, 𝑌 ∈ ℂ𝑠×𝑝, and 𝑍 ∈ ℂ𝑠×𝑟 such that

𝐺† =
(

𝑊 0𝑞×𝑟
𝑌 𝑍

)
.

(ii) 𝐺† = 𝐻.
(iii) ℛ(𝐶) ⊆ ℛ(𝐷) and 𝒩 (𝐴) ⊆ 𝒩 (𝐶).
(iv) 𝐷𝐷†𝐶 = 𝐶 and 𝐶𝐴†𝐴 = 𝐶.

(b) If (i) is satisfied, then

𝐺𝐺† = diag
(
𝐴𝐴†, 𝐷𝐷†) and 𝐺†𝐺 = diag

(
𝐴†𝐴, 𝐷†𝐷

)
.
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Proof. (a) “(i) ⇒ (iii)”. Using (i) and the equations (𝐺𝐺†)∗ = 𝐺𝐺†, (𝐺†𝐺)∗ =
𝐺†𝐺 and 𝐺𝐺†𝐺 = 𝐺, we get 𝐶 = 𝐷𝑍𝐶 and 𝐶 = 𝐶𝑊𝐴. In particular, (iii) is true.

“(iii) ⇒ (ii)”. Use Proposition A.10.
“(ii) ⇒ (i)”. This implication is trivial.
“(iii) ⇔ (iv)”. Use parts (a) and (b) of Lemma A.3.
(b) Let (i) be satisfied. Then using (ii) and (iv), we get

𝐺𝐺† =

(
𝐴𝐴† 0𝑝×𝑟

𝐶𝐴† −𝐷𝐷†𝐶𝐴† 𝐷𝐷†

)
= diag

(
𝐴𝐴†, 𝐷𝐷†)

and, similarly, 𝐺†𝐺 = diag
(
𝐴†𝐴, 𝐷†𝐷

)
. □

Corollary A.12. Let 𝐴 ∈ ℂ𝑝×𝑞, let 𝐵 ∈ ℂ𝑝×𝑠, let 𝐷 ∈ ℂ𝑟×𝑠, and let

𝐺 :=

(
𝐴 𝐵
0𝑟×𝑞 𝐷

)
and 𝐻 :=

(
𝐴† −𝐴†𝐵𝐷†

0𝑠×𝑝 𝐷†

)
. (A.23)

(a) The following statements are equivalent:
(i) There are matrices 𝑊 ∈ ℂ𝑞×𝑝, 𝑋 ∈ ℂ𝑞×𝑟, and 𝑍 ∈ ℂ𝑠×𝑟 such that

𝐺† =
(

𝑊 𝑋
0𝑠×𝑝 𝑍

)
.

(ii) 𝐺† = 𝐻.
(iii) ℛ(𝐵) ⊆ ℛ(𝐴) and 𝒩 (𝐷) ⊆ 𝒩 (𝐵).
(iv) 𝐴𝐴†𝐵 = 𝐵 and 𝐵𝐷†𝐷 = 𝐵.

(b) If (i) is satisfied, then

𝐺𝐺† = diag
(
𝐴𝐴†, 𝐷𝐷†) and 𝐺†𝐺 = diag

(
𝐴†𝐴, 𝐷†𝐷

)
.

Corollary A.12 can be proved analogous to Corollary A.11.
An alternate approach to Corollary A.11 and Corollary A.12 can be found in

Campbell/Meyer [4, Theorem 3.4.1].

Lemma A.13. Let 𝐴 ∈ ℂ
𝑝×𝑞, 𝐶 ∈ ℂ

𝑟×𝑞, and 𝐷 ∈ ℂ
𝑟×𝑠. Let 𝐺 be given by (A.22).

(a) The following statements are equivalent:
(i) ℛ(𝐶) ⊆ ℛ(𝐷).
(ii) ℛ (𝐺) = ℛ(diag(𝐴, 𝐷)).

(b) Let (i) be satisfied. Then rank𝐺 = rank𝐴+ rank𝐷.

Proof. (a) “(i)⇒(ii)”: Part (b) of Lemma A.3 yields
𝐷𝐷†𝐶 = 𝐶. (A.24)

Let 𝑥 ∈ ℛ (𝐺). Then there are 𝑦1 ∈ ℂ𝑞 and 𝑦2 ∈ ℂ𝑠 such that 𝑥 = 𝐺(𝑦∗
1 , 𝑦∗

2)
∗. In

view of (A.22) and (A.24), then

𝑥 =

(
𝐴𝑦1

𝐶𝑦1 +𝐷𝑦2

)
=

(
𝐴𝑦1

𝐷𝐷†𝐶𝑦1 +𝐷𝑦2

)
= diag(𝐴, 𝐷)

(
𝑦1

𝐷†𝐶𝑦1 + 𝑦2

)
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follows. In particular, 𝑥 ∈ ℛ (diag(𝐴, 𝐷)). Hence,

ℛ (𝐺) ⊆ ℛ (diag(𝐴, 𝐷)) (A.25)

is proved. In order to check that

ℛ (diag(𝐴, 𝐷)) ⊆ ℛ (𝐺) , (A.26)

we now consider an arbitrary 𝑥 ∈ ℛ (diag(𝐴, 𝐷)). Then there are 𝑦1 ∈ ℂ𝑞 and
𝑦2 ∈ ℂ𝑠 such that 𝑥 = diag(𝐴, 𝐷) ⋅ (𝑦∗

1 , 𝑦∗
2)

∗. Using (A.24), this implies

𝑥 =

(
𝐴𝑦1

𝐷𝑦2

)
=

(
𝐴𝑦1

𝐶𝑦1 +𝐷(𝑦2 −𝐷†𝐶𝑦1)

)
=

(
𝐴 0𝑝×𝑠
𝐶 𝐷

)(
𝑦1

𝑦2 −𝐷†𝐶𝑦1

)
.

Hence, 𝑥 ∈ ℛ (𝐺). Thus, (A.26) is proved. From (A.25) and (A.26) we get (ii).
“(ii)⇒(i)”: Let 𝑦 ∈ ℛ(𝐶). Then there is some 𝑥 ∈ ℂ

𝑞 such that 𝑦 = 𝐶𝑥.
Setting 𝑧 := 𝐴𝑥, we obtain(

𝑧
𝑦

)
=

(
𝐴𝑥
𝐶𝑥

)
=

(
𝐴 0𝑝×𝑠
𝐶 𝐷

)(
𝑥
0𝑠×1

)
= 𝐺

(
𝑥
0𝑠×1

)
∈ ℛ (𝐺) .

Consequently, (ii) implies ( 𝑧𝑦 ) ∈ ℛ(diag(𝐴, 𝐷)) and therefore 𝑦 ∈ ℛ(𝐷). Hence,
ℛ(𝐶) ⊆ ℛ(𝐷).

(b) This follows immediately from (a). □

The following result can be proved in the same way as Lemma A.13.

Lemma A.14. Let 𝐴 ∈ ℂ𝑝×𝑞, 𝐵 ∈ ℂ𝑝×𝑠 and 𝐷 ∈ ℂ𝑟×𝑠. Let 𝐺 be given by (A.23).

(a) The following statements are all equivalent:
(i) ℛ (𝐵 ) ⊆ ℛ (𝐴 ).
(ii) ℛ (𝐺 ) = ℛ ( diag(𝐴, 𝐷) ).

(b) If condition (i) is met, then rank𝐺 = rank𝐴+ rank𝐷.

We now characterize lower block triangular range-Hermitian matrices.

Proposition A.15. Let 𝐴 ∈ ℂ𝑝×𝑝, 𝐶 ∈ ℂ𝑞×𝑝, 𝐷 ∈ ℂ𝑞×𝑞 and 𝐺 :=
(
𝐴 0𝑝×𝑞

𝐶 𝐷

)
.

(a) The following statements are equivalent:

(i) 𝐺 ∈ ℂ
(𝑝+𝑞)×(𝑝+𝑞)
EP .

(ii) 𝐴 ∈ ℂ
𝑝×𝑝
EP , 𝐷 ∈ ℂ

𝑞×𝑞
EP , ℛ (𝐶 ) ⊆ ℛ (𝐷 ) and 𝒩 (𝐴 ) ⊆ 𝒩 (𝐶 ).

(iii) 𝐴 ∈ ℂ
𝑝×𝑝
EP , 𝐷 ∈ ℂ

𝑞×𝑞
EP , 𝐷𝐷†𝐶 = 𝐶 and 𝐶𝐴†𝐴 = 𝐶.

(b) If (ii) is satisfied, then 𝐺𝐺† = diag
(
𝐴𝐴†, 𝐷𝐷†), 𝐺†𝐺 = diag

(
𝐴†𝐴, 𝐷†𝐷

)
and

𝐺† =

(
𝐴† 0𝑝×𝑞

−𝐷†𝐶𝐴† 𝐷†

)
.

Proof. (a) 1.) “(i) ⇒ (ii)”. In view of (i) the application of Proposition A.4 yields
the existence of matrices 𝑋, 𝑌 ∈ ℂ(𝑝+𝑞)×(𝑝+𝑞) such that

𝐺𝑋 = 𝐺∗ (A.27)
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and

𝐺∗𝑌 = 𝐺 (A.28)

are satisfied. We use the block partitions

𝑋 =

(
𝑃 𝑄

𝐾 𝑆

)
and 𝑌 =

(
𝑇 𝑈

𝑉 𝑊

)
, (A.29)

where 𝑃 ∈ ℂ𝑝×𝑝 and 𝑇 ∈ ℂ𝑝×𝑝. From (A.27)–(A.29) we obtain(
𝐴∗ 𝐶∗

0𝑞×𝑝 𝐷∗

)
=

(
𝐴𝑃 𝐴𝑄

𝐶𝑃 +𝐷𝑅 𝐶𝑄+𝐷𝑆

)
(A.30)

and (
𝐴 0𝑝×𝑞
𝐶 𝐷

)
=

(
𝐴∗𝑇 + 𝐶∗𝑉 𝐴∗𝑈 + 𝐶∗𝑊

𝐷∗𝑉 𝐷∗𝑊

)
, (A.31)

Comparing corresponding diagonal block on both sides of (A.30) and (A.31) we
get

𝐴∗ = 𝐴𝑃 and 𝐷 = 𝐷∗𝑊, (A.32)

respectively. In view of Proposition A.4 we see from (A.32) that

𝐴 ∈ ℂ
𝑝×𝑝
EP and 𝐷 ∈ ℂ

𝑞×𝑞
EP , (A.33)

respectively. Comparing the left lower 𝑞 × 𝑝-block on both sides of (A.31) we get
𝐶 = 𝐷∗𝑉 . Thus, ℛ (𝐶 ) ⊆ ℛ (𝐷∗ ). Otherwise, from (A.33), we have ℛ (𝐶 ) =
ℛ (𝐷∗ ). Hence,

ℛ (𝐶 ) ⊆ ℛ (𝐷 ) . (A.34)

Comparing the right upper 𝑝× 𝑞-block on boths sides of (A.30), we obtain 𝐶∗ =
𝐴𝑄. Thus, ℛ (𝐶∗ ) ⊆ ℛ (𝐷 ) . Otherwise, from (A.33), we get ℛ (𝐴 ) = ℛ (𝐴∗ ).
Hence, ℛ (𝐶∗ ) = ℛ (𝐴∗ ). Forming orthogonal complements yields 𝒩 (𝐴 ) ⊆
𝒩 (𝐶 ) . In view of this, (A.33) and (A.34), we see that (ii) holds.

2.) “(ii) ⇒ (i)”. In view of (ii), we have ℛ (𝐶 ) ⊆ ℛ (𝐷 ) and 𝒩 (𝐴 ) ⊆
𝒩 (𝐶 ). Thus, Corollary A.11 yields

𝐺𝐺† = diag
(
𝐴𝐴†, 𝐷𝐷†) and 𝐺†𝐺 = diag

(
𝐴†𝐴, 𝐷†𝐷

)
. (A.35)

In view of (ii) we have 𝐴 ∈ ℂ
𝑝×𝑝
EP and 𝐷 ∈ ℂ

𝑞×𝑞
EP . Thus, Proposition A.4 yields

𝐴𝐴† = 𝐴†𝐴 and 𝐷𝐷† = 𝐷†𝐷. Combining this with (A.35) gives us

𝐺𝐺† = 𝐺†𝐺. (A.36)

Thus Proposition A.4 yields (i).
3.) “(ii) ⇔ (iii)”. This follows from parts (a) and (b) of Lemma A.3.
(b) The first two identites follow from (A.35) and (A.36). The formula for 𝐺†

is a consequence of Corollary A.11. □
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We now consider Proposition A.10 in the special case of a non-negative Her-
mitian block matrix, 𝐸.

Proposition A.16. Let 𝐸 ∈ ℂ
(𝑝+𝑟)×(𝑝+𝑟)
≥ and (A.19) be the block partition of 𝐸

with 𝑝× 𝑝-block 𝐴. If 𝐹 ∈ ℂ(𝑝+𝑟)×(𝑝+𝑟) is given by (A.20), then

𝐸† = 𝐹 if and only if 𝒩 (𝐿) ⊆ 𝒩 (𝐷).
Proof. If 𝐸† = 𝐹 , then 𝒩 (𝐿) ⊆ 𝒩 (𝐷) follows immediately from Proposition A.10.

Conversely, suppose 𝒩 (𝐿) ⊆ 𝒩 (𝐷). We apply a well-known block characteri-
zation of non-negative Hermitian block matrices to 𝐸 (see, e.g., [7, Lemma 1.1.9]).

Then we have 𝐴 ∈ ℂ
𝑝×𝑝
≥ , 𝐷 ∈ ℂ

𝑟×𝑟
≥ , ℛ(𝐵) ⊆ ℛ(𝐴), ℛ(𝐶) ⊆ ℛ(𝐷), 𝐶 = 𝐵∗

and 𝐿 ∈ ℂ
𝑟×𝑟
≥ . Consequently, we see that 𝐷 − 𝐿 = 𝐵∗𝐴†𝐵 ∈ ℂ

𝑟×𝑟
≥ , and hence,

𝒩 (𝐷) ⊆ 𝒩 (𝐿) and ℛ(𝐿) ⊆ ℛ(𝐷). Thus, we have 𝒩 (𝐷) = 𝒩 (𝐿), and we get
𝒩 (𝐿) = 𝒩 (𝐷) = 𝒩 (𝐷∗) = ℛ(𝐷)⊥ ⊆ ℛ(𝐶)⊥ = 𝒩 (𝐶∗) = 𝒩 (𝐵),

𝒩 (𝐴) = 𝒩 (𝐴∗) = ℛ(𝐴)⊥ ⊆ ℛ(𝐵)⊥ = ℛ(𝐶∗)⊥ = 𝒩 (𝐶),
ℛ(𝐷) = ℛ(𝐷∗) = 𝒩 (𝐷)⊥ = 𝒩 (𝐿)⊥ = 𝒩 (𝐿∗)⊥ = ℛ(𝐿),

and hence ℛ(𝐶) ⊆ ℛ(𝐷) = ℛ(𝐿). From Proposition A.10, it then follows that
𝐸† = 𝐹 . □

It should be mentioned that in Groß [9] the block structure of the Moore-
Penrose inverse of a partitioned non-negative Hermitian matrix is discussed. The
special situation of Proposition A.16 can also be derived from [9, Theorem 1].
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Abstract. This paper provides a detailed discussion of reciprocal sequences of
finite and infinite matricial Carathéodory sequences, including an examina-
tion of the relationship a reciprocal sequence has to its original sequence. The
properties of such reciprocal sequences are described. Of particular interest
is the fact that the reciprocal sequence of a Carathéodory sequence is again
a Carathéodory sequence. Later, these results are applied to matrix-valued
functions. The natural focus is, in particular, on the matricial Carathéodory
functions associated with a matricial Carathéodory sequence and its recip-
rocal sequence. These matrix functions are then shown to be Moore-Penrose
inverses of each other. The implications of these results for non-negative Her-
mitian matrix measures on the unit circle are also discussed.
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0. Introduction

Several classes of sequences of complex matrices were discussed in [22]. There,
these classes were studied in the context of a generalization of the inversion of
power series with matrix coefficients. In particular, each finite or infinite sequence
in the set ℂ𝑝×𝑞 of all complex 𝑝× 𝑞 matrices was assigned a reciprocal sequence.
This was done in such a way (see Definition 1.1) that, for the special case 𝑝 = 𝑞
and det 𝑠0 ∕= 0, the assigned reciprocal sequence was none other than the usual
reciprocal sequence of conventional power series inversion theory.

Our first main objective for this paper is to study the reciprocal sequences
of finite and infinite 𝑞× 𝑞 Carathéodory sequences. We will see that the reciprocal
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sequence of a Carathéodory sequence is itself a Carathéodory sequence. Further-
more, we will see that the properties of such reciprocal sequences can be fully
expressed in terms of the original Carathéodory sequence. Later, starting with
an infinite 𝑞 × 𝑞 Carathéodory sequence and its reciprocal 𝑞 × 𝑞 Carathéodory
sequence, we consider their respective 𝑞 × 𝑞 Carathéodory functions.

Our second main goal is to show that these functions are Moore-Penrose
inverses of one another on the complex open unit disk 𝔻. This will, ultimately,
yield a new proof for the holomorphicity of the Moore-Penrose inverse of a 𝑞 × 𝑞
Carathéodory function in 𝔻. An earlier proof of this result in [5, Theorem 4.5] was
based on an approach using the Cayley transform.

This paper is organized as follows. Section 1 offers a brief introduction to
reciprocal sequences of finite and infinite sequences of matrices in ℂ𝑝×𝑞 (see Def-
inition 1.1). We also examine the class of first term dominant matrix sequences
(see Definition 1.4), which is particularly interesting and useful in the context of
reciprocal sequences. These observations are continued from [22]. In this section
we also look at EP sequences, earlier considered in [22, Section 7]. We build on
and expand these results (see Proposition 1.11 and Theorem 1.12).

In Section 2 we present a summary of preparatory results on finite and infi-
nite Toeplitz non-negative definite sequences in ℂ𝑞×𝑞. The emphasis, here, is on
the inner structure of such sequences, which is described using matrix balls (see
Proposition 2.9). We also introduce a number of important subclasses of Toeplitz
non-negative definite sequences in ℂ𝑞×𝑞 (see Definition 2.12 and Definition 2.24).
Relevant results are drawn from [11] and [8, Section 3.5]. Proposition 2.7 shows
that Toeplitz non-negative definite sequences in ℂ𝑞×𝑞 are first term dominant.
This proposition connects Section 2 to Section 1.

Section 3 centers on a discussion of matricial Carathéodory sequences, in light
of their relationship to Toeplitz non-negative definite sequences. This relationship
shows that a certain duality exists between the two types of sequences and makes it
possible to define particular subclasses of matricial Carathéodory sequences using
Section 2 (see Definition 3.15 and Definition 3.22).

In Section 4, we focus on reciprocal sequences of matricial 𝑞×𝑞 Carathéodory
sequences. We show that 𝑞× 𝑞 Carathéodory sequences are EP sequences and rec-
ognize that they are first term dominant (see Proposition 4.1). We then use this
fact to apply the EP sequence results of Section 1 to 𝑞×𝑞 Carathéodory sequences.
This leads directly to our first main result, namely, that the reciprocal sequence
of a 𝑞 × 𝑞 Carathéodory sequence is itself a 𝑞 × 𝑞 Carathéodory sequence (see
Theorem 4.4). This, in turn, brings us to the question of how a 𝑞×𝑞 Carathéodory
sequence is related to its reciprocal sequence and to what extent one can be used to
describe the other. In the second part of Section 4, we deal mainly with these ques-
tions. We will see that for the subclasses introduced in Section 3, both sequences
either belong to the relevant subclass or neither of them do (see Theorem 4.8
and Theorem 4.10). Furthermore, we describe the matrix ball structure of recip-
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rocal sequences to Carathéodory sequences in terms of the original Carathéodory
sequence (see Lemma 4.9).

The focus of Section 5 is on a particular reciprocal sequence operation for
matricial Toeplitz non-negative definite sequences. Because of how closely matricial
Toeplitz non-negative definite sequences and matricial Carathéodory sequences are
related, we are able to use Section 4 in constructing a new Toeplitz non-negative
definite sequence to associate with a given initial Toeplitz non-negative definite
sequence. Having established a procedure for constructing new sequences of this
type, we proceed with an extensive examination of the relationship between an
initial matricial Toeplitz non-negative definite sequence and the Toeplitz non-
negative definite sequence generated from it.

Section 6 includes a short introduction to the theory for the matricial Carathé-
odory class 𝒞𝑞 (𝔻 ), where 𝔻 := {𝑤 ∈ ℂ : ∣𝑤∣ < 1 } is the open unit disk in the
complex plane ℂ. The 𝒞𝑞 (𝔻 ) class is made up of every 𝑞 × 𝑞 matrix function Ω
that is holomorphic in 𝔻 with non-negative real part at all 𝑤 ∈ 𝔻. Via Taylor
coefficients, we see that there is a well-known one-to-one correspondence between
the class 𝒞𝑞 (𝔻 ) and the set of all infinite 𝑞×𝑞 Carathéodory sequences (see Propo-
sitions 6.10 and 6.12). This suggests introducing a number of special subclasses of
𝒞𝑞 (𝔻 ), which we do with the help of Section 3.

Section 7 is dedicated to an analysis of the Moore-Penrose inverse Ω+ of
a function Ω ∈ 𝒞𝑞 (𝔻 ). We show that Ω+ ∈ 𝒞𝑞 (𝔻 ) and also that the Taylor
coefficient sequence for Ω+ is the reciprocal sequence to Ω’s Taylor coefficient
sequence (see Theorem 7.3). We furthermore show that for the subclasses of 𝒞𝑞 (𝔻 )
defined in Section 6, both of the 𝒞𝑞 (𝔻 ) functions Ω and Ω+ either belong to the
relevant subclass or neither of them do (see Theorem 7.9 and Proposition 7.10).

We are also interested in applying these results to the theory of non-negative
Hermitian 𝑞×𝑞 measures on the unit circle 𝕋 := { 𝑧 ∈ ℂ : ∣𝑧∣ = 1 }. For this reason,
we include a brief review of results in matricial harmonic analysis on 𝕋. Because of
the matricial version of a classical result by G. Herglotz (see Proposition 8.1), we
know that (via Fourier coefficients) there is a one-to-one correspondence between
the set of all infinite Toeplitz non-negative definite sequences in ℂ𝑞×𝑞 and the set
of all non-negative Hermitian 𝑞 × 𝑞 measures on the Borel 𝜎-algebra for the unit
circle. This one-to-one correspondence makes it possible to generate a reciprocal
non-negative Hermitian measure using an operation based on Section 5’s method of
generating a Toeplitz non-negative definite sequence “by reciprocation”. This idea
then informs how Section 8 develops. The aforementioned construction was already
considered in [8, Section 3.6] for the special case of a non-negative Hermitian
measure 𝐹 with non-singular matrix 𝐹 (𝕋). There, the focus was on the relationship
between associated pairs of orthogonal systems of matrix polynomials.

Our closing Section 9 concentrates on a class of matrix functions that are
holomorphic in the upper half-plane Π+ := { 𝑧 ∈ ℂ : Im 𝑧 ∈ ( 0, +∞ ) }. This
matrix function class is particularly interesting in the context of the matrix version
of the Hamburger Moment Problem. The class ℛ𝑞 (Π+ ) discussed in Section 9 is
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comprised of all matrix functions 𝐺 : Π+ −→ ℂ𝑞×𝑞 that are holomorphic in Π+ and
having non-negative Hermitian imaginary part at all 𝑧 ∈ Π+. There is a one-to-
one correspondence betweenℛ𝑞 (Π+ ) and 𝒞𝑞 (𝔻 ), which makes it possible to show
that the Moore-Penrose inverse 𝐺+ of a function 𝐺 ∈ ℛ𝑞 (Π+ ) is holomorphic and
also that null space and range remain constant (see Theorem 9.4).

To conclude this introduction, we quickly review some notation. Throughout
this paper, let 𝑝 and 𝑞 be positive integers. We use ℕ and ℕ0 to denote the sets
of positive and non-negative integers, respectively. The set of all integers is ℤ. For
any 𝛼 ∈ ℤ and ϰ ∈ ℤ ∪ {+∞}, we let ℤ𝛼,ϰ := { ℓ ∈ ℤ : 𝛼 ≤ ℓ ≤ ϰ } .

The set of all Hermitian matrices in ℂ𝑞×𝑞 will be denoted by ℂ
𝑞×𝑞
H , while

ℂ
𝑞×𝑞
≥ and ℂ

𝑞×𝑞
> will stand for the sets of all non-negative and positive Hermit-

ian matrices, respectively. The set of all contractive 𝑝 × 𝑞 matrices is defined as
𝕂𝑝×𝑞 := {𝐴 ∈ ℂ𝑝×𝑞 : ∥𝐴∥S ≤ 1 } and the set of all strictly contractive 𝑝× 𝑞 ma-
trices as 𝔻𝑝×𝑞 := {𝐴 ∈ ℂ𝑝×𝑞 : ∥𝐴∥S < 1 } , where ∥⋅∥S is the operator norm in
ℂ𝑝×𝑞. Suppose that 𝐴 ∈ ℂ𝑝×𝑞, then 𝒩 (𝐴 ) is 𝐴’s null space and ℛ (𝐴 ) is its
range. The zero matrix in ℂ𝑝×𝑞 and the identity matrix in ℂ𝑞×𝑞 are denoted by
0𝑝×𝑞 and 𝐼𝑞, respectively. Suppose 𝐴 ∈ ℂ𝑝×𝑞, then its adjoint will be denoted
by 𝐴∗ and its Moore-Penrose inverse by 𝐴+. For each 𝐴 ∈ ℂ𝑞×𝑞, the matri-
ces Re𝐴 := 1

2 (𝐴+𝐴∗ ) and Im𝐴 := 1
2𝑖 (𝐴−𝐴∗ ) are, respectively, called the

real and imaginary parts of 𝐴. The determinant of 𝐴 will be denoted by det𝐴.
For 𝑛 ∈ ℕ and any sequence (𝐴𝑗 )

𝑛
𝑗=1 of complex 𝑝 × 𝑞 matrices, we also define

row (𝐴𝑗 )
𝑛
𝑗=1

:=
(
𝐴1, 𝐴2, ⋅ ⋅ ⋅ , 𝐴𝑛

)
and col (𝐴𝑗 )

𝑛
𝑗=1

:=
[
row
(

𝐴T
𝑗

)𝑛
𝑗=1

]T
.

For each 𝑞 ∈ ℕ, we let

ℛ𝑞,≥ :=
{

𝐴 ∈ ℂ
𝑞×𝑞 : Re𝐴 ∈ ℂ

𝑞×𝑞
≥
}

and ℐ𝑞,≥ :=
{

𝐴 ∈ ℂ
𝑞×𝑞 : Im𝐴 ∈ ℂ

𝑞×𝑞
≥
}

.

We also define

ℛ𝑞, > :=
{
𝐴 ∈ ℂ

𝑞×𝑞 : Re𝐴 ∈ ℂ
𝑞×𝑞
>

}
and ℐ𝑞, > :=

{
𝐴 ∈ ℂ

𝑞×𝑞 : Im𝐴 ∈ ℂ
𝑞×𝑞
>

}
.

Clearly, the set ℂ𝑞×𝑞≥ of all non-negative Hermitian complex 𝑞 × 𝑞 matrices is a

subset of ℛ𝑞,≥ and the set ℂ𝑞×𝑞> of all positive Hermitian complex 𝑞 × 𝑞 matrices
is a subset of ℛ𝑞, >. A complex 𝑞× 𝑞 matrix 𝐴 is called range-Hermitian (or an EP
matrix) if ℛ (𝐴 ) = ℛ (𝐴∗ ). The set of all range-Hermitian matrices in ℂ𝑞×𝑞 will
be denoted by ℂ

𝑞×𝑞
EP .

1. Reciprocal sequences

The approach to constructing a special transformation for sequences of complex
matrices considered here was introduced in [22]. The main theme of [22] was in-
vertibility for sequences of complex matrices. In this section, we provide a quick
review of relevant results from [22], because they will later be important.
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Definition 1.1. Let ϰ ∈ ℕ0∪{+∞} and let ( 𝑠𝑗 )ϰ𝑗=0 be a sequence of complex 𝑝×𝑞

matrices. The sequence
(

𝑠 ♯𝑗
)ϰ
𝑗=0

of 𝑞 × 𝑝 matrices defined by

𝑠♯𝑘 :=

⎧⎨⎩
𝑠+

0 , if 𝑘 = 0,

−𝑠+
0

𝑘−1∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙 , if 𝑘 ∈ ℤ1,ϰ ,

is called the reciprocal sequence corresponding to ( 𝑠𝑗 )
ϰ

𝑗=0.

Remark 1.2. Let ϰ ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )ϰ𝑗=0 be a sequence of complex

𝑝 × 𝑞-matrices with reciprocal sequence
(

𝑠♯𝑗
)ϰ
𝑗=0
. Given an arbitrary 𝑚 ∈ ℤ0,ϰ ,

the reciprocal sequence corresponding to ( 𝑠𝑗 )
𝑚
𝑗=0 is then

(
𝑠♯𝑗
)𝑚
𝑗=0
.

Example 1.3. Let ϰ ∈ ℕ0 ∪ {+∞}. Suppose ( 𝑠𝑗 )ϰ𝑗=0 is a sequence in ℂ𝑝×𝑞 and
that 𝑢 ∈ ℂ. For 𝑗 ∈ ℤ0,ϰ, suppose that 𝑠𝑗, 𝑢 := 𝑢𝑗𝑠𝑗 . By induction, we then obtain

( 𝑠𝑗, 𝑢 )
♯
= 𝑢𝑗𝑠 ♯𝑗 , for 𝑗 ∈ ℤ0,ϰ .

We will see that reciprocal sequences are especially interesting when consid-
ered for the following class of matricial sequences.

Definition 1.4. Let ϰ ∈ ℕ0 ∪ {+∞}. A sequence ( 𝑠𝑗 )
ϰ

𝑗=0 in ℂ𝑝×𝑞 is called first

term dominant if

𝒩 ( 𝑠0 ) ⊆
ϰ∩
𝑗=0

𝒩 ( 𝑠𝑗 ) and
ϰ∪
𝑗=0

ℛ ( 𝑠𝑗 ) ⊆ ℛ ( 𝑠0 ) .

The set of all such sequences ( 𝑠𝑗 )
ϰ

𝑗=0 in ℂ𝑝×𝑞 will be denoted by 𝒟𝑝×𝑞,ϰ .
Example 1.5. Let ϰ ∈ ℕ0∪{+∞}. All sequences ( 𝑠𝑗 )ϰ𝑗=0 in ℂ𝑞×𝑞 with det 𝑠0 ∕= 0
belong to 𝒟𝑞×𝑞,ϰ.
Remark 1.6. Let ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )

ϰ

𝑗=0 be a sequence in ℂ𝑝×𝑞. Then
( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒟𝑝×𝑞,ϰ if and only if ( 𝑠𝑗 )𝑚𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, for all 𝑚 ∈ ℤ0,ϰ .

Remark 1.7. Let ( 𝑠𝑗 )
ϰ

𝑗=0 be a sequence in ℂ𝑞×𝑞 and let (𝛼𝑗 )
ϰ

𝑗=0 be a sequence in

ℂ ∖ {0}. Then ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ if and only if (𝛼𝑗𝑠𝑗 )ϰ𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ .
Given a ϰ ∈ ℕ0∪{+∞} and a sequence ( 𝑠𝑗 )ϰ𝑗=0 in ℂ𝑝×𝑞, we define, for each

𝑚 ∈ ℤ0,ϰ , the lower triangular block Toeplitz matrices S
(𝑠)
𝑚 as

S(𝑠)
𝑚 :=

⎛⎜⎜⎜⎜⎜⎜⎝
𝑠0 0 0 . . . 0
𝑠1 𝑠0 0 . . . 0

𝑠2 𝑠1 𝑠0
. . .

...
...

...
...

. . . 0
𝑠𝑚 𝑠𝑚−1 𝑠𝑚−2 . . . 𝑠0

⎞⎟⎟⎟⎟⎟⎟⎠ (1.1)
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and, whenever it is clear which sequence is meant, we will simply write S𝑚 instead

of S
(𝑠)
𝑚 . For each 𝑚 ∈ ℤ0,ϰ , using

(
𝑠 ♯𝑗
)ϰ
𝑗=0

instead of ( 𝑠𝑗 )
ϰ

𝑗=0, we also set

S ♯𝑚 := S
(𝑠 ♯)
𝑚 . (1.2)

The following result (see [22, Proposition 4.20]) is particularly useful.

Proposition 1.8. If ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒟𝑝×𝑞,ϰ, then S+
𝑚 = S ♯𝑚 for

each 𝑚 ∈ ℤ0,ϰ.

If 𝑟, 𝑠 ∈ ℕ, 𝐴 = (𝑎𝑗𝑘)𝑗=1,...,𝑝
𝑘=1,...,𝑞

∈ ℂ𝑝×𝑞 and 𝐵 ∈ ℂ𝑟×𝑠, then the Kronecker

product 𝐴⊗𝐵 of the matrices 𝐴 and 𝐵 is given by 𝐴⊗𝐵 := (𝑎𝑗𝑘𝐵)𝑗=1,...,𝑝
𝑘=1,...,𝑞

.

It should be noted that, if 𝑠0 ∈ ℂ
𝑝×𝑞 and if 𝑚 ∈ ℕ, then the complex

(𝑚+ 1) 𝑝× (𝑚+ 1) 𝑞 matrix diag (𝑠0, 𝑠0, . . . , 𝑠0) can be expressed as 𝐼𝑚+1 ⊗ 𝑠0.

Lemma 1.9. If ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒟𝑝×𝑞,ϰ, then, for each 𝑚 ∈ ℤ0,ϰ,

S𝑚S
+
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠+

0 ) and S+
𝑚S𝑚 = 𝐼𝑚+1 ⊗ (𝑠+

0 𝑠0).

If, furthermore, 𝑝 = 𝑞 and if 𝑠0 ∈ ℂ
𝑞×𝑞
EP , then S𝑚S

+
𝑚 = S

+
𝑚S𝑚 for every 𝑚 ∈ ℤ0,ϰ.

Proof. Combine part (a) of [22, Theorem 4.21] with [22, Proposition 3.6]. □

We now consider a special class of sequences of complex square matrices,
namely the set of EP sequences (see [22, Section 7]). If 𝑛 ∈ ℕ0 and ( 𝑠𝑗 )

𝑛
𝑗=0 is a se-

quence in ℂ𝑞×𝑞, then ( 𝑠𝑗 )
𝑛
𝑗=0 is called an EP sequence when S

(𝑠)
𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
EP ,

where S
(𝑠)
𝑛 is defined by (1.1). If 𝑛 ∈ ℕ and ( 𝑠𝑗 )

𝑛
𝑗=0 is an EP sequence in ℂ𝑞×𝑞,

then, for any 𝑘 ∈ ℤ0, 𝑛−1, it follows that ( 𝑠𝑗 )
𝑘
𝑗=0 is also an EP sequence (see

[22, Remark 7.2]). A sequence ( 𝑠𝑗 )
∞
𝑗=0 in ℂ𝑞×𝑞 is thus called an EP sequence when

( 𝑠𝑗 )
𝑛
𝑗=0 is an EP sequence for all 𝑛 ∈ ℕ0. If ϰ ∈ ℕ0∪{+∞}, then ℱEP

𝑞,ϰ will stand

for the set of all EP sequences ( 𝑠𝑗 )
ϰ

𝑗=0 in ℂ𝑞×𝑞. The following proposition (see
[22, Proposition 7.4]) shows that EP sequences make up a subclass of first term
dominant sequences (introduced in Definition 1.4).

Proposition 1.10. Let ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 be a sequence in ℂ
𝑞×𝑞.

(a) The following two conditions are equivalent to one another:
(i) ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ.

(ii) 𝑠0 ∈ ℂ
𝑞×𝑞
EP and ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ.
(b) Suppose (i) is satisfied, then 𝑠0𝑠+

0 = 𝑠+
0 𝑠0 and, for each 𝑛 ∈ ℤ0,ϰ,

S𝑛S
+
𝑛 = 𝐼𝑛+1 ⊗

(
𝑠0𝑠+

0

)
and S+

𝑛 S𝑛 = 𝐼𝑛+1 ⊗
(

𝑠+
0 𝑠0

)
.

Proposition 1.11. If ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ, then ( 𝑠𝑗 )

𝑛
𝑗=0 ∈ ℱEP

𝑞, 𝑛

and S+
𝑛 = S

♯
𝑛 for each 𝑛 ∈ ℤ0,ϰ.

Our next result will offer us further insight into the structure of EP sequences.
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Theorem 1.12. Let 𝑞 ≥ 2, 𝑟 ∈ ℤ1, 𝑞−1 and ϰ ∈ ℕ0∪{+∞}. Suppose, furthermore,
that ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ with rank 𝑠0 = 𝑟 (and therefore dim [𝒩 ( 𝑠0 ) ] = 𝑞 − 𝑟). Let

(𝑢𝑠 )
𝑟
𝑠=1 be an orthonormal basis in ℛ ( 𝑠0 ) and (𝑢𝑠 )

𝑞
𝑠=𝑟+1 be an orthonormal

basis in 𝒩 ( 𝑠0 ). For each ℓ ∈ ℤ1, 𝑞, let 𝑈ℓ :=
(
𝑢1, 𝑢2, . . . , 𝑢ℓ

)
and, for each

𝑗 ∈ ℤ0,ϰ, let 𝑠𝑗 := 𝑈∗
𝑟 𝑠𝑗𝑈𝑟. Then:

(a) (𝑢𝑠 )
𝑞
𝑠=1 is an orthonormal basis in ℂ𝑞×1 and the matrix 𝑈𝑞 is unitary.

(b) 𝑈∗
𝑞 𝑠𝑗𝑈𝑞 = diag

(
𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)

)
for each 𝑗 ∈ ℤ0,ϰ. The matrix 𝑠0 is, in

particular, non-singular.

Proof. By part (a) of Proposition 1.10, we get 𝑠0 ∈ ℂ
𝑞×𝑞
EP . Thus, it follows by

Proposition A.5 that 𝒩 ( 𝑠0 ) = 𝒩 ( 𝑠∗0 ) . Hence, we see that ℂ
𝑞×1 = ℛ ( 𝑠0 ) ⊕

𝒩 ( 𝑠0 ) , from which we obtain (a). Furthermore, by part (a) of Proposition 1.10,
we have ( 𝑠𝑚 )

ϰ

𝑚=0 ∈ 𝒟𝑞×𝑞,ϰ. Recalling Definition 1.4, we then obtain 𝒩 ( 𝑠0 ) ⊆
𝒩 ( 𝑠𝑗 ) and, since 𝒩 ( 𝑠0 ) = 𝒩 ( 𝑠∗0 ), it follows by [22, Proposition 5.1] that

𝒩 ( 𝑠0 ) ⊆ 𝒩
(

𝑠∗𝑗
)

. (1.3)

For each 𝑚 ∈ ℤ𝑟+1, 𝑞, we have, by assumption, that 𝑢𝑚 ∈ 𝒩 ( 𝑠0 ), which, because
of (1.3), implies 𝑠𝑗𝑢𝑚 = 0𝑞×1 and 𝑠∗𝑗𝑢𝑚 = 0𝑞×1 for each 𝑗 ∈ ℤ0,ϰ. Consequently,

𝑈∗
𝑞 𝑠𝑗𝑈𝑞 =

(
( 𝑢1, ⋅⋅⋅ , 𝑢𝑟 )∗𝑠𝑗( 𝑢1, ⋅⋅⋅ , 𝑢𝑟 ), ( 𝑢1, ⋅⋅⋅ , 𝑢𝑟 )∗𝑠𝑗( 𝑢𝑟+1, ⋅⋅⋅ , 𝑢𝑞 )

( 𝑢𝑟+1, ⋅⋅⋅ , 𝑢𝑞 )∗𝑠𝑗( 𝑢1, ⋅⋅⋅ , 𝑢𝑟 ), ( 𝑢𝑟+1, ⋅⋅⋅ , 𝑢𝑞 )∗𝑠𝑗( 𝑢𝑟+1, ⋅⋅⋅ , 𝑢𝑞 )

)
= diag

(
𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)

)
for each 𝑗 ∈ ℤ0,ϰ. Since 𝑈𝑞 is non-singular, it follows that

rank 𝑠0 = rank
[
diag
(
𝑠0, 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
= rank

[
𝑈∗
𝑞 𝑠0𝑈𝑞

]
= rank 𝑠0 = 𝑟.

Thus, the matrix 𝑠0 is non-singular. □

2. Matricial Toeplitz non-negative definite sequences

Our focus in this section will be on a special class of sequences in ℂ𝑞×𝑞 . Before
we describe this class, we first introduce some notation. Given a ϰ ∈ ℕ0 and a
sequence (𝐶𝑗 )

ϰ

𝑗=0 in ℂ𝑞×𝑞 we define, for each 𝑛 ∈ ℤ0,ϰ , the block Toeplitz matrix

T(𝐶)
𝑛 :=

⎛⎜⎜⎜⎜⎝
𝐶0 𝐶∗

1 . . . 𝐶∗
𝑛

𝐶1 𝐶0
. . .

...
...

. . .
. . . 𝐶∗

1

𝐶𝑛 . . . 𝐶1 𝐶0

⎞⎟⎟⎟⎟⎠ . (2.1)

Whenever it is clear which sequence is meant, we will simply write T𝑛 instead

of T
(𝐶)
𝑛 . If 𝑛 ∈ ℕ0 and (𝐶𝑗 )

𝑛
𝑗=0 is a sequence in ℂ𝑞×𝑞, then (𝐶𝑗 )

𝑛
𝑗=0 is called

a Toeplitz non-negative definite sequence (or T-n.n.d. sequence, for short) if T𝑛 is
non-negative Hermitian. We call (𝐶𝑗 )

𝑛
𝑗=0 a Toeplitz positive definite sequence (or

T-p.d. sequence) if T𝑛 is positive Hermitian. If 𝑛 ∈ ℕ and (𝐶𝑗 )
𝑛
𝑗=0 is a T-n.n.d.
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sequence in ℂ𝑞×𝑞, then, for each 𝑚 ∈ ℤ0, 𝑛−1, so is (𝐶𝑗 )
𝑚
𝑗=0. Similarly, if (𝐶𝑗 )

𝑛
𝑗=0

is T-p.d., the same holds for (𝐶𝑗 )
𝑚
𝑗=0. Thus, we say that a sequence (𝐶𝑗 )

∞
𝑗=0 is

Toeplitz non-negative definite (T-n.n.d.) if, for each 𝑛 ∈ ℕ0, the sequence (𝐶𝑗 )
𝑛
𝑗=0

is Toeplitz non-negative definite and Toeplitz positive definite (T-p.d.) if, for each
𝑛 ∈ ℕ0, the sequence (𝐶𝑗 )

𝑛
𝑗=0 is Toeplitz positive definite. For ϰ ∈ ℕ0 ∪ {+∞},

the set of all T-n.n.d. sequences in ℂ𝑞×𝑞 will be denoted by 𝒯𝑞,ϰ and the set of all
T-p.d. sequences in ℂ𝑞×𝑞 by 𝒯𝑞,ϰ .
Example 2.1. Suppose 𝐾 ∈ ℂ𝑞×𝑞. For each 𝑗 ∈ { 0, 1 }, let 𝐶𝑗 := 𝐾𝑗. A well-
known characterization of non-negative Hermitian block matrices (see, for instance,

[8, Lemma 1.1.9]) shows that (𝐶𝑗 )
1
𝑗=0 ∈ 𝒯𝑞, 1 if and only if 𝐾 ∈ 𝕂𝑞×𝑞, and also

that (𝐶𝑗 )
1
𝑗=0 ∈ 𝒯𝑞, 1 if and only if 𝐾 ∈ 𝔻𝑞×𝑞.

Example 2.2. Let ϰ ∈ ℕ0 ∪ {+∞}. If 𝐴 ∈ ℂ
𝑞×𝑞
≥ and 𝐶𝑗 := 𝐴 for each 𝑗 ∈ ℤ0,ϰ ,

then (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ, since T𝑛 = 𝐷∗𝐴𝐷 ∈ ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
≥ for all 𝑛 ∈ ℤ0,ϰ , where

𝐷 :=
(
𝐼𝑞, 𝐼𝑞, ⋅ ⋅ ⋅ , 𝐼𝑞

) ∈ ℂ𝑞×(𝑛+1)𝑞.

Remark 2.3. Let ϰ ∈ ℕ0 ∪ {+∞} and (𝐶𝑗 )ϰ𝑗=0 ∈ 𝒯𝑞,ϰ . Suppose, furthermore,
that 𝐴 ∈ ℂ𝑞×𝑝. Then (𝐴∗𝐶𝑗𝐴 )

ϰ

𝑗=0 ∈ 𝒯𝑝,ϰ .
Remark 2.4. Let ϰ ∈ ℕ0 ∪{+∞} and 𝑠 ∈ ℕ. For each 𝑟 ∈ ℤ1, 𝑠, let 𝛼𝑟 ∈ [ 0, +∞)
and
(

𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ . Then
( 𝑠∑
𝑟=1

𝛼𝑟𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ . If, furthermore, there

exists an 𝑟0 ∈ ℤ1, 𝑠 such that 𝛼𝑟0 ∈ ( 0, +∞ ) and
(

𝐶
(𝑟0)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ , then( 𝑠∑
𝑟=1

𝛼𝑟𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ.

Remark 2.5. Let ϰ ∈ ℕ0 ∪ {+∞} and 𝑠 ∈ ℤ2,+∞. Suppose, furthermore, that

( 𝑞𝑗 )
𝑠
𝑗=1 is a sequence in ℕ and that 𝑞 =

𝑠∑
𝑟=1

𝑞𝑗 . For each 𝑟 ∈ ℤ1, 𝑠, let
(

𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

be a sequence from ℂ𝑞𝑗×𝑞𝑗 . Then:

(a)
(
diag
(
𝐶

(1)
𝑗 , 𝐶

(2)
𝑗 , . . . , 𝐶

(𝑠)
𝑗

))ϰ
𝑗=0

∈ 𝒯𝑞,ϰ if and only if
(

𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞𝑟 ,ϰ
for all 𝑟 ∈ ℤ1, 𝑠.

(b)
(
diag
(
𝐶

(1)
𝑗 , 𝐶

(2)
𝑗 , . . . , 𝐶

(𝑠)
𝑗

))ϰ
𝑗=0

∈ 𝒯𝑞,ϰ if and only if
(

𝐶
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒯𝑞𝑟 ,ϰ
for all 𝑟 ∈ ℤ1, 𝑠.

Remark 2.6. Let ϰ ∈ ℕ0 ∪ {+∞}.
(a) Suppose ( 𝑏𝑗 )

ϰ

𝑗=0 ∈ 𝒯1,ϰ and (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ , then ( 𝑏𝑗𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ .
(b) Suppose ( 𝑏𝑗 )

ϰ

𝑗=0 ∈ 𝒯1,ϰ and (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ , then ( 𝑏𝑗𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ .
With our next result, we establish a link to Section 1.
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Proposition 2.7. Let ϰ ∈ ℕ0 ∪ {+∞}. Then 𝒯𝑞,ϰ ⊆ 𝒟𝑞×𝑞,ϰ.
Proof. The case in which ϰ = 0 is trivial. We thus suppose that ϰ ≥ 1. Let (𝐶𝑗 )ϰ𝑗=0

be a T-n.n.d. sequence in ℂ𝑞×𝑞 and ℓ ∈ ℤ1,ϰ . We thus have Tℓ ∈ ℂ
(ℓ+1)𝑞×(ℓ+1)𝑞
≥ .

In particular, this implies that(
𝐶0 𝐶∗

ℓ

𝐶ℓ 𝐶0

)
∈ ℂ

2𝑞×2𝑞
≥ .

It thus follows that ℛ (𝐶ℓ ) ⊆ ℛ (𝐶0 ), ℛ (𝐶∗
ℓ ) ⊆ ℛ (𝐶0 ) and 𝐶∗

0 = 𝐶0 (see, e.g.,
[8, Lemma 1.1.9]). Hence, we obtain

ϰ∪
𝑗=0

ℛ (𝐶𝑗 ) ⊆ ℛ (𝐶0 ) and

ϰ∪
𝑗=0

ℛ (𝐶∗
𝑗

) ⊆ ℛ (𝐶∗
0 ) .

Finally, applying [22, Proposition 5.1] yields (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ. □

A direct consequence of Proposition 2.7 is the following well-known fact:

Corollary 2.8. If ϰ ∈ ℕ0 ∪ {+∞} and (𝐶𝑗 )
ϰ

𝑗=0 is a T-n.n.d. sequence in ℂ𝑞×𝑞

with 𝐶0 = 0𝑞×𝑞, then 𝐶𝑗 = 0𝑞×𝑞 for all 𝑗 ∈ ℤ0,ϰ.

We will now take a more detailed look at the structure of Toeplitz non-
negative definite sequences in ℂ

𝑞×𝑞. We draw from [11] and [8, Section 3.4], where
the structure of Toeplitz non-negative definite sequences is discussed in detail.
This structure is described using special matrices. For each ϰ ∈ ℕ0 ∪ {+∞} and
any sequence (𝐶𝑗 )

ϰ

𝑗=0 in ℂ𝑞×𝑞, we set

𝑀1 := 0𝑞×𝑞, 𝐿1 := 𝐶0 and 𝑅1 := 𝐶0. (2.2)

If ϰ ≥ 1, then, for each 𝑛 ∈ ℤ1,ϰ , we furthermore define

𝑍𝑛 := row (𝐶𝑛+1−𝑗 )
𝑛
𝑗=1 and 𝑌𝑛 := col (𝐶𝑗 )

𝑛
𝑗=1 (2.3)

as well as

𝐿𝑛+1 := 𝐶0 − 𝑍𝑛T
+
𝑛−1𝑍∗

𝑛, 𝑅𝑛+1 := 𝐶0 − 𝑌 ∗
𝑛T

+
𝑛−1𝑌𝑛 (2.4)

(where we use the block Toeplitz matrix in (2.1)) and

𝑀𝑛+1 := 𝑍𝑛T
+
𝑛−1𝑌𝑛. (2.5)

The following proposition describes the inherent structure of a Toeplitz non-
negative definite sequence in ℂ𝑞×𝑞.

Proposition 2.9. Let ϰ ∈ ℕ0 ∪ {+∞} and let (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in

ℂ𝑞×𝑞. Then:

(a) (𝐿𝑗+1 )
ϰ

𝑗=0 and (𝑅𝑗+1 )
ϰ

𝑗=0 are monotonically decreasing sequences, where

rank𝐿𝑗+1 = rank𝑅𝑗+1 and det𝐿𝑗+1 = det𝑅𝑗+1,

for each 𝑗 ∈ ℤ0,ϰ. If ϰ = +∞, then the sequences (𝐿𝑗+1 )
∞
𝑗=0 and (𝑅𝑗+1 )

∞
𝑗=0

converge to non-negative Hermitian matrices 𝐿 and 𝑅, respectively. When
this is the case, det𝐿 = det𝑅.
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(b) Suppose that ϰ ≥ 1. For each 𝑛 ∈ ℤ0,ϰ−1, the matrix

𝐾𝑛+1 :=
(√

𝐿𝑛+1

)+
(𝐶𝑛+1 −𝑀𝑛+1 )

(√
𝑅𝑛+1

)+
is contractive and

𝐶𝑛+1 = 𝑀𝑛+1 +
√

𝐿𝑛+1𝐾𝑛+1

√
𝑅𝑛+1.

If 𝑛 ≥ 1, then
𝐿𝑛+2 =

√
𝐿𝑛+1

(
𝐼𝑞 −𝐾𝑛+1𝐾∗

𝑛+1

)√
𝐿𝑛+1,

𝑅𝑛+2 =
√

𝑅𝑛+1

(
𝐼𝑞 −𝐾∗

𝑛+1𝐾𝑛+1

)√
𝑅𝑛+1

and all of the following conditions are equivalent:
(i) 𝐿𝑛+1 = 𝐿𝑛+2.
(ii) 𝑅𝑛+1 = 𝑅𝑛+2.
(iii) 𝐶𝑛+1 = 𝑀𝑛+2.
(iv) 𝐾𝑛+1 = 0𝑞×𝑞.

(c) If (𝐶𝑗 )
ϰ

𝑗=0 is T-p.d. then, for each 𝑛 ∈ ℤ0,ϰ−1, the matrices 𝐿𝑛+1 and 𝑅𝑛+1

are positive Hermitian and 𝐾𝑛+1 is strictly contractive.

Proof. See [8, Remark 3.4.1, Theorem 3.4.1 and Remark 3.4.3]. □

If ϰ ∈ ℕ ∪ {+∞} and (𝐶𝑗 )ϰ𝑗=0 is a T-n.n.d. sequence in ℂ𝑞×𝑞, then the
sequence (𝐾𝑗 )

ϰ

𝑗=1 defined in Proposition 2.9 is called the Schur parameter sequence

of (𝐶𝑗 )
ϰ

𝑗=0. Note that Schur parameter sequences appear, for instance, for Toeplitz

positive definite sequences in [7, Definition 2.3], where a sequence of this type is
referred to as the sequence of canonical moments.

Definition 2.10. A sequence (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒯𝑞,∞ is called totally Toeplitz positive defi-

nite if the matrix 𝐿 from part (a) of Proposition 2.9 satisfies det𝐿 ∕= 0. The set of
all totally Toeplitz positive definite sequences in 𝒯𝑞,∞ will be denoted by 𝒯 t

𝑞,∞.

Proposition 2.9 shows that

𝒯 t
𝑞,∞ ⊆ 𝒯𝑞,∞. (2.6)

We next concentrate on the extension problem for finite Toeplitz non-negative
definite matricial sequences. If 𝑀, 𝐴, 𝐵 ∈ ℂ𝑞×𝑞, then the set

𝔎 (𝑀 ; 𝐴, 𝐵 ) := {𝑀 +𝐴𝐾𝐵 : 𝐾 ∈ 𝕂𝑞×𝑞 }
is called the (closed) matrix ball with center 𝑀 , left semi-radius 𝐴 and right semi-
radius 𝐵 and the set

∘
𝔎 (𝑀 ; 𝐴, 𝐵 ) := {𝑀 +𝐴𝐾𝐵 : 𝐾 ∈ 𝔻𝑞×𝑞 }

is called the open matrix ball with center𝑀 , left semi-radius𝐴 and right semi-radius
𝐵. The following theorem (see [8, Theorem 3.4.1]) gives us a complete answer to
the extension problem for finite Toeplitz non-negative definite sequences.

Theorem 2.11. Let 𝑛 ∈ ℕ0 and (𝐶𝑗 )
𝑛
𝑗=0 be a sequence in ℂ

𝑞×𝑞. Then:
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(a) The set

𝒞≥
[
(𝐶𝑗 )

𝑛
𝑗=0

]
:=
{

𝐶𝑛+1 ∈ ℂ
𝑞×𝑞 : (𝐶𝑗 )

𝑛+1
𝑗=0 ∈ 𝒯𝑞, 𝑛+1

}
is non-empty if and only if (𝐶𝑗 )

𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛.

(b) Suppose (𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛. Then 𝐿𝑛+1, 𝑅𝑛+1 ∈ ℂ

𝑞×𝑞
≥ and

𝒞≥
[
(𝐶𝑗 )

𝑛
𝑗=0

]
= 𝔎
(

𝑀𝑛+1;
√

𝐿𝑛+1,
√

𝑅𝑛+1

)
.

In particular, 𝑀𝑛+1 ∈ 𝒞≥
[
(𝐶𝑗 )

𝑛
𝑗=0

]
.

(c) The set

𝒞>
[
(𝐶𝑗 )

𝑛
𝑗=0

]
:=
{

𝐶𝑛+1 ∈ ℂ
𝑞×𝑞 : (𝐶𝑗 )

𝑛+1
𝑗=0 ∈ 𝒯𝑞, 𝑛+1

}
is non-empty if and only if (𝐶𝑗 )

𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛.

(d) Suppose (𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛. Then 𝐿𝑛+1, 𝑅𝑛+1 ∈ ℂ

𝑞×𝑞
> and

𝒞>
[
(𝐶𝑗 )

𝑛
𝑗=0

]
=

∘
𝔎
(

𝑀𝑛+1;
√

𝐿𝑛+1,
√

𝑅𝑛+1

)
.

In particular, 𝑀𝑛+1 ∈ 𝒞>
[
(𝐶𝑗 )

𝑛
𝑗=0

]
.

The following definition is motivated by the role which the matrix 𝑀𝑘 (in-
troduced in (2.2) and (2.5)) plays in Theorem 2.11; more precisely, the fact that
𝑀𝑘 appears as the center of the matrix balls in parts (b) and (d).

Definition 2.12. Let ϰ ∈ ℕ ∪ {+∞} and (𝐶𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞.

(a) Suppose 𝑘 ∈ ℤ1,ϰ . We say that (𝐶𝑗 )
ϰ

𝑗=0 is a central sequence of order 𝑘 (or

an order 𝑘 central sequence), if 𝐶𝑘 = 𝑀𝑘 for all 𝑗 ∈ ℤ𝑘,ϰ , where 𝑀𝑘 is given
by (2.2) and (2.5).

(b) Let 𝑘 ∈ ℤ1,ϰ . We call (𝐶𝑗 )
ϰ

𝑗=0 a central sequence of minimal order 𝑘 (or a

minimal order 𝑘 central sequence) if it has both of the following two properties:
(i) (𝐶𝑗 )

ϰ

𝑗=0 is order 𝑘 central.

(ii) If ϰ ≥ 2 and 𝑘 ∈ ℤ2,ϰ, then (𝐶𝑗 )
ϰ

𝑗=0 is not order 𝑘 − 1 central.
(c) The sequence (𝐶𝑗 )

ϰ

𝑗=0 is simply called a central sequence, if there exists a

𝑘 ∈ ℤ1,ϰ such that (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 central.

Remark 2.13. Let ϰ ∈ ℕ ∪ {+∞} and 𝑘 ∈ ℤ1,ϰ . Furthermore, suppose that
(𝐶𝑗 )

ϰ

𝑗=0 is an order 𝑘 central sequence in ℂ𝑞×𝑞. For each ℓ ∈ ℤ𝑘,ϰ, the sequence

(𝐶𝑗 )
ϰ

𝑗=0 is then also order ℓ central.

It is easy to characterize order 1 central sequences in ℂ𝑞×𝑞.

Remark 2.14. Let ϰ ∈ ℕ ∪ {+∞} and (𝐶𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞.

(a) Inductively, we see from (2.4) and (2.5) that (𝐶𝑗 )
ϰ

𝑗=0 is order 1 central when

𝐶𝑗 = 0𝑞×𝑞, for all 𝑗 ∈ ℤ1,ϰ.
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(b) From (a) we see that (𝐶𝑗 )
ϰ

𝑗=0 is T-n.n.d. and order 1 central if and only if

𝐶0 ∈ ℂ
𝑞×𝑞
≥ and 𝐶𝑗 = 0𝑞×𝑞, for all 𝑗 ∈ ℤ1,ϰ.

(c) From (a) we furthermore see that (𝐶𝑗 )
ϰ

𝑗=0 is T-p.d. and order 1 central when

𝐶0 ∈ ℂ
𝑞×𝑞
> and 𝐶𝑗 = 0𝑞×𝑞, for all 𝑗 ∈ ℤ1,ϰ.

Our next steps will be towards characterizing central Toeplitz non-negative
definite sequences.

Proposition 2.15. Let ϰ ∈ ℕ∪{+∞} and (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in ℂ
𝑞×𝑞

with Schur parameter sequence (𝐾𝑗 )
ϰ

𝑗=1. Let, furthermore, 𝑘 ∈ ℤ1,ϰ. All of the

following conditions are equivalent:

(i) (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 central.

(ii) 𝐿𝑗+1 = 𝐿𝑘 for all 𝑗 ∈ ℤ𝑘,ϰ.
(iii) 𝑅𝑗+1 = 𝑅𝑘 for all 𝑗 ∈ ℤ𝑘,ϰ.
(iv) 𝐾𝑗 = 0𝑞×𝑞 for all 𝑗 ∈ ℤ𝑘,ϰ.

Proof. The equivalence of (i)–(iv) follows directly from Proposition 2.9. □

Next, we arrive at recursion formulas for the elements of a central Toeplitz
non-negative definite sequence. The corresponding result, the following Theo-
rem 2.16, is an immediate consequence of [14, Proposition 1 and Remark 1].
A result equivalent to Theorem 2.16 is found in [15, Theorem 32] as well as in
[8, Theorem 3.4.3]. For the special case of a Toeplitz positive definite sequence, an
equivalent result to Theorem 2.16 was already included in [12, Theorem 20] with
two different proofs. The first of these proofs is based on applying an extension
problem result ( for the Wiener algebra𝑊 (𝕋) ) by Dym/Gohberg [9, Theorem 6.1].
The second of these proofs uses results for orthogonal matrix polynomials on the
unit circle by Delsarte/Genin/Kamp [28]. For the special case of a Toeplitz pos-
itive definite sequence, a further equivalent result to Theorem 2.16 can be found
in Ellis/Gohberg [10, Theorem 2.2].

Theorem 2.16. Let ϰ ∈ ℤ2,∞ ∪ {+∞}, 𝑘 ∈ ℤ1,ϰ−1 and (𝐶𝑗 )
ϰ

𝑗=0 be an order 𝑘

central T-n.n.d. sequence in ℂ𝑞×𝑞. Let 𝑠 ∈ ℤ𝑘+1,ϰ. Suppose that

𝑍𝑠, 𝑘 := row (𝐶𝑠−𝑗 )
𝑘
𝑗=1 and 𝑌𝑠, 𝑘 := col (𝐶𝑠−1−𝑘+𝑗 )

𝑘
𝑗=1

and that 𝑍𝑘 and 𝑌𝑘 are given by (2.3). Then

𝐶𝑠 = 𝑍𝑠, 𝑘T
+
𝑘−1𝑌𝑘 and 𝐶𝑠 = 𝑍𝑘T

+
𝑘−1𝑌𝑠, 𝑘.

Corollary 2.17. Let ϰ ∈ ℤ2,ϰ∪{+∞} and (𝐶𝑗 )
ϰ

𝑗=0 be an order 2 central T-n.n.d.

sequence in ℂ𝑞×𝑞. Suppose that 𝑠 ∈ ℤ2,ϰ. Then:

(a) 𝐶𝑠 = 𝐶𝑠−1𝐶+
0 𝐶1 and 𝐶𝑠 = 𝐶1𝐶+

0 𝐶𝑠−1.

(b) 𝐶𝑠 = 𝐶1

(
𝐶+

0 𝐶1

)𝑠−1
and 𝐶𝑠 =

(
𝐶1𝐶+

0

)𝑠−1
𝐶1.

Proof. Part (a) follows directly from Theorem 2.16, while (b) follows from (a). □
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Given an 𝑛 ∈ ℕ0 and a sequence (𝐶𝑗 )
𝑛
𝑗=0 in ℂ𝑞×𝑞, we next consider the

unique extension of (𝐶𝑗 )
𝑛
𝑗=0 to an order 𝑛+ 1 central sequence.

Remark 2.18. Let 𝑛 ∈ ℕ0 and (𝐶𝑗 )
𝑛
𝑗=0 be a sequence in ℂ𝑞×𝑞. There exists a

unique order 𝑛+ 1 central sequence
(

𝐶𝑗
)∞
𝑗=0

in ℂ𝑞×𝑞 such that 𝐶𝑗 = 𝐶𝑗 for each

𝑗 ∈ ℤ0, 𝑛. This sequence is called the central sequence corresponding to (𝐶𝑗 )
𝑛
𝑗=0.

We have now arrived at an idea central to our topic. Specifically, we now
consider central sequences for the case that our initial sequence is Toeplitz non-
negative or positive definite.

Lemma 2.19. Let 𝑘 ∈ ℕ and (𝐶𝑗 )
𝑘−1
𝑗=0 be a sequence in ℂ𝑞×𝑞. Suppose that

(
𝐶𝑗
)∞
𝑗=0

is the central sequence corresponding to (𝐶𝑗 )
𝑘−1
𝑗=0 . Then:

(a)
(

𝐶𝑗
)∞
𝑗=0

∈ 𝒯𝑞,∞ if and only if (𝐶𝑗 )
𝑘−1
𝑗=0 ∈ 𝒯𝑞, 𝑘−1.

(b) All of the following conditions are equivalent:

(i)
(

𝐶𝑗
)∞
𝑗=0

∈ 𝒯 t
𝑞,∞.

(ii)
(

𝐶𝑗
)∞
𝑗=0

∈ 𝒯𝑞,∞.

(iii) (𝐶𝑗 )
𝑘−1
𝑗=0 ∈ 𝒯𝑞, 𝑘−1.

Proof. Part (a) follows immediately from parts (b) and (d) of Theorem 2.11.

(b) “(iii)=⇒(i)”. Because of (iii), part (c) of Proposition 2.9 implies 𝐿𝑘 ∈ ℂ
𝑞×𝑞
> .

Suppose that
(

𝐿̃𝑠+1

)∞
𝑠=0

is the sequence constructed from
(

𝐶𝑗
)∞
𝑗=0

via (2.2) -

(2.4) and that 𝐿̃ := lim
𝑠−→∞ 𝐿̃𝑠+1. Since Proposition 2.15 yields 𝐿̃𝑠 = 𝐿𝑘 for each

𝑠 ∈ ℤ𝑘,∞, we get that 𝐿̃ = 𝐿𝑘. Because the matrix 𝐿𝑘 is positive Hermitian, it

follows that det 𝐿̃ ∕= 0 and we have (i).
“(i)=⇒(ii)” follows directly from (2.6).

“(ii)=⇒(iii)” follows from (𝐶𝑗 )𝑘−1

𝑗=0
= (𝐶𝑗 )

𝑘−1
𝑗=0 and the definition of 𝒯𝑞,∞. □

If 𝑘 ∈ ℕ and (𝐶𝑗 )
𝑘−1
𝑗=0 ∈ 𝒯𝑞, 𝑘−1, then Theorem 2.16 gives us a method

for recursively constructing the central sequence corresponding to (𝐶𝑗 )
𝑘−1
𝑗=0 . In

anticipation of later applications, we formulate this result for the special case
𝑘 = 1.

Corollary 2.20. Suppose that (𝐶𝑗 )
1
𝑗=0 is a T-n.n.d. sequence in ℂ

𝑞×𝑞 and that(
𝐶𝑗
)∞
𝑗=0

is the central sequence corresponding to (𝐶𝑗 )
1
𝑗=0. Then

𝐶𝑠 = 𝐶1

(
𝐶+

0 𝐶1

)𝑠−1
and 𝐶𝑠 =

(
𝐶1𝐶+

0

)𝑠−1
𝐶1

for each 𝑠 ∈ ℤ2,+∞.

Proof. We need only combine Corollary 2.17 with Remark 2.18. □
Example 2.21. Let 𝐾 ∈ 𝕂𝑞×𝑞. For each 𝑗 ∈ ℕ0, let 𝐶𝑗 := 𝐾𝑗. Using Example 2.1,
Corollary 2.20 and Lemma 2.19, it is easily verified that:



70 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

(a) (𝐶𝑗 )
∞
𝑗=0 is an order 2 central T-n.n.d. sequence in ℂ𝑞×𝑞 and if (and only if)

𝐾 ∕= 0𝑞×𝑞, then (𝐶𝑗 )∞𝑗=0 is minimal order 2 central.

(b) 𝐿1 = 𝐼𝑞 , 𝑅1 = 𝐼𝑞 and, for each 𝑘 ∈ ℕ, furthermore

𝐿𝑘+1 = 𝐼𝑞 −𝐾𝐾∗ and 𝑅𝑘+1 = 𝐼𝑞 −𝐾∗𝐾.

(c) (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒯 t

𝑞,∞ if and only if 𝐾 ∈ 𝔻𝑞×𝑞.

Example 2.22. Let 𝐾 ∈ 𝕂𝑞×𝑞 ∩ ℂ
𝑞×𝑞
≥ and 𝑟 ∈ ℕ. For each 𝑗 ∈ ℕ0, suppose

𝐶𝑗 := 𝐾𝑟+𝑗. Then (𝐶𝑗 )
∞
𝑗=0 is an order 2 central T-n.n.d. sequence in ℂ𝑞×𝑞. This

can be recognized as follows. Since 𝐾 ∈ ℂ
𝑞×𝑞
≥ , part (b) of Lemma A.4 implies

𝐾𝐾+ = 𝐾+𝐾. Thus, by induction, we obtain

(𝐾𝑟 )
+

𝐾𝑟+1 = 𝐾. (2.7)

For each 𝑗 ∈ ℕ0, we have 𝐶𝑗 =
(√

𝐾𝑟
)∗

𝐾𝑗
√

𝐾𝑟. Combining this with the fact that

Example 2.21 yields
(

𝐾𝑗
)∞
𝑗=0

∈ 𝒯𝑞,∞, we see by Remark 2.3 that (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒯𝑞,∞.

Therefore, (𝐶𝑗 )
1
𝑗=0 ∈ 𝒯𝑞, 1. Thus, (2.7) implies

𝐶1

(
𝐶+

0 𝐶1

)𝑠−1
= 𝐾𝑟+1

[
(𝐾𝑟 )

+
𝐾𝑟+1

]𝑠−1

= 𝐾𝑟+1𝐾𝑠−1 = 𝐾𝑟+𝑠 = 𝐶𝑠

for each 𝑠 ∈ ℤ2,∞. Thus, Corollary 2.20 shows that (𝐶𝑗 )
∞
𝑗=0 is the central sequence

corresponding to (𝐶𝑗 )
1
𝑗=0. Hence, (𝐶𝑗 )

∞
𝑗=0 is order 2 central.

Remark 2.23. Let ϰ ∈ ℕ0 ∪ {+∞}.
(a) If (𝐶𝑗 )

ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ and 𝑤 ∈ 𝔻 ∪ 𝕋, then from part (a) of Remark 2.6 and

Example 2.21, it follows that
(

𝑤𝑗𝐶𝑗
)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ.
(b) If (𝐶𝑗 )

ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ and 𝑤 ∈ 𝔻, then from part (b) of Remark 2.6 and Exam-

ple 2.21, it follows that
(

𝑤𝑗𝐶𝑗
)ϰ
𝑗=0

∈ 𝒯𝑞,ϰ.
We now introduce another class of matricial sequences which will be partic-

ularly interesting when we again look at Toeplitz non-negative definite sequences.

Definition 2.24. Let ϰ ∈ ℕ ∪ {+∞} and (𝐶𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞.

(a) Suppose 𝑘 ∈ ℤ1,ϰ . We will say that (𝐶𝑗 )
ϰ

𝑗=0 is a canonical sequence of order

𝑘 (or an order 𝑘 canonical sequence), if rankT𝑘−1 = rankT𝑘.
(b) Suppose 𝑘 ∈ ℤ1,ϰ . We call (𝐶𝑗 )

ϰ

𝑗=0 a canonical sequence of minimal order 𝑘

(or a minimal order 𝑘 canonical sequence) if it has the following two properties:
(i) (𝐶𝑗 )

ϰ

𝑗=0 is order 𝑘 canonical.

(ii) If ϰ ≥ 2 and 𝑘 ∈ ℤ2,ϰ, then for each ℓ ∈ ℤ1, 𝑘, the sequence (𝐶𝑗 )
ϰ

𝑗=0 is

not order ℓ canonical.
(c) (𝐶𝑗 )

ϰ

𝑗=0 is simply called a canonical sequence, if there exists a 𝑘 ∈ ℤ1,ϰ such

that (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 canonical.



Reciprocal Sequences of Matricial Carathéodory Sequences 71

We next arrive at a characterization of canonical Toeplitz non-negative defi-
nite sequences.

Lemma 2.25. If ϰ ∈ ℕ0 ∪ {+∞} and (𝐶𝑗 )
ϰ

𝑗=0 is a T-n.n.d. sequence in ℂ
𝑞×𝑞,

then rankT𝑛 = rankT𝑛−1 + rank𝐿𝑛+1 for all 𝑛 ∈ ℤ1,ϰ.

Proof. Apply [8, Lemma 1.1.7]. □

Proposition 2.26. Let ϰ ∈ ℕ ∪ {+∞} and (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in

ℂ
𝑞×𝑞. Let, furthermore, 𝑘 ∈ ℤ1,ϰ. All of the following conditions are equivalent:

(i) (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 canonical.

(ii) 𝐿𝑘+1 = 0𝑞×𝑞.
(iii) 𝑅𝑘+1 = 0𝑞×𝑞.
(iv) 𝐿𝑗+1 = 0𝑞×𝑞 for all 𝑗 ∈ ℤ𝑘,ϰ.
(v) 𝑅𝑗+1 = 0𝑞×𝑞 for all 𝑗 ∈ ℤ𝑘,ϰ.

Proof. Combining Definition 2.24 and Lemma 2.25 with part (b) of Proposition 2.9
yields the proof. □

Corollary 2.27. Let ϰ ∈ ℕ ∪ {+∞} and 𝑘 ∈ ℤ1,ϰ. Furthermore, suppose that
(𝐶𝑗 )

ϰ

𝑗=0 is an order 𝑘 canonical T-n.n.d. sequence in ℂ
𝑞×𝑞. Then:

(a) For each ℓ ∈ ℤ𝑘,ϰ, the sequence (𝐶𝑗 )
ϰ

𝑗=0 is order ℓ canonical.

(b) If ϰ ≥ 2 and 𝑘 ∈ ℤ1,ϰ−1, then, for each ℓ ∈ ℤ𝑘+1,ϰ, the sequence (𝐶𝑗 )
ϰ

𝑗=0

is order ℓ central.

Proof. Use Propositions 2.26 and 2.15. □

Example 2.28. Let ϰ ∈ ℕ∪ {+∞} and 𝐴 ∈ ℂ
𝑞×𝑞
H . For each 𝑗 ∈ ℤ0,ϰ let 𝐶𝑗 := 𝐴.

Then, for each 𝑛 ∈ ℤ0,ϰ , it follows that rankT𝑛 = rank𝐴. Therefore, (𝐶𝑗 )
ϰ

𝑗=0

is order 1 canonical. In particular, if 𝐴 ∈ ℂ
𝑞×𝑞
≥ , then it follows from Example 2.2

that (𝐶𝑗 )
ϰ

𝑗=0 is an order 1 canonical T-n.n.d. sequence.

Example 2.29. Let 𝐾 ∈ 𝕂𝑞×𝑞. For each 𝑗 ∈ ℕ0, let 𝐶𝑗 := 𝐾𝑗 . Then (𝐶𝑗 )
∞
𝑗=0 is

canonical if and only if 𝐾 is unitary. When this is the case, (𝐶𝑗 )
∞
𝑗=0 is order 1

canonical. This can be recognized as follows: From part (a) of Example 2.21, we
see that (𝐶𝑗 )

∞
𝑗=0 ∈ 𝒯1,∞. If 𝐾 is not unitary, then part (b) of Example 2.21 shows

us that 𝐿𝑘+1 ∕= 0𝑞×𝑞, for each 𝑘 ∈ ℕ0. By Proposition 2.26, it thus follows that
(𝐶𝑗 )

∞
𝑗=0 is not canonical. If 𝐾 is unitary, then part (b) of Example 2.21 shows us

that 𝐿𝑘+1 = 0𝑞×𝑞, for each 𝑘 ∈ ℕ. By Proposition 2.26, we thus see that (𝐶𝑗 )
∞
𝑗=0

is order 1 canonical.

The following lemma demonstrates an important approach to constructing
canonical 𝒯𝑞,∞ sequences.
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Lemma 2.30. Suppose 𝑟 ∈ ℕ, (𝐴𝑠 )
𝑟
𝑠=1 is a sequence in ℂ

𝑞×𝑞
≥ and that ( 𝑧𝑠 )

𝑟
𝑠=1 is

a sequence of pairwise different points in 𝕋. For each 𝑗 ∈ ℕ0, let

𝐶𝑗 :=

𝑟∑
𝑠=1

𝑧𝑠
−𝑗𝐴𝑠.

Then (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒯𝑞,∞ and rankT𝑛 =

𝑟∑
𝑠=1

rank𝐴𝑠 for 𝑛 ∈ ℤ𝑟−1,∞. The sequence

(𝐶𝑗 )
∞
𝑗=0 is, furthermore, order 𝑟 canonical and (𝐶𝑗 )

𝑟−1
𝑗=0 ∈ 𝒯𝑞, 𝑟−1 if and only if

(𝐴𝑠 )
𝑟
𝑠=1 is a sequence in ℂ

𝑞×𝑞
> .

Proof. Let 𝑛 ∈ ℕ0. Considering the Vandermonde matrix

𝑉𝑞, 𝑛
(
( 𝑧𝑠 )

𝑟
𝑠=1

)
:=

⎛⎜⎜⎜⎝
𝑧0

1𝐼𝑞 𝑧1
1𝐼𝑞 ⋅ ⋅ ⋅ 𝑧𝑛1 𝐼𝑞

𝑧0
2𝐼𝑞 𝑧1

2𝐼𝑞 ⋅ ⋅ ⋅ 𝑧𝑛2 𝐼𝑞
...

...
...

𝑧0
𝑟𝐼𝑞 𝑧1

𝑟𝐼𝑞 ⋅ ⋅ ⋅ 𝑧𝑛𝑟 𝐼𝑞

⎞⎟⎟⎟⎠ ,

we obtain

T𝑛 =
[
𝑉𝑞, 𝑛
(
( 𝑧𝑠 )

𝑟
𝑠=1

) ]∗
[ diag (𝐴1, 𝐴2, . . . , 𝐴𝑟) ]

[
𝑉𝑞, 𝑛
(
( 𝑧𝑠 )

𝑟
𝑠=1

) ]
. (2.8)

Since (𝐴𝑠 )
𝑟
𝑠=1 is a sequence in ℂ

𝑞×𝑞
≥ , this implies T𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
≥ . Hence,

(𝐶𝑗 )
∞
𝑗=0 ∈ 𝒯𝑞,∞. Since the elements of ( 𝑧𝑠 )𝑟𝑠=1 are pairwise different, it follows

that

rank
[
𝑉𝑞, 𝑛
(
( 𝑧𝑠 )

𝑟
𝑠=1

) ]
= 𝑟 ⋅ 𝑞, (2.9)

for all 𝑛 ∈ ℤ𝑟−1,∞ and thus, from (2.8) that

rankT𝑛 = rank [ diag (𝐴1, 𝐴2, . . . , 𝐴𝑟) ] =

𝑟∑
𝑠=1

rank𝐴𝑠.

We thus also see that (𝐶𝑗 )
∞
𝑗=0 is order 𝑟 canonical. For 𝑛 = 𝑟 − 1 it follows

from (2.9) that det
[
𝑉𝑞, 𝑟−1

(
( 𝑧𝑠 )

𝑟
𝑠=1

) ] ∕= 0. Therefore, from (2.8), we see that

(𝐶𝑗 )
𝑟−1
𝑗=0 ∈ 𝒯𝑞, 𝑟−1 if and only if (𝐴𝑠 )

𝑟
𝑠=1 is a sequence in ℂ

𝑞×𝑞
> . □

The next result shows (see [20, Corollary 1.14]) that every canonical sequence
(𝐶𝑗 )

𝑛
𝑗=0 ∈ 𝒯𝑞,∞ is of the form described in Lemma 2.30.

Theorem 2.31. Suppose that (𝐶𝑗 )
∞
𝑗=0 is a sequence in ℂ𝑞×𝑞. Then both of the

following two conditions are equivalent:

(i) (𝐶𝑗 )
∞
𝑗=0 is a canonical T-n.n.d. sequence.

(ii) There are some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋 and ma-

trices 𝐴1, 𝐴2, . . . , 𝐴𝑟 ∈ ℂ
𝑞×𝑞
≥ such that

𝐶𝑗 =
𝑟∑

𝑚=1

𝑧−𝑗
𝑚 𝐴𝑚 𝑗 ∈ ℕ0.
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The following proposition can be seen as an addendum to Theorem 2.11.

Proposition 2.32. Let 𝑛 ∈ ℕ0 and (𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛. Suppose, furthermore, that

𝐶𝑛+1 ∈ ℂ𝑞×𝑞. Then both of the following two conditions are equivalent:

(i) The sequence (𝐶𝑗 )
𝑛+1
𝑗=0 is an order 𝑛+ 1 canonical T-n.n.d. sequence.

(ii) There exists a unitary matrix 𝑈𝑛+1 ∈ ℂ𝑞×𝑞 such that

𝐶𝑛+1 = 𝑀𝑛+1 +
√

𝐿𝑛+1𝑈𝑛+1

√
𝑅𝑛+1.

Proof. Combine part (b) of Proposition 2.9, part (b) of Theorem 2.11 and Propo-
sition 2.26. □

For a detailed discussion of canonical Toeplitz non-negative definite sequences
in ℂ

𝑞×𝑞, we refer the reader to [20, Section 1], where, for arbitrary 𝑛 ∈ ℕ0 and

(𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛, the set of all 𝐶𝑛+1 ∈ 𝒞≥

[
(𝐶𝑗 )

𝑛
𝑗=0

]
for which (𝐶𝑗 )

𝑛+1
𝑗=0 is order

𝑛 canonical is described. This set is never empty.
The canonical extension problem for sequences in 𝒯𝑞, 𝑛 is a special case of

the problem of determining all rank-preserving extensions of such sequences. This
more general problem was dealt with in [11, Theorem 3]. For discussions of this
topic in the scalar case, we refer the reader to the monograph Iohvidov [24] as well
as the article Akimoto/Ito [1].

3. Matricial Carathéodory sequences

In this section, we present some basic facts on matricial Carathéodory sequences
and their relationship to Toeplitz non-negative definite sequences of matrices. If
𝑛 ∈ ℕ0, then a sequence ( 𝑠𝑗 )

𝑛
𝑗=0 in ℂ𝑞×𝑞 is called a 𝑞 × 𝑞 Carathéodory sequence

(or simply a 𝑞×𝑞 C-sequence) if the real part Re S𝑛 of the matrix S𝑛 given by (1.1)

and S𝑛 := S
(𝑠)
𝑛 is non-negative Hermitian, i.e., if S𝑛 ∈ ℛ(𝑛+1)𝑞,≥, and a strict 𝑞× 𝑞

Carathéodory sequence (or strict 𝑞 × 𝑞 C-sequence) if Re S𝑛 is positive Hermitian,
i.e., if S𝑛 ∈ ℛ(𝑛+1)𝑞, >.

Letting 𝑛 ∈ ℕ, 𝑚 ∈ ℤ0, 𝑛−1 and ( 𝑠𝑗 )
𝑛
𝑗=0 be a 𝑞 × 𝑞 C-sequence, we see from

(1.1) that S𝑚 is the upper left (𝑚+ 1) 𝑞× (𝑚+ 1) 𝑞 block of S𝑛. Hence, ( 𝑠𝑗 )
𝑚
𝑗=0 is

also a 𝑞 × 𝑞 C-sequence. Similarly, if ( 𝑠𝑗 )
𝑛
𝑗=0 is a strict C-sequence, then ( 𝑠𝑗 )

𝑚
𝑗=0

is also a strict C-sequence. For this reason, we call a sequence ( 𝑠𝑗 )
∞
𝑗=0 in ℂ𝑞×𝑞 a

𝑞 × 𝑞 Carathéodory sequence if, for each 𝑛 ∈ ℕ0, the sequence ( 𝑠𝑗 )
𝑛
𝑗=0 is a 𝑞 × 𝑞

Carathéodory sequence. A Carathéodory sequence ( 𝑠𝑗 )
∞
𝑗=0 is called strict if, for

each 𝑛 ∈ ℕ0, the sequence ( 𝑠𝑗 )
𝑛
𝑗=0 is a strict 𝑞 × 𝑞 Carathéodory sequence. For

each ϰ ∈ ℕ0 ∪{+∞}, the set of all 𝑞× 𝑞 Carathéodory sequences will be denoted

by 𝒞𝑞,ϰ and the set of all strict 𝑞 × 𝑞 Carathéodory sequences by 𝒞𝑞,ϰ .
Remark 3.1. Let ϰ ∈ ℕ0∪{+∞}. If ( 𝑠𝑗 )ϰ𝑗=0 is a 𝑞×𝑞 C-sequence, then 𝑠0 ∈ ℛ𝑞,≥.
If ( 𝑠𝑗 )

ϰ

𝑗=0 is a strict 𝑞 × 𝑞 C-sequence, then 𝑠0 ∈ ℛ𝑞, >.
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Remark 3.2. Let ϰ ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞 with
𝑠𝑗 = 0𝑞×𝑞, for each 𝑗 ∈ ℤ1,ϰ . Then ( 𝑠𝑗 )

ϰ

𝑗=0 is a 𝑞 × 𝑞 C-sequence if and only if

𝑠0 ∈ ℛ𝑞,≥. Moreover, ( 𝑠𝑗 )ϰ𝑗=0 is a strict 𝑞×𝑞 C-sequence if and only if 𝑠0 ∈ ℛ𝑞, >.
Remark 3.3. Let ϰ ∈ ℕ0∪{+∞}. If ( 𝑠𝑗 )ϰ𝑗=0 is a 𝑞× 𝑞 C-sequence and 𝐴 ∈ ℂ𝑞×𝑝,
then (𝐴∗𝑠𝑗𝐴 )

ϰ

𝑗=0 is a 𝑝× 𝑝 C-sequence.

Remark 3.4. Let ϰ ∈ ℕ0 ∪ {+∞} and let 𝑚 ∈ ℕ. For each 𝑟 ∈ ℤ1, 𝑚, suppose

that 𝛼𝑟 ∈ [0, +∞) and
(

𝑠
(𝑟)
𝑗

)ϰ
𝑗=0

∈ 𝒞𝑞,ϰ. Then
(

𝑚∑
𝑟=1

𝛼𝑟𝑠
(𝑟)
𝑗

)ϰ

𝑗=0

∈ 𝒞𝑞,ϰ. If,

furthermore, there exists an 𝑟0 ∈ ℤ1,𝑚 such that 𝛼𝑟0 ∈ (0, +∞) and
(

𝑠
(𝑟0)
𝑗

)ϰ
𝑗=0

∈

𝒞𝑞,ϰ , then
(

𝑚∑
𝑟=1

𝛼𝑟𝑠
(𝑟)
𝑗

)ϰ

𝑗=0

∈ 𝒞𝑞,ϰ .

Remark 3.5. Let ϰ ∈ ℕ0 ∪ {+∞} and 𝑟 ∈ ℕ. Suppose that ( 𝑞𝑗 )
𝑟
𝑗=1 is a sequence

in ℕ such that 𝑞 =

𝑟∑
𝑗=1

𝑞𝑗 . For each 𝑚 ∈ ℤ1, 𝑟, let
(

𝑠
(𝑚)
𝑗

)ϰ
𝑗=0

be a sequence in

ℂ𝑞𝑚×𝑞𝑚 . Then ( 𝑑𝑗 )
ϰ

𝑗=0
:=
(
diag
(
𝑠

(1)
𝑗 , 𝑠

(2)
𝑗 , . . . , 𝑠

(𝑟)
𝑗

))ϰ
𝑗=0

is a 𝑞 × 𝑞 C-sequence

if and only if
(

𝑠
(𝑚)
𝑗

)ϰ
𝑗=0

is a 𝑞𝑚 × 𝑞𝑚 C-sequence for all 𝑚 ∈ ℤ1, 𝑟. The sequence

( 𝑑𝑗 )
ϰ

𝑗=0 is a strict 𝑞 × 𝑞 C-sequence if and only if
(

𝑠
(𝑚)
𝑗

)ϰ
𝑗=0

is a strict 𝑞𝑚 × 𝑞𝑚
C-sequence for all 𝑚 ∈ ℤ1, 𝑟.

Matricial Carathéodory sequences are closely related to Toeplitz non-negative
definite sequences of matrices.

Remark 3.6. Let ϰ ∈ ℕ0 ∪ {+∞}. Let ( 𝑠𝑗 )
ϰ

𝑗=0 be a sequence in ℂ𝑞×𝑞 and let
(𝐶𝑗 )

ϰ

𝑗=0 be defined by

𝐶ℓ :=

{
Re 𝑠0, if ℓ = 0,

1
2𝑠ℓ, if ℓ ∈ ℤ1,ϰ .

(3.1)

Then Re S𝑘 = T𝑘 for each 𝑘 ∈ ℤ0,ϰ . Thus, ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 C-sequence if and

only if (𝐶𝑗 )
ϰ

𝑗=0 is Toeplitz non-negative definite. Furthermore, ( 𝑠𝑗 )
ϰ

𝑗=0 is a strict

𝑞 × 𝑞 C-sequence if and only if (𝐶𝑗 )
ϰ

𝑗=0 is Toeplitz positive definite.

Remark 3.7. Let ϰ ∈ ℕ0∪{+∞} and let (𝐶𝑗 )ϰ𝑗=0 be a sequence in ℂ
𝑞×𝑞. Suppose

that 𝑠0 := 𝐶0 and that 𝑠𝑗 := 2𝐶𝑗 , for each 𝑗 ∈ ℤ1,ϰ . For each 𝑘 ∈ ℤ0,ϰ, it then
follows that T𝑘 = ReS𝑘. Thus, (𝐶𝑗 )

ϰ

𝑗=0 is a T-n.n.d. sequence if and only if

( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence and 𝑠0 = 𝑠∗0.

Remark 3.8. Let ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞 and let
( 𝑠𝑗 )

ϰ

𝑗=0 be defined by 𝑠0 := Re 𝑠0 and 𝑠ℓ := 𝑠ℓ for each ℓ ∈ ℤ1,ϰ. Then Remark 3.6
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shows that ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞×𝑞 C-sequence if and only if ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞×𝑞 C-sequence.

( 𝑠𝑗 )
ϰ

𝑗=0 is a strict 𝑞×𝑞 C-sequence if and only if ( 𝑠𝑗 )
ϰ

𝑗=0 is a strict 𝑞×𝑞 C-sequence.

Remark 3.9. Let ϰ ∈ ℕ0 ∪ {+∞}.
(a) If ( 𝑟𝑗 )

ϰ

𝑗=0 ∈ 𝒞1,ϰ and ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ, then, by part (a) of Remark 2.6 and
Remark 3.6, it follows that ( 𝑟𝑗𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ .
(b) If ( 𝑟𝑗 )

ϰ

𝑗=0 ∈ 𝒞1,ϰ and ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ , then, by part (b) of Remark 2.6 and
Remark 3.6, it follows that ( 𝑟𝑗𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ .
Remark 3.10. Let ϰ ∈ ℕ0 ∪ {+∞}.
(a) Suppose 𝑢 ∈ 𝔻 ∪ 𝕋 and ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ . By part (a) of Remark 2.23 and
part (a) of Remark 3.9 it follows that

(
𝑢𝑗𝑠𝑗
)ϰ
𝑗=0

∈ 𝒞𝑞,ϰ .
(b) Suppose 𝑢 ∈ 𝔻 and ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ. By part (b) of Remark 2.23 and part (b)
of Remark 3.9 it follows that

(
𝑢𝑗𝑠𝑗
)ϰ
𝑗=0

∈ 𝒞𝑞,ϰ .
Lemma 3.11. Let ϰ ∈ ℕ0 ∪ {+∞}. Then 𝒯𝑞,ϰ ⊆ 𝒞𝑞,ϰ. Furthermore, a sequence

(𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ belongs to 𝒞𝑞,ϰ if and only if 𝐶0 ∈ ℂ
𝑞×𝑞
> .

Proof. Let (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒯𝑞,ϰ. Thus, 𝐶0 ∈ ℂ
𝑞×𝑞
≥ and, in particular, it follows that

𝐶0 ∈ ℛ𝑞,≥. Hence, by Remark 3.2, it follows that the sequence ( 𝑟𝑗 )ϰ𝑗=0 given by

𝑟𝑗 := 𝛿𝑗, 0𝐶0, where 𝛿𝑗, 𝑘 is the Kronecker delta, belongs to 𝒞𝑞,ϰ. If we define the
sequence ( 𝑠𝑗 )

ϰ

𝑗=0 as we did in Remark 3.7 using (𝐶𝑗 )
ϰ

𝑗=0, then by the same remark

( 𝑠𝑗 )
ϰ

𝑗=0 belongs to 𝒞𝑞,ϰ . Since 𝐶𝑗 =
1
2 ( 𝑟𝑗 + 𝑠𝑗 ) for each 𝑗 ∈ ℤ0,ϰ , it follows from

Remark 3.4 that (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ . If 𝐶0 ∈ ℂ
𝑞×𝑞
> , then 𝐶0 ∈ ℛ𝑞, >. Since 𝐶0 ∈ ℂ

𝑞×𝑞
> ,

it therefore follows by Remark 3.2 that ( 𝑟𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ and thus by Remark 3.4
that (𝐶𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ. Conversely, if we suppose that (𝐶𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ , then it
immediately follows that 𝐶0 = Re𝐶0 ∈ ℂ

𝑞×𝑞
> . □

Example 3.12. Let 𝐾 ∈ 𝕂𝑞×𝑞 and let 𝐶𝑗 := 𝐾𝑗 , for each 𝑗 ∈ ℕ0. We then have

𝐶0 = 𝐼𝑞 ∈ ℂ
𝑞×𝑞
> and see from Example 2.21 that (𝐶𝑗 )

∞
𝑗=0 ∈ 𝒯𝑞,∞. Thus, applying

Lemma 3.11, we see that (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞.

Example 3.13. Let 𝐾 ∈ 𝕂𝑞×𝑞 ∩ ℂ
𝑞×𝑞
≥ , 𝑟 ∈ ℕ and 𝐶𝑗 := 𝐾𝑟+𝑗, for each 𝑗 ∈ ℕ0.

Then (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞. Furthermore, (𝐶𝑗 )∞𝑗=0 ∈ 𝒞𝑞,∞ if and only if 𝐾 ∈ ℂ

𝑞×𝑞
> .

This follows by combining Example 2.22 and Lemma 3.11, while observing that
𝐾𝑟 ∈ ℂ

𝑞×𝑞
> if and only if 𝐾 ∈ ℂ

𝑞×𝑞
> .

Motivated by Remark 3.6, we now go about implementing special modifica-
tions of Definitions 2.10, 2.12 and 2.24.

Definition 3.14. A sequence ( 𝑠𝑗 )
∞
𝑗=0 in ℂ𝑞×𝑞 is called a totally strict 𝑞×𝑞 Carathéo-

dory sequence if the sequence (𝐶𝑗 )
∞
𝑗=0 defined by (3.1) with ϰ = +∞ is a totally
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Toeplitz positive definite sequence in ℂ𝑞×𝑞. The set of all totally strict 𝑞 × 𝑞
Carathéodory sequences will be denoted by 𝒞 t

𝑞,∞.

Formula (2.6) and Remark 3.6 imply that

𝒞 t
𝑞,∞ ⊆ 𝒞𝑞,∞. (3.2)

Definition 3.15. Let ϰ ∈ ℕ∪ {+∞} and ( 𝑠𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞. Further-
more, let the sequence (𝐶𝑗 )

ϰ

𝑗=0 be defined by (3.1).

(a) Suppose 𝑘 ∈ ℤ1,ϰ . We say that ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory-central se-

quence of order 𝑘 (or a 𝑞 × 𝑞 order 𝑘 C-central sequence), if (𝐶𝑗 )
ϰ

𝑗=0 is order

𝑘 central.
(b) Suppose 𝑘 ∈ ℤ1,ϰ . We say that ( 𝑠𝑗 )

ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory-central se-

quence of minimal order 𝑘 (or a 𝑞 × 𝑞 minimal order 𝑘 C-central sequence) if
(𝐶𝑗 )

ϰ

𝑗=0 is central of minimal order 𝑘.

(c) The sequence ( 𝑠𝑗 )
ϰ

𝑗=0 is simply called a 𝑞 × 𝑞 Carathéodory-central sequence

(or a 𝑞 × 𝑞 C-central sequence), if there exists a 𝑘 ∈ ℤ1,ϰ such that ( 𝑠𝑗 )
ϰ

𝑗=0

is order 𝑘 central.

Remark 3.16. Let ϰ ∈ ℕ ∪ {+∞} and 𝑘 ∈ ℤ1,ϰ . Furthermore, suppose that
( 𝑠𝑗 )

ϰ

𝑗=0 is a 𝑞× 𝑞 order 𝑘 C-central sequence. For any ℓ ∈ ℤ𝑘,ϰ , Remark 2.13 then

shows that ( 𝑠𝑗 )
ϰ

𝑗=0 is also ℓ order C-central.

The following is the analogous result to Remark 2.18 for C-centrality.

Remark 3.17. Let 𝑛 ∈ ℕ0 and ( 𝑠𝑗 )
𝑛
𝑗=0 be a sequence in ℂ𝑞×𝑞.

(a) There exists a unique order 𝑛 + 1 C-central sequence ( 𝑠𝑗 )
∞
𝑗=0 in ℂ𝑞×𝑞 such

that 𝑠𝑗 = 𝑠𝑗 , for each 𝑗 ∈ ℤ0, 𝑛. This sequence ( 𝑠𝑗 )
∞
𝑗=0 is called the C-central

sequence corresponding to ( 𝑠𝑗 )
𝑛
𝑗=0.

(b) Let (𝐶𝑗 )
𝑛
𝑗=0 be defined by (3.1) with ϰ = 𝑛. Then the central sequence(

𝐶𝑗
)∞
𝑗=0

corresponding to (𝐶𝑗 )
𝑛
𝑗=0 is given by 𝐶0 = Re 𝑠0 and 𝐶ℓ =

1
2𝑠ℓ for

each ℓ ∈ ℕ.

Remark 3.18. Let 𝑘 ∈ ℕ and ( 𝑠𝑗 )
∞
𝑗=0 be an order 𝑘 C-central sequence in ℂ𝑞×𝑞.

By part (a) of Remark 3.17 it then follows that ( 𝑠𝑗 )
∞
𝑗=0 is the C-central sequence

corresponding to ( 𝑠𝑗 )
𝑘−1
𝑗=0 .

We now consider C-central sequences in more detail.

Lemma 3.19. Let 𝑘 ∈ ℕ and ( 𝑠𝑗 )
𝑘−1
𝑗=0 be a sequence in ℂ

𝑞×𝑞. Suppose that ( 𝑠𝑗 )
∞
𝑗=0

is the C-central sequence corresponding to ( 𝑠𝑗 )
𝑘−1
𝑗=0 . Then:

(a) ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ if and only if ( 𝑠𝑗 )

𝑘−1
𝑗=0 ∈ 𝒞𝑞, 𝑘−1.

(b) The following three conditions are all equivalent:
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(i) ( 𝑠𝑗 )
𝑘−1
𝑗=0 ∈ 𝒞𝑞, 𝑘−1.

(ii) ( 𝑠𝑗 )
𝑘−1
𝑗=0 ∈ 𝒞 t

𝑞, 𝑘−1.

(iii) ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞.

Proof. Combine Remark 3.6, Remark 3.17 and Lemma 2.19. □

Example 3.20. Let 𝐾 ∈ 𝕂𝑞×𝑞 and the sequence (𝐶𝑗 )
∞
𝑗=0 be given by 𝑠0 := 𝐼𝑞 and

𝑠𝑗 := 2𝐾
𝑗 for each 𝑗 ∈ ℕ. From Example 2.21 and Remark 3.6 we see that:

(a) ( 𝑠𝑗 )
∞
𝑗=0 is an order 2 C-central 𝑞×𝑞 C-sequence and if (and only if)𝐾 ∕= 0𝑞×𝑞,

then ( 𝑠𝑗 )
∞
𝑗=0 is minimal order 2 C-central.

(b) ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞 t

𝑞,∞ if and only if 𝐾 ∈ 𝔻𝑞×𝑞.

Example 3.21. Let 𝐾 ∈ 𝕂𝑞×𝑞 ∩ ℂ
𝑞×𝑞
≥ , 𝑟 ∈ ℕ and (𝐶𝑗 )

∞
𝑗=0 be given by 𝑠0 := 𝐾𝑟

and 𝑠𝑗 := 2𝐾
𝑟+𝑗 for each 𝑗 ∈ ℕ. From Example 2.22 and Remark 3.6 we see that

(𝐶𝑗 )
∞
𝑗=0 is an order 2 C-central 𝑞 × 𝑞 Carathéodory sequence.

Recalling Remark 3.6, we now see how Definition 2.24 carries over to 𝑞 × 𝑞
Carathéodory sequences.

Definition 3.22. Let ϰ ∈ ℕ∪ {+∞} and ( 𝑠𝑗 )ϰ𝑗=0 be a sequence in ℂ𝑞×𝑞. Further-
more, let the sequence (𝐶𝑗 )

ϰ

𝑗=0 be defined by (3.1).

(a) Suppose 𝑘 ∈ ℤ1,ϰ . We say that ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory-canonical

sequence of order 𝑘 (or 𝑞× 𝑞 order 𝑘 C-canonical sequence), if (𝐶𝑗 )
ϰ

𝑗=0 is order

𝑘 canonical.
(b) Suppose 𝑘 ∈ ℤ1,ϰ . We say that ( 𝑠𝑗 )

ϰ

𝑗=0 is 𝑞 × 𝑞 Carathéodory-canonical of

minimal order 𝑘 (or 𝑞 × 𝑞 minimal order 𝑘 C-canonical) if (𝐶𝑗 )
ϰ

𝑗=0 is minimal

order 𝑘 canonical.
(c) ( 𝑠𝑗 )

ϰ

𝑗=0 is simply called a 𝑞 × 𝑞 Carathéodory-canonical sequence (or a 𝑞 × 𝑞

C-canonical sequence), if there exists a 𝑘 ∈ ℤ1,ϰ such that ( 𝑠𝑗 )
ϰ

𝑗=0 is order 𝑘

canonical.

Combining Definition 3.22 and Corollary 2.27 (while recalling Remark 3.6
and Definition 3.15), we obtain the following remark.

Remark 3.23. Let ϰ ∈ ℕ∪{+∞} and 𝑘 ∈ ℤ1,ϰ . Suppose that ( 𝑠𝑗 )
ϰ

𝑗=0 is an order

𝑘 C-canonical 𝑞 × 𝑞 Carathéodory sequence. Then:

(a) For each ℓ ∈ ℤ𝑘,ϰ , the sequence ( 𝑠𝑗 )
ϰ

𝑗=0 is order ℓ C-canonical.

(b) Let ϰ ≥ 2 and 𝑘 ∈ ℤ1,ϰ−1. For any ℓ ∈ ℤ𝑘+1,ϰ, it then follows that ( 𝑠𝑗 )
ϰ

𝑗=0

is order ℓ C-central.

Example 3.24. Let ϰ ∈ ℕ ∪ {+∞} and 𝐴 ∈ ℂ
𝑞×𝑞
≥ . Suppose, furthermore, that

𝑠0 := 𝐴 and 𝑠𝑗 := 2𝐴 for each 𝑗 ∈ ℤ1,ϰ. Then Example 2.28 and Remark 3.6 show
that ( 𝑠𝑗 )

ϰ

𝑗=0 is an order 1 C-central 𝑞 × 𝑞 Carathéodory sequence.
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Example 3.25. Let 𝐾 ∈ 𝕂𝑞×𝑞. Suppose, furthermore, that 𝑠0 := 𝐼𝑞 and 𝑠𝑗 := 2𝐾
𝑗

for 𝑗 ∈ ℕ. Then part (a) of Example 3.20 shows that ( 𝑠𝑗 )
∞
𝑗=0 is a 𝑞×𝑞 Carathéodory

sequence. Example 2.29 furthermore shows that ( 𝑠𝑗 )
∞
𝑗=0 is C-canonical if and only

if 𝐾 is unitary. When this is the case, ( 𝑠𝑗 )
∞
𝑗=0 is order 1 C-canonical.

4. Reciprocal sequences of matricial Carathéodory sequences

We will, in this section, discuss reciprocal sequences of matricial Carathéodory se-
quences. Our first task will be to show that the reciprocal sequence of a Carathéo-
dory sequence is itself a Carathéodory sequence. We will draw heavily on results
established in Section 1. We next show that every Carathéodory sequence belongs
to the class of matrices introduced in Definition 1.4, thus establishing the afore-
mentioned connection to Section 1.

Proposition 4.1. Suppose ϰ ∈ ℕ0 ∪ {+∞}.
(a) 𝒞𝑞,ϰ ⊆ ℱEP

𝑞,ϰ.
(b) 𝒞𝑞,ϰ ⊆ 𝒟𝑞×𝑞,ϰ.
Proof. Suppose that ( 𝑠𝑗 )

ϰ

𝑗=0 is in 𝒞𝑞,ϰ . It then follows, for each 𝑛 ∈ ℕ0, that

S𝑛 ∈ ℛ(𝑛+1)𝑞,≥. Thus, by Lemma A.8, we have S𝑛 ∈ ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
EP , for each

𝑛 ∈ ℕ0, and therefore ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ . The proof of part (a) is complete. Part (b)

follows by part (a) of Proposition 1.10 from the part already proved. □

Corollary 4.2. Suppose ϰ ∈ ℕ0 ∪ {+∞}. Then 𝒯𝑞,ϰ ⊆ ℱEP
𝑞,ϰ.

Proof. Use part (a) of Proposition 4.1 and Lemma 3.11. □

From Corollory 4.2 and part (a) of Proposition 1.10 we furthermore obtain
𝒯𝑞,ϰ ⊆ 𝒟𝑞×𝑞,ϰ , as was earlier shown in Proposition 2.7. We next consider the
reciprocal sequence to the reciprocal sequence of a Carathéodory sequence ( 𝑠𝑗 )

ϰ

𝑗=0,

i.e., its second reciprocal sequence
( (

𝑠 ♯𝑗
) ♯ )ϰ

𝑗=0
. This sequence must coincide with

the original Carathéodory sequence.

Corollary 4.3. If ϰ ∈ ℕ0 ∪ {+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence,

then
( (

𝑠 ♯𝑗
) ♯ )ϰ

𝑗=0
= ( 𝑠𝑗 )

ϰ

𝑗=0.

Proof. Combine Proposition 4.1 with [22, Proposition 5.13, Remark 4.7]. □

We now come to the first main result of this section.

Theorem 4.4. Let ϰ ∈ ℕ0∪{+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 be a 𝑞× 𝑞 Carathéodory sequence.

The reciprocal sequence
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is then also a 𝑞 × 𝑞 Carathéodory sequence. If

( 𝑠𝑗 )
ϰ

𝑗=0 is a strict 𝑞× 𝑞 Carathéodory sequence, then
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is also a strict 𝑞× 𝑞

Carathéodory sequence.
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Proof. By Proposition 4.1, it follows that ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ . Let 𝑛 ∈ ℤ0,ϰ . Proposi-

tions A.6 and 1.11 now yield

Re S ♯𝑛 =
(
S ♯𝑛
)∗
(Re S𝑛 ) S

♯
𝑛. (4.1)

Thus, since Re S𝑛 ∈ ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
≥ , we see from (4.1) that Re S ♯𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
≥ .

Therefore, S ♯𝑛 ∈ ℛ(𝑛+1)𝑞,≥. Thus,
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is a 𝑞 × 𝑞 C-sequence.

Suppose ( 𝑠𝑗 )
ϰ

𝑗=0 is a strict 𝑞 × 𝑞 C-sequence. By Remark 3.1, it follows that

𝑠0 ∈ ℛ𝑞, >. Thus, by part (a) of Lemma A.12, we have det 𝑠0 ∕= 0. Using Defi-

nition 1.1, we see that 𝑠 ♯0 = 𝑠0
−1. Thus, det S ♯𝑛 = (det 𝑠0 )

−(𝑛+1 ) ∕= 0. Because

Re S𝑛 ∈ ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
> , we see from (4.1) that Re S ♯𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
> . Hence,

S ♯𝑛 ∈ ℛ(𝑛+1)𝑞, > and
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is a strict 𝑞 × 𝑞 C-sequence. □

Corollary 4.5. Let ϰ ∈ ℕ0 ∪ {+∞} and let ( 𝑠𝑗 )
ϰ

𝑗=0 be a sequence in ℂ𝑞×𝑞. The

following two conditions are equivalent to one another:

(i) ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence.

(ii) ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ and its reciprocal sequence
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is a 𝑞 × 𝑞 Carathéo-

dory sequence.

Proof. “(i)=⇒(ii)”. Because of (i), Proposition 4.1 implies ( 𝑠𝑗 )ϰ𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ ,
while it follows by Theorem 4.4 that

(
𝑠 ♯𝑗
)ϰ
𝑗=0

is a 𝑞 × 𝑞 Carathéodory sequence.

“(ii)=⇒(i)”. Because of (ii), it follows by Theorem 4.4 and Corollary 4.3 that
( 𝑠𝑗 )

ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence. □

Together, Proposition 4.1 and Theorem 1.12 will give us a better picture of
the structure of a 𝑞 × 𝑞 Carathéodory sequence.

Theorem 4.6. Let 𝑞 ≥ 2, 𝑟 ∈ ℤ1, 𝑞−1 and ϰ ∈ ℕ0 ∪ {+∞}. Furthermore, let
( 𝑠𝑗 )

ϰ

𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence with rank 𝑠0 = 𝑟. Suppose ( 𝑠𝑗 )
ϰ

𝑗=0 is

defined as in Theorem 1.12. Then, parts (a) and (b) of Theorem 1.12 both hold
true and ( 𝑠𝑗 )

ϰ

𝑗=0 is an 𝑟 × 𝑟 Carathéodory sequence.

Proof. By Proposition 4.1, we have ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ . Parts (a) and (b) of Theo-

rem 1.12 therefore both hold true. From Remark 3.3 it, furthermore, follows that
( 𝑠𝑗 )

ϰ

𝑗=0 is an 𝑟 × 𝑟 Carathéodory sequence. □

We now study the relationship a Carathéodory sequence has to its the recip-
rocal sequence.

Lemma 4.7. Let ϰ ∈ ℕ∪{+∞} and let ( 𝑠𝑗 )
ϰ

𝑗=0 be a 𝑞×𝑞 Carathéodory sequence.

Furthermore, let
(

𝑠 ♯𝑗
)ϰ
𝑗=0

be the reciprocal sequence to ( 𝑠𝑗 )
ϰ

𝑗=0. Suppose that

𝐶𝑗 :=

⎧⎨⎩Re 𝑠0 if 𝑗 = 0,

1
2𝑠𝑗 if 𝑗 ∈ ℤ1,ϰ

and 𝐶
[ ♯ ]
𝑗 :=

⎧⎨⎩Re 𝑠 ♯0 if 𝑗 = 0,

1
2𝑠 ♯𝑗 if 𝑗 ∈ ℤ1,ϰ

(4.2)

for each 𝑗 ∈ ℤ0,ϰ. Then:
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(a) (𝐶𝑗 )
ϰ

𝑗=0 and
(

𝐶
[ ♯ ]
𝑗

)ϰ
𝑗=0

are both T-n.n.d. sequences in ℂ𝑞×𝑞.

(b) Let 𝑘 ∈ ℤ0,ϰ. Recalling (2.1), let

T𝑘 := T
(𝐶)
𝑘 and T

[ ♯ ]
𝑘 := T

(𝐶[ ♯ ])
𝑘 .

Then rankT𝑘 = rankT
[ ♯ ]
𝑘 ,

T𝑘 = ReS𝑘, T
[ ♯ ]
𝑘 = ReS ♯𝑘, (4.3)

T
[ ♯ ]
𝑘 S𝑘 =

(
S+
𝑘

)∗
T𝑘, S𝑘T

[ ♯ ]
𝑘 = T𝑘

(
S+
𝑘

)∗
, (4.4)

S∗𝑘T
[ ♯ ]
𝑘 = T𝑘S

+
𝑘 and T

[ ♯ ]
𝑘 S∗𝑘 = S

+
𝑘 T𝑘. (4.5)

(c) For each 𝑘 ∈ ℤ1,ϰ, the matrices 𝑍𝑘 and 𝑌𝑘 defined by (2.3) satisfy

𝑍𝑘T
+
𝑘−1T𝑘−1 = 𝑍𝑘 and T𝑘−1T

+
𝑘−1𝑌𝑘 = 𝑌𝑘. (4.6)

(d) For each 𝑘 ∈ ℤ1,ϰ, the matrices 𝑍
[ ♯ ]
𝑘 and 𝑌

[ ♯ ]
𝑘 defined by

𝑍
[ ♯ ]
𝑘 := row

(
𝐶

[ ♯ ]
𝑘+1−𝑗

)𝑘
𝑗=1

and 𝑌
[ ♯ ]
𝑘 := col

(
𝐶

[ ♯ ]
𝑗

)𝑘
𝑗=1

satisfy

𝑍
[ ♯ ]
𝑘 = −𝑠+

0 𝑍𝑘S
+
𝑘−1, 𝑌

[ ♯ ]
𝑘 = −S+

𝑘−1𝑌𝑘𝑠
+
0 , (4.7)

𝑍
[ ♯ ]
𝑘 = −𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1 and 𝑌

[ ♯ ]
𝑘 = −T[ ♯ ]

𝑘−1S
∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0 . (4.8)

Proof. Part (a) follows from Remark 3.6 using Theorem 4.4. The equations in
(4.3) follow directly from the definitions of the relevant matrices. From Proposi-
tion 4.1, we see that ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ . Combining this with (4.3), we need only

apply Proposition 1.11 along with parts (g), (i), (j), (h) and (k) of Corollary A.7
to obtain the remaining equations of part (b). Let 𝑘 ∈ ℤ1,ϰ . The matrix T𝑘 is
non-negative Hermitian and admits the block-partitions

T𝑘 =

(
T𝑘−1 𝑍∗

𝑘

𝑍𝑘 𝐶0

)
and T𝑘 =

(
𝐶0 𝑌 ∗

𝑘

𝑌𝑘 T𝑘−1

)
. (4.9)

Using well-known properties of non-negative Hermitian block matrices (see, for
instance, [8, Lemma 1.1.9]), we obtain both equations in (4.6). Because of Propo-
sition 4.1, the equations in (4.7) follow directly from [22, Corollary 4.23].
Using (b) and (c), we then see that

−𝑠+
0 𝑍𝑘T

+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1 = −𝑠+

0 𝑍𝑘T
+
𝑘−1T𝑘−1S

+
𝑘−1 = −𝑠+

0 𝑍𝑘S
+
𝑘−1 = 𝑍

[ ♯ ]
𝑘 ,

and similarly,

−T[ ♯ ]
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0 = −S+

𝑘−1T𝑘−1T
+
𝑘−1𝑌𝑘𝑠

+
0 = −S+

𝑘−1𝑌𝑘𝑠
+
0 = 𝑌

[ ♯ ]
𝑘 .

Thus, the proof is complete. □
Using part (b) of Lemma 4.7, we will see that the 𝑞×𝑞 Carathéodory sequence

properties introduced in Definition 3.22 carry over to reciprocal sequences.
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Theorem 4.8. Let ϰ ∈ ℕ∪{+∞} and let ( 𝑠𝑗 )
ϰ

𝑗=0 be a 𝑞×𝑞 Carathéodory sequence.

Furthermore, let
(

𝑠 ♯𝑗
)ϰ
𝑗=0

be the reciprocal sequence to ( 𝑠𝑗 )
ϰ

𝑗=0. Then:

(a) ( 𝑠𝑗 )
ϰ

𝑗=0 is C-canonical if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is C-canonical.

(b) Let 𝑘 ∈ ℤ1,ϰ. Then:

(b1) ( 𝑠𝑗 )
ϰ

𝑗=0 is order 𝑘 C-canonical if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is order 𝑘 C-

canonical.
(b2) ( 𝑠𝑗 )

ϰ

𝑗=0 is minimal order 𝑘 C-canonical if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is min-

imal order 𝑘 C-canonical.

Proof. Part (b) follows directly from Definition 3.22 and part (b) of Lemma 4.7,
while part (a) follows immediately from (b). □

We more closely analysed the structure of Toeplitz non-negative definite se-
quences in Proposition 2.9. In particular, we reviewed how this structure could
be described by certain matrix balls. We now suppose that we have a 𝑞 × 𝑞
Carathéodory sequence ( 𝑠𝑗 )

ϰ

𝑗=0. In Lemma 4.7, we introduced two Toeplitz non-

negative sequences (𝐶𝑗 )
ϰ

𝑗=0 and
(

𝐶
[ ♯ ]
𝑗

)ϰ
𝑗=0
, which we defined with the help of

( 𝑠𝑗 )
ϰ

𝑗=0 and
(

𝑠 ♯𝑗
)ϰ
𝑗=0
. Our next objective is to express the matrices which de-

scribe the inner structure of
(

𝑠
[ ♯ ]
𝑗

)ϰ
𝑗=0

in terms of the sequences ( 𝑠𝑗 )
ϰ

𝑗=0 and

(𝐶𝑗 )
ϰ

𝑗=0. For this reason, we recall that for each 𝐴 ∈ ℂ𝑞×𝑞, well-known results on
left and right polar decompositions of square matrices say that there exist unitary
𝑞 × 𝑞 matrices 𝑈 and 𝑉 , such that

𝐴 =
√

𝐴𝐴∗𝑈 and 𝐴 = 𝑉
√

𝐴∗𝐴.

Lemma 4.9. Let ϰ ∈ ℕ ∪ {+∞}. Suppose ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory se-

quence with reciprocal sequence
(

𝑠 ♯𝑗
)ϰ
𝑗=0

. Suppose, furthermore, that (𝐶𝑗 )
ϰ

𝑗=0 and(
𝐶

[ ♯ ]
𝑗

)ϰ
𝑗=0

are the matricial T-n.n.d. sequences introduced in Lemma 4.7. Then:

(a) Let 𝐿
[ ♯ ]
1 := 𝐶

[ ♯ ]
0 , 𝑅

[ ♯ ]
1 := 𝐶

[ ♯ ]
0 and, for each 𝑘 ∈ ℤ1,ϰ, let

𝐿
[ ♯ ]
𝑘+1 := 𝐶

[ ♯ ]
0 − 𝑍

[ ♯ ]
𝑘−1

[
T

[ ♯ ]
𝑘−1

]+ (
𝑍

[ ♯ ]
𝑘−1

)∗
and

𝑅
[ ♯ ]
𝑘+1 := 𝐶

[ ♯ ]
0 −

(
𝑌

[ ♯ ]
𝑘−1

)∗ [
T

[ ♯ ]
𝑘−1

]+
𝑌

[ ♯ ]
𝑘−1.

Then the matrices 𝐿𝑘+1, 𝑅𝑘+1, 𝐿
[ ♯ ]
𝑘+1 and 𝑅

[ ♯ ]
𝑘+1 are all non-negative Hermit-

ian and satisfy

𝐿
[ ♯ ]
𝑘+1 = 𝑠+

0 𝐿𝑘+1

(
𝑠+

0

)∗
, 𝑅

[ ♯ ]
𝑘+1 =

(
𝑠+

0

)∗
𝑅𝑘+1𝑠+

0 , (4.10)

𝐿𝑘+1 = 𝑠0𝐿
[ ♯ ]
𝑘+1𝑠∗0, 𝑅𝑘+1 = 𝑠∗0𝑅

[ ♯ ]
𝑘+1𝑠0 (4.11)

and, in particular,

rank𝐿
[ ♯ ]
𝑘+1 = rank𝐿𝑘+1 = rank𝑅𝑘+1 = rank𝑅

[ ♯ ]
𝑘+1. (4.12)
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If 𝑈𝑘+1 and 𝑉𝑘+1 are unitary 𝑞 × 𝑞 matrices such that 𝑈𝑘+1 produces a left

polar decomposition of 𝑠+
0

√
𝐿𝑘+1 and 𝑉𝑘+1 a right polar decomposition of√

𝑅𝑘+1𝑠+
0 , then√

𝐿
[ ♯ ]
𝑘+1𝑈𝑘+1 = 𝑠+

0

√
𝐿𝑘+1 and 𝑉𝑘+1

√
𝑅

[ ♯ ]
𝑘+1 =

√
𝑅𝑘+1𝑠+

0 . (4.13)

(b) Let 𝑀
[ ♯ ]
1 := 0𝑞×𝑞 and, for each 𝑚 ∈ ℤ1,ϰ, let

𝑀
[ ♯ ]
𝑚+1 := 𝑍 [ ♯ ]

𝑚

(
T

[ ♯ ]
𝑚−1

)+

𝑌 [ ♯ ]
𝑚 .

Suppose that 𝑘 ∈ ℤ1,ϰ. Then:

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0 𝑍𝑘S
+
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0 , (4.14)

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1S

+
𝑘−1𝑌𝑘𝑠

+
0 , (4.15)

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0

(
2𝑍𝑘S

+
𝑘−1𝑌𝑘 −𝑀𝑘+1

)
𝑠+

0 , (4.16)

𝐶
[ ♯ ]
𝑘 −𝑀

[ ♯ ]
𝑘 = −𝑠+

0 (𝐶𝑘 −𝑀𝑘 ) 𝑠
+
0 (4.17)

and

𝐶𝑘 −𝑀𝑘 = −𝑠0

(
𝐶

[ ♯ ]
𝑘 −𝑀

[ ♯ ]
𝑘

)
𝑠0. (4.18)

(c) Let (𝐾𝑗 )
ϰ

𝑗=1 be the Schur parameter sequence for (𝐶𝑗 )
ϰ

𝑗=0 and
(

𝐾
[ ♯ ]
𝑗

)ϰ
𝑗=1

the

Schur parameter sequence for
(

𝐶
[ ♯ ]
𝑗

)ϰ
𝑗=0

. Suppose 𝑠 ∈ ℤ1,ϰ and that 𝑈𝑠 and

𝑉𝑠 are unitary 𝑞×𝑞 matrices such that 𝑈𝑠 produces a left polar decomposition
of 𝑠+

0

√
𝐿𝑠 and 𝑉𝑠 a right polar decomposition of

√
𝑅𝑠𝑠

+
0 . Then:(√

𝐿
[ ♯ ]
𝑠

)+√
𝐿

[ ♯ ]
𝑠 𝑈𝑠𝐾𝑠 = 𝑈𝑠𝐾𝑠, (4.19)

𝐾𝑠𝑉𝑠

(√
𝑅

[ ♯ ]
𝑠

)+√
𝑅

[ ♯ ]
𝑠 = 𝐾𝑠𝑉𝑠 (4.20)

and

𝐾 [ ♯ ]
𝑠 = −𝑈𝑠𝐾𝑠𝑉𝑠. (4.21)

Proof. (a) By Remark 3.1, we see that 𝑠0 ∈ ℛ𝑞,≥. By part (c) of Lemma A.8 and
Proposition A.6, it then follows that

Re
(

𝑠+
0

)
= 𝑠+

0 (Re 𝑠0 )
(

𝑠+
0

)∗
and Re

(
𝑠+

0

)
=
(

𝑠+
0

)∗
(Re 𝑠0 ) 𝑠

+
0 .

By Definition 1.1 and (4.2), we obtain

𝐶
[ ♯ ]
0 = Re 𝑠 ♯0 = Re

(
𝑠+

0

)
= 𝑠+

0 (Re 𝑠0 )
(

𝑠+
0

)∗
= 𝑠+

0 𝐶0

(
𝑠+

0

)∗
(4.22)

and, similarly,

𝐶
[ ♯ ]
0 =

(
𝑠+

0

)∗
𝐶0𝑠+

0 . (4.23)
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Recalling (2.2), we see that this implies

𝐿
[ ♯ ]
1 = 𝑠+

0 𝐿1

(
𝑠+

0

)∗
and 𝑅

[ ♯ ]
1 =

(
𝑠+

0

)∗
𝑅1𝑠+

0 . (4.24)

Suppose now that 𝑘 ∈ ℤ1,ϰ . Part (d) of Lemma 4.7 yields that the equations in

(4.8) hold true. From part (a) of Lemma 4.7, it follows that T𝑘−1 and T
[ ♯ ]
𝑘−1 are

both Hermitian matrices. Thus, from equations (4.8) we obtain(
𝑍

[ ♯ ]
𝑘

)∗
= −T[ ♯ ]

𝑘−1S𝑘−1T
+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
(4.25)

and (
𝑌

[ ♯ ]
𝑘

)∗
= − ( 𝑠+

0

)∗
𝑌 ∗
𝑘 T

+
𝑘−1S𝑘−1T

[ ♯ ]
𝑘−1. (4.26)

Part (b) of Lemma 4.7 give us

S∗𝑘−1T
[ ♯ ]
𝑘−1 = T𝑘−1S

+
𝑘−1 and T

[ ♯ ]
𝑘−1S

∗
𝑘−1 = S

+
𝑘−1T𝑘−1. (4.27)

By Proposition 4.1, we have ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ ℱEP
𝑞,ϰ . Parts (b) and (d) of Corollary A.7

along with Proposition 1.11 give us

(Re S𝑘−1 ) S
+
𝑘−1S𝑘−1 = ReS𝑘−1 and S𝑘−1S

+
𝑘−1 (ReS𝑘−1 ) = Re S𝑘−1.

Thus, it follows by Remark 1.2 and part (b) of Lemma 4.7 that

T𝑘−1S
+
𝑘−1S𝑘−1 = T𝑘−1 and S𝑘−1S

+
𝑘−1T𝑘−1 = T𝑘−1. (4.28)

Using (4.8), (4.25), (4.27) and (4.28), we see that

𝑍
[ ♯ ]
𝑘

(
T

[ ♯ ]
𝑘−1

)+ (
𝑍

[ ♯ ]
𝑘

)∗
=
[
−𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1

] (
T

[ ♯ ]
𝑘−1

)+ [−T[ ♯ ]
𝑘−1S𝑘−1T

+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗ ]
= 𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1S𝑘−1T

+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
= 𝑠+

0 𝑍𝑘T
+
𝑘−1T𝑘−1S

+
𝑘−1S𝑘−1T

+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
= 𝑠+

0 𝑍𝑘T
+
𝑘−1T𝑘−1T

+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
= 𝑠+

0 𝑍𝑘T
+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
(4.29)

and, similarly, using (4.26), (4.8), (4.27) and (4.28) also that(
𝑌

[ ♯ ]
𝑘

)∗ (
T

[ ♯ ]
𝑘−1

)+

𝑌
[ ♯ ]
𝑘 =

(
𝑠+

0

)∗
𝑌 ∗
𝑘 T

+
𝑘−1𝑌𝑘𝑠

+
0 . (4.30)

From (4.22), (4.29) and (2.4) we see that

𝐿
[ ♯ ]
𝑘+1 = 𝐶

[ ♯ ]
0 − 𝑍

[ ♯ ]
𝑘

(
T

[ ♯ ]
𝑘−1

)+ (
𝑍

[ ♯ ]
𝑘

)∗
= 𝑠+

0 𝐶0

(
𝑠+

0

)∗ − 𝑠+
0 𝑍𝑘T

+
𝑘−1𝑍∗

𝑘

(
𝑠+

0

)∗
= 𝑠+

0 𝐿𝑘+1

(
𝑠+

0

)∗
. (4.31)

Similarly, from (4.23), (4.30) and (2.4) we also see that

𝑅
[ ♯ ]
𝑘+1 =

(
𝑠+

0

)∗
𝑅𝑘+1𝑠+

0 . (4.32)
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The sequences (𝐿𝑗+1 )
ϰ

𝑗=0, (𝑅𝑗+1 )
ϰ

𝑗=0,
(

𝐿
[ ♯ ]
𝑗+1

)ϰ
𝑗=0

and
(

𝑅
[ ♯ ]
𝑗+1

)ϰ
𝑗=0

are monoton-

ically decreasing sequences of non-negative Hermitian matrices, by part (a) of
Lemma 4.7 and [8, Remark 3.4.3]. Therefore,

ℛ (𝐿𝑘+1 ) ⊆ ℛ (𝐿1 ) = ℛ (𝐶0 ) = ℛ (Re 𝑠0 )

and, similarly, ℛ (𝑅𝑘+1 ) ⊆ ℛ (Re 𝑠0 ) . Because of 𝑠0 ∈ ℛ𝑞,≥ and part (b) of
Lemma A.8, we have ℛ (Re 𝑠0 ) ⊆ ℛ ( 𝑠0 ). Thus,

ℛ (𝐿𝑘+1 ) ⊆ ℛ ( 𝑠0 ) and ℛ (𝑅𝑘+1 ) ⊆ ℛ ( 𝑠0 ) . (4.33)

Consequently, part (a) of Lemma A.2 implies

𝑠0𝑠+
0 𝐿𝑘+1 = 𝐿𝑘+1 and 𝑠0𝑠+

0 𝑅𝑘+1 = 𝑅𝑘+1. (4.34)

Since 𝐿𝑘+1 and 𝑅𝑘+1 are non-negative Hermitian, we have, in particular,

𝐿∗
𝑘+1 = 𝐿𝑘+1 and 𝑅∗

𝑘+1 = 𝑅𝑘+1. (4.35)

By considering orthogonal complements, we see from (4.33) and (4.35) that

𝒩 ( 𝑠∗0 ) ⊆ 𝒩 (𝐿𝑘+1 ) and 𝒩 ( 𝑠∗0 ) ⊆ 𝒩 (𝑅𝑘+1 ) . (4.36)

Because of 𝑠0 ∈ ℛ𝑞,≥, part (c) of Lemma A.8 yields 𝑠0 ∈ ℂ
𝑞×𝑞
EP . It thus follows by

Proposition A.5 that 𝒩 ( 𝑠0 ) = 𝒩 ( 𝑠∗0 ) . Along with (4.36), this implies 𝒩 ( 𝑠0 ) ⊆
𝒩 (𝐿𝑘+1 ) and 𝒩 ( 𝑠0 ) ⊆ 𝒩 (𝑅𝑘+1 ) . Hence, part (b) of Lemma A.2 implies

𝐿𝑘+1𝑠+
0 𝑠0 = 𝐿𝑘+1 and 𝑅𝑘+1𝑠+

0 𝑠0 = 𝑅𝑘+1. (4.37)

Using (4.10), (4.34) and (4.35), it follows that

𝑠0𝐿
[ ♯ ]
𝑘+1𝑠∗0 = 𝑠0𝑠+

0 𝐿𝑘+1

(
𝑠+

0

)∗
𝑠∗0 = 𝐿𝑘+1

(
𝑠+

0

)∗
𝑠∗0 = 𝐿∗

𝑘+1

(
𝑠+

0

)∗
𝑠∗0

=
(

𝑠0𝑠+
0 𝐿𝑘+1

)∗
= 𝐿∗

𝑘+1 = 𝐿𝑘+1.

Similarly, (4.10), (4.37) and (4.35) imply 𝑠∗0𝑅
[ ♯ ]
𝑘+1𝑠0 = 𝑅𝑘+1. From (4.10) and

(4.11), we see that rank𝐿𝑘+1 = rank𝐿
[ ♯ ]
𝑘+1 and rank𝑅𝑘+1 = rank𝑅

[ ♯ ]
𝑘+1. Because

part (a) of Lemma 4.7 and part (a) of Proposition 2.9 yield rank𝐿𝑘+1 = rank𝑅𝑘+1,
we get (4.12). From (4.10), we see that(

𝑠+
0

√
𝐿𝑘+1

)(
𝑠+

0

√
𝐿𝑘+1

)∗
= 𝑠+

0 𝐿𝑘+1

(
𝑠+

0

)∗
= 𝐿

[ ♯ ]
𝑘+1

and (√
𝑅𝑘+1 𝑠+

0

)∗ (√
𝑅𝑘+1 𝑠+

0

)
=
(

𝑠+
0

)∗
𝑅𝑘+1𝑠+

0 = 𝑅
[ ♯ ]
𝑘+1.

By our choice of 𝑈𝑘+1 and 𝑉𝑘+1, it thus follows that

𝑠+
0

√
𝐿𝑘+1 =

√(
𝑠+

0

√
𝐿𝑘+1

)(
𝑠+

0

√
𝐿𝑘+1

)∗
𝑈𝑘+1 =

√
𝐿

[ ♯ ]
𝑘+1 𝑈𝑘+1

and √
𝑅𝑘+1 𝑠+

0 = 𝑉𝑘+1

√(√
𝑅𝑘+1 𝑠+

0

)∗ (√
𝑅𝑘+1 𝑠+

0

)
= 𝑉𝑘+1

√
𝑅

[ ♯ ]
𝑘+1.

This completes the proof of (a).
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(b) Recalling part (d) of Lemma 4.7, we see that

𝑀
[ ♯ ]
𝑘+1 = 𝑍

[ ♯ ]
𝑘

(
T

[ ♯ ]
𝑘−1

)+

𝑌
[ ♯ ]
𝑘

=
(
−𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1

)(
T

[ ♯ ]
𝑘−1

)+ (
−T[ ♯ ]

𝑘−1S
∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0

)
= 𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0 (4.38)

for 𝑘 ∈ ℤ1,ϰ . By part (c) of Lemma 4.7, it follows that (4.6) holds true. From
(4.38), the first equation in (4.27) and (4.6), we obtain

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1T

[ ♯ ]
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0

= 𝑠+
0 𝑍𝑘T

+
𝑘−1T𝑘−1S

+
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0

= 𝑠+
0 𝑍𝑘S

+
𝑘−1S

∗
𝑘−1T

+
𝑘−1𝑌𝑘𝑠

+
0 .

Thus, (4.14) is proved. From (4.38), the second equation in (4.27) and the second
equation in (4.6), we conclude that

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0 𝑍𝑘T
+
𝑘−1S

∗
𝑘−1S

+
𝑘−1𝑌𝑘𝑠

+
0 .

By part (b) of Lemma 4.7, it follows that

T𝑘−1 = ReS𝑘−1 (4.39)

and hence

2T𝑘−1 = S𝑘−1 + S
∗
𝑘−1. (4.40)

Using the second equation in (4.6) and (4.40), we now see that

2𝑌𝑘 = 2T𝑘−1T
+
𝑘−1𝑌𝑘 = S𝑘−1T

+
𝑘−1𝑌𝑘 + S

∗
𝑘−1T

+
𝑘−1𝑌𝑘,

i.e.,

S∗𝑘−1T
+
𝑘−1𝑌𝑘 = 2𝑌𝑘 − S𝑘−1T

+
𝑘−1𝑌𝑘. (4.41)

From (4.14) and (4.41), we obtain

𝑀
[ ♯ ]
𝑘+1 = 𝑠+

0 𝑍𝑘S
+
𝑘−1

(
2𝑌𝑘 − S𝑘−1T

+
𝑘−1𝑌𝑘

)
𝑠+

0

= 𝑠+
0

(
2𝑍𝑘S

+
𝑘−1𝑌𝑘 − 𝑍𝑘S

+
𝑘−1S𝑘−1T

+
𝑘−1𝑌𝑘

)
𝑠+

0 . (4.42)

Since ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence, we have S𝑘−1 ∈ ℛ𝑘𝑞,≥. Thus, it

follows by part (d) of Lemma A.8 that

S𝑘−1S
+
𝑘−1 = S

+
𝑘−1S𝑘−1 (4.43)

and from part (b) of Lemma A.8 that ℛ (Re S𝑘−1 ) ⊆ ℛ ( S𝑘−1 ). Therefore, (4.39)
implies ℛ (T𝑘−1 ) ⊆ ℛ ( S𝑘−1 ) . Because T

∗
𝑘−1 = T𝑘−1, it follows from Lemma A.3

that ℛ ( T𝑘−1 ) = ℛ
(
T+
𝑘−1

)
. Hence, ℛ (T+

𝑘−1

) ⊆ ℛ ( S𝑘−1 ) . Thus, by part (a) of
Lemma A.2, we have

S𝑘−1S
+
𝑘−1T

+
𝑘−1 = T

+
𝑘−1.
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This, along with (4.43) and (2.5), implies that

𝑍𝑘S
+
𝑘−1S𝑘−1T

+
𝑘−1𝑌𝑘 = 𝑍𝑘S𝑘−1S

+
𝑘−1T

+
𝑘−1𝑌𝑘 = 𝑀𝑘+1.

Thus, using (4.42), we obtain (4.16).
In order to prove (4.17), we first consider the case ϰ = 1. From Definition 1.1, we

see that 𝑠 ♯1 = −𝑠+
0 𝑠1𝑠+

0 . Recalling that 𝑀1 = 0𝑞×𝑞, 𝑀
[ ♯ ]
1 = 0𝑞×𝑞 and 1

2𝑠1 = 𝐶1

(which follows from (4.2)) we now see that

𝐶
[ ♯ ]
1 −𝑀

[ ♯ ]
1 =

1

2
𝑠 ♯1 = −𝑠+

0

( 1
2

𝑠1

)
𝑠+

0 = −𝑠+
0 𝐶1𝑠+

0 = −𝑠+
0 (𝐶1 −𝑀1 ) 𝑠

+
0 .

Thus, (4.17) is proved for ϰ = 1. Suppose now that ϰ ≥ 2 and 𝑘 ∈ ℤ2,ϰ. Since
(4.2) shows that 𝑠𝑗 = 2𝐶𝑗 for each 𝑗 ∈ ℤ1,ϰ , it follows by [22, Corollary 4.24] that

𝐶
[ ♯ ]
𝑘 =

1

2
𝑠 ♯0 = 𝑠+

0

(−𝐶𝑘 + 2𝑍𝑘−1S
+
𝑘−2𝑌𝑘−1

)
𝑠+

0 .

Equation (4.16) yields

𝑀
[ ♯ ]
𝑘 = 𝑠+

0

(
2𝑍𝑘−1S

+
𝑘−2𝑌𝑘−1 −𝑀𝑘

)
𝑠+

0 .

Therefore, we also obtain (4.17) for ϰ ≥ 2 and 𝑘 ∈ ℤ2,ϰ .
Now we again consider an arbitrary ϰ ∈ ℕ ∪ {+∞} and an arbitrary 𝑚 ∈ ℤ1,ϰ .
We know from Proposition 4.1 that ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒟𝑞×𝑞,ϰ . Thus,
𝒩 ( 𝑠0 ) ⊆ 𝒩 ( 𝑠𝑚 ) and ℛ ( 𝑠𝑚 ) ⊆ ℛ ( 𝑠0 ) . (4.44)

Since (4.2) shows that 𝐶𝑚 = 1
2𝑠𝑚, we have 𝒩 ( 𝑠𝑚 ) = 𝒩 (𝐶𝑚 ) and ℛ ( 𝑠𝑚 ) =

ℛ (𝐶𝑚 ). Therefore, (4.44) yields 𝒩 ( 𝑠0 ) ⊆ 𝒩 (𝐶𝑚 ) and ℛ (𝐶𝑚 ) ⊆ ℛ ( 𝑠0 ). By
Lemma A.2, it thus follows that

𝐶𝑚𝑠+
0 𝑠0 = 𝐶𝑚 and 𝑠0𝑠+

0 𝐶𝑚 = 𝐶𝑚. (4.45)

From (4.17), 𝑀1 = 0𝑞×𝑞 and (4.45), we see that

−𝑠0

(
𝐶

[ ♯ ]
1 −𝑀

[ ♯ ]
1

)
𝑠0 = −𝑠0

[−𝑠+
0 (𝐶1 −𝑀1 ) 𝑠

+
0

]
𝑠0

= 𝑠0𝑠+
0 𝐶1𝑠+

0 𝑠0 = 𝐶1 = 𝐶1 −𝑀1.

We have thus shown (4.18) for ϰ = 1. Suppose now that ϰ ≥ 2 and that 𝑘 ∈ ℤ2,ϰ .
It follows from (4.45) that

𝑠0𝑠+
0 𝑍𝑘−1 = 𝑍𝑘−1 and 𝑌𝑘−1𝑠+

0 𝑠0 = 𝑌𝑘−1.

Because of (2.5), we then get

𝑠0𝑠+
0 𝑀𝑘𝑠

+
0 𝑠0 = 𝑠0𝑠+

0 𝑍𝑘−1T
+
𝑘−2𝑌𝑘−1𝑠+

0 𝑠0 = 𝑍𝑘−1T
+
𝑘−2𝑌𝑘−1 = 𝑀𝑘.

Thus, using (4.17) and (4.45), we now obtain

−𝑠0

(
𝐶 ♯
𝑘 −𝑀 ♯

𝑘

)
𝑠0 = −𝑠0

[−𝑠+
0 (𝐶𝑘 −𝑀𝑘 ) 𝑠

+
0

]
𝑠0

= 𝑠0𝑠+
0 𝐶𝑘𝑠

+
0 𝑠0 − 𝑠0𝑠+

0 𝑀𝑘𝑠
+
0 𝑠0 = 𝐶𝑘 −𝑀𝑘.

The proof of (4.18) is thus complete.
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(c) From part (a) of Lemma A.4 and (4.33), we see that

ℛ
(√

𝐿𝑠

)
= ℛ (𝐿𝑠 ) ⊆ ℛ ( 𝑠0 ) .

Part (a) of Lemma A.2, therefore implies that

𝑠0𝑠+
0

√
𝐿𝑠 =

√
𝐿𝑠.

Thus, it now follows from (4.13) that

𝑠0

√
𝐿

[ ♯ ]
𝑠 𝑈𝑠 = 𝑠0𝑠+

0

√
𝐿𝑠 =

√
𝐿𝑠.

Considering adjoints of these matrices, we obtain√
𝐿𝑠 = 𝑈∗

𝑠

√
𝐿

[ ♯ ]
𝑠 𝑠∗0. (4.46)

By definition of the Schur parameters for (𝐶𝑗 )
ϰ

𝑗=0 and part (b) of Lemma A.4, we

have √
𝐿𝑠

(√
𝐿𝑠

)+

𝐾𝑠 =
√

𝐿𝑠

(√
𝐿𝑠

)+ (√
𝐿𝑠

)+

(𝐶𝑠 −𝑀𝑠 )
(√

𝑅𝑠

)+

=
(√

𝐿𝑠

)+√
𝐿𝑠

(√
𝐿𝑠

)+

(𝐶𝑠 −𝑀𝑠 )
(√

𝑅𝑠

)+

= 𝐾𝑠.

From (4.46), we thus obtain

𝐾𝑠 = 𝑈∗
𝑠

√
𝐿

[ ♯ ]
𝑠 𝑠∗0

(√
𝐿𝑠

)+

𝐾𝑠. (4.47)

Equation (4.47), the unitarity of the matrix 𝑈𝑠, part (c) of Lemma A.4 and (4.47)
again imply that(√

𝐿
[ ♯ ]
𝑠

)+√
𝐿

[ ♯ ]
𝑠 𝑈𝑠𝐾𝑠 =

(√
𝐿

[ ♯ ]
𝑠

)+√
𝐿

[ ♯ ]
𝑠 𝑈𝑠𝑈

∗
𝑠

√
𝐿

[ ♯ ]
𝑠 𝑠∗0

(√
𝐿𝑠

)+

𝐾𝑠

=

(√
𝐿

[ ♯ ]
𝑠

)+

𝐿[ ♯ ]
𝑠 𝑠∗0
(√

𝐿𝑠

)+

𝐾𝑠

=

√
𝐿

[ ♯ ]
𝑠 𝑠∗0

(√
𝐿𝑠

)+

𝐾𝑠

= 𝑈𝑠𝐾𝑠.

This completes the proof of (4.19). Similarly, we obtain (4.20).
By part (a) of Lemma 4.7 and Proposition 2.9, we have

𝐶𝑠 −𝑀𝑠 =
√

𝐿𝑠𝐾𝑠

√
𝑅𝑠.
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Thus, using the definition of the Schur parameters for (𝐶𝑗 )
ϰ

𝑗=0 and
(

𝐶
[ ♯ ]
𝑗

)ϰ
𝑗=0

as

well as formulas (4.17), (4.13), (4.19) and (4.20), we obtain

𝐾 [ ♯ ]
𝑠 =

(√
𝐿

[ ♯ ]
𝑠

)+ (
𝐶 [ ♯ ]
𝑠 −𝑀 [ ♯ ]

𝑠

)(√
𝑅

[ ♯ ]
𝑠

)+

=

(√
𝐿

[ ♯ ]
𝑠

)+ [−𝑠+
0 (𝐶𝑠 −𝑀𝑠 ) 𝑠

+
0

](√
𝑅

[ ♯ ]
𝑠

)+

= −
(√

𝐿
[ ♯ ]
𝑠

)+

𝑠+
0

√
𝐿𝑠𝐾𝑠

√
𝑅𝑠𝑠

+
0

(√
𝑅

[ ♯ ]
𝑠

)+

= −
(√

𝐿
[ ♯ ]
𝑠

)+√
𝐿

[ ♯ ]
𝑠 𝑈𝑠𝐾𝑠𝑉𝑠

√
𝑅

[ ♯ ]
𝑠

(√
𝑅

[ ♯ ]
𝑠

)+

= −𝑈𝑠𝐾𝑠𝑉𝑠

√
𝑅

[ ♯ ]
𝑠

(√
𝑅

[ ♯ ]
𝑠

)+

= −𝑈𝑠𝐾𝑠𝑉𝑠.

Thus, we have shown (4.21). This completes the proof. □
Lemma 4.9 leads us to our next result. We will see that the reciprocal se-

quences of Carathéodory sequences inherit the C-centrality properties of their
generating sequences.

Theorem 4.10. Let ϰ ∈ ℕ∪{+∞} and ( 𝑠𝑗 )
ϰ

𝑗=0 be a 𝑞× 𝑞 Carathéodory sequence.

Furthermore, suppose
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is the reciprocal sequence to ( 𝑠𝑗 )
ϰ

𝑗=0. Then:

(a) ( 𝑠𝑗 )
ϰ

𝑗=0 is C-central if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is C-central.

(b) Let 𝑘 ∈ ℤ1,ϰ. Then:

(b1) ( 𝑠𝑗 )
ϰ

𝑗=0 is order 𝑘 C-central if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is order 𝑘 C-central.

(b2) ( 𝑠𝑗 )
ϰ

𝑗=0 is minimal order 𝑘 C-central if and only if
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is minimal

order 𝑘 C-central.

Proof. (b) follows directly from Definition 3.15 and part (b) of Lemma 4.9 while
(a) follows immediately from (b). □

Our next result shows that generating reciprocal sequences, as an operation,
is compatible with the operation of generating the central 𝑞 × 𝑞 Carathéodory
sequence of a finite 𝑞 × 𝑞 Carathéodory sequence.

Theorem 4.11. Let 𝑛 ∈ ℕ0, let ( 𝑠𝑗 )
𝑛
𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence and let(

𝑠 ♯𝑗
)𝑛
𝑗=0

be the reciprocal sequence to ( 𝑠𝑗 )
𝑛
𝑗=0. Recalling Theorem 4.4, let ( 𝑠𝑗 )

∞
𝑗=0

and ( 𝑠𝑗, ♯ )
∞
𝑗=0 be the C-central sequences for ( 𝑠𝑗 )

𝑛
𝑗=0 and

(
𝑠 ♯𝑗
)𝑛
𝑗=0

, respectively.

Then ( 𝑠𝑗, ♯ )
∞
𝑗=0 is the reciprocal sequence to ( 𝑠𝑗 )

∞
𝑗=0.

Proof. By Remark 3.17, we have 𝑠𝑗 = 𝑠𝑗 for each 𝑗 ∈ ℤ0, 𝑛 and the sequence

( 𝑠𝑗 )
∞
𝑗=0 is order 𝑛+1 C-central. Suppose that

(
𝑠 ♯𝑗
)∞
𝑗=0

is the reciprocal sequence

to ( 𝑠𝑗 )
∞
𝑗=0. Because of Remark 1.2, we have

(
𝑠 ♯𝑗
)𝑛
𝑗=0

=
(

𝑠 ♯𝑗
)𝑛
𝑗=0

and part (a) of
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Lemma 3.19, Theorem 4.4 and part (a) of Theorem 4.10 we see that
(

𝑠 ♯𝑗
)∞
𝑗=0

is a

𝑞× 𝑞 order 𝑛+1 C-central Carathéodory sequence. It thus follows by Remark 3.17

that
(

𝑠 ♯𝑗
)∞
𝑗=0

is the C-central 𝑞 × 𝑞 sequence for
(

𝑠 ♯𝑗
)𝑛
𝑗=0
. We therefore have(

𝑠 ♯𝑗
)∞
𝑗=0

= ( 𝑠𝑗, ♯ )
𝑛
𝑗=0 . □

We next consider reciprocal sequences of totally strict Carathéodory se-
quences.

Lemma 4.12. Let ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ and suppose that

(
𝑠 ♯𝑗
)∞
𝑗=0

is the reciprocal se-

quence to ( 𝑠𝑗 )
∞
𝑗=0. Then the sequences (𝐿𝑘+1 )

∞
𝑘=0, (𝑅𝑘+1 )

∞
𝑘=0,
(

𝐿
[ ♯ ]
𝑘+1

)∞
𝑘=0

and(
𝑅

[ ♯ ]
𝑘+1

)∞
𝑘=0

are monotonically decreasing and convergent. Their limits

𝐿 := lim
𝑘−→∞

𝐿𝑘+1, 𝑅 := lim
𝑘−→∞

𝑅𝑘+1,

𝐿[ ♯ ] := lim
𝑘−→∞

𝐿
[ ♯ ]
𝑘+1 and 𝑅[ ♯ ] := lim

𝑘−→∞
𝑅

[ ♯ ]
𝑘+1

are, furthermore, all non-negative Hermitian. Moreover,

𝐿[ ♯ ] = 𝑠+
0 𝐿
(

𝑠+
0

)∗
, 𝑅[ ♯ ] =

(
𝑠+

0

)∗
𝑅𝑠+

0 ,

𝐿 = 𝑠0𝐿[ ♯ ]𝑠∗0, and 𝑅 = 𝑠∗0𝑅[ ♯ ]𝑠0.

In particular, rank𝐿 = rank𝐿[ ♯ ] and rank𝑅 = rank𝑅[ ♯ ].

Proof. Use Proposition2.9, Theorem 4.4 and Lemma 4.9. □

Theorem 4.13. Let ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ and suppose that

(
𝑠 ♯𝑗
)∞
𝑗=0

is the reciprocal

sequence to ( 𝑠𝑗 )
∞
𝑗=0. Then ( 𝑠𝑗 )

∞
𝑗=0 ∈ 𝒞 t

𝑞,∞ if and only if
(

𝑠 ♯𝑗
)∞
𝑗=0

∈ 𝒞 t
𝑞,∞.

Proof. Use Lemma 4.12. □

5. Matricial Toeplitz non-negative definite sequences
generated by reciprocation

In this section, we will soon arrive at a particular operation, which, given a Toeplitz
non-negative definite sequence (𝐶𝑗 )

ϰ

𝑗=0 in ℂ𝑞×𝑞, will make it possible to construct
a new Toeplitz non-negative definite sequence

(
𝐶 □
𝑗

)ϰ
𝑗=0

from (𝐶𝑗 )
ϰ

𝑗=0. We next

provide a detailed look into this construction.

Proposition 5.1. Let ϰ ∈ ℕ0∪{+∞} and (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in ℂ𝑞×𝑞.
Suppose that

𝑠𝑗 :=

{
𝐶0 if 𝑗 = 0,

2𝐶𝑗 if 𝑗 ∈ ℤ1,ϰ.
(5.1)
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Then ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence with 𝑠0 = 𝑠∗0 and this sequence’s

reciprocal sequence
(

𝑠 ♯𝑗
)ϰ
𝑗=0

is also a 𝑞×𝑞 Carathéodory sequence with 𝑠 ♯0 = (𝑠
♯
0 )

∗.

Furthermore, if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is defined as

𝐶 □
𝑗 :=

{
𝑠 ♯0 if 𝑗 = 0,

1
2𝑠 ♯𝑗 if 𝑗 ∈ ℤ1,ϰ,

(5.2)

then
(

𝐶 □
𝑗

)ϰ
𝑗=0

is a 𝑞 × 𝑞 T-n.n.d. sequence.

Proof. By Remark 3.7, it follows that ( 𝑠𝑗 )
ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ and 𝑠0 = 𝑠∗0. Theorem 4.4

thus implies
(

𝑠 ♯𝑗
)ϰ
𝑗=0

∈ 𝒞𝑞,ϰ , where 𝑠0 = 𝑠∗0 leads to 𝑠 ♯0 = (𝑠 ♯0 )
∗ in view of

Definition 1.1 (note also Lemma A.3). It therefore follows by Remark 3.7 that(
𝐶 □
𝑗

)ϰ
𝑗=0

is a 𝑞 × 𝑞 T-n.n.d. sequence. □

Proposition 5.1 leads us to the following definition.

Definition 5.2. Let ϰ ∈ ℕ0 ∪ {+∞} and let (𝐶𝑗 )ϰ𝑗=0 be a T-n.n.d. sequence in

ℂ𝑞×𝑞. We will call the sequence
(

𝐶 □
𝑗

)ϰ
𝑗=0

defined in (formula (5.2) of) Proposi-

tion 5.1, the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from (𝐶𝑗 )
ϰ

𝑗=0 by reciprocation.

A T-n.n.d. sequence generated by reciprocation is not the same as a reciprocal
sequence, as the following example demonstrates.

Example 5.3. Let 𝐾 ∈ 𝕂𝑞×𝑞. Suppose, for 𝑗 ∈ ℕ0, that 𝐶𝑗 := 𝐾𝑗 . Example 2.21
yields (𝐶𝑗 )

∞
𝑗=0 ∈ 𝒯𝑞,∞. On the one hand, it follows by induction that the reciprocal

sequence
(

𝐶 ♯
𝑗

)∞
𝑗=0

to (𝐶𝑗 )
∞
𝑗=0 is

𝐶 ♯
𝑗 =

⎧⎨⎩
𝐼𝑞, if 𝑗 = 0,

−𝐾, if 𝑗 = 1,

0𝑞×𝑞, if 𝑗 ∈ ℤ2,+∞.

On the other hand, it also follows by induction that the sequence
(

𝐶 □
𝑗

)∞
𝑗=0

gen-

erated from (𝐶𝑗 )
∞
𝑗=0 by reciprocation is given by

𝐶 □
𝑗 = (−𝐾 )

𝑗
, 𝑗 ∈ ℕ0.

Proposition 5.4. Let ϰ ∈ ℕ0 ∪ {+∞} and let (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence

in ℂ𝑞×𝑞. Suppose that
(

𝐶 □
𝑗

)ϰ
𝑗=0

is the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from

(𝐶𝑗 )
ϰ

𝑗=0 by reciprocation. If
( (

𝐶 □
𝑗

)□ )ϰ
𝑗=0

is the T-n.n.d. sequence in ℂ𝑞×𝑞 gen-

erated from
(

𝐶 □
𝑗

)ϰ
𝑗=0

by reciprocation, then( (
𝐶 □
𝑗

)□ )ϰ
𝑗=0

= (𝐶𝑗 )
ϰ

𝑗=0 .
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Proof. For each 𝑗 ∈ ℤ0,ϰ, let

𝑠𝑗 :=

{
𝐶0 if 𝑗 = 0,

2𝐶𝑗 if 𝑗 ∈ ℤ1,ϰ.
(5.3)

Because of (5.3) and (5.2), for each 𝑗 ∈ ℤ0,ϰ, we have,

𝑠 ♯𝑗 =

{
𝐶 □

0 if 𝑗 = 0,

2𝐶 □
𝑗 if 𝑗 ∈ ℤ1,ϰ .

For each 𝑗 ∈ ℤ0,ϰ, we thus see, by the definition of
( (

𝐶 □
𝑗

)□ )ϰ
𝑗=0
, that

(
𝐶 □
𝑗

)□
=

{(
𝑠 ♯0
) ♯

if 𝑗 = 0,

1
2

(
𝑠 ♯𝑗
) ♯

if 𝑗 ∈ ℤ1,ϰ .
(5.4)

From (5.1), it follows by Remark 3.7 that ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞×𝑞 Carathéodory sequence.

Therefore, by Corollary 4.3, we have( (
𝑠 ♯𝑗
) ♯ )ϰ

𝑗=0
= ( 𝑠𝑗 )

ϰ

𝑗=0 . (5.5)

Finally, from (5.4), (5.5) and (5.3), we obtain( (
𝐶 □
𝑗

)□ )ϰ
𝑗=0

= (𝐶𝑗 )
ϰ

𝑗=0 ,

which completes the proof. □
We now look at how Definition 5.2 relates to the previous section.

Lemma 5.5. Let ϰ ∈ ℕ0∪{+∞} and let (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in ℂ𝑞×𝑞.

Suppose that
(

𝐶 □
𝑗

)ϰ
𝑗=0

is the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from (𝐶𝑗 )
ϰ

𝑗=0

by reciprocation. For 𝑗 ∈ ℤ0,ϰ, let the matrix 𝑠𝑗 be given by (5.3). Then ( 𝑠𝑗 )
ϰ

𝑗=0

is a 𝑞 × 𝑞 Carathéodory sequence and

𝐶𝑗 =

{
Re 𝑠0 if 𝑗 = 0,

1
2𝑠𝑗 if 𝑗 ∈ ℤ1,ϰ

and 𝐶 □
𝑗 =

{
Re 𝑠 ♯0 if 𝑗 = 0,

1
2𝑠 ♯𝑗 if 𝑗 ∈ ℤ1,ϰ.

Proof. By Proposition 5.1, ( 𝑠𝑗 )
ϰ

𝑗=0 is a 𝑞×𝑞 Carathéodory sequence. By definition

of (𝐶𝑗 )
ϰ

𝑗=0, we have 𝐶∗
0 = 𝐶0. Thus, 𝑠

∗
0 = 𝑠0. Recalling Definition 1.1, we therefore

have
(

𝑠 ♯0
)∗
=
(

𝑠+
0

)∗
= ( 𝑠∗0 )

+
= 𝑠+

0 = 𝑠 ♯0 . We thus see that Re 𝑠0 = 𝑠0 and

Re 𝑠 ♯0 = 𝑠 ♯0 . Along with Definition 5.2, this completes the proof. □
Using Lemma 5.5, we can now translate Theorems 4.8, 4.10, 4.11 and 4.13 so

that they apply to Definition 5.2.

Theorem 5.6. Let ϰ ∈ ℕ ∪ {+∞} and let (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in

ℂ𝑞×𝑞. Let, furthermore,
(

𝐶 □
𝑗

)ϰ
𝑗=0

be the T-n.n.d. sequence in ℂ𝑞×𝑞 generated

from (𝐶𝑗 )
ϰ

𝑗=0 by reciprocation. Then:
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(a) (𝐶𝑗 )
ϰ

𝑗=0 is canonical if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is canonical.

(b) Let 𝑘 ∈ ℤ1,ϰ. Then:

(b1) (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 canonical if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is order 𝑘 canon-

ical.
(b2) (𝐶𝑗 )

ϰ

𝑗=0 is minimal order 𝑘 canonical if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is mini-

mal order 𝑘 canonical.

Proof. Combine Lemma 5.5 with Theorem 4.8, recalling Definition 3.22. □

Theorem 5.7. Let ϰ ∈ ℕ ∪ {+∞} and let (𝐶𝑗 )
ϰ

𝑗=0 be a T-n.n.d. sequence in

ℂ𝑞×𝑞. Let, furthermore,
(

𝐶 □
𝑗

)ϰ
𝑗=0

be the T-n.n.d. sequence in ℂ𝑞×𝑞 generated

from (𝐶𝑗 )
ϰ

𝑗=0 by reciprocation. Then:

(a) (𝐶𝑗 )
ϰ

𝑗=0 is central if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is central.

(b) Let 𝑘 ∈ ℤ1,ϰ. Then:

(b1) (𝐶𝑗 )
ϰ

𝑗=0 is order 𝑘 central if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is order 𝑘 central.

(b2) (𝐶𝑗 )
ϰ

𝑗=0 is minimal order 𝑘 central if and only if
(

𝐶 □
𝑗

)ϰ
𝑗=0

is minimal

order 𝑘 central.

Proof. Combine Lemma 5.5 with Theorem 4.10, recalling Definition 3.15. □

Theorem 5.8. Let 𝑛 ∈ ℕ0 and (𝐶𝑗 )
𝑛
𝑗=0 be a T-n.n.d. sequence in ℂ𝑞×𝑞. Sup-

pose that
(

𝐶 □
𝑗

)𝑛
𝑗=0

is the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from (𝐶𝑗 )
𝑛
𝑗=0 by

reciprocation. Let, furthermore, (𝐷𝑗 )
∞
𝑗=0 and (𝐸𝑗 )

∞
𝑗=0 be the central T-n.n.d. se-

quences for (𝐶𝑗 )
𝑛
𝑗=0 and

(
𝐶 □
𝑗

)𝑛
𝑗=0

, respectively. Suppose, also, that
(

𝐷 □
𝑗

)∞
𝑗=0

is

the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from (𝐷𝑗 )
∞
𝑗=0 by reciprocation. Then(

𝐷 □
𝑗

)∞
𝑗=0

= (𝐸𝑗 )
∞
𝑗=0 .

Proof. Combine Lemma 5.5 with Theorem 4.11. □

Theorem 5.9. Let (𝐶𝑗 )
∞
𝑗=0 be a T-n.n.d. sequence in ℂ𝑞×𝑞. Suppose, furthermore,

that
(

𝐶 □
𝑗

)∞
𝑗=0

is the T-n.n.d. sequence in ℂ
𝑞×𝑞 generated from (𝐶𝑗 )

∞
𝑗=0 by recip-

rocation. Then (𝐶𝑗 )
∞
𝑗=0 ∈ 𝒞 t

𝑞,∞ if and only if
(

𝐶 □
𝑗

)∞
𝑗=0

∈ 𝒞 t
𝑞,∞.

Proof. Combine Lemma 5.5 and Theorem 4.13, recalling Definition 3.14. □

6. Matricial Carathéodory functions

The set of 𝑞× 𝑞 Carathéodory sequences is closely related to the following class of
holomorphic 𝑞 × 𝑞 matrix functions. A function Ω : 𝔻 −→ ℂ𝑞×𝑞 is called a 𝑞 × 𝑞
Carathéodory function in 𝔻 if it is holomorphic in 𝔻 and if Ω(𝑤) ∈ ℛ𝑞,≥ for all
𝑤 ∈ 𝔻. The set of all 𝑞×𝑞 Carathéodory functions in 𝔻 will be denoted by 𝒞𝑞 (𝔻 ).
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Remark 6.1. If Ω ∈ 𝒞𝑞 (𝔻 ) and 𝐴 ∈ ℂ𝑞×𝑝, then 𝐴∗Ω𝐴 ∈ 𝒞𝑝 (𝔻 ).
Remark 6.2. If 𝑛 ∈ ℕ, (𝛼𝑗 )

𝑛
𝑗=1 is a sequence in [0, +∞) and (Ω𝑗 )𝑛𝑗=1 is a sequence

in 𝒞𝑞 (𝔻 ), then
𝑛∑
𝑗=1

𝛼𝑗Ω𝑗 ∈ 𝒞𝑞 (𝔻 ).

The class 𝒞𝑞 (𝔻 ) is closely related to the Schur class. A matrix function
𝑆 : 𝔻 −→ ℂ𝑝×𝑞 is called a 𝑝× 𝑞 Schur function in 𝔻 if it is holomorphic in 𝔻 and
if 𝑆(𝑤) is contractive for all 𝑤 ∈ 𝔻. The set of all 𝑝× 𝑞 Schur functions in 𝔻 will
be denoted by 𝒮𝑝×𝑞 (𝔻 ). We furthermore define

𝒮 ′
𝑝×𝑞 (𝔻 ) := { 𝑓 ∈ 𝒮𝑝×𝑞 (𝔻 ) : 𝑓(𝑤) ∈ 𝔻𝑝×𝑞 for all 𝑤 ∈ 𝔻 } ,

as well as 𝒮 (𝔻 ) := 𝒮1×1 (𝔻 ) and 𝒮 ′ (𝔻 ) := 𝒮 ′
1×1 (𝔻 ). We next review a well-

known relationship that exists between the classes 𝒞𝑞 (𝔻 ) and 𝒮𝑞×𝑞 (𝔻 ) (see [8,
Proposition 2.1.3]).

Lemma 6.3. Let Ω ∈ 𝒞𝑞 (𝔻 ). Then det [ 𝐼𝑞 +Ω(𝑤) ] ∕= 0 for each 𝑤 ∈ 𝔻, and the
function

𝑆 := ( 𝐼𝑞 − Ω ) ( 𝐼𝑞 +Ω)
−1

(6.1)

belongs to 𝒮𝑞×𝑞 (𝔻 ). Furthermore, det [ 𝐼𝑞 + 𝑆(𝑤) ] ∕= 0 for each 𝑤 ∈ 𝔻, and

Ω = ( 𝐼𝑞 − 𝑆 ) ( 𝐼𝑞 + 𝑆 )
−1

. (6.2)

For each Ω ∈ 𝒞𝑞 (𝔻 ), the matrix-valued function in (6.1) is called the Cayley
transform of Ω. Lemma A.13 immediately leads us to another well-known relation-
ship for the sets 𝒮𝑞×𝑞 (𝔻 ) and 𝒞𝑞 (𝔻 ).
Lemma 6.4. Suppose that 𝑆 ∈ 𝒮𝑞×𝑞 (𝔻 ), then 𝐼𝑞 + 𝑆 ∈ 𝒞𝑞 (𝔻 ).
Example 6.5. Suppose that 𝐾 ∈ 𝕂𝑞×𝑞 and, furthermore, that Ω : 𝔻 −→ ℂ𝑞×𝑞 is
defined as 𝑤 *−→ 𝐼𝑞 + 𝑤𝐾. Then Ω ∈ 𝒞𝑞 (𝔻 ).

One of our goals will later be to generalize the following well-known result
for the class 𝒞𝑞 (𝔻 ). Because it relates to our later approach, we include a proof.
Proposition 6.6. Let Ω ∈ 𝒞𝑞 (𝔻 ) be such that detΩ does not vanish identically in
𝔻. Then det [Ω(𝑤) ] ∕= 0 for any 𝑤 ∈ 𝔻, and Ω−1 ∈ 𝒞𝑞 (𝔻 ).
Proof. Let 𝑆 be the Cayley transform of Ω. By Lemma 6.3, it follows that

𝑆 ∈ 𝒮𝑞×𝑞 (𝔻 ) (6.3)

and we obtain (6.2). Since detΩ is not the zero function in 𝔻, we see from (6.2)
that det ( 𝐼𝑞 − 𝑆 ) is not the zero function in 𝔻. Combining this with (6.3), we see
from [8, Lemma 2.1.7] that det ( 𝐼𝑞 − 𝑆 ) does not vanish anywhere in 𝔻. Thus, it
follows from (6.2) that Ω does not vanish anywhere in 𝔻. Therefore (note also the
formulas after Remark A.1), we see that Ω−1 ∈ 𝒞𝑞 (𝔻 ). □
Remark 6.7. Let Ω ∈ 𝒞𝑞 (𝔻 ) and 𝑓 ∈ 𝒮 ′ (𝔻 ). The properties of holomorphic
functions yield Ω ∘ 𝑓 ∈ 𝒞𝑞 (𝔻 ).
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Example 6.8. Let Ω ∈ 𝒞𝑞 (𝔻 ) and 𝑢 ∈ 𝔻 ∪ 𝕋. Suppose that Ω𝑢 : 𝔻 −→ ℂ𝑞×𝑞 is
defined as Ω𝑢 : 𝑤 *−→ Ω(𝑢𝑤). From Remark 6.7, we see that Ω𝑢 ∈ 𝒞𝑞 (𝔻 ).
Example 6.9. Let Ω ∈ 𝒞𝑞 (𝔻 ) and 𝑚 ∈ ℤ2,∞. Suppose that Ω[𝑚] : 𝔻 −→ ℂ𝑞×𝑞 is
defined as Ω[𝑚] : 𝑤 *−→ Ω(𝑤𝑚). From Remark 6.7, we see that Ω[𝑚] ∈ 𝒞𝑞 (𝔻 ).

For more clarity later on, we next describe the well-known relationship that
exists between 𝑞 × 𝑞 Carathéodory functions and 𝑞 × 𝑞 Carathéodory sequences
(see, for instance, [11]).

Proposition 6.10. Let Ω ∈ 𝒞𝑞 (𝔻 ) and, for each 𝑤 ∈ 𝔻, let

Ω(𝑤) =
∞∑
𝑗=0

𝑠𝑗𝑤
𝑗 (6.4)

be the Taylor series representation of Ω. Then ( 𝑠𝑗 )
∞
𝑗=0 is a 𝑞 × 𝑞 Carathéodory

sequence.

Example 6.11. Let𝐾 ∈ 𝕂𝑞×𝑞. The sequence ( 𝑠𝑗 )
∞
𝑗=0, given by 𝑠𝑗 := 𝛿𝑗, 0𝐼𝑞+𝛿𝑗, 1𝐾,

for each 𝑗 ∈ ℕ0, is then a 𝑞×𝑞 Carathéodory sequence. Indeed, if Ω : 𝔻 −→ ℂ𝑞×𝑞 is
defined as Ω(𝑤) := 𝐼𝑞+𝑤𝐾, then Example 6.5 yields Ω ∈ 𝒞𝑞 (𝔻 ) and ( 𝑠𝑗 )∞𝑗=0 is the

Taylor coefficient sequence for Ω. Proposition 6.10 thus shows that ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞.

Proposition 6.12. Let ( 𝑠𝑗 )
∞
𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence. Then:

(a) The sequence
( 𝑛∑
𝑗=0

𝑠𝑗𝑤
𝑗
)∞
𝑛=0

converges for any 𝑤 ∈ 𝔻.

(b) If Ω : 𝔻 −→ ℂ𝑞×𝑞 is defined as Ω(𝑤) := lim
𝑛−→∞

𝑛∑
𝑗=0

𝑠𝑗𝑤
𝑗 , then Ω ∈ 𝒞𝑞 (𝔻 ).

If ( 𝑠𝑗 )
∞
𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence, then the function Ω ∈ 𝒞𝑞 (𝔻 )

defined in part (b) of Proposition 6.12 will be referred to as the function in 𝒞𝑞 (𝔻 )
corresponding to ( 𝑠𝑗 )

∞
𝑗=0.

Example 6.13. Let ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ and 𝑢 ∈ 𝔻 ∪ 𝕋. Suppose, for each 𝑗 ∈ ℕ0,

that 𝑠𝑗, 𝑢 := 𝑢𝑗𝑠𝑗 . Part (a) of Remark 3.10 then yields ( 𝑠𝑗, 𝑢 )
∞
𝑗=0 ∈ 𝒞𝑞,∞. If Ω is

the function in 𝒞𝑞 (𝔻 ) corresponding to ( 𝑠𝑗 )∞𝑗=0, then we see, for the function Ω𝑢
defined in Example 6.8, that

Ω𝑢(𝑤) =

∞∑
𝑗=0

𝑠𝑗, 𝑢𝑤𝑗 .

Thus, Ω𝑢 is the function in 𝒞𝑞 (𝔻 ) corresponding to ( 𝑠𝑗, 𝑢 )∞𝑗=0.
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Example 6.14. Let ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ and Ω be the function in 𝒞𝑞 (𝔻 ) corresponding

to ( 𝑠𝑗 )
∞
𝑗=0. Suppose, furthermore, that 𝑚 ∈ ℤ2,+∞ and that

𝑡𝑗 :=

{
𝑠 𝑗

𝑚
, if there exists a 𝑘 ∈ ℕ0 such that 𝑗 = 𝑘 ⋅𝑚,

0𝑞×𝑞, if 𝑗 ∈ ℕ0 ∖ { 𝑘 ⋅𝑚 : 𝑘 ∈ ℕ0 }.
Let Ω[𝑚] ∈ 𝒞𝑞 (𝔻 ) be the function defined in Example 6.9. For each 𝑤 ∈ 𝔻, then

Ω[𝑚](𝑤) =

∞∑
𝑗=0

𝑡𝑗𝑤
𝑗 .

Thus, ( 𝑡𝑗 )
∞
𝑗=0 ∈ 𝒞𝑞,∞ and Ω[𝑚] is the function in 𝒞𝑞 (𝔻 ) corresponding to ( 𝑡𝑗 )

∞
𝑗=0.

Propositions 6.10 and 6.12 suggest introducing a number of special subclasses
for 𝒞𝑞 (𝔻 ) via Taylor coefficient sequences.
Definition 6.15. Let ϰ ∈ ℕ0 ∪ {+∞}. Suppose Ω ∈ 𝒞𝑞 (𝔻 ) with Taylor series
representation (6.4) for each 𝑤 ∈ 𝔻. If ( 𝑠𝑗 )

ϰ

𝑗=0 ∈ 𝒞𝑞,ϰ, then Ω is called a strict

𝑞×𝑞 Carathéodory function of order ϰ (or strict order ϰ Carathéodory function). The

set of all strict Carathéodory functions of order ϰ will be denoted by 𝒞(ϰ)
𝑞 (𝔻 ).

Definition 6.16. Suppose Ω ∈ 𝒞𝑞 (𝔻 ) with Taylor series representation (6.4), for
each 𝑤 ∈ 𝔻. If ( 𝑠𝑗 )

∞
𝑗=0 ∈ 𝒞 t

𝑞,∞, then Ω is called a totally strict 𝑞 × 𝑞 Carathéodory

function in 𝔻. The set of all totally strict 𝑞 × 𝑞 Carathéodory functions in 𝔻 will
be denoted by 𝒞 t

𝑞 (𝔻 ).

From the above two Definitions 6.15 and 6.16, it follows, via (3.2), that

𝒞 t
𝑞 (𝔻 ) ⊆ 𝒞(∞)

𝑞 (𝔻 ) =

∞∩
ϰ=0

𝒞(ϰ)
𝑞 (𝔻 ).

Definition 6.17. Let Ω ∈ 𝒞𝑞 (𝔻 ) with Taylor series representation (6.4) for 𝑤 ∈ 𝔻.

(a) Let 𝑘 ∈ ℕ. If the sequence ( 𝑠𝑗 )
∞
𝑗=0 is C-central of order 𝑘, then the function

Ω is called central of order 𝑘 (or order 𝑘 central).
(b) Let 𝑘 ∈ ℕ. If the sequence ( 𝑠𝑗 )

∞
𝑗=0 is C-central of minimal order 𝑘, then the

function Ω is called central of minimal order 𝑘 (or minimal order 𝑘 central).
(c) If there exists a 𝑘 ∈ ℕ such that Ω is order 𝑘 central, then Ω is simply called

a central function.

Remark 6.18. Let 𝑘 ∈ ℕ and ℓ ∈ ℤ𝑘+1,∞. Suppose that Ω ∈ 𝒞𝑞 (𝔻 ) is central of
order 𝑘. Remark 3.16 implies that Ω is also central of order ℓ.

Recalling Proposition 6.12 and Lemma 3.19, we are led to the following.

Definition 6.19. Let 𝑛 ∈ ℕ and ( 𝑠𝑗 )
𝑛
𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence. Fur-

thermore, let ( 𝑠𝑗 )
∞
𝑗=0 be the C-central sequence corresponding to ( 𝑠𝑗 )

𝑛
𝑗=0. The

function Ω( 𝑠𝑗 )𝑛𝑗=0
in 𝒞𝑞 (𝔻 ) corresponding to ( 𝑠𝑗 )∞𝑗=0 is then called the central

𝑞 × 𝑞 Carathéodory function for ( 𝑠𝑗 )
𝑛
𝑗=0.
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Remark 6.20. Let 𝑘 ∈ ℕ. Suppose that Ω ∈ 𝒞𝑞 (𝔻 ) is order 𝑘 central with Taylor
series representation (6.4) for each 𝑤 ∈ 𝔻. Because of Definition 6.19 and Re-

mark 3.18, it follows that ( 𝑠𝑗 )
𝑘−1
𝑗=0 ∈ 𝒞𝑞, 𝑘−1 and Ω is the central 𝑞×𝑞 Carathéodory

function Ω( 𝑠𝑗 )𝑘−1
𝑗=0

for ( 𝑠𝑗 )
𝑘−1
𝑗=0 .

The function defined in Definition 6.19 is discussed extensively in [16]. In
particular, it was there shown that Ω( 𝑠𝑗 )𝑛

𝑗=0
can always be interpreted as the re-

striction of a rational 𝑞 × 𝑞 matrix function to 𝔻. Using the 𝑞 × 𝑞 Carathéodory
sequence ( 𝑠𝑗 )

𝑛
𝑗=0, particular quadruples of 𝑞 × 𝑞 matrix polynomials were con-

structed. These quadruples were then used to obtain left and right quotient repre-
sentations of Ω( 𝑠𝑗 )𝑛𝑗=0

. These representations were, in turn, used in [18] to param-

etrize the solution set of the Carathéodory problem associated with ( 𝑠𝑗 )
𝑛
𝑗=0.

Proposition 6.21. Let 𝑛 ∈ ℕ0 and ( 𝑠𝑗 )
𝑛
𝑗=0 ∈ 𝒞𝑞, 𝑛. Then all of the following con-

ditions are equivalent:

(i) ( 𝑠𝑗 )
𝑛
𝑗=0 ∈ 𝒞𝑞, 𝑛.

(ii) Ω( 𝑠𝑗 )𝑛𝑗=0
∈ 𝒞 t

𝑞 (𝔻 ).

(iii) Ω( 𝑠𝑗 )𝑛
𝑗=0
∈ 𝒞(∞)

𝑞 (𝔻 ).

Proof. Applying part (b) of Lemma 3.19 yields the proof. □

Definition 6.22. Let Ω ∈ 𝒞𝑞 (𝔻 ) with Taylor series representation (6.4) for 𝑤 ∈ 𝔻.

(a) Let 𝑘 ∈ ℕ. If the sequence ( 𝑠𝑗 )
∞
𝑗=0 is order 𝑘 C-canonical, then the function

Ω is also called canonical of order 𝑘 (or order 𝑘 canonical).
(b) Let 𝑘 ∈ ℕ. If the sequence ( 𝑠𝑗 )

∞
𝑗=0 is minimal order 𝑘 C-canonical, then

the function Ω is also called canonical of minimal order 𝑘 (or minimal order 𝑘
canonical).

(c) If there exists a 𝑘 ∈ ℕ such that Ω is order 𝑘 canonical, then Ω is simply
called a canonical function.

Remark 6.23. Let 𝑘 ∈ ℕ, ℓ ∈ ℤ𝑘+1,∞ and Ω ∈ 𝒞𝑞 (𝔻 ) be order 𝑘 canonical.

(a) Part (a) of Corollary 2.27 implies that Ω is also order ℓ canonical.
(b) It follows, by part (b) of Corollary 2.27, that Ω is also central of order ℓ.

For the 𝑞 × 𝑞 Carathéodory sequences in Examples 3.20 and 3.21, we now
determine the corresponding functions in 𝒞𝑞 (𝔻 ).
Example 6.24. Let 𝐾 ∈ 𝕂𝑞×𝑞. Then:

(a) It follows for each 𝑤 ∈ 𝔻 that −𝑤𝐾 ∈ 𝔻𝑞×𝑞 and that det ( 𝐼𝑞 − 𝑤𝐾 ) ∕= 0.
(b) The function Ω𝐾 : 𝔻 −→ ℂ𝑞×𝑞, defined via

𝑤 *−→ ( 𝐼𝑞 + 𝑤𝐾 ) ( 𝐼𝑞 − 𝑤𝐾 )
−1

(6.5)

belongs to 𝒞𝑞 (𝔻 ).
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(c) Since 𝑤𝐾 ∈ 𝔻𝑞×𝑞, the Neumann series representation yields

Ω𝐾(𝑤) = ( 𝐼𝑞 + 𝑤𝐾 )
[ ∑∞

𝑗=0
(𝑤𝐾 )

𝑗
]
= 𝐼𝑞 + 2

∑∞
𝑗=1

𝐾𝑗𝑤𝑗 . (6.6)

Example 3.20 shows that the function Ω𝐾 is order 2 central and, if (and only
if) 𝐾 ∕= 0𝑞×𝑞, then Ω𝐾 is minimal order 2 central. Furthermore, because of
Remark 6.20, Example 3.20 and Proposition 6.21, the following three condi-
tions are all equivalent:
(i) 𝐾 ∈ 𝔻𝑞×𝑞.
(ii) Ω𝐾 ∈ 𝒞 t

𝑞 (𝔻 ).

(iii) Ω𝐾 ∈ 𝒞(∞)
𝑞 (𝔻 ).

(d) For each 𝑤 ∈ 𝔻, we have det [ Ω𝐾(𝑤) ] ∕= 0, −𝐾 ∈ 𝕂𝑞×𝑞 and Ω𝐾−1 = Ω−𝐾 .
(e) Example 3.25 shows that the function Ω𝐾 is canonical if and only if 𝐾 is

unitary. When this is the case, Ω𝐾 is order 1 canonical.

Example 6.25. Let 𝐾 ∈ 𝕂𝑞×𝑞 ∩ ℂ
𝑞×𝑞
≥ and 𝑟 ∈ ℕ. Then:

(a) Recalling part (a) of Example 6.24, let Ω𝐾, 𝑟 : 𝔻 −→ ℂ𝑞×𝑞 be defined as

𝑤 *−→ (√𝐾
)𝑟
( 𝐼𝑞 + 𝑤𝐾 ) ( 𝐼𝑞 − 𝑤𝐾 )

−1 (√
𝐾
)𝑟

. (6.7)

(b) Then

Ω𝐾, 𝑟 =
[ (√

𝐾
)𝑟 ]∗

Ω𝐾
(√

𝐾
)𝑟

, (6.8)

where Ω𝐾 is the 𝑞×𝑞 Carathéodory function given in Example 6.24. It follows
from Example 6.24 and (6.8) that, for each 𝑤 ∈ 𝔻, the function Ω𝐾, 𝑟 belongs
to 𝒞𝑞 (𝔻 ) and admits the Taylor series representation

Ω𝐾, 𝑟(𝑤) = 𝐾𝑟 + 2
∑∞

𝑗=0
𝐾𝑟+𝑗𝑤𝑗 .

(c) Example 6.24 shows that the function Ω𝐾, 𝑟 is order 2 central.

For the 𝑞 × 𝑞 Carathéodory sequences in Examples 3.12 and 3.13, we now
determine the corresponding functions in 𝒞𝑞 (𝔻 ).
Example 6.26. Let 𝐾 ∈ 𝕂𝑞×𝑞 and (𝐶𝑗 )

∞
𝑗=0 be the 𝑞 × 𝑞 C-sequence defined in

Example 3.12, i.e., 𝐶𝑗 := 𝐾𝑗 for each 𝑗 ∈ ℕ0. Suppose that 𝐻𝐾 is the function in
𝒞𝑞 (𝔻 ) corresponding to (𝐶𝑗 )∞𝑗=0. Then, for each 𝑤 ∈ 𝔻, we see from the Neumann

series representation that det ( 𝐼𝑞 − 𝑤𝐾 ) ∕= 0 and
𝐻𝐾(𝑤) = ( 𝐼𝑞 − 𝑤𝐾 )

−1
.

Example 6.27. Let 𝐾 ∈ 𝕂𝑞×𝑞 ∩ ℂ
𝑞×𝑞
≥ and 𝑟 ∈ ℕ. Let (𝐶𝑗 )

∞
𝑗=0 be the 𝑞 × 𝑞 C-

sequence defined in Example 3.13, i.e., 𝐶𝑗 := 𝐾𝑟+𝑗 for each 𝑗 ∈ ℕ0. Suppose
that 𝐻𝐾, 𝑟 is the function in 𝒞𝑞 (𝔻 ) corresponding to (𝐶𝑗 )∞𝑗=0. It follows that

𝐶𝑗 =
(√

𝐾
)𝑟

𝐾𝑗
(√

𝐾
)𝑟
for any 𝑗 ∈ ℕ0. Therefore, it follows from Example 6.26,

for each 𝑤 ∈ 𝔻, that det ( 𝐼𝑞 − 𝑤𝐾 ) ∕= 0 and
𝐻𝐾, 𝑟(𝑤) =

(√
𝐾
)𝑟
( 𝐼𝑞 − 𝑤𝐾 )−1 (√𝐾

)𝑟
.
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7. Moore-Penrose Inverses of Matricial Carathéodory Functions

Our next steps will be towards showing that the Moore-Penrose inverse Ω+ of a
function Ω ∈ 𝒞𝑞 (𝔻 ) is itself a member of 𝒞𝑞 (𝔻 ). We will, furthermore, show that
the sequence of Ω+’s Taylor coefficients is the reciprocal sequence to Ω’s Taylor
coefficient sequence. Before we show that the Moore-Penrose inverse of a 𝑞 × 𝑞
Carathéodory function is holomorphic, we first formulate and prove a result which
will help us reach our aforementioned goal and which is also of interest on its own.

Lemma 7.1. Let ( 𝑠𝑗 )
∞
𝑗=0 be a sequence in ℂ𝑞×𝑞 and

(
𝑠 ♯𝑗
)∞
𝑗=0

be its reciprocal

sequence. Suppose that the following conditions are met:

(I) ( 𝑠𝑗 )
∞
𝑗=0 ∈ 𝒟𝑞×𝑞,∞.

(II) There exists a (in 𝔻) holomorphic matrix function Ω : 𝔻 −→ ℂ𝑞×𝑞 with
Taylor expansion (6.4) for each 𝑤 ∈ 𝔻.

(III) There exists a (in 𝔻) holomorphic matrix function Ω ♯ : 𝔻 −→ ℂ𝑞×𝑞, which
can be expressed, for each 𝑤 ∈ 𝔻, as

Ω ♯(𝑤) =

∞∑
𝑗=0

𝑠 ♯𝑗𝑤
𝑗 . (7.1)

Then Ω+ = Ω ♯ and, for each 𝑤 ∈ 𝔻(
ΩΩ+

)
(𝑤) =

(
ΩΩ+

)
(0),

(
Ω+Ω

)
(𝑤) =

(
Ω+Ω

)
(0), (7.2)

ℛ (Ω(𝑤) ) = ℛ ( Ω(0) ) and 𝒩 (Ω(𝑤) ) = 𝒩 (Ω(0) ) . (7.3)

Proof. Because of (I), it follows by Proposition 1.8 that S+
𝑛 = S

♯
𝑛, for each 𝑛 ∈ ℕ0,

where S𝑛 and S
♯
𝑛 are given by (1.1) and (1.2). Thus, for each 𝑛 ∈ ℕ0, we obtain

S𝑛S
♯
𝑛S𝑛 = S𝑛 and S♯𝑛S𝑛S

♯
𝑛 = S

♯
𝑛. (7.4)

Also, recalling (I) and using Lemma 1.9, for each 𝑛 ∈ ℕ0, we get

S𝑛S
♯
𝑛 = 𝐼𝑛+1 ⊗

(
𝑠0𝑠+

0

)
and S ♯𝑛S𝑛 = 𝐼𝑛+1 ⊗

(
𝑠+

0 𝑠0

)
. (7.5)

Let 𝑤 ∈ 𝔻. Because of (7.4), (7.5), (II) and (III), it therefore follows by [8, Lem-
mas 1.1.19 and 1.1.21] that

Ω(𝑤)Ω♯(𝑤)Ω(𝑤) = Ω(𝑤) and Ω♯(𝑤)Ω(𝑤)Ω♯(𝑤) = Ω♯(𝑤) (7.6)

and also that

Ω(𝑤)Ω♯(𝑤) = 𝑠0𝑠+
0 and Ω♯(𝑤)Ω(𝑤) = 𝑠+

0 𝑠0. (7.7)

In particular, (7.7) implies(
Ω(𝑤)Ω♯(𝑤)

)∗
= Ω(𝑤)Ω♯(𝑤) and

(
Ω♯(𝑤)Ω(𝑤)

)∗
= Ω♯(𝑤)Ω(𝑤). (7.8)

From (7.6) and (7.8), we obtain Ω+= Ω♯. Furthermore, [22, Proposition 8.4] yields
(7.2) and (7.3). □

We continue with a first observation on the ranges and null spaces of a func-
tion Ω ∈ 𝒞𝑞 (𝔻 ).
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Lemma 7.2. Let Ω ∈ 𝒞𝑞 (𝔻 ) and 𝑤 ∈ 𝔻. Then

ℛ ( [ Ω(𝑤) ]∗ ) = ℛ (Ω(𝑤) ) = ℛ( [ Ω(𝑤) ]+ )
and

𝒩 ( [ Ω(𝑤) ]+ ) = 𝒩 (Ω(𝑤) ) = 𝒩 ( [ Ω(𝑤) ]∗ ) .
Proof. Since Ω ∈ 𝒞𝑞 (𝔻 ), we see that Ω(𝑤) ∈ ℛ𝑞,≥. By Lemma A.8, it therefore
follows that Ω(𝑤) ∈ ℂ

𝑞×𝑞
EP . The lemma thus follows from Proposition A.5. □

Our next theorem is also the first main result of this section. It includes the
earlier-mentioned and quite versatile generalization of Proposition 6.6. The proof
of the theorem, moreover, demonstrates an alternative approach to Proposition 6.6.

Theorem 7.3. Let Ω ∈ 𝒞𝑞 (𝔻 ) with Taylor series representation (6.4) for each

𝑤 ∈ 𝔻. Furthermore, let
(

𝑠 ♯𝑗
)∞
𝑗=0

be the reciprocal sequence to ( 𝑠𝑗 )
∞
𝑗=0. Then Ω+

belongs to 𝒞𝑞 (𝔻 ) and Ω+ admits the Taylor series representation

Ω+(𝑤) =

∞∑
𝑗=0

𝑠 ♯𝑗𝑤
𝑗 . (7.9)

Furthermore (7.2), (7.3),

ℛ (Ω+(𝑤)
)
= ℛ ( Ω(0) ) and 𝒩 (Ω+(𝑤)

)
= 𝒩 (Ω(0) ) (7.10)

all hold, for each 𝑤 ∈ 𝔻.

Proof. By assumption, we have (6.4) for each 𝑤 ∈ 𝔻. Since Ω ∈ 𝒞𝑞 (𝔻 ), we
see by Proposition 6.10 that ( 𝑠𝑗 )

∞
𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence. Thus,

it follows by Theorem 4.4 that
(

𝑠 ♯𝑗
)∞
𝑗=0

is also a 𝑞 × 𝑞 Carathéodory sequence.

From Proposition 6.12, we now see that there is a function Ω ♯ ∈ 𝒞𝑞 (𝔻 ) which
admits the representation (7.1) for each 𝑤 ∈ 𝔻. By Proposition 4.1, it follows
that ( 𝑠𝑗 )

∞
𝑗=0 ∈ 𝒟𝑞×𝑞,∞, since ( 𝑠𝑗 )

∞
𝑗=0 is a 𝑞 × 𝑞 Carathéodory sequence. Thus,

using (7.9), (7.10) and Lemma 7.1, we obtain Ω+ = Ω ♯, as well as (7.2) and (7.3).
Equations (7.10) follow by Lemma 7.2. □

In [5, Theorem 4.5] it was already shown, using an alternate approach, that
if Ω ∈ 𝒞𝑞 (𝔻 ), then Ω+ ∈ 𝒞𝑞 (𝔻 ). Likewise, parts of Theorem 7.3 were also proved
as part of [5, Theorem 4.5]. The approach used for [5, Theorem 4.5] was largely
based on specific properties of the Schur class 𝒮𝑞×𝑞 (𝔻 ) and how these properties
carry over to the class 𝒞𝑞 (𝔻 ) via Cayley transform.
Corollary 7.4. Let ( 𝑠𝑗 )

∞
𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence and Ω be the func-

tion in 𝒞𝑞 (𝔻 ) associated with ( 𝑠𝑗 )
∞
𝑗=0. Furthermore, let

(
𝑠 ♯𝑗
)∞
𝑗=0

be the reciprocal

sequence to ( 𝑠𝑗 )
∞
𝑗=0. Then,

(
𝑠 ♯𝑗
)∞
𝑗=0

is a 𝑞 × 𝑞 Carathéodory sequence and, if Ω ♯

is the function in 𝒞𝑞 (𝔻 ) associated with
(

𝑠 ♯𝑗
)∞
𝑗=0

, then Ω ♯ = Ω+.
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Proof. Proposition 6.12 shows that Ω ∈ 𝒞𝑞 (𝔻 ) and that (6.4) holds true for each
𝑤 ∈ 𝔻. Thus, the corollary follows directly from Theorem 7.3. □

We next consider several applications of Theorem 7.3.

Corollary 7.5. Suppose 𝑛 ∈ ℕ, (𝛼𝑗 )
𝑛
𝑗=1 is a sequence in [0, +∞) and ( Ω𝑗 )𝑛𝑗=1 is

a sequence in 𝒞𝑞 (𝔻 ). Then ( 𝑛∑
𝑗=1

𝛼𝑗Ω
+
𝑗

)+

∈ 𝒞𝑞 (𝔻 ) .

Proof. By Theorem 7.3, it follows that
(
Ω+
𝑗

)𝑛
𝑗=1

is a sequence in 𝒞𝑞 (𝔻 ). Because
of Remark 6.2, we therefore have

𝑛∑
𝑗=1

𝛼𝑗Ω
+
𝑗 ∈ 𝒞𝑞 (𝔻 ) .

Hence, applying Theorem 7.3 completes the proof. □

Corollary 7.6. Suppose 𝑆 ∈ 𝒮𝑞×𝑞 (𝔻 ). Then ( 𝐼𝑞 + 𝑆 )
+ ∈ 𝒞𝑞 (𝔻 ) and the equations

[ 𝐼𝑞 + 𝑆(𝑤) ] [ 𝐼𝑞 + 𝑆(𝑤) ]
+
= [ 𝐼𝑞 + 𝑆(0) ] [ 𝐼𝑞 + 𝑆(0) ]

+

and
[ 𝐼𝑞 + 𝑆(𝑤) ]

+
[ 𝐼𝑞 + 𝑆(𝑤) ] = [ 𝐼𝑞 + 𝑆(0) ]

+
[ 𝐼𝑞 + 𝑆(0) ]

hold true for each 𝑤 ∈ 𝔻. Furthermore,

ℛ ( 𝐼𝑞 + 𝑆(𝑤) ) = ℛ ( 𝐼𝑞 + 𝑆(0) ) , 𝒩 ( 𝐼𝑞 + 𝑆(𝑤) ) = 𝒩 ( 𝐼𝑞 + 𝑆(0) ) ,

ℛ
(
[ 𝐼𝑞 + 𝑆(𝑤) ]+

)
= ℛ ( 𝐼𝑞 + 𝑆(0) ) and 𝒩

(
[ 𝐼𝑞 + 𝑆(𝑤) ]+

)
= 𝒩 ( 𝐼𝑞 + 𝑆(0) )

hold true for each 𝑤 ∈ 𝔻.

Proof. By Lemma 6.4, we see that 𝐼𝑞 + 𝑆 belongs to 𝒞𝑞 (𝔻 ). Thus, applying The-
orem 7.3 completes the proof. □

Our next result tells us more about the structure of Carathéodory functions.

Theorem 7.7. Let 𝑞 ∈ ℤ2,+∞ and 𝑟 ∈ ℤ1, 𝑞−1. Suppose that Ω ∈ 𝒞𝑞 (𝔻 ) with
rank [ Ω(0) ] = 𝑟. Furthermore, let (𝑢𝑠 )

𝑟
𝑠=1 be an orthonormal basis in ℛ ( Ω(0) )

and let (𝑢𝑠 )
𝑞
𝑠=𝑟+1 be an orthonormal basis in 𝒩 (Ω(0) ). For each ℓ ∈ ℤ1, 𝑞, let

𝑈ℓ :=
(
𝑢1, 𝑢2, . . . , 𝑢ℓ

)
. Finally, let Ω̃ := 𝑈∗

𝑟Ω𝑈𝑟. Then:

(a) (𝑢𝑠 )
𝑞
𝑠=1 is an orthonormal basis in ℂ𝑞×1 and the matrix 𝑈𝑞 is unitary.

(b) The function Ω̃ belongs to 𝒞𝑟 (𝔻 ) and Ω̃(𝑤) is non-singular for all 𝑤 ∈ 𝔻.
Furthermore,

Ω = 𝑈∗
𝑞

[
diag
(
Ω̃, 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
𝑈𝑞

and

Ω+ = 𝑈∗
𝑞

[
diag
(
Ω̃−1, 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
𝑈𝑞.
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Proof. Let ( 𝑠𝑗 )
∞
𝑗=0 be the Taylor coefficient sequence for Ω. Then, for each 𝑤 ∈

𝔻, let (6.4) be the Taylor series representation of Ω. Then Ω(0) = 𝑠0, and, in
particular, rank 𝑠0 = 𝑟. Since Ω ∈ 𝒞𝑞 (𝔻 ), it follows by Proposition 6.10 that
( 𝑠𝑗 )

∞
𝑗=0 ∈ 𝒞𝑞,∞. Thus, Proposition 4.1 and part (a) of Theorem 1.12 yield part (a).

By Remark 6.1, it follows that Ω̃ ∈ 𝒞𝑟 (𝔻 ) . For each 𝑗 ∈ ℕ0, we set

𝑠𝑗 := 𝑈∗
𝑟 𝑠𝑗𝑈𝑟. (7.11)

Since rank 𝑠0 = 𝑟, we then see from Theorem 4.6 that det 𝑠0 ∕= 0. Let 𝑤 ∈ 𝔻. Using
(6.4) and (7.11), we then obtain

Ω̃(𝑤) =

∞∑
𝑗=0

𝑈∗
𝑟 𝑠𝑗𝑈𝑟𝑤

𝑗 =

∞∑
𝑗=0

𝑠𝑗𝑤
𝑗 . (7.12)

In particular, Ω̃(0) = 𝑠0. Thus, det 𝑠0 ∕= 0 implies det Ω̃(0) ∕= 0. Since Ω̃ belongs
to 𝒞𝑟 (𝔻 ) and from Proposition 6.6 we now obtain det Ω̃(𝑤) ∕= 0 for any 𝑤 ∈ 𝔻.
Because of (7.11) and Theorem 4.6, it follows that

𝑠𝑗 = 𝑈∗
𝑞

[
diag
(
𝑠𝑗, 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
𝑈𝑞 (7.13)

for each 𝑗 ∈ ℕ0. Using (6.4), (7.13) and (7.12), we obtain

Ω(𝑤) =
∞∑
𝑗=0

𝑠𝑗𝑤
𝑗 =

∞∑
𝑗=0

𝑈∗
𝑞

[
diag
(
𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
𝑈𝑞𝑤

𝑗

= 𝑈∗
𝑞

( ∞∑
𝑗=0

[
diag
(
𝑠𝑗 , 0( 𝑞−𝑟 )×(𝑞−𝑟)

) ]
𝑤𝑗
)
𝑈𝑞

= 𝑈∗
𝑞

(
diag
( ∞∑
𝑗=0

𝑠𝑗𝑤
𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)

))
𝑈𝑞

= 𝑈∗
𝑞

[
diag
(
Ω̃(𝑤), 0(𝑞−𝑟)×(𝑞−𝑟)

) ]
𝑈𝑞

for each 𝑤 ∈ 𝔻. The remainder of the theorem is a direct consequence of a well-
known property of the Moore-Penrose inverse (see, e.g., [8, Lemma 1.1.3]). □

A result similar to Theorem 7.7 was obtained in [5, Theorem 3.5]. The ap-
proach used in [5] was based on the Cayley transform and is thus entirely different
from the approach used in the above proof of Theorem 4.4, which relies mainly
on the structural properties of 𝑞 × 𝑞 Carathéodory sequences described in Theo-
rem 4.6. It should be noted that the approach used in [5, Theorem 4.5] (to show
that the Moore-Penrose inverse of a function Ω ∈ 𝒞𝑞 (𝔻 ) is holomorphic) relies
on [5, Theorem 3.5]. A closer look at this approach reveals that this can also be
shown using the above Theorem 7.7.

Let Ω ∈ 𝒞𝑞 (𝔻 ) and, for each 𝑤 ∈ 𝔻, let (6.4) be the Taylor series represen-
tation of Ω. Theorem 7.3 implies that Ω+ ∈ 𝒞𝑞 (𝔻 ) and that Ω+ has Taylor series
representation (7.9) for each 𝑤 ∈ 𝔻. We next explore the relationship between

Ω and Ω+. Since ( 𝑠𝑗 )
∞
𝑗=0 and

(
𝑠 ♯𝑗
)∞
𝑗=0

are, by Proposition 6.10, Carathéodory
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sequences, we can use the results of Section 3. Our next task will be to find sub-
classes 𝒞𝑞 (𝔻 ) which are invariant with respect to the Moore-Penrose inverse, i.e.,
if a function Ω belongs to our subclass, so should its Moore-Penrose inverse Ω+.

Proposition 7.8. Let Ω ∈ 𝒞𝑞 (𝔻 ). Then:

(a) Let ϰ ∈ ℕ0 ∪ {+∞}. Then Ω ∈ 𝒞(ϰ)
𝑞 (𝔻 ) if and only if Ω+ ∈ 𝒞(ϰ)

𝑞 (𝔻 ).
(b) Ω ∈ 𝒞 t

𝑞 (𝔻 ) if and only if Ω+ ∈ 𝒞 t
𝑞 (𝔻 ).

Proof. Suppose that Ω has the Taylor series representation (6.4) for each 𝑤 ∈ 𝔻.
By Proposition 6.10, it follows that ( 𝑠𝑗 )

∞
𝑗=0 is a 𝑞 × 𝑞 C-sequence. Theorem 7.3

thus implies that Ω+ ∈ 𝒞𝑞 (𝔻 ) and also that Ω+’s Taylor coefficient sequence is(
𝑠 ♯𝑗
)∞
𝑗=0
. Recalling Definition 6.15 and Definition 6.16, we see that (a) and (b)

follow from Lemma 4.7 and Theorem 4.13, respectively. □

We will next see that for any Ω ∈ 𝒞𝑞 (𝔻 ), the Moore-Penrose inverse Ω+ will
have the same centrality properties.

Theorem 7.9. Let Ω ∈ 𝒞𝑞 (𝔻 ).
(a) Ω is a central function if and only if Ω+ is central.
(b) Let 𝑘 ∈ ℕ.

(b1) The function Ω is order 𝑘 central if and only if Ω+ is order 𝑘 central.
(b2) The function Ω is minimal order 𝑘 central if and only if Ω+ is minimal

order 𝑘 central.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.17,
we then see that parts (a), (b1) and (b2) follow, respectively, from parts (a), (b1)
and (b2) of Theorem 4.10. □

Proposition 7.10. Let 𝑛 ∈ ℕ0 and ( 𝑠𝑗 )
𝑛
𝑗=0 be a 𝑞 × 𝑞 Carathéodory sequence.

Furthermore, let Ω( 𝑠𝑗 )𝑛
𝑗=0

be the central 𝑞 × 𝑞 Carathéodory function for ( 𝑠𝑗 )
𝑛
𝑗=0.

Then,
(

𝑠 ♯𝑗
)𝑛
𝑗=0

is a 𝑞 × 𝑞 Carathéodory sequence and, if Ω(
𝑠 ♯
𝑗

)𝑛
𝑗=0

is the central

𝑞 × 𝑞 Carathéodory function for
(

𝑠 ♯𝑗
)𝑛
𝑗=0

, then

Ω(
𝑠 ♯
𝑗

)𝑛
𝑗=0

=
[
Ω( 𝑠𝑗 )𝑛𝑗=0

]+
. (7.14)

Proof. By Theorem 4.4, it follows that
(

𝑠 ♯𝑗
)𝑛
𝑗=0

is a 𝑞×𝑞 C-sequence. Suppose that

( 𝑡𝑗 )
∞
𝑗=0 and ( 𝑡𝑗, ♯ )

∞
𝑗=0 are the central 𝑞×𝑞 C-sequences associated with ( 𝑠𝑗 )

𝑛
𝑗=0 and(

𝑠 ♯𝑗
)𝑛
𝑗=0
, respectively. Because of Definition 6.19, we see that ( 𝑡𝑗 )

∞
𝑗=0 and ( 𝑡𝑗, ♯ )

∞
𝑗=0

are the Taylor coefficient sequences for Ω( 𝑠𝑗 )𝑛
𝑗=0

and Ω(
𝑠 ♯
𝑗

)𝑛
𝑗=0

, respectively. By

Theorem 4.11, it follows that
(

𝑡 ♯𝑗
)∞
𝑗=0

= ( 𝑡𝑗, ♯ )
∞
𝑗=0, where

(
𝑡 ♯𝑗
)∞
𝑗=0

is the reciprocal

sequence to ( 𝑡𝑗 )
∞
𝑗=0. Therefore, (7.14) follows by Theorem 7.3. □
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Proposition 7.11. Let Ω ∈ 𝒞𝑞 (𝔻 ).
(a) Ω is a canonical function if and only if Ω+ is canonical.
(b) Let 𝑘 ∈ ℕ.

(b1) The function Ω is minimal order 𝑘 canonical if and only if Ω+ is mini-
mal order 𝑘 canonical.

(b2) The function Ω is order 𝑘 canonical if and only if Ω+ is order 𝑘 canon-
ical.

Proof. We first proceed as in the proof of Proposition 7.8. Recalling Definition 6.22,
we then see that parts (a), (b1) and (b2) follow, respectively, from parts (a), (b1)
and (b2) of Theorem 4.8. □

8. An approach to constructing the reciprocal of a non-negative
Hermitian 𝒒 × 𝒒 measure

Using the results of previous sections, we now consider applications in non-negative
Hermitian 𝑞 × 𝑞 measures on the unit circle 𝕋. In order to establish a connection
to previous sections, we review the relationships that exist between non-negative
Hermitian 𝑞 × 𝑞 measures on 𝕋, Toeplitz non-negative definite sequences in ℂ𝑞×𝑞

and 𝑞 × 𝑞 Carathéodory functions.
The 𝜎-algebra of all Borel subsets of the unit circle 𝕋 will be denoted by

𝔅𝕋 and the set of all non-negative Hermitian 𝑞 × 𝑞 measures on (𝕋, 𝔅𝕋 ) by
ℳ𝑞

≥(𝕋, 𝔅𝕋 ). If 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ), then, for each 𝑗 ∈ ℤ, the matrix

𝐶
(𝐹 )
𝑗 :=

∫
𝕋

𝑧−𝑗𝐹 (𝑑𝑧)

is called the 𝑗th Fourier coefficient of 𝐹 . The Fourier coefficients allow us to con-
struct a bijection between the set ℳ𝑞

≥(𝕋, 𝔅𝕋 ) and the set 𝒯𝑞,∞ of all infinite

Toeplitz non-negative definite sequences in ℂ𝑞×𝑞. This is expressed in the follow-
ing well-known matricial version of a classical result by Herglotz (see, for instance,
[8, Theorem 2.2.1]).

Proposition 8.1. A sequence (𝐶𝑗 )
∞
𝑗=0 in ℂ𝑞×𝑞 is Toeplitz non-negative definite if

and only if there exists an 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) such that(

𝐶
(𝐹 )
𝑗

)∞
𝑗=0

= (𝐶𝑗 )
∞
𝑗=0 . (8.1)

If such an 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) exists, then it is unique.

If (𝐶𝑗 )
∞
𝑗=0 is a T-n.n.d. sequence in ℂ𝑞×𝑞, then, by Proposition 8.1, the

unique 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) such that (8.1) is met is called the spectral measure for

(𝐶𝑗 )
∞
𝑗=0. Proposition 8.1 suggests paying particular attention to the subclass{

𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) :

(
𝐶

(𝐹 )
𝑗

)∞
𝑗=0

∈ 𝒯𝑞,∞
}

. (8.2)
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This subclass is particularly interesting for its role in methods of constructing
orthogonal matrix polynomials (see Delsarte/Genin/Kamp [6], [8, Section 3.6],
[11]). Let 𝐹 ∈ ℳ𝑞

≥(𝕋, 𝔅𝕋 ). Because of Proposition 8.1, Definition 2.12 can be
carried over to non-negative Hermitian measures.

Definition 8.2. Let 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) with Fourier coefficient sequence

(
𝐶

(𝐹 )
𝑗

)∞
𝑗=0
.

(a) Let 𝑘 ∈ ℕ. We say that the measure 𝐹 is central of order 𝑘 (or order 𝑘 central)

if
(

𝐶
(𝐹 )
𝑗

)∞
𝑗=0

is a central sequence of order 𝑘.

(b) Let 𝑘 ∈ ℕ. We say that the measure 𝐹 is central of minimal order 𝑘 (or minimal

order 𝑘 central) if the sequence
(

𝐶
(𝐹 )
𝑗

)∞
𝑗=0

is central of minimal order 𝑘.

(c) We say that 𝐹 is a central measure if there exists a 𝑘 ∈ ℕ such that 𝐹 is
central of minimal order 𝑘.

Remark 8.3. Suppose that 𝑘 ∈ ℕ and that 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) is order 𝑘 central.

For each ℓ ∈ ℤ𝑘+1,∞, Remark 2.13 shows that 𝐹 is also order ℓ central.

A discussion of central measures belonging to the set in (8.2) can be found
in [8, Section 3.6]. There it was shown that such measures are, in particular, abso-
lutely continuous with respect to Lebesgue–Borel measure on the unit circle. The
density functions for these measures were, furthermore, determined and expressed
in terms of special matrix polynomials which play an important role in the theory
of orthogonal matrix polynomials on the unit circle.

A standard result for stationary sequences in Hilbert modules says that every
𝐹 ∈ ℳ𝑞

≥(𝕋, 𝔅𝕋 ) can be interpreted as a non-stochastic spectral measure of a

stationary sequence in a Hilbert module. In [12, Theorem 9], it was shown that 𝐹
is order 𝑘 ∈ ℕ central if and only if the stationary sequence associated with 𝐹 is
autoregressive of order 𝑘. Central sequences and Proposition 8.1 next lead us to
consider central measures.

Remark 8.4. Let 𝑛 ∈ ℕ0. Suppose (𝐶𝑗 )
𝑛
𝑗=0 is a T-n.n.d. sequence in ℂ

𝑞×𝑞 and that(
𝐶𝑗
)∞
𝑗=0

is the central sequence corresponding to (𝐶𝑗 )
𝑛
𝑗=0. Part (a) of Lemma 2.19

then implies that
(

𝐶𝑗
)∞
𝑗=0

∈ 𝒯𝑞,∞. The spectral measure 𝐹(𝐶𝑗 )𝑛
𝑗=0

∈ℳ𝑞
≥(𝕋, 𝔅𝕋 )

for
(

𝐶𝑗
)∞
𝑗=0

is then called the central measure for (𝐶𝑗 )
𝑛
𝑗=0.

Remark 8.5. Let 𝑘 ∈ ℕ and 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) be order 𝑘 central. It then, clearly,

follows that
(

𝐶
(𝐹 )
𝑗

)𝑘−1

𝑗=0
∈ 𝒯𝑞, 𝑘−1 and 𝐹 = 𝐹(

𝐶
(𝐹 )
𝑗

)𝑘−1

𝑗=0

.

Proposition 8.6. Let 𝑛 ∈ ℕ0 and (𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛. Then 𝐹(𝐶𝑗 )𝑛

𝑗=0
belongs to the

set in (8.2) if and only if (𝐶𝑗 )
𝑛
𝑗=0 ∈ 𝒯𝑞, 𝑛.

Proof. The theorem follows from Remark 8.4 and Lemma 2.19. □
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Definition 8.7. Let 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) with Fourier coefficient sequence

(
𝐶

(𝐹 )
𝑗

)∞
𝑗=0
.

(a) Let 𝑘 ∈ ℕ. We say that 𝐹 is canonical of order 𝑘 (or order 𝑘 canonical) if(
𝐶

(𝐹 )
𝑗

)∞
𝑗=0

is order 𝑘 canonical.

(b) Let 𝑘 ∈ ℕ. We say that 𝐹 is canonical of minimal order 𝑘 (or minimal order 𝑘

canonical) if
(

𝐶
(𝐹 )
𝑗

)∞
𝑗=0

is minimal order 𝑘 canonical.

(c) We say that 𝐹 is canonical if there is a 𝑘 ∈ ℕ such that 𝐹 is order 𝑘 canonical.

Remark 8.8. Let 𝑘 ∈ ℕ and 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) be order 𝑘 canonical. Corollary 2.27

then implies:

(a) For each ℓ ∈ ℤ𝑘+1,∞, the measure 𝐹 is order ℓ canonical.
(b) For each ℓ ∈ ℤ𝑘+1,∞, the measure 𝐹 is order ℓ central.

For a given 𝑧 ∈ 𝕋, we will denote the Dirac measure on (𝕋, 𝔅𝕋 ) with unit
mass in 𝑧 by 𝜀𝑧. Combining Theorem 2.31 and Proposition 8.1 leads us to the
following characterization of canonical measures inℳ𝑞

≥(𝕋, 𝔅𝕋 ).

Theorem 8.9. Let 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ). All of the following conditions are equivalent:

(i) 𝐹 is a canonical measure.

(ii) There exists an 𝑟 ∈ ℕ, a sequence (𝐴𝑠 )
𝑟
𝑠=1 in ℂ

𝑞×𝑞
≥ and a sequence ( 𝑧𝑠 )

𝑟
𝑠=1

of pairwise different points in 𝕋 such that

𝐹 =
∑𝑟

𝑠=1
𝜀𝑧𝑠𝐴𝑠.

For a detailed discussion of canonical measures inℳ𝑞
≥(𝕋, 𝔅𝕋 ), we refer the

reader to [19], [20] and [21]. It is shown, in these articles, that, given a finite
Toeplitz positive definite sequence (𝐶𝑗 )

𝑛
𝑗=0 in ℂ𝑞×𝑞 and a 𝑢 ∈ 𝕋, there exists a

unique solution 𝐹𝑢 of the trigonometric matricial moment problem corresponding
to (𝐶𝑗 )

𝑛
𝑗=0 which has maximal mass with respect to the singleton { 𝑢 }. More

precisely, this solution is such that, for any 𝐹 from the solution set, the inequality
𝐹 ( {𝑢 } ) ≤ 𝐹𝑢 ( {𝑢 } ) holds. This 𝐹𝑢 is canonical and can be constructed explicity
from the sequence (𝐶𝑗 )

𝑛
𝑗=0.

The class 𝒞𝑞 (𝔻 ) will often feature prominently. We therefore provide a quick
survey of results from [8, Section 2.2] on the relationship between 𝒞𝑞 (𝔻 ) and
ℳ𝑞

≥(𝕋, 𝔅𝕋 ).

Proposition 8.10. Let 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ). The function Ω𝐹 : 𝔻 −→ ℂ𝑞×𝑞 given by

Ω𝐹 (𝑤) :=

∫
𝕋

𝑧 + 𝑤

𝑧 − 𝑤
𝐹 (𝑑𝑧)

belongs to 𝒞𝑞 (𝔻 ) and, for any 𝑤 ∈ 𝔻, furthermore

Ω𝐹 (𝑤) = 𝐶
(𝐹 )
0 + 2

∑∞
𝑗=1

𝐶
(𝐹 )
𝑗 𝑤𝑗 . (8.3)

If 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and Ω𝐹 is defined as in Proposition 8.10, then Ω𝐹 is

called the Riesz-Herglotz transform of 𝐹 . The close relationship that exists between
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ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and 𝒞𝑞 (𝔻 ) is evidenced by the following matricial generalization of

a classical theorem by F. Riesz and G. Herglotz.

Theorem 8.11.

(a) If 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and 𝐻 ∈ ℂ

𝑞×𝑞
H , then Ω := Ω𝐹 + 𝑖𝐻 belongs to 𝒞𝑞 (𝔻 )

and Im [Ω(0) ] = 𝐻.
(b) If Ω ∈ 𝒞𝑞 (𝔻 ), then there exists a unique 𝐹 ∈ ℳ𝑞

≥(𝕋, 𝔅𝕋 ) such that

Ω = Ω𝐹 + 𝑖Im [Ω(0) ] . (8.4)

If Ω ∈ 𝒞𝑞 (𝔻 ), then the unique 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) such that condition (8.4)

is met is called the Riesz-Herglotz measure of Ω.

Suppose 𝐹 ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ). Let

( (
𝐶

(𝐹 )
𝑗

)□ )∞
𝑗=0

be the Toeplitz non-negative

definite sequence in ℂ𝑞×𝑞 generated from
(

𝐶
(𝐹 )
𝑗

)∞
𝑗=0

by reciprocation (see Def-

inition 5.2 and Proposition 8.1). We are next most interested in describing the

properties of the spectral measure 𝐹 □ belonging to the sequence
( (

𝐶
(𝐹 )
𝑗

)□ )∞
𝑗=0
.

It should, at this juncture, be mentioned that [8, Section 3.6] includes a discussion
of this subject matter for the case in which 𝐹 belongs to the set in (8.2). We now
come to the main result of this section.

Theorem 8.12. Let 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and Ω𝐹 be the Riesz-Herglotz transform of

𝐹 . Suppose that
( (

𝐶
(𝐹 )
𝑗

)□ )∞
𝑗=0

is the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from(
𝐶

(𝐹 )
𝑗

)∞
𝑗=0

by reciprocation. Let 𝐹 □ be the spectral measure for
( (

𝐶
(𝐹 )
𝑗

)□ )∞
𝑗=0

.

Then 𝐹 □ ∈ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and Ω𝐹 □ = Ω+

𝐹 .

Proof. Let 𝑤 ∈ 𝔻. By Proposition 8.10, we have (8.3) and

Ω𝐹 □(𝑤) = 𝐶
(𝐹 □)
0 + 2

∑∞
𝑗=1

𝐶
(𝐹 □)
𝑗 𝑤𝑗 . (8.5)

Since 𝐹 □ is the spectral measure for
( (

𝐶
(𝐹 )
𝑗

)□ )∞
𝑗=0
, we have𝐶

(𝐹 □)
𝑗 =

(
𝐶

(𝐹 )
𝑗

)□

for each 𝑗 ∈ ℕ0. From (8.5) it therefore follows that

Ω𝐹 □(𝑤) =
(

𝐶
(𝐹 )
0

)□
+ 2
∑∞

𝑗=1

[ (
𝐶

(𝐹 )
𝑗

)□
𝑤𝑗
]
. (8.6)

We now define ( 𝑠𝑗 )
∞
𝑗=0 as 𝑠0 := 𝐶

(𝐹 )
0 and, for each 𝑗 ∈ ℕ, as 𝑠𝑗 := 2𝐶

(𝐹 )
𝑗 . From

(8.3) we then see that

Ω𝐹 (𝑤) =
∑∞

𝑗=0
𝑠𝑗𝑤

𝑗 . (8.7)

Part (a) of Theorem 8.11 yields Ω𝐹 ∈ 𝒞𝑞 (𝔻 ). Because of (8.7) and Theorem 7.3,
we have

Ω+
𝐹 (𝑤) =

∑∞
𝑗=0

𝑠 ♯𝑗𝑤
𝑗 . (8.8)
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By definition of
( (

𝐶
(𝐹 )
𝑗

)□ )∞
𝑗=0
, we have

𝑠 ♯0 :=
(

𝐶
(𝐹 )
0

)□
and 𝑠 ♯𝑗 := 2

(
𝐶

(𝐹 )
𝑗

)□

for each 𝑗 ∈ ℕ (see Proposition 5.1). Because of (8.6) and (8.8), this implies
Ω𝐹 □ = Ω+

𝐹 , which completes the proof. □

Theorem 8.12 shows us that Ω𝐹 leads to a generalization of the classical
concept of a reciprocal measure 𝐹 ∈ ℳ𝑞

≥(𝕋, 𝔅𝕋 ) with det [𝐹 (𝕋) ] ∕= 0 (see, for

instance, [8, Definition 3.6.10]). Thus, we arrive at the following definition.

Definition 8.13. Let 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ). The measure 𝐹 □ ∈ ℳ𝑞

≥(𝕋, 𝔅𝕋 ) defined
in Theorem 8.12 is called the reciprocal measure to 𝐹 .

Theorem 8.14. Suppose that 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and let 𝐹 □ be the reciprocal mea-

sure to 𝐹 . Then:

(a) The measure 𝐹 is central if and only if 𝐹 □ is central.
(b) Let 𝑘 ∈ ℕ.

(b1) 𝐹 is order 𝑘 central if and only if 𝐹 □ is order 𝑘 central.
(b2) 𝐹 is minimal order 𝑘 central if and only if 𝐹 □ is minimal order 𝑘

central.

Proof. Recalling Definition 8.13 and Definition 8.2, we see that all parts of the
theorem follow from Theorem 5.7. □

Proposition 8.15. Let 𝑛 ∈ ℕ0. Furthermore, let (𝐶𝑗 )
𝑛
𝑗=0 be a T-n.n.d. sequence in

ℂ𝑞×𝑞 and
(

𝐶 □
𝑗

)𝑛
𝑗=0

be the T-n.n.d. sequence in ℂ𝑞×𝑞 generated from (𝐶𝑗 )
𝑛
𝑗=0 by

reciprocation. Let 𝐹(𝐶𝑗 )𝑛𝑗=0
and 𝐹(𝐶 □

𝑗 )
𝑛

𝑗=0

be the central measures in ℳ𝑞
≥(𝕋, 𝔅𝕋 )

for (𝐶𝑗 )
𝑛
𝑗=0 and

(
𝐶 □
𝑗

)𝑛
𝑗=0

, respectively. If
[
𝐹(𝐶𝑗 )𝑛

𝑗=0

]□
is the reciprocal measure

to 𝐹(𝐶𝑗 )𝑛
𝑗=0

, then [
𝐹(𝐶𝑗 )𝑛

𝑗=0

]□
= 𝐹(𝐶 □

𝑗 )
𝑛

𝑗=0

.

Proof. From Remark 8.4, we see that applying Theorem 5.8 and Theorem 8.12
completes the proof. □

Proposition 8.16. Suppose that 𝐹 ∈ ℳ𝑞
≥(𝕋, 𝔅𝕋 ) and that 𝐹 □ is the reciprocal

measure to 𝐹 . Then:

(a) The measure 𝐹 is canonical if and only if 𝐹 □ is canonical.
(b) Let 𝑘 ∈ ℕ.

(b1) 𝐹 is order 𝑘 canonical if and only if 𝐹 □ is order 𝑘 canonical.
(b2) 𝐹 is minimal order 𝑘 canonical if and only if 𝐹 □ is minimal order 𝑘

canonical.

Proof. Definition 8.7, Proposition 8.1 and Theorem 5.6 yield the proof. □
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9. Matricial R-functions in the open upper half-plane

In this section, we turn our attention to another class of matrix functions. More
specifically, we are interested in a special subclass of 𝑞×𝑞 matrix functions that are
holomorphic in Π+ := { 𝑧 ∈ ℂ : Im 𝑧 ∈ ( 0, +∞ ) }. This class of matrix functions
is particularly interesting in the context of the matricial version of the Hamburger
Moment Problem and is closely related to 𝒞𝑞 (𝔻 ), as we will later see.

A function 𝐺 : Π+ −→ ℂ𝑞×𝑞 is called a 𝑞× 𝑞 R-function, if 𝐺 is holomorphic
in Π+ and if the imaginary part Im𝐺(𝑧) of 𝐺(𝑧) is non-negative Hermitian, i.e.,
if 𝐺(𝑧) ∈ ℐ𝑞,≥ for all 𝑧 ∈ Π+. The set of all 𝑞 × 𝑞 R-functions will be denoted by
ℛ𝑞 (Π+ ). The name R-function is here adopted fromM.G. Krein. In the literature,
it is not uncommon to see functions of this type referred to instead as Nevanlinna,
Pick or Herglotz functions. We now proceed with some preliminary observations
on the ranges and null spaces of functions in ℛ𝑞 (Π+ ).

Lemma 9.1. Let 𝐺 ∈ ℛ𝑞 (Π+ ). For each 𝑧 ∈ Π+,

ℛ (𝐺(𝑧) ) = ℛ ( [𝐺(𝑧) ]∗ ) , ℛ (𝐺(𝑧) ) = ℛ( [𝐺(𝑧) ]+ ),
𝒩 (𝐺(𝑧) ) = 𝒩 ( [𝐺(𝑧) ]∗ ) and 𝒩 (𝐺(𝑧) ) = 𝒩 ( [𝐺(𝑧) ]+ ).

Proof. By assumption, 𝐺(𝑧) ∈ ℐ𝑞,≥. For each 𝑧 ∈ Π+, Lemma A.10 thus implies

𝐺(𝑧) ∈ ℂ
𝑞×𝑞
EP . Applying Proposition A.5 thus completes the proof. □

We now take a closer look at how the classesℛ𝑞 (Π+ ) and 𝒞𝑞 (𝔻 ) are related.
Remark 9.2. The function 𝛾 : 𝔻 −→ ℂ, defined as

𝛾(𝑤) := 𝑖
1− 𝑤

1 + 𝑤

is a bijection between 𝔻 and Π+. The inverse function 𝛿 : Π+ −→ ℂ to 𝛾 is given
by

𝛿(𝑣) =
1 + 𝑖𝑣

1− 𝑖𝑣
.

Lemma 9.3. Let the mappings 𝛾 and 𝛿 be defined as in Remark 9.2.

(a) If Ω belongs to 𝒞𝑞 (𝔻 ) and 𝐺 := 𝑖 (Ω ∘ 𝛿 ), then 𝐺 belongs to ℛ𝑞 (Π+ ) and
Ω = (−𝑖 ) (𝐺 ∘ 𝛾 ) .

(b) If 𝐺 ∈ ℛ𝑞 (Π+ ) and Ω := (−𝑖 ) (𝐺 ∘ 𝛾 ), then Ω belongs to 𝒞𝑞 (𝔻 ) and
𝐺 = 𝑖 (Ω ∘ 𝛿 ) .

Proof. (a) Recalling Remark 9.2, we see that 𝐺 is holomorphic in Π+. Let 𝑣 ∈ Π+.
For any 𝐴 ∈ ℂ

𝑞×𝑞, we have Im ( 𝑖𝐴 ) = Re𝐴. Thus, it follows that

Im [𝐺(𝑣) ] = Im [ 𝑖 (Ω ∘ 𝛿 ) (𝑣) ] = Im [ 𝑖Ω ( 𝛿(𝑣) ) ] = Re [Ω ( 𝛿(𝑣) ) ] .

Thus, 𝐺(𝑣) ∈ ℐ𝑞,≥, since Ω ( 𝛿(𝑣) ) ∈ ℛ𝑞,≥. From Remark 9.2 and the definition
of 𝐺, we thus see that Ω = (−𝑖 ) (𝐺 ∘ 𝛾 ), which completes the proof of (a).
(b) Using Remark 9.2 and the fact that Re (−𝑖𝐴 ) = Im𝐴 for any 𝐴 ∈ ℂ𝑞×𝑞, we
obtain (b) in much the same way as we did (a) in the first part of the proof. □
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Our next theorem is the ℛ𝑞 (Π+ ) counterpart to Theorem 7.3.

Theorem 9.4. Let 𝐺 ∈ ℛ𝑞 (Π+ ). Then:

(a) −𝐺+ ∈ ℛ𝑞 (Π+ ).
(b) (𝐺𝐺+ ) (𝑣) = (𝐺𝐺+ ) (𝑖) and (𝐺+𝐺 ) (𝑣) = (𝐺+𝐺 ) (𝑖), for 𝑣 ∈ Π+.
(c) ℛ (𝐺(𝑣) ) = ℛ (𝐺(𝑖) ) and 𝒩 (𝐺(𝑣) ) = 𝒩 (𝐺(𝑖) ), for 𝑣 ∈ Π+.
(d) ℛ (𝐺+(𝑣) ) = ℛ (𝐺(𝑖) ) and 𝒩 (𝐺+(𝑣) ) = 𝒩 (𝐺(𝑖) ), for 𝑣 ∈ Π+.

Proof. (a) Let Ω := (−𝑖 ) (𝐺 ∘ 𝛾 ) . By part (b) of Lemma 9.3, it thus follows that
Ω ∈ 𝒞𝑞 (𝔻 ) and that 𝐺 = 𝑖 (Ω ∘ 𝛿 ) and, consequently, that

𝐺+ = (−𝑖 ) (Ω ∘ 𝛿 )
+
= (−𝑖 )

(
Ω+ ∘ 𝛿

)
. (9.1)

By Theorem 7.3, it follows that Ω+ ∈ 𝒞𝑞 (𝔻 ) . Therefore, by part (a) of Lemma 9.3,
we have

𝑖
(
Ω+ ∘ 𝛿

) ∈ ℛ𝑞 (Π+ ) . (9.2)

Finally, from (9.1) and (9.2) we obtain −𝐺+ ∈ ℛ𝑞 (Π+ ), which completes the
proof of (a).
(b)–(c) By assumption, both 𝐺 and 𝐺+ are holomorphic in the non-empty open
and connected set Π+. Parts (b) and (c) therefore follow by [22, Proposition 8.4].
(d) Because of (c), part (d) follows immediately by Lemma 9.1. □

For a comprehensive survey on the class ℛ𝑞 (Π+ ), we refer the reader to the
paper Gesztesy/Tsekanovskii [23].

Appendix A. Some facts from matrix theory

Remark A.1. Let 𝐴 ∈ ℂ𝑞×𝑞. Since Re (𝐴∗ ) = Re𝐴, it follows that 𝐴 ∈ ℛ𝑞,≥ if
and only if 𝐴∗ ∈ ℛ𝑞,≥. Similarly, since Im (𝐴∗ ) = −Im𝐴, it follows that 𝐴 ∈ ℐ𝑞,≥
if and only if −𝐴∗ ∈ ℐ𝑞,≥.

If 𝐴 ∈ ℂ𝑞×𝑞 is a non-singular matrix, then it is well known that

Re
(
𝐴−1
)
= 𝐴−1 (Re𝐴 )

(
𝐴−1
)∗

, Re
(
𝐴−1
)
=
(
𝐴−1
)∗
(Re𝐴 )𝐴−1,

Im
(
𝐴−1
)
= −𝐴−1( Im𝐴 )

(
𝐴−1
)∗

and Im
(
𝐴−1
)
= −(𝐴−1

)∗
( Im𝐴 )𝐴−1,

so that 𝐴 ∈ ℛ𝑞,≥ implies 𝐴−1 ∈ ℛ𝑞,≥ and 𝐴 ∈ ℐ𝑞,≥ implies −𝐴−1 ∈ ℐ𝑞,≥. In
order to generalize these results for arbitrary complex 𝑞 × 𝑞 matrices, we give a
very brief overview of standard results for Moore-Penrose inverses. We will often
use the properties of the Moore-Penrose inverse described in these lemmas. For a
detailed discussion of the Moore-Penrose inverse and its properties, we refer the
reader to [2] and [8, Section 1.1].

Lemma A.2. Suppose 𝐴 ∈ ℂ
𝑝×𝑞.

(a) Let 𝐵 ∈ ℂ𝑝×𝑟. The following are all equivalent:
(i) ℛ (𝐵 ) ⊆ ℛ (𝐴 ).
(ii) 𝐴𝐴+𝐵 = 𝐵.
(iii) There exists an 𝑋 ∈ ℂ

𝑞×𝑟 such that 𝐴𝑋 = 𝐵.



110 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

(b) Let 𝐶 ∈ ℂ𝑟×𝑞. The following are all equivalent:
(iv) 𝒩 (𝐴 ) ⊆ 𝒩 (𝐶 ).
(v) 𝐶𝐴+𝐴 = 𝐶.
(vi) There exists a 𝑌 ∈ ℂ𝑟×𝑝 such that 𝑌 𝐴 = 𝐶.

Lemma A.3. Suppose 𝐴 ∈ ℂ
𝑞×𝑞
H , i.e., that 𝐴 is a Hermitian matrix. Then the

Moore-Penrose inverse 𝐴+ of 𝐴 is also Hermitian and the following equations
hold true:

ℛ (𝐴 ) = ℛ (𝐴+
)

, 𝒩 (𝐴 ) = 𝒩 (𝐴+
)

and 𝐴𝐴+ = 𝐴+𝐴.

Lemma A.4. Suppose 𝐴 ∈ ℂ
𝑞×𝑞
≥ . Then 𝐴+ ∈ ℂ

𝑞×𝑞
≥ and:

(a) ℛ (𝐴 ) = ℛ(√𝐴
)

and 𝒩 (𝐴 ) = 𝒩 (√𝐴
)
.

(b) 𝐴𝐴+ = 𝐴+𝐴 =
√

𝐴
(√

𝐴
)+
=
(√

𝐴
)+√

𝐴.

(c)
√

𝐴 = 𝐴
(√

𝐴
)+
=
(√

𝐴
)+

𝐴 and
(√

𝐴
)+
= 𝐴+

√
𝐴 =

√
𝐴𝐴+.

We recall that a complex 𝑞×𝑞 matrix 𝐴 is an EP matrix if ℛ (𝐴 ) = ℛ (𝐴∗ ).
We also recall that ℂ𝑞×𝑞EP denotes the set of all EP matrices in ℂ𝑞×𝑞. Schwerdt-
feger [28] first introduced the class ℂ𝑞×𝑞EP (EP stands for “Equal Projectors”). This
class of matrices is important in the theory of generalized inverses (see, e.g., the
monographs Campbell/Meyer [3, Chapter 4, Section 3] and Ben-Israel/Greville
[2, Chapter 4, Section 4], and the papers Pearl [27] and Meyer [26]). We use the

following characterizations of the class ℂ𝑞×𝑞EP , which can be found in [4] and [29].

Proposition A.5. If 𝐴 ∈ ℂ𝑞×𝑞, then all of the following conditions are equivalent:

(i) 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(ii) ℛ (𝐴 ) ⊆ ℛ (𝐴∗ ).
(iii) ℛ (𝐴∗ ) ⊆ ℛ (𝐴 ) .
(iv) 𝒩 (𝐴 ) ⊆ 𝒩 (𝐴∗ ) .
(v) 𝒩 (𝐴∗ ) ⊆ 𝒩 (𝐴 ) .
(vi) 𝒩 (𝐴∗ ) = 𝒩 (𝐴 ) .
(vii) 𝐴𝐴+ = 𝐴+𝐴.

(viii) 𝐴+ ∈ ℂ
𝑞×𝑞
EP .

(ix) ℛ (𝐴 ) = ℛ (𝐴+ ) .
(x) 𝒩 (𝐴 ) = 𝒩 (𝐴+ ) .
(xi) 𝐴+𝐴2 = 𝐴.
(xii) 𝐴2𝐴+ = 𝐴.

(xiii) 𝐴 (𝐴+ )
2
= 𝐴+.

(xiv) (𝐴+ )
2

𝐴 = 𝐴+.

We also require a few additional ways of characterizing the class ℂ𝑞×𝑞EP . We
will need matricial real and imaginary parts for these characterizations.

Proposition A.6. Let 𝐴 ∈ ℂ𝑞×𝑞. The following conditions are all equivalent:

(i) 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(ii) 𝛼𝐴+ + 𝛽 (𝐴+ )
∗
= 𝐴+ (𝛽𝐴+ 𝛼𝐴∗ ) (𝐴+ )

∗
for all 𝛼, 𝛽 ∈ ℂ.

(iii) Re (𝐴+ ) = 𝐴+ (Re𝐴 ) (𝐴+ )
∗

and Im (𝐴+ ) = −𝐴+ ( Im𝐴 ) (𝐴+ )
∗

.
(iv) 𝛼𝐴+ + 𝛽 (𝐴+ )

∗
= (𝐴+ )

∗
(𝛽𝐴+ 𝛼𝐴∗ )𝐴+ for all 𝛼, 𝛽 ∈ ℂ.

(v) Re (𝐴+ ) = (𝐴+ )
∗
(Re𝐴 )𝐴+ and Im (𝐴+ ) = − (𝐴+ )

∗
( Im𝐴 )𝐴+.

(vi) 𝛼𝐴+ 𝛽𝐴∗ = 𝐴
(

𝛽𝐴+ + 𝛼 (𝐴+ )
∗ )

𝐴∗ for all 𝛼, 𝛽 ∈ ℂ.
(vii) Re𝐴 = 𝐴 ⋅Re (𝐴+ ) ⋅𝐴∗ and Im𝐴 = −𝐴 ⋅ Im (𝐴+ ) ⋅𝐴∗.
(viii) 𝛼𝐴+ 𝛽𝐴∗ = 𝐴∗ (𝛽𝐴+ + 𝛼 (𝐴+ )

∗ )
𝐴 for all 𝛼, 𝛽 ∈ ℂ.

(ix) Re𝐴 = 𝐴∗ ⋅Re (𝐴+ ) ⋅ 𝐴 and Im𝐴 = −𝐴∗ ⋅ Im (𝐴+ ) ⋅𝐴.
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Proof. “(i)=⇒(ii)”. It follows from (i), by Proposition A.5, that 𝐴𝐴+ = 𝐴+𝐴. It
now follows that

𝐴+𝐴
(

𝐴+
)∗
=
(

𝐴𝐴+
)∗ (

𝐴+
)∗
=
(

𝐴+𝐴𝐴+
)∗
=
(

𝐴+
)∗

and

𝐴+𝐴∗ (𝐴+
)∗
= 𝐴+

(
𝐴+𝐴

)∗
= 𝐴+𝐴𝐴+ = 𝐴+.

For any 𝛼, 𝛽 ∈ ℂ, we therefore have

𝛼𝐴+ + 𝛽
(

𝐴+
)∗
= 𝛼𝐴+𝐴∗ (𝐴+

)∗
+ 𝛽𝐴+𝐴

(
𝐴+
)∗
= 𝐴+ ( 𝛽𝐴+ 𝛼𝐴∗ )

(
𝐴+
)∗

.

“(ii)=⇒(iii)”. For 𝛼 = 1
2 = 𝛽, part (ii) yields

Re
(

𝐴+
)
=
1

2
𝐴+ +

1

2

(
𝐴+
)∗
= 𝐴+ ⋅ 1

2
(𝐴+𝐴∗ )

(
𝐴+
)∗
= 𝐴+ (Re𝐴 )

(
𝐴+
)∗

.

Similarly, for 𝛼 = 1
2𝑖 and 𝛽 = − 1

2𝑖 , part (ii) also yields the second equation in (iii).
“(iii)=⇒(i)”. Since 𝐴 = Re𝐴+ 𝑖Im𝐴, Re (𝐴∗ ) = Re𝐴 and Im (𝐴∗ ) = −Im𝐴, it
follows that 𝐴∗ = Re𝐴− 𝑖Im𝐴. Using 𝐴 = Re𝐴+ 𝑖Im𝐴 and (iii), we thus obtain

𝐴+ = Re
(

𝐴+
)
+ 𝑖Im

(
𝐴+
)

= 𝐴+ (Re𝐴 )
(

𝐴+
)∗ − 𝑖𝐴+ ( Im𝐴 )

(
𝐴+
)∗

= 𝐴+ (Re𝐴− 𝑖Im𝐴 )
(

𝐴+
)∗

= 𝐴+𝐴∗ (𝐴+
)∗
= 𝐴+

(
𝐴+𝐴

)∗
=
(

𝐴+
)2

𝐴.

Therefore, by Proposition A.5 we obtain (i). Conditions (i), (ii) and (iii) are there-
fore all equivalent. Similarly, the same holds for conditions (i), (iv) and (v). We
next consider the following condition:

(x) 𝐴+ ∈ ℂ
𝑞×𝑞
EP .

Using the identity (𝐴+ )
+
= 𝐴, we see from the first part of the proof that (vi)–(x)

are all equivalent. By Proposition A.5, it follows that (i) and (x) are equivalent to
one another. Thus, (i)–(ix) are all equivalent. □

Corollary A.7. Suppose 𝐴 ∈ ℂ
𝑞×𝑞
EP , then:

(a) ℛ (Re𝐴 ) ⊆ ℛ (𝐴 ).
(b) 𝐴𝐴+ ⋅ Re𝐴 = Re𝐴.
(c) 𝒩 (𝐴 ) ⊆ 𝒩 (Re𝐴 ).
(d) Re𝐴 ⋅𝐴+𝐴 = Re𝐴.
(e) 𝐴∗ (𝐴+ )

∗
Re𝐴 = Re𝐴.

(f) Re𝐴 ⋅ (𝐴+ )
∗

𝐴∗ = Re𝐴.
(g) rank (Re𝐴 ) = rank [Re (𝐴+ ) ].
(h) 𝐴∗ ⋅Re (𝐴+ ) = Re𝐴 ⋅ 𝐴+.
(i) Re (𝐴+ ) ⋅𝐴 = (𝐴+ )

∗ ⋅Re𝐴.

(j) 𝐴 ⋅Re (𝐴+ ) = Re𝐴 ⋅ (𝐴+ )
∗
.

(k) Re (𝐴+ ) ⋅𝐴∗ = 𝐴+ ⋅ Re𝐴.
(l) ℛ ( Im𝐴 ) ⊆ ℛ (𝐴 ).
(m) 𝐴𝐴+ ⋅ Im𝐴 = Im𝐴.
(n) 𝒩 (𝐴 ) ⊆ 𝒩 ( Im𝐴 ).
(o) Im𝐴 ⋅𝐴+𝐴 = Im𝐴.
(p) 𝐴∗ (𝐴+ )

∗
Im𝐴 = Im𝐴.

(q) Im𝐴 ⋅ (𝐴+ )
∗

𝐴∗ = Im𝐴.
(r) rank ( Im𝐴 ) = rank [ Im (𝐴+ ) ].
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Proof. By Proposition A.6, we have

Re𝐴 = 𝐴
[
Re
(

𝐴+
) ]

𝐴∗ and Re𝐴 = 𝐴∗ [Re (𝐴+
) ]

𝐴. (A.1)

Because of (A.1), parts (a), (b) and (c) thus follow by Lemma A.2. Recalling that
(Re𝐴 )∗ = Re𝐴 and using parts (d) and (b), we see that

𝐴∗ (𝐴+
)∗
Re𝐴 = 𝐴∗ (𝐴+

)∗
(Re𝐴 )∗ =

(
Re𝐴 ⋅ 𝐴+𝐴

)∗
= (Re𝐴 )∗ = Re𝐴

and, similarly, that Re𝐴 ⋅ (𝐴+ )
∗

𝐴∗ = Re𝐴. Thus, the proof of (e) and (f) is
complete. Proposition A.6 gives us Re (𝐴+ ) = 𝐴+ [ Re𝐴 ] (𝐴+ )

∗
. From (A.1), we

thus obtain (g).

(h) Using (A.1), the identity (𝐴+ )
+
= 𝐴 and (e), we see that

𝐴∗ (Re𝐴+
)
= 𝐴∗ (𝐴+

)∗ ⋅ Re𝐴 ⋅ 𝐴+ = Re𝐴 ⋅𝐴+.

Similarly, (A.1) and (d) imply (i), whereas (A.1) and (b) show that (j) is true,
whereas (A.1) and (f) yield (k). The proofs of (l)–(r) are similar. □

One of our next goals is to show that the sets ℛ𝑞,≥ and ℐ𝑞,≥ are subsets

of ℂ𝑞×𝑞EP . This will serve as part of our motivation for the next few results. Once
we have proved that these inclusions are true, we will be able to apply all of our
results for ℂ𝑞×𝑞EP to the classes ℛ𝑞,≥ and ℐ𝑞,≥.
Lemma A.8. Let 𝐴 ∈ ℛ𝑞,≥. Then:

(a) 𝒩 (𝐴 ) ⊆ 𝒩 (Re𝐴 ).
(b) ℛ (Re𝐴 ) ⊆ ℛ (𝐴 ) .

(c) 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(d) 𝐴𝐴+ = 𝐴+𝐴.

Proof. (a) Suppose 𝑥 ∈ 𝒩 (𝐴 ). Then 𝐴𝑥 = 0𝑞×1. Since Re𝐴 ∈ ℂ
𝑞×𝑞
≥ , this implies(√

Re𝐴𝑥
)∗√

Re𝐴𝑥 = 𝑥∗ (Re𝐴 )𝑥 =
1

2

(
𝑥∗𝐴𝑥+ (𝐴𝑥 )

∗
𝑥
)
= 0.

By part (a) of Lemma A.4 we then get 𝑥 ∈ 𝒩 ( Re𝐴 ).
(b) Since 𝐴 ∈ ℛ𝑞,≥, it follows by Remark A.1 that 𝐴∗ ∈ ℛ𝑞,≥. Thus, (a) im-
plies 𝒩 (𝐴∗ ) ⊆ 𝒩 (Re (𝐴∗ ) ). Considering orthogonal complements now yields

ℛ ( [ Re (𝐴∗ ) ]∗
) ⊆ ℛ (𝐴 ). Because of Re (𝐴∗ ) = Re𝐴 and Re (𝐴∗ ) ∈ ℂ

𝑞×𝑞
H , we

have [ Re (𝐴∗ ) ]∗ = Re (𝐴∗ ) = Re𝐴. Thus, we finally obtain ℛ (Re𝐴 ) ⊆ ℛ (𝐴 ).
(c) Let 𝑥 ∈ 𝒩 (𝐴 ). Then 𝐴𝑥 = 0𝑞×1 and, by (a) also (Re𝐴 ) 𝑥 = 0𝑞×1. Thus,

𝐴∗𝑥 = 𝐴𝑥+𝐴∗𝑥 = 2 (Re𝐴 )𝑥 = 0𝑞×1.

Hence, 𝒩 (𝐴 ) ⊆ 𝒩 (𝐴∗ ). Consequently, Proposition A.5 implies 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(d) Because of (c), part (d) follows from Proposition A.5. □

Proposition A.9. Let 𝐴 ∈ ℂ𝑞×𝑞. Then 𝐴 ∈ ℛ𝑞,≥ if and only if 𝐴+ ∈ ℛ𝑞,≥.

Proof. Use part (c) of Lemma A.8 and Proposition A.6. □
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The next two results are the ℐ𝑞,≥ counterparts to Lemma A.8 and Propo-
sition A.9 and their proofs are thus quite similar to those for the corresponding
ℛ𝑞,≥ results.
Lemma A.10. If 𝐴 ∈ ℐ𝑞,≥, then

(a) 𝒩 (𝐴 ) ⊆ 𝒩 ( Im𝐴 ).
(b) ℛ ( Im𝐴 ) ⊆ ℛ (𝐴 ) .

(c) 𝐴 ∈ ℂ
𝑞×𝑞
EP .

(d) 𝐴𝐴+ = 𝐴+𝐴.

Proposition A.11. Let 𝐴 ∈ ℂ𝑞×𝑞. Then 𝐴 ∈ ℐ𝑞,≥ if and only if −𝐴+ ∈ ℐ𝑞,≥.

Lemma A.12. (a) Let 𝐴 ∈ ℛ𝑞, >, then det𝐴 ∕= 0 and 𝐴−1 ∈ ℛ𝑞,>.
(b) Let 𝐴 ∈ ℐ𝑞, >, then det𝐴 ∕= 0 and −𝐴−1 ∈ ℐ𝑞,>.
Proof. Since 𝐴 ∈ ℛ𝑞, >, it follows that 𝒩 (Re𝐴 ) = { 0𝑞×1 }. By part (a) of
Lemma A.8, we thus obtain 𝒩 (𝐴 ) = { 0𝑞×1 }. Therefore, det𝐴 ∕= 0. Finally,
part (c) of Lemma A.8 and Proposition A.6 yield 𝐴−1 ∈ ℛ𝑞, >. The proof of (b)
is similar to the proof of (a), but using parts (a) and (c) of Lemma A.10. □

We next establish a few additional connections between 𝕂𝑞×𝑞 and ℛ𝑞,≥ as
well as between 𝔻𝑞×𝑞 and ℛ𝑞, >.
Lemma A.13. Suppose 𝐴 ∈ 𝕂𝑞×𝑞. Then

Re𝐴 ∈ 𝕂𝑞×𝑞, 𝐼𝑞 +𝐴 ∈ ℛ𝑞,≥ and 𝐼𝑞 + Re𝐴 ∈ ℛ𝑞,≥
Proof. We see that ∥Re𝐴∥S ≤ ∥𝐴∥S ≤ 1. Hence, Re𝐴 ∈ 𝕂𝑞×𝑞. We have

Re ( 𝐼𝑞 +𝐴 ) = 𝐼𝑞 +Re𝐴 = [ 1− ∥Re𝐴∥S ] ⋅ 𝐼𝑞 + [Re𝐴+ ∥Re𝐴∥S ⋅ 𝐼𝑞 ] . (A.2)

From ∥Re𝐴∥S ≤ 1, we obtain
[ 1− ∥Re𝐴∥S ] ⋅ 𝐼𝑞 ∈ ℂ

𝑞×𝑞
≥ . (A.3)

We recall that Re𝐴 ∈ ℂ
𝑞×𝑞
H . Thus, using the Bunjakowski-Cauchy-Schwarz In-

equality, we get

Re𝐴+ ∥Re𝐴∥S ⋅ 𝐼𝑞 ∈ ℂ
𝑞×𝑞
≥ . (A.4)

From (A.2) - (A.4) it follows that Re ( 𝐼𝑞 +𝐴 ) ∈ ℂ
𝑞×𝑞
≥ . Therefore, 𝐼𝑞 +𝐴 ∈ ℛ𝑞,≥.

Since Re𝐴 ∈ 𝕂𝑞×𝑞, it follows that 𝐼𝑞 +Re𝐴 ∈ ℛ𝑞,≥. □

Similar to Lemma A.13, we can show that the following lemma is true.

Lemma A.14. Suppose 𝐴 ∈ 𝔻𝑞×𝑞. Then

Re𝐴 ∈ 𝔻𝑞×𝑞, 𝐼𝑞 +𝐴 ∈ ℛ𝑞, > and 𝐼𝑞 +Re𝐴 ∈ ℛ𝑞, >.

Acknowledgement
The third author’s work on the present paper was supported by the German Re-
search Foundation (Deutsche Forschungsgemeinschaft) on badge LA 1386/3–1.



114 B. Fritzsche, B. Kirstein, A. Lasarow and A. Rahn

References

[1] A. Arimoto and T. Ito, Singularly positive definite sequences and parametrization of
extreme points, Linear Algebra Appl. 239 (1996), 127–149. MR1384918

[2] A. Ben-Israel and T.N.E. Greville, Generalized inverses – Theory and applica-
tions, CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC, vol. 15,
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both nondegenerate and degenerate cases, Interpolation, Schur Functions and Mo-
ment Problems (D. Alpay and I. Gohberg, eds.), Operator Theory: Advances and
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On a Schur-type Algorithm for Sequences of
Complex 𝒑 × 𝒒-matrices and its Interrelations
with the Canonical Hankel Parametrization

Bernd Fritzsche, Bernd Kirstein, Conrad Mädler and Tilo Schwarz

Abstract. Building on work started in [12], we further examine the structure

of the set ℋ≥
𝑞,2𝑛 of all Hankel non-negative definite sequences (𝑠𝑗)

2𝑛
𝑗=0 of com-

plex 𝑞 × 𝑞-matrices. We furthermore examine the important subclasses ℋ≥,e
𝑞,2𝑛

and ℋ>
𝑞,2𝑛, consisting of all Hankel non-negative definite and Hankel posi-

tive definite extendable sequences, respectively. These sequence-classes ap-
pear naturally when discussing matrix versions of the truncated Hamburger
moment problem.

In [12] and [15] a canonical Hankel parametrization [(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0],

consisting of two sequences of complex matrices, was associated with every se-
quence (𝑠𝑗)

2𝑛
𝑗=0 of complex 𝑝× 𝑞-matrices. There is a bijective correspondence

between the sequence and its canonical Hankel parametrization.
Chen and Hu [9] constructed a Schur-type algorithm for a special class

of holomorphic matrix-valued functions in the upper half-plane so that matrix
versions of the truncated Hamburger moment problem might be dealt with in
the degenerate and non-degenerate cases, simultaneously. A closer analysis of
their algorithm showed that it implicitly contains an interesting procedure for
sequences belonging to ℋ≥,e

𝑞,2𝑛. This procedure serves as the focus of our work
here, although we have chosen a slightly different and more general setting.

Our approach is based on a suitable extension of the concept of re-
ciprocal sequences, which are used in power series inversions. We will show
that, given 𝑛 as a positive integer, this concept rests on a particular method

for producing sequences belonging to ℋ≥
𝑞,2(𝑛−1), starting from a sequence

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Using this, we develop a Schur-type algorithm for finite
sequences of complex 𝑝× 𝑞-matrices. We show that the Schur-type algorithm

preserves specific subclasses of ℋ≥
𝑞,2𝑛, for example: ℋ≥,e

𝑞,2𝑛 and ℋ>
𝑞,2𝑛. One

of our main results (see Theorem 9.15) expresses that, given a sequence

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛, the Schur-type algorithm produces, exactly, its canonical
Hankel parametrization. This leads us to a deeper understanding of the canon-
ical Hankel parametrization.

Mathematics Subject Classification (2010). Primary 44A60, 47A57.
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Keywords. Non-negative Hermitian measures, truncated matricial Hamburger
moment problem, non-negative Hermitian block Hankel matrices, Hankel non-
negative definite sequences, Hankel non-negative definite extendable sequen-
ces, Hankel positive definite sequences, canonical Hankel parametrization, re-
ciprocal sequences, Schur-type algorithm.

1. Introduction

Our ultimate goal in this paper is to construct and study a Schur-type algorithm
for finite and infinite sequences of complex 𝑝× 𝑞-matrices. The impetus and idea
for a construction of this type came from the paper by Chen/Hu [9], which deals
with matrix versions of the classical Hamburger Moment Problem. In [9], Chen
and Hu construct a Schur-type algorithm for special classes of holomorphic matrix-
functions which made an approach for solving the above-mentioned matricial mo-
ment problems possible. A closer look at this algorithm reveals that it is based
on a particular transformation for finite sequences of quadratic matrices. These
sequences of quadratic matrices are obtained via infinite series expansions of holo-
morphic matrix-functions, namely, the matrix-functions which occur as part of
the Schur-type algorithm described in [9]. Such sequences can, by way of Stieltjes
transformation, be interpreted as moments of particular matricial measures.

We quickly realized that these results could, quite naturally, be extended to
sequences of rectangular matrices. We were furthermore, early on, able to recognize
that a particular transformation for finite sequences of complex 𝑝× 𝑞-matrices
would be central to the construction of the desired Schur-type algorithm for matrix-
sequences. The reciprocal sequences (of matrices in the set ℂ𝑞×𝑝 of all complex
𝑞×𝑝-matrices associated with a sequence of matrices in ℂ𝑝×𝑞), discussed at length
in the paper [16], play this central role in our construction.

When 𝑝 = 𝑞 and 𝐹 is a 𝑞× 𝑞-matrix-function, holomorphic at the origin and
with non-vanishing determinant, the relationship between the Taylor-coefficient
sequences for the series expansions of 𝐹 and 𝐹−1 is determined, in a domain
around the origin, by the relationship between a sequence of matrices and its
reciprocal sequence.

One application, which at the same time serves as further motivation, for
the development of our Schur-type algorithm is in matrix versions of particular
classical moment problems. We first present a quick summary of the notation used
in this paper as well as some preliminary remarks regarding matricial moment
problems.

Let ℂ, ℝ, ℕ0 and ℕ be the set of all complex numbers, the set of all real
numbers, the set of all non-negative integers, and the set of all positive integers,
respectively. For every 𝛼 ∈ ℝ and 𝛽 ∈ ℝ∪{+∞} let ℤ𝛼,𝛽 be the set of all integers
𝑘 for which 𝛼 ≤ 𝑘 ≤ 𝛽. Throughout this paper, let 𝑝 and 𝑞 be positive integers. If
𝔅ℝ denotes the 𝜎-algebra of all Borel subsets of ℝ, then each countably additive
mapping whose domain is 𝔅ℝ and whose values belong to the set ℂ

𝑞×𝑞
≥ of all

non-negative Hermitian complex 𝑞× 𝑞-matrices is called a non-negative Hermitian
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𝑞 × 𝑞-Borel-measure on ℝ. We will, at certain points, be using basic facts from
the integration theory for non-negative Hermitian measures (see Kats [18] and
Rosenberg [28–30]).

The sequences of matrices we work with in this paper are closely related to
the following matrix versions of truncated moment problems.

P(ℝ, 2𝑛, ≤): Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of complex 𝑞×𝑞-matrices.

Describe the setℳ𝑞
≥[ℝ; (𝑠𝑗)

2𝑛
𝑗=0,≤] of all non-negative Hermitian 𝑞×𝑞-Borel-

measures 𝜎 on ℝ such that, for each 𝑗 ∈ ℤ0,2𝑛, the integral

𝑠
[𝜎]
𝑗 :=

∫
ℝ

𝑡𝑗𝜎(d𝑡) (1.1)

exists, 𝑠
[𝜎]
𝑘 = 𝑠𝑘 is satisfied for each 𝑘 ∈ ℤ0,2𝑛−1, and the matrix 𝑠2𝑛 − 𝑠

[𝜎]
2𝑛 is

non-negative Hermitian.
P(ℝ, 𝑚, =): Let𝑚 ∈ ℕ0 and let (𝑠𝑗)

𝑚
𝑗=0 be a sequence of complex 𝑞×𝑞-matrices.

Describe the setℳ𝑞
≥[ℝ; (𝑠𝑗)

𝑚
𝑗=0,=] of all non-negative Hermitian 𝑞×𝑞-Borel-

measures 𝜎 on ℝ such that for each 𝑗 ∈ ℤ0,𝑚 the integral (1.1) exists and

𝑠
[𝜎]
𝑗 = 𝑠𝑗 holds.

The study of the moment problems P(ℝ, 2𝑛, ≤) and P(ℝ,𝑚, =) was a central
theme in recent research (see, e.g., Bolotnikov [7], Chen/Hu [9], and Dyukarev/-
Fritzsche/Kirstein/Mädler/Thiele [12]).

In [9] the authors presented a common method of solving simultaneously
the non-degenerate and degenerate versions of problems P(ℝ, 2𝑛, ≤) and P(ℝ,
𝑚, =) based on the use of a matrix version of the classical Schur-type algorithm
which already occurred in a fundamental memoir of Nevanlinna [25, Section 1].
In the non-degenerate case of the truncated matrix moment problems P(ℝ, 2𝑛,
≤) and P(ℝ, 𝑚, =), another Schur-type algorithm was worked out by I.V. Ko-
valishina [24, pp. 479–486]. Her approach is based on V.P. Potapov’s method of
fundamental matrix inequalities. V.P. Potapov interpreted the Schur algorithm
from the view of 𝐽-theory, namely as some multiplicative decomposition of a
full rank 𝐽-elementary factor in full rank 𝐽-elementary factors of the simplest
kind. I.V. Kovalishina [24, pp. 483–486] followed this strategy. According to re-
cent indefinite generalizations of Nevanlinna’s algorithm, we refer to the papers
Alpay/Dijksma/Langer [1] and Alpay/Dijksma/Langer/Shondin [2].

It should be mentioned that, in contrast with [12], V.P. Potapov’s method of
Fundamental Matrix Inequality (FMI) will not be applied directly in this paper.
For the use of this method in the context of moment problems and related areas, we
refer the reader to Kovalishina [24], Katsnel′son [19–23], Dyukarev/Katsnel′son [13,
14], and Dyukarev [11].

Central to this paper is the development of a Schur-type algorithm for se-
quences of complex matrices using new perspectives gained from the papers [12]
and [15]. An important part of the strategy chosen in [12] and [15] is based
on a thorough study of several classes of finite sequences (𝑠𝑗)

2𝑛
𝑗=0 of complex

𝑞 × 𝑞-matrices which are closely related to the solvability of problems P(ℝ, 2𝑛,
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≤) and P(ℝ, 𝑚, =), respectively. Since these classes of finite sequences of com-
plex 𝑞 × 𝑞-matrices contain much information about the problems P(ℝ, 2𝑛, ≤)
and P(ℝ, 𝑚, =) we were inspired to rewrite the Schur-type algorithm created
in [9] in sequence form to get new insights about the structure of the sequence
classes under consideration. A similar approach was already used in the papers
Bogner/Fritzsche/Kirstein [5,6] against the background of a matrix version of the
classical Schur problem; namely the Schur-Potapov algorithm for matricial Schur
functions in the unit disk was rewritten there in terms of matricial Schur sequences.
It should be mentioned that, opposite to the papers [5,6] which are connected with
the non-degenerate situation of the matricial Schur problem, the considerations in
this paper handle the general cases of the problems P(ℝ, 2𝑛, ≤) and P(ℝ, 𝑚, =).

In order to describe the content of this paper in more detail we are going
to give now exact definitions of some classes of finite sequences of complex 𝑞 × 𝑞-
matrices which are the central objects in this paper. Moreover, we will review
essential facts about them which will be used in the sequel. This material is taken
from [12].

Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of complex 𝑞×𝑞-matrices. Then the

sequence (𝑠𝑗)
2𝑛
𝑗=0 is called Hankel non-negative definite if the block Hankel matrix

𝐻𝑛 := [𝑠𝑗+𝑘]
𝑛
𝑗,𝑘=0 (1.2)

is non-negative Hermitian (or Hankel positive definite if 𝐻𝑛 is positive Hermitian).

We will use the notation ℋ≥
𝑞,2𝑛 and ℋ>𝑞,2𝑛 for the set of all Hankel non-negative

definite and Hankel positive definite sequences (𝑠𝑗)
2𝑛
𝑗=0 of complex 𝑞 × 𝑞-matrices,

respectively. The importance of the set ℋ≥
𝑞,2𝑛 is based on the fact that prob-

lem P(ℝ, 2𝑛, ≤) has a solution if and only if the sequence (𝑠𝑗)2𝑛𝑗=0 belongs to ℋ≥
𝑞,2𝑛

(see, e.g., [12, Theorem 4.16]). If 𝑛 ∈ ℕ0 and if (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 (respectively,

ℋ>𝑞,2𝑛), then (𝑠𝑗)2𝑚𝑗=0 ∈ ℋ≥
𝑞,2𝑚 (respectively, ℋ>𝑞,2𝑚) for each 𝑚 ∈ ℤ0,𝑛. We will use

ℋ≥
𝑞,∞ (respectively, ℋ>𝑞,∞) to denote the set of all sequences (𝑠𝑗)∞𝑗=0 of complex

𝑞 × 𝑞-matrices such that (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥

𝑞,2𝑚 (respectively, (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ>𝑞,2𝑚) for each

𝑚 ∈ ℕ0.
Moreover, the Hankel non-negative definite extendability of Hankel non-

negative definite sequences of complex 𝑞× 𝑞-matrices is important for the study of
problems P(ℝ, 2𝑛, ≤) and P(ℝ, 𝑚, =). For this reason, for each 𝑛 ∈ ℕ0, we will

use the notation ℋ≥,e
𝑞,2𝑛 for the set of all sequences (𝑠𝑗)

2𝑛
𝑗=0 of complex 𝑞×𝑞-matrices

for which there are complex 𝑞 × 𝑞-matrices 𝑠2𝑛+1 and 𝑠2𝑛+2 such that (𝑠𝑗)
2(𝑛+1)
𝑗=0

belongs to ℋ≥
𝑞,2(𝑛+1). Furthermore, if 𝑛 ∈ ℕ0, then by ℋ≥,e

𝑞,2𝑛+1 we will designate

the set of all sequences (𝑠𝑗)
2𝑛+1
𝑗=0 of complex 𝑞 × 𝑞-matrices for which there is a

complex 𝑞 × 𝑞 matrix 𝑠2𝑛+2 such that (𝑠𝑗)
2(𝑛+1)
𝑗=0 belongs to ℋ≥

𝑞,2(𝑛+1). Observe

that if a non-negative integer 𝑚 and a sequence (𝑠𝑗)
𝑚
𝑗=0 of complex 𝑞× 𝑞-matrices

are given, then problem P(ℝ, 𝑚, =) has a solution if and only if (𝑠𝑗)
𝑚
𝑗=0 belongs

to ℋ≥,e
𝑞,𝑚 (see [12, Theorem 4.17]). Obviously, ℋ≥,e

𝑞,2𝑘 ⊆ ℋ≥
𝑞,2𝑘 for each 𝑘 ∈ ℕ0 and
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ℋ≥,e
𝑞,0 = ℋ≥

𝑞,0. If 𝑘 ∈ ℕ, then the example that 𝑠𝑗 := 0𝑞×𝑞 for each 𝑗 ∈ ℤ0,2𝑘−1 and

that 𝑠2𝑘 := 𝐼𝑞 shows that the sets ℋ≥,e
𝑞,2𝑘 and ℋ≥

𝑞,2𝑘 do not coincide. Obviously, if

𝑛 ∈ ℕ0 and if (𝑠𝑗)
𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,𝑛 , then (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚 for each 𝑚 ∈ ℤ0,𝑛. In view

of [12, Remark 2.8], for each 𝑛 ∈ ℕ0, the inclusion ℋ>𝑞,2𝑛 ⊆ ℋ≥,e
𝑞,2𝑛 holds true.

An important topic of [12] was the study of the intrinsic structure of sequences

belonging to one of the sets ℋ≥
𝑞,2𝑛, ℋ>𝑞,2𝑛, and ℋ≥,e

𝑞,2𝑛. For this reason, there was

introduced in [12] a canonical Hankel parametrization for sequences (𝑠𝑗)
2𝑛
𝑗=0 of

complex 𝑞 × 𝑞-matrices. This concept of canonical Hankel parametrization was
extended in [15] to sequences of complex 𝑝× 𝑞-matrices. The canonical Hankel
parametrization was used in [12, Proposition 2.30] to characterize the membership

of a sequence (𝑠𝑗)
2𝑛
𝑗=0 of complex 𝑞 × 𝑞-matrices to one of the classes ℋ≥

𝑞,2𝑛, ℋ>𝑞,2𝑛
and ℋ≥,e

𝑞,2𝑛.

In [12, Chapter 3] monic right (or, alternatively, left) orthogonal systems

of 𝑞 × 𝑞-matrix polynomials were associated with a sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛.

In [15, Section 5] monic right (or left) orthogonal systems of the desired form were
constructed recursively, using the canonical Hankel parametrization of (𝑠𝑗)

2𝑛
𝑗=0.

In this paper, we focus on the more important properties of the canonical

Hankel parametrization for sequences in ℋ≥
𝑞,2𝑛, as well as for sequences belonging

to particular subclasses of ℋ≥
𝑞,2𝑛. More precisely, we will show that the canon-

ical Hankel parametrization is closely related to the Schur-type algorithm (for
sequences of complex matrices) that we later discuss as part of this paper. Our
construction of this Schur-type algorithm is based on the concept of reciprocal
sequences as developed in [16]. As a byproduct, we derive several identities which
describe the interplay between various types of dual block Hankel matrices gen-
erated by a sequence from ℂ𝑝×𝑞 on one side and the corresponding reciprocal
sequence on the other (see Section 6).

This paper is organized as follows: In Section 2, we summarize some essential
facts on the canonical Hankel parametrization of finite or infinite sequences of
complex 𝑝× 𝑞-matrices.

In Section 3, we continue the study of the class of Hankel non-negative definite
sequences of complex 𝑞 × 𝑞-matrices and some of its important subclasses, which
was started in [12] and [15].

There is a well-known method (taken from the theory of power series inver-

sions) for constructing a reciprocal sequence (𝐴♯𝑗)
𝑛
𝑗=0 of complex 𝑞 × 𝑞-matrices

satisfying det𝐴0 ∕= 0. Using Moore-Penrose inverses of complex 𝑝× 𝑞-matrices,
we extended this concept to rectangular matrices in [16]. There, we also intro-
duced reciprocal sequences for sequences of complex 𝑝× 𝑞-matrices (see also Def-
inition 4.1). Reciprocal sequences are also central to this paper. In Section 4 we
summarize some basic facts on reciprocal sequences as well as on the, for our
purposes, particularly interesting class 𝒟𝑝×𝑞,𝜅 of first term dominant sequences of
complex 𝑝× 𝑞-matrices (see Definition 4.5). These sections draw heavily from [16].
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Section 5 contains some identities for block Hankel matrices which are asso-
ciated with Cauchy products of sequences of complex matrices.

Section 6 plays a key role for further considerations. The main theme of
this section is the study of interplay between various types of dual block Hankel
matrices which are generated in an equal way by a sequence of complex 𝑝× 𝑞-
matrices and the corresponding reciprocal sequence of complex 𝑞 × 𝑝-matrices,
respectively (see Theorem 6.1, Theorem 6.8, Theorem 6.9 and Theorem 6.13).

The investigations of Section 7 are inspired by Theorem 6.13 and its corol-
laries, which suggest a more careful study of the shortened negative reciprocal
sequence. It is shown that, for a given sequence belonging to one of the classes

ℋ≥
𝑞,2𝑛 and ℋ≥,e

𝑞,2𝑛, the shortened negative reciprocal sequence belongs to the classes

ℋ≥
𝑞,2(𝑛−1) and ℋ≥,e

𝑞,2(𝑛−1), respectively (see Proposition 7.6 and Proposition 7.7).

In Section 8, the shortened negative reciprocal sequence will be replaced by
a slightly modified sequence. In this way, we consider a transformation which

associates with a sequence (𝑠𝑗)
𝜅
𝑗=0 from ℂ𝑝×𝑞 a particular sequence (𝑠(1)

𝑗 )
𝜅−2
𝑗=0 from

ℂ𝑝×𝑞, which is called the first Schur transform of (𝑠𝑗)
𝜅
𝑗=0. We show that if a

sequence (𝑠𝑗)
2𝑛
𝑗=0 belongs to one of the classes ℋ≥

𝑞,2𝑛 and ℋ≥,e
𝑞,2𝑛, then its first Schur

transform (𝑠
(1)
𝑗 )

2𝑛−2
𝑗=0 belongs to the classes ℋ≥

𝑞,2(𝑛−1) and ℋ≥,e
𝑞,2(𝑛−1), respectively

(see Proposition 8.12 and Proposition 8.13).
The iteration of the first Schur transform introduced in Section 8 leads us

to a particular Schur-type algorithm for finite or infinite sequences from ℂ𝑝×𝑞.
The main theme of Section 9 is the investigation of this Schur-type algorithm. We
show that this algorithm preserves the membership of a sequence to the class of
Hankel non-negative definite sequences and its prominent subclasses (see Propo-
sition 9.3, Proposition 9.4 and Proposition 9.5). Central results of the paper are
Theorem 9.14 and Theorem 9.15 which contain explicit descriptions of the canon-
ical Hankel parametrization of a sequence (𝑠𝑗)

2𝑛
𝑗=0 belonging to one of the classes

ℋ≥
𝑞,2𝑛 and ℋ≥,e

𝑞,2𝑛 in terms of the sequence of its Schur transforms. A further group

of main results (see Theorem 9.18, Theorem 9.19 and Theorem 9.20) is focussed
on the determination of the canonical Hankel parametrization of the 𝑘th Schur

transform of a sequence belonging to one of the classes ℋ≥
𝑞,2𝑛, ℋ≥,e

𝑞,2𝑛 and ℋ≥
𝑞,∞.

The last mentioned results indicate that, under the view of the considered Schur-
type algorithm, the canonical Hankel parametrization can be interpreted as Schur
parametrization.

In Section 10, we study several aspects of inversion of our Schur-type algo-
rithm for sequences from ℂ𝑝×𝑞. This can be roughly described as follows: Let
𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑡𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. Furthermore, let

𝐴, 𝐵 ∈ ℂ𝑝×𝑞. Then we will construct a sequence (𝑡(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 from ℂ𝑝×𝑞 such
that its first Schur transform coincides in generic cases with the original sequence
(𝑡𝑗)

𝜅
𝑗=0. Particular attention will be paid to the case that the original sequence

belongs to the class ℋ≥
𝑞,2𝑛 or one of its interesting subclasses.



On a Schur-type Algorithm 123

2. The canonical Hankel parametrization of sequences of
𝒑 × 𝒒-Matrices

In this section, we present a summary of basic facts related to the canonical Hankel
parametrization for sequences of complex 𝑝× 𝑞-matrices. This concept was intro-
duced in [12] for the case 𝑝 = 𝑞 and then extended to the general case in [15]. The
contents of this section draw heavily on [15].

If 𝒳 is a non-empty set, then let 𝒳 𝑝×𝑞 be the set of 𝑝× 𝑞-matrices with
elements in 𝒳 . We will write 0𝑝×𝑞 for the zero matrix in ℂ𝑝×𝑞 and 𝐼𝑞 for the unit
matrix in ℂ𝑞×𝑞. The sets of all Hermitian and positive Hermitian complex 𝑞 × 𝑞-
matrices will be denoted by ℂ

𝑞×𝑞
H and ℂ

𝑞×𝑞
> , respectively. If 𝐴 ∈ ℂ𝑝×𝑞, then 𝐴†

is the Moore-Penrose inverse of 𝐴. If 𝑛 ∈ ℕ and (𝑣𝑗)
𝑛
𝑗=1 is a sequence of complex

𝑝× 𝑞-matrices, then let

row (𝑣𝑗)
𝑛
𝑗=1 := [𝑣1, 𝑣2, . . . , 𝑣𝑛] and col (𝑣𝑗)

𝑛
𝑗=1 :=

⎡⎢⎢⎢⎣
𝑣1

𝑣2

...
𝑣𝑛

⎤⎥⎥⎥⎦ .

If 𝑛 ∈ ℕ and if (𝑝𝑗)
𝑛
𝑗=1 and (𝑞𝑗)

𝑛
𝑗=1 are sequences of positive integers such that

𝐴 ∈ ℂ𝑝𝑗×𝑞𝑗 for each 𝑗 ∈ ℤ1,𝑛, then let

diag (𝐴𝑗)
𝑛
𝑗=1 :=

⎡⎢⎢⎢⎣
𝐴1 0 . . . 0
0 𝐴2 . . . 0
...

...
. . .

...
0 0 . . . 𝐴𝑛

⎤⎥⎥⎥⎦ .

We will see that given a sequence (𝑠𝑗)
2𝑛
𝑗=0 of complex 𝑝× 𝑞-matrices, then an

essential role is played by the Schur complements

𝐿0 := 𝑠0 and 𝐿𝑘 := 𝑠2𝑘 − 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝑦𝑘,2𝑘−1, 𝑘 ∈ ℤ1,𝑛, (2.1)

where the block Hankel matrix 𝐻𝑘−1 is defined via (1.2) and where

𝑧𝑙,𝑚 := row (𝑠𝑗)
𝑚
𝑗=𝑙 and 𝑦𝑙,𝑚 := col (𝑠𝑗)

𝑚
𝑗=𝑙 (2.2)

for all integers 𝑙 and 𝑚 with 0 ≤ 𝑙 ≤ 𝑚 ≤ 2𝑛.
To explain the canonical Hankel parametrization of a sequence of complex

𝑝× 𝑞-matrices we need some further matrices. If 𝑛 ∈ ℕ and a sequence (𝑠𝑗)
2𝑛−1
𝑗=0

of complex 𝑝 × 𝑞 matrices is given, then, for each 𝑘 ∈ ℤ1,𝑛, let the block Hankel
matrix 𝐾𝑘−1 be defined by

𝐾𝑘−1 := [𝑠𝑙+𝑚+1]
𝑘−1
𝑙,𝑚=0

and let

Σ𝑘 := 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝐾𝑘−1𝐻†

𝑘−1𝑦𝑘,2𝑘−1. (2.3)
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If 𝑛 ∈ ℕ and if (𝑠𝑗)
2𝑛
𝑗=0 is a sequence of complex 𝑝 × 𝑞 matrices, then, for each

𝑘 ∈ ℤ1,𝑛, let

𝑀𝑘 := 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝑦𝑘+1,2𝑘, 𝑁𝑘 := 𝑧𝑘+1,2𝑘𝐻

†
𝑘−1𝑦𝑘,2𝑘−1, 𝑃𝑘 := 𝐿𝑘𝐿

†
𝑘, (2.4)

and let
Λ𝑘 := 𝑀𝑘 +𝑁𝑘 − Σ𝑘. (2.5)

Moreover, let

𝑀0 := 0𝑝×𝑞, 𝑁0 := 0𝑝×𝑞, 𝑃0 := 𝐿0𝐿†
0, Σ0 := 0𝑝×𝑞, and Λ0 := 0𝑝×𝑞. (2.6)

Remark 2.1. Observe that if 𝑛 ∈ ℕ0 and if (𝑠𝑗)
2𝑛
𝑗=0 is a sequence of Hermitian

complex 𝑞 × 𝑞-matrices, then for each 𝑘 ∈ ℤ0,𝑛 we have

𝑀∗
𝑘 = 𝑁𝑘, Σ∗

𝑘 = Σ𝑘, and Λ∗
𝑘 = Λ𝑘. (2.7)

In particular, (2.7) holds true if (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛.

Remark 2.2. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝 ×
𝑞 matrices. Then one can easily see that there are unique sequences (𝐶𝑘)

𝜅
𝑘=1 and

(𝐷𝑘)
𝜅
𝑘=0 of complex 𝑝 × 𝑞 matrices such that 𝑠0 = 𝐷0 and such that for each

𝑘 ∈ ℤ1,𝜅 we have 𝑠2𝑘−1 = Λ𝑘−1 + 𝐶𝑘 and 𝑠2𝑘 = 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝑦𝑘,2𝑘−1 + 𝐷𝑘. In

particular, we see that𝐷0 = 𝐿0 and, for each 𝑘 ∈ ℤ1,𝜅, moreover𝐶𝑘 = 𝑠2𝑘−1−Λ𝑘−1

and 𝐷𝑘 = 𝐿𝑘.

Remark 2.2 leads us to the following notion which will play a central role in
the rest of the paper.

Definition 2.3. Let 𝜅 ∈ ℕ∪{+∞} and let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices. Then the pair [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] introduced in Remark 2.2 is called the

canonical Hankel parametrization of (𝑠𝑗)
2𝜅
𝑗=0.

It should be mentioned that in [12] the canonical Hankel parametrization
of a sequence (𝑠𝑗)

2𝑛
𝑗=0 from ℂ

𝑞×𝑞 was originally introduced in a slightly different
way. From Remark 2.1 it is clear that both notions coincide in the case of a se-
quence (𝑠𝑗)

2𝑛
𝑗=0 from ℂ

𝑞×𝑞
H . For this reason all results about the canonical Hankel

parametrization which were obtained in [12] for sequences from ℂ
𝑞×𝑞
H are also

correct with respect to the canonical Hankel parametrization introduced in Defi-
nition 2.3.

Remark 2.4. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝐶𝑘)𝜅𝑘=1 and (𝐷𝑘)
𝜅
𝑘=0 be sequences of

complex 𝑝 × 𝑞 matrices. Then one can easily see that there is a unique sequence
(𝑠𝑗)

2𝜅
𝑗=0 of complex 𝑝 × 𝑞 matrices such that [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] is the canonical

Hankel parametrization of (𝑠𝑗)
2𝜅
𝑗=0, namely the sequence given by 𝑠0 := 𝐷0 and,

for each 𝑘 ∈ ℤ1,𝜅, by 𝑠2𝑘−1 := Λ𝑘−1 + 𝐶𝑘 and 𝑠2𝑘 := 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝑦𝑘,2𝑘−1 +𝐷𝑘.

Remark 2.5. Let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices, and let [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of

(𝑠𝑗)
2𝜅
𝑗=0. Then one can easily see that, for each 𝑛 ∈ ℤ1,𝜅, the pair [(𝐶𝑘)

𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0]

is the canonical Hankel parametrization of (𝑠𝑗)
2𝑛
𝑗=0.
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Remark 2.6. Let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices, and let [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of

(𝑠𝑗)
2𝜅
𝑗=0. Let 𝑚 ∈ ℤ𝑝,∞ and let 𝑟 ∈ ℤ𝑞,∞. Lengthy, but straightforward calculations

then show that, for each complex𝑚× 𝑝matrix 𝑈 with 𝑈∗𝑈 = 𝐼𝑝 and each complex
𝑞 × 𝑟 matrix 𝑉 with 𝑉 𝑉 ∗ = 𝐼𝑞, the pair [(𝑈𝐶𝑘𝑉 )

𝜅
𝑘=1, (𝑈𝐷𝑘𝑉 )

𝜅
𝑘=0] is the canonical

Hankel parametrization of the sequence (𝑈𝑠𝑗𝑉 )
2𝜅
𝑗=0.

Remark 2.7. Let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices, and let [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of

(𝑠𝑗)
2𝜅
𝑗=0. Then straightforward calculations show that [(𝐶∗

𝑘 )
𝜅
𝑘=1, (𝐷∗

𝑘)
𝜅
𝑘=0] is the

canonical Hankel parametrization of (𝑠∗𝑗 )
2𝜅
𝑗=0.

Remark 2.8. Let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)2𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices, and let [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of

(𝑠𝑗)
2𝜅
𝑗=0. Straightforward calculations then show that [(𝐶T

𝑘 )
𝜅
𝑘=1, (𝐷T

𝑘 )
𝜅
𝑘=0] is the

canonical Hankel parametrization of (𝑠T
𝑗 )

2𝜅
𝑗=0.

Remark 2.9. Let 𝜅 ∈ ℕ ∪ {+∞} and let 𝑛 ∈ ℕ. For each 𝑚 ∈ ℤ1,𝑛, let 𝑝𝑚 ∈ ℕ,

let 𝑞𝑚 ∈ ℕ, let (𝑠
(𝑚)
𝑗 )2𝜅𝑗=0 be a sequence of complex 𝑝𝑚 × 𝑞𝑚 matrices, and let

[(𝐶
(𝑚)
𝑘 )𝜅𝑘=1, (𝐷

(𝑚)
𝑘 )𝜅𝑘=0] be the canonical Hankel parametrization of (𝑠

(𝑚)
𝑗 )2𝜅𝑗=0. By

lengthy, but straightforward calculations one can check then that

[(diag (𝐶
(𝑚)
𝑘 )𝑛𝑚=1)

𝜅
𝑘=1, (diag (𝐷

(𝑚)
𝑘 )𝑛𝑚=1)

𝜅
𝑘=0]

is the canonical Hankel parametrization of (diag (𝑠
(𝑚)
𝑗 )𝑛𝑚=1)

2𝜅
𝑗=0.

3. Some observations on finite and infinite sequences of matrices
with particular Hankel-properties

A detailed examination of Hankel non-negative definite and Hankel non-negative
definite extendable sequences of matrices in ℂ𝑞×𝑞 can be found in the papers [12]
and [15]. In this section we provide a small addendum to these results and establish
some facts that will later prove useful.

As usual, if 𝒰 is a linear subspace of ℂ𝑞, then we will write 𝒰⊥ for the
orthogonal complement of 𝒰 in ℂ𝑞 with respect to the usual Euclidean inner
product. Furthermore, for each 𝐴 ∈ ℂ𝑝×𝑞, let ℛ(𝐴) and 𝒩 (𝐴) be the range of

𝐴 and the null space of 𝐴, respectively. Clearly, for each 𝐴 ∈ ℂ
𝑞×𝑞
H , we have

[ℛ(𝐴)]⊥ = 𝒩 (𝐴).
In order to realize a simultaneous exposition of the cases of a finite or infinite

sequence of complex 𝑞 × 𝑞-matrices (for technical reasons) we set ℋ≥,e
𝑞,∞ := ℋ≥

𝑞,∞.

Lemma 3.1. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)
𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,𝜅 . Then

(a) 𝑠2𝑘 ∈ ℂ
𝑞×𝑞
≥ for each 𝑘 ∈ ℤ0, 𝜅2

.

(b) 𝑠∗ℓ = 𝑠ℓ for each ℓ ∈ ℤ0,𝜅.
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(c)

𝜅∪
𝑗=2𝑘

ℛ (𝑠𝑗) ⊆ ℛ (𝑠2𝑘) for each 𝑘 ∈ ℤ0, 𝜅2
.

(d) 𝒩 (𝑠2𝑘) ⊆
𝜅∩

𝑗=2𝑘

𝒩 (𝑠𝑗) for each 𝑘 ∈ ℤ0, 𝜅
2
.

(e)
(ℛ (𝑠2𝑘)

)𝜅
𝑘=0

is an antitone sequence.

(f) (𝒩 (𝑠2𝑘))
𝜅
𝑘=0 is an isotone sequence.

Proof. If 𝜅 ∈ ℕ0, then we know from [12, Lemma 3.34] that there exists a sequence
(𝑠𝑗)

∞
𝑗=𝜅+1 of complex 𝑝× 𝑞-matrices such that (𝑠𝑗)

∞
𝑗=0 ∈ ℋ≥

𝑞,𝜅. Then, for each non-

negative integer ℓ, we have 𝐻ℓ ∈ ℂ
(ℓ+1)𝑞×(ℓ+1)𝑞
≥ . Hence, we obtain the assertions

of (a) and (b). Furthermore, it follows for ℓ ∈ ℕ0 that[
𝑠0 𝑠ℓ
𝑠ℓ 𝑠2ℓ

]
∈ ℂ

2𝑞×2𝑞
≥ . (3.1)

Using a well-known result on non-negative Hermitian block matrices (see, e.g.,
[10, Lemma 1.1.9]), we conclude from (3.1) that ℛ (𝑠ℓ) ⊆ ℛ (𝑠0). Thus,

∞∪
𝑗=0

ℛ (𝑠𝑗) ⊆ ℛ (𝑠0) . (3.2)

For each 𝑘 ∈ ℕ0, the sequence (𝑠𝑗)
∞
𝑗=2𝑘 belongs to ℋ≥

𝑞,∞. Thus, (3.2) implies (c).

We obtain (d) from (c) by using (b) and 𝒩 (𝑠𝑙)
⊥
= ℛ (𝑠𝑙) for each ℓ ∈ ℕ0.

(e) and (f) follow immediately from (c) and (d), respectively. □

Lemma 3.2. Let 𝜅 ∈ ℕ ∪ {+∞} and (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅. Then:

(a) 𝑠2𝑘 ∈ ℂ
𝑞×𝑞
≥ for each 𝑘 ∈ ℤ0,𝜅.

(b) 𝑠∗ℓ = 𝑠ℓ for each ℓ ∈ ℤ0,2𝜅.

(c)

2𝜅−1∪
𝑗=0

ℛ (𝑠𝑗) ⊆ ℛ (𝑠0) and 𝒩 (𝑠0) ⊆
2𝜅−1∩
𝑗=0

𝒩 (𝑠𝑗).

Proof. Because of ℋ≥
𝑞,∞ = ℋ≥,e

𝑞,∞, the case 𝜅 = +∞ is already considered in Lem-
ma 3.1. Let us now suppose 𝜅 ∈ ℕ. Then the matrix 𝐻𝜅 is non-negative Hermitian.

Consequently, part (a) and part (b) hold true. Since (𝑠𝑗)
2𝜅
𝑗=0 belongs to ℋ≥

𝑞,2𝜅,

the sequence (𝑠𝑗)
2𝜅−1
𝑗=0 is a member of ℋ≥

𝑞,2𝜅−1. Thus, part (c) follows from Lem-
ma 3.1. □

Based on the matrices defined via (2.1) we now introduce an important sub-

class of ℋ≥
𝑞,2𝑛. If 𝑛 ∈ ℕ0 and if (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, then (𝑠𝑗)
2𝑛
𝑗=0 is called completely

degenerate if 𝐿𝑛 = 0. For each 𝑛 ∈ ℕ0, the set ℋ≥,cd
𝑞,2𝑛 of all completely degener-

ate sequences belonging to ℋ≥
𝑞,2𝑛 is a subset of ℋ≥,e

𝑞,2𝑛 (see [12, Corollary 2.14]).

If 𝑚 ∈ ℕ0 and (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑚 are given, then from [12, Proposition 2.13] one

can easily see that (𝑠𝑗)
2𝑚
𝑗=0 belongs to ℋ≥,cd

𝑞,2𝑚 if and only if there is some 𝑛 ∈ ℤ0,𝑚
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such that 𝐿𝑛 = 0𝑞×𝑞. A Hankel non-negative definite sequence (𝑠𝑗)∞𝑗=0 of complex
𝑞 × 𝑞-matrices is said to be completely degenerate if there is some non-negative
integer 𝑛 such that (𝑠𝑗)

2𝑛
𝑗=0 is a completely degenerate Hankel non-negative def-

inite sequence. By ℋ≥,cd
𝑞,∞ we denote the set of all completely degenerate Hankel

non-negative definite sequences (𝑠𝑗)
∞
𝑗=0 of complex 𝑞 × 𝑞-matrices. A Hankel non-

negative definite sequence (𝑠𝑗)
∞
𝑗=0 of complex 𝑞 × 𝑞-matrices is called completely

degenerate of order 𝑛 if the sequence (𝑠𝑗)
2𝑛
𝑗=0 is completely degenerate. By ℋ≥,cd,𝑛

𝑞,∞
we denote the set of all Hankel non-negative definite sequences (𝑠𝑗)

∞
𝑗=0 from ℂ𝑞×𝑞

which are completely degenerate of order 𝑛. If 𝑛 ∈ ℕ0 and (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥,cd,𝑛

𝑞,∞ , then

(𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑚 for each 𝑚 ∈ ℤ𝑛,∞.
In the rest of this section, we discuss some later used properties of the class

of Hankel non-negative definite sequences and their distinguished subclasses. This
material is new and complements Section 2 in [12]. We start with several relatively
simple, but useful observations.

Let 𝑛 ∈ ℕ0, let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of complex 𝑞 × 𝑞-matrices, let 𝑝 ∈ ℕ,

and let 𝐴 ∈ ℂ𝑝×𝑞. We now summarize some relations between the block Hankel
matrices 𝐻𝑛,𝐴 := [𝐴𝑠𝑗+𝑘𝐴

∗]𝑛𝑗,𝑘=0 and 𝐻𝑛 defined in (1.2). First we observe that

𝐻𝑛,𝐴 := [diag(𝐴, . . . , 𝐴)] ⋅𝐻𝑛 ⋅ [diag(𝐴, . . . , 𝐴)]
∗

.

Remark 3.3. Let 𝜅 ∈ ℕ0∪{+∞}, let (𝑠𝑗)2𝜅𝑗=0 ∈ ℋ≥
𝑞,2𝜅, let 𝑝 ∈ ℕ, and let 𝐴 ∈ ℂ𝑝×𝑞.

Then (𝐴𝑠𝑗𝐴
∗)2𝜅𝑗=0 belongs to ℋ≥

𝑝,2𝜅.

Remark 3.4. Let 𝜅 ∈ ℕ0∪{+∞} and let (𝑠𝑗)𝜅𝑗=0 ∈ ℋ≥,e
𝑞,𝜅 . For each 𝐴 ∈ ℂ𝑝×𝑞, then

(𝐴𝑠𝑗𝐴
∗)𝜅𝑗=0 belongs to ℋ≥,e

𝑝,𝜅 .

Remark 3.5. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)2𝜅𝑗=0 ∈ ℋ>𝑞,2𝜅. Further, let 𝐴 ∈ ℂ𝑞×𝑞.
If 𝐴 is non-singular, then (𝐴𝑠𝑗𝐴

∗)2𝜅𝑗=0 belongs to ℋ>𝑞,2𝜅. If 𝐴 is singular, then

(𝐴𝑠𝑗𝐴
∗)2𝜅𝑗=0 belongs to ℋ≥

𝑞,2𝜅 ∖ ℋ>𝑞,2𝜅.

Remark 3.6. Let 𝜅 ∈ ℕ0∪{+∞}, let (𝑠𝑗)𝜅𝑗=0 ∈ ℋ≥,e
𝑝,𝜅 , and let (𝑡𝑗)

𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,𝜅 . Then

(diag(𝑠𝑗 , 𝑡𝑗))
𝜅
𝑗=0 ∈ ℋ≥,e

𝑝+𝑞,𝜅.

Remark 3.7. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 and (𝑡𝑗)

2𝑛
𝑗=0 be sequences from ℂ𝑝×𝑝 and

ℂ𝑞×𝑞, respectively. Then:

(a) (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑝,2𝑛 and (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 if and only if (diag(𝑠𝑗 , 𝑡𝑗))
2𝑛
𝑗=0 ∈ ℋ≥

𝑝+𝑞,2𝑛.

(b) (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ>𝑝,2𝑛 and (𝑡𝑗)2𝑛𝑗=0 ∈ ℋ>𝑞,2𝑛 if and only if (diag(𝑠𝑗 , 𝑡𝑗))2𝑛𝑗=0 ∈ ℋ>𝑝+𝑞,2𝑛.

(c) (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑝,2𝑛 and (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 if and only if (diag(𝑠𝑗 , 𝑡𝑗))
2𝑛
𝑗=0 ∈

ℋ≥,cd
𝑝+𝑞,2𝑛.

We now turn our attention to generalized Schur products of sequences with
particular Hankel properties.
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Lemma 3.8. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 and (𝑡𝑗)

2𝜅
𝑗=0 be sequences from ℂ

and ℂ𝑞×𝑞, respectively.

(a) If (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

1,2𝜅 and (𝑡𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅, then (𝑠𝑗𝑡𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅.

(b) If (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ>1,2𝜅 and (𝑡𝑗)

2𝜅
𝑗=0 ∈ ℋ>𝑞,2𝜅, then (𝑠𝑗𝑡𝑗)2𝜅𝑗=0 ∈ ℋ>𝑞,2𝜅.

Lemma 3.9. Let 𝑚 ∈ ℕ0 and let (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

1,𝑚 and (𝑡𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚. Then

(𝑠𝑗𝑡𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚.

Since ( 1
𝑗+1 )

∞
𝑗=0 is the sequence of moments for the continuous uniform distri-

bution on [0, 1], it follows that ( 1
𝑗+1 )

∞
𝑗=0 ∈ ℋ>1,∞. Thus, Lemmas 3.8 and 3.9 lead

to the following examples.

Example. Let 𝜅 ∈ ℕ0∪{+∞}. If (𝑡𝑗)2𝜅𝑗=0 is a sequence from ℋ≥
𝑞,2𝜅, then (

1
𝑗+1 𝑡𝑗)

∞
𝑗=0

is in ℋ≥
𝑞,2𝜅. If (𝑡𝑗)

2𝜅
𝑗=0 is a sequence from ℋ>𝑞,2𝜅, then ( 1

𝑗+1 𝑡𝑗)
∞
𝑗=0 is in ℋ>𝑞,2𝜅.

Example. Let 𝑚 ∈ ℕ0 and (𝑡𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚, then (
1
𝑗+1 𝑡𝑗)

𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚.

To derive a result similar to Remarks 3.3, 3.4 and 3.5 for the class ℋ≥,cd
𝑞,2𝑛 ,

we need an inequality for Schur complements (in the sense of the Löwner semi-

ordering in the set ℂ𝑞×𝑞H of all Hermitian complex 𝑞 × 𝑞-matrices).

Lemma 3.10. Let 𝑝, 𝑟, 𝑠 ∈ ℕ, let 𝐴 ∈ ℂ
𝑝×𝑝
≥ , let 𝐵 ∈ ℂ𝑝×𝑞 be such that ℛ(𝐵) ⊆ ℛ(𝐴)

holds, let 𝐷 ∈ ℂ𝑞×𝑞, let 𝑋 ∈ ℂ𝑝×𝑟, and let 𝑌 ∈ ℂ𝑞×𝑠. Then

𝑌 ∗𝐷𝑌 − (𝑋∗𝐵𝑌 )∗(𝑋∗𝐴𝑋)†𝑋∗𝐵𝑌 ≥ 𝑌 ∗(𝐷 − 𝐵∗𝐴†𝐵)𝑌.

Proof. Because of𝐴∗ = 𝐴 andℛ(𝐵) ⊆ ℛ(𝐴) we have𝒩 (𝐴) = ℛ(𝐴)⊥ ⊆ ℛ(𝐵)⊥ =
𝒩 (𝐵∗). Taking additionally into account 𝐴 ∈ ℂ

𝑞×𝑞
≥ , ℛ(𝐵) ⊆ ℛ(𝐴), part (b) and

part (c) of Lemma A.1, and 𝐴† = 𝐴†𝐴(𝐴†)∗ ∈ ℂ
𝑝×𝑝
≥ , we obtain[

𝑋∗𝐴𝑋 𝑋∗𝐵
(𝑋∗𝐵)∗ 𝐵∗𝐴†𝐵

]
= (𝐴𝑋, 𝐵)∗𝐴†(𝐴𝑋, 𝐵) ∈ ℂ

(𝑟+𝑞)×(𝑟+𝑞)
≥ .

This relation yields 𝐵∗𝐴†𝐵 − (𝑋∗𝐵)∗(𝑋∗𝐴𝑋)†𝑋∗𝐵 ∈ ℂ
𝑟×𝑟
≥ (see, e.g., [10, Lem-

ma 1.1.9 (a)]). Consequently,

𝑌 ∗𝐷𝑌 − (𝑋∗𝐵𝑌 )∗(𝑋∗𝐴𝑋)†𝑋∗𝐵𝑌 − 𝑌 ∗(𝐷 −𝐵∗𝐴†𝐵)𝑌

= 𝑌 ∗𝐷𝑌 − 𝑌 ∗(𝑋∗𝐵)∗(𝑋∗𝐴𝑋)†𝑋∗𝐵𝑌 − 𝑌 ∗(𝐷 −𝐵∗𝐴†𝐵)𝑌

= 𝑌 ∗ [𝐵∗𝐴†𝐵 − (𝑋∗𝐵)∗(𝑋∗𝐴𝑋)†𝑋∗𝐵
]
𝑌 ∈ ℂ

𝑠×𝑠
≥ ,

which implies the asserted inequality. □

Proposition 3.11. Let 𝑛 ∈ ℕ0, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, let 𝑝 ∈ ℕ, and let 𝐶 ∈ ℂ𝑝×𝑞.
Let 𝐿𝑛,𝐶 be the matrix given by (2.1) with (𝑠𝑗)

2𝑛
𝑗=0 replaced by (𝐶𝑠𝑗𝐶

∗)2𝑛𝑗=0. Then
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𝐿𝑛,𝐶 ≥ 𝐶𝐿𝑛𝐶∗. Furthermore, if 𝑛 = 0 or if 𝑛 > 0 and

𝒩 (𝐶) ⊆
2𝑛−1∩
𝑗=0

𝒩 (𝑠𝑗), (3.3)

then 𝐿𝑛,𝐶 = 𝐶𝐿𝑛𝐶∗.

Proof. In view of (2.1), the case 𝑛 = 0 is trivial. Now we consider the case 𝑛 > 0.

Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 we have 𝑧𝑛,2𝑛−1 = 𝑦∗
𝑛,2𝑛−1 and, additionally using [12,

Remark 2.1 (a)], moreover 𝐻𝑛−1 ∈ ℂ
𝑛𝑞×𝑛𝑞
≥ and ℛ(𝑦𝑛,2𝑛−1) ⊆ ℛ(𝐻𝑛−1). Thus,

𝐿𝑛,𝐶 ≥ 𝐶𝐿𝑛𝐶∗ (3.4)

follows in view of (2.1) from Lemma 3.10 with 𝐴 := 𝐻𝑛−1, 𝐵 := 𝑦𝑛,2𝑛−1, 𝐷 := 𝑠2𝑛,
𝑋 := diag(𝐶∗, 𝐶∗, . . . , 𝐶∗) ∈ ℂ𝑛𝑞×𝑛𝑝, and 𝑌 := 𝐶∗. Now suppose (3.3). Then in
view of part (b) of Lemma A.1 for each 𝑗 ∈ ℤ0,2𝑛−1, we have then 𝑠𝑗𝐶

†𝐶 = 𝑠𝑗
and because of part (b) of Lemma 3.2 moreover 𝑠∗𝑗 = 𝑠𝑗 . Consequently, for each
𝑗 ∈ ℤ0,2𝑛−1, we get

𝐶†𝐶𝑠𝑗(𝐶
†𝐶)∗ = (𝐶†𝐶)∗𝑠𝑗𝐶

†𝐶 = (𝐶†𝐶)∗𝑠𝑗 = (𝐶
†𝐶)∗𝑠∗𝑗 = (𝑠𝑗𝐶

†𝐶)∗

= 𝑠∗𝑗 = 𝑠𝑗 .
(3.5)

Using part (a) of Lemma A.1, we obtain

𝐶𝐶†𝐶𝑠2𝑛(𝐶
†𝐶)∗𝐶∗ = 𝐶𝑠2𝑛𝐶∗(𝐶†)∗𝐶∗ = 𝐶𝑠2𝑛𝐶∗(𝐶∗)†𝐶∗ = 𝐶𝑠2𝑛𝐶∗. (3.6)

Let 𝐿𝑛,𝐶†𝐶 be the matrix given by (2.1) with (𝑠𝑗)
2𝑛
𝑗=0 replaced by the sequence

(𝐶†𝐶𝑠𝑗(𝐶
†𝐶)∗)2𝑛𝑗=0. In view of (2.1), (3.6) and (3.5), we have then

𝐶𝐿𝑛,𝐶†𝐶𝐶∗ = 𝐶𝐿𝑛𝐶∗. (3.7)

Applying the obtained inequality (3.4) to the sequence (𝐶𝑠𝑗𝐶
∗)2𝑛𝑗=0 and the matrix

𝐶†, we get
𝐿𝑛,𝐶†𝐶 ≥ 𝐶†𝐿𝑛,𝐶(𝐶†)∗. (3.8)

From (3.7), (3.8), (3.4) and part (a) of Lemma A.1 we conclude that

𝐶𝐿𝑛𝐶∗ = 𝐶𝐿𝑛,𝐶†𝐶𝐶∗ ≥ 𝐶𝐶†𝐿𝑛,𝐶(𝐶†)∗𝐶∗ ≥ 𝐶𝐶†𝐶𝐿𝑛𝐶∗(𝐶†)∗𝐶∗

= 𝐶𝐶†𝐶𝐿𝑛𝐶∗(𝐶∗)†𝐶∗ = 𝐶𝐿𝑛𝐶∗.

Consequently, 𝐶𝐶†𝐿𝑛,𝐶(𝐶†)∗𝐶∗ = 𝐶𝐿𝑛𝐶∗ holds. Taking into account (2.1) and
part (a) of Lemma A.1, this implies

𝐿𝑛,𝐶 = 𝐶𝐶†𝐿𝑛,𝐶(𝐶∗)†𝐶∗ = 𝐶𝐶†𝐿𝑛,𝐶(𝐶†)∗𝐶∗ = 𝐶𝐿𝑛𝐶∗. □

Proposition 3.12. Let 𝑛 ∈ ℕ0, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 , let 𝑝 ∈ ℕ, and let 𝐶 be a

complex 𝑝× 𝑞 matrix such that in the case 𝑛 > 0 the relation (3.3) holds. Then

(𝐶𝑠𝑗𝐶
∗)2𝑛𝑗=0 belongs to ℋ≥,cd

𝑝,2𝑛 .

Proof. Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 , we have (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Consequently, Re-

mark 3.3 provides us with (𝐶𝑠𝑗𝐶
∗)2𝑛𝑗=0 ∈ ℋ≥

𝑝,2𝑛. Let 𝐿𝑛,𝐶 be the matrix given by
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(2.1) with (𝑠𝑗)
2𝑛
𝑗=0 replaced by (𝐶𝑠𝑗𝐶

∗)2𝑛𝑗=0. In view of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and (3.3),

Proposition 3.11 yields 𝐿𝑛,𝐶 = 𝐶𝐿𝑛𝐶∗. Since (𝑠𝑗)2𝑛𝑗=0 ∈ ℋ≥,cd
𝑞,2𝑛 holds, we have

𝐿𝑛 = 0𝑞×𝑞 and hence 𝐿𝑛,𝐶 = 0𝑝×𝑝. In view of (𝐶𝑠𝑗𝐶
∗)2𝑛𝑗=0 ∈ ℋ≥

𝑝,2𝑛, this completes
the proof. □

The following example shows that the condition (3.3) in Proposition 3.12
cannot be omitted.

Example 3.13. Let 𝑠0 := 𝐼2, 𝑠1 := [ 1 1
1 0 ], 𝑠2 := [ 2 1

1 1 ] and 𝐶 := [ 1 0
0 0 ]. Then

𝐻1 =

⎡⎢⎢⎣
1 0 1 1
0 1 1 0
1 1 2 1
1 0 1 1

⎤⎥⎥⎦ = [1 0 1 1
0 1 1 0

]∗ [
1 0 1 1
0 1 1 0

]
∈ ℂ

4×4
≥

and

𝐿1 =

[
2 1
1 1

]
−
[
1 1
1 0

]
𝐼†
2

[
1 1
1 0

]
= 02×2,

which implies (𝑠𝑗)
2
𝑗=0 ∈ ℋ≥,cd

2,2 . However, 𝐶𝑠0𝐶∗ = [ 1 0
0 0 ], 𝐶𝑠1𝐶∗ = [ 1 0

0 0 ] and

𝐶𝑠2𝐶∗ = [ 2 0
0 0 ], and hence

𝐻1,𝐶 =

⎡⎢⎢⎣
1 0 1 0
0 0 0 0
1 0 2 0
0 0 0 0

⎤⎥⎥⎦ = [1 0 1 0
0 0 1 0

]∗ [
1 0 1 0
0 0 1 0

]
∈ ℂ

4×4
≥

and

𝐿1,𝐶 =

[
2 0
0 0

]
−
[
1 0
0 0

] [
1 0
0 0

]† [
1 0
0 0

]
=

[
1 0
0 0

]
∕= 02×2,

which implies (𝐶𝑠𝑗𝐶
∗)2𝑗=0 ∈ ℋ≥

2,2 ∖ ℋ≥,cd
2,2 .

Remark 3.14. Let 𝑛 ∈ ℕ0, let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ be completely degenerate of order
𝑛, let 𝑝 ∈ ℕ, and let 𝐶 be a complex 𝑝× 𝑞 matrix such that in the case 𝑛 > 0
the relation (3.3) holds. In view of Remark 3.3 and Proposition 3.12, then the
sequence (𝐶𝑠𝑗𝐶

∗)∞𝑗=0 belongs to ℋ≥
𝑝,∞ and it is completely degenerate of order 𝑛.

The following two results are taken from Chen/Hu [9, Lemma 2.3, Corol-
lary 2.5]. These results, which can be proved using Lemma 3.1, play an important
role in the conception used in [9], namely in certain proofs they allow a reduction
to the case of sequences (𝑠𝑗)

2𝑛
𝑗=0 with positive Hermitian matrix 𝑠0.

Lemma 3.15. Let 𝑛 ∈ ℕ, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, and let 𝑟 := rank 𝑠0.

(a) If 𝑟 = 0, then 𝑠𝑗 = 0𝑞×𝑞 for every 𝑗 ∈ ℤ0,2𝑛−1 and 𝑠2𝑛 ∈ ℂ
𝑞×𝑞
≥ .

(b) If 0 < 𝑟 < 𝑞, then there is a unitary 𝑞 × 𝑞 matrix 𝑈 , a sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈

ℋ≥
𝑟,2𝑛 with 𝑠0 ∈ ℂ

𝑟×𝑟
> , and a matrix 𝐷 ∈ ℂ

(𝑞−𝑟)×(𝑞−𝑟)
≥ such that 𝑈∗𝑠𝑗𝑈 =

diag(𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟) for every 𝑗 ∈ ℤ0,2𝑛−1 and 𝑈∗𝑠2𝑛𝑈 = diag(𝑠2𝑛, 𝐷).
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Lemma 3.16. Let 𝑛 ∈ ℕ, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛, and let 𝑟 := rank 𝑠0.

(a) If 𝑟 = 0, then 𝑠𝑗 = 0𝑞×𝑞 for each 𝑗 ∈ ℤ0,2𝑛.
(b) If 𝑟 = 𝑞, then 𝑠0 is positive Hermitian.
(c) Let 0 < 𝑟 < 𝑞. Then:

(c1) There are a unitary complex 𝑞× 𝑞 matrix 𝑈 and an 𝑠0 ∈ ℂ
𝑟×𝑟
≥ such that

𝑈∗𝑠0𝑈 = diag(𝑠0, 0(𝑞−𝑟)×(𝑞−𝑟)). (3.9)

(c2) Let 𝑈 ∈ ℂ𝑞×𝑞 and 𝑠0 ∈ ℂ𝑟×𝑟 be arbitrary matrices such that (3.9) holds.
Then there is a unique sequence (𝑠𝑗)

2𝑛
𝑗=1 of complex 𝑟× 𝑟 matrices such

that 𝑈∗𝑠𝑗𝑈 = diag(𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)) for each 𝑗 ∈ ℤ0,2𝑛. The sequence

(𝑠𝑗)
2𝑛
𝑗=0 belongs necessarily to ℋ≥,e

𝑟,2𝑛. If the matrix 𝑈 is non-singular,
then the matrix 𝑠0 is positive Hermitian.

4. Reciprocal sequences

The concept used in this section of constructing a special transformation for finite
and infinite sequences of complex 𝑝 × 𝑞-matrices is presented in [16]. The cited
paper deals with the question of invertibility as it applies to finite and infinite
sequences of complex 𝑝× 𝑞-matrices.

Our next definition will prove to be of particular importance throughout this
paper.

Definition 4.1. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex

𝑝× 𝑞-matrices. The sequence
(
𝑠♯𝑗
)𝜅
𝑗=0

defined by

𝑠♯𝑘 :=

⎧⎨⎩
𝑠†0, if 𝑘 = 0

−𝑠†0

𝑘−1∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙 , if 𝑘 ∈ ℤ1,𝜅

(4.1)

is called the reciprocal sequence corresponding to (𝑠𝑗)
𝜅
𝑗=0.

Remark 4.2. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices with reciprocal sequence (𝑠♯𝑗)
𝜅
𝑗=0. For each 𝑚 ∈ ℤ0,𝜅 then (𝑠

♯
𝑗)
𝑚
𝑗=0 is the

reciprocal sequence corresponding to (𝑠𝑗)
𝑚
𝑗=0.

Example 4.3. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence in ℂ𝑝×𝑞 such that
𝑠𝑗 = 0𝑝×𝑞 for each 𝑗 ∈ ℤ1,𝜅. Then 𝑠♯𝑗 = 0𝑞×𝑝 for each 𝑗 ∈ ℤ1,𝜅.

The following result (see [16, Proposition 5.11]) gives a characterization of
the coincidence of the reciprocal sequences.

Lemma 4.4. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)
𝜅
𝑗=0 and (𝑡𝑗)

𝜅
𝑗=0 are sequences in ℂ𝑝×𝑞,

then the following two statements are equivalent to one another.

(i) 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑡0𝑡†0𝑠𝑗𝑡

†
0𝑡0 for every 𝑗 ∈ ℤ0,𝜅.

(ii) 𝑠♯𝑗 = 𝑡♯𝑗 for every 𝑗 ∈ ℤ0,𝜅.
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We will see that reciprocal sequences are especially interesting when consid-
ered for the class of finite or infinite sequences of complex 𝑝× 𝑞-matrices defined
in Definition 4.5.

Definition 4.5. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence in in ℂ
𝑝×𝑞. We

then say that (𝑠𝑗)
𝜅
𝑗=0 is dominated by its first term (or, simply, that it is first term

dominant) when

𝒩 (𝑠0) ⊆
𝜅∩
𝑗=0

𝒩 (𝑠𝑗) and

𝜅∪
𝑗=0

ℛ(𝑠𝑗) ⊆ ℛ(𝑠0). (4.2)

The set of all first term dominant sequences (𝑠𝑗)
𝜅
𝑗=0 in ℂ

𝑝×𝑞 will be denoted by
𝒟𝑝×𝑞,𝜅.
Example 4.6. Let 𝜅 ∈ ℕ0∪{+∞}. All sequences (𝑠𝑗)𝜅𝑗=0 of complex 𝑞× 𝑞-matrices
such that det 𝑠0 ∕= 0 belong to the class 𝒟𝑞×𝑞,𝜅.
Remark 4.7. Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices. Then

(𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅 if and only if (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚, for all 𝑚 ∈ ℤ0,𝜅.

The following result which is taken from [16, Proposition 5.1] contains several
characterizations of the membership of a sequence of complex 𝑝× 𝑞-matrices to
the class 𝒟𝑝×𝑞,𝜅.
Proposition 4.8. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)

𝜅
𝑗=0 is a sequence in ℂ

𝑝×𝑞, then the
following statements are all equivalent:

(i) (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.

(ii) 𝒩 (𝑠0) ⊆
∩𝜅
𝑗=0𝒩 (𝑠𝑗) and 𝒩 (𝑠∗0) ⊆

∩𝜅
𝑗=0𝒩 (𝑠∗𝑗 ).

(iii)
∪𝜅
𝑗=0ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) and

∪𝜅
𝑗=0ℛ(𝑠∗𝑗 ) ⊆ ℛ(𝑠∗0).

(iv) (𝑠∗𝑗 )
𝜅
𝑗=0 ∈ 𝒟𝑞×𝑝,𝜅.

(v) 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 and 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 for all 𝑗 ∈ ℤ0,𝜅.

(vi) 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 for all 𝑗 ∈ ℤ0,𝜅.

We will next recognize that constructing the sequence reciprocal to a sequence
(𝑠𝑗)

𝜅
𝑗=0 always yields a member of 𝒟𝑝×𝑞,𝜅 (see [16, Proposition 5.10]).

Proposition 4.9. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 is a sequence in ℂ𝑝×𝑞, then

(a)
(
𝑠♯𝑗
)𝜅
𝑗=0

∈ 𝒟𝑞×𝑝,𝜅.
(b) For any 𝑗 ∈ ℤ0,𝜅 both of the following identities hold:

𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 and 𝑠♯𝑗𝑠0𝑠†0 = 𝑠♯𝑗

(c) 𝑠♯0

( 𝑘∑
𝑙=0

𝑠𝑘−𝑙𝑠
♯
𝑙

)
= 0𝑝×𝑞 for each 𝑘 ∈ ℤ1,𝜅.

(d) If

𝜅∪
𝑗=1

ℛ (𝑠𝑗) ⊆ ℛ (𝑠0), then

𝑘∑
𝑙=0

𝑠𝑙−𝑘𝑠
♯
𝑙 = 0𝑝×𝑝 for each 𝑘 ∈ ℤ1,𝜅.
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Now we compute the sequence ((𝑠♯)♯𝑗)
𝜅
𝑗=0.

Proposition 4.10. Let 𝜅 ∈ ℕ0 ∪ {+∞}. If (𝑠𝑗)𝜅𝑗=0 is a sequence in ℂ𝑝×𝑞 and if we

define the sequence
(
𝑠𝑗
)𝜅
𝑗=0

via 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0, for each 𝑗 ∈ ℤ0,𝜅, then:

(a) Both of these sequences have the same reciprocal sequence, i.e.:(
𝑠♯𝑗
)𝜅
𝑗=0

=
(
𝑠♯𝑗
)𝜅
𝑗=0

.

(b)
(
𝑠𝑗
)𝜅
𝑗=0

∈ 𝒟𝑝×𝑞,𝜅.
(c) The reciprocal sequence

((
𝑠♯𝑗
)♯)𝜅

𝑗=0
for the sequence

(
𝑠♯𝑗
)𝜅
𝑗=0

satisfies((
𝑠♯𝑗
)♯)𝜅

𝑗=0
=
(
𝑠𝑗
)𝜅
𝑗=0

.

(d) The following three statements are all equivalent:

(i) (𝑠𝑗)
𝜅
𝑗=0 is the reciprocal sequence for

(
𝑠♯𝑗
)𝜅
𝑗=0

.

(ii) (𝑠𝑗)
𝜅
𝑗=0 = (𝑠𝑗)

𝜅
𝑗=0 .

(iii) (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.

For a proof of Proposition 4.10, see [16, Proposition 5.13, Remark 4.7].

In order to formulate a particularly important result from [16], which we will
later need, we first introduce two specific types of block Toeplitz matrices.

Notation 4.11. Given a 𝜅 ∈ ℕ0∪{+∞} and a sequence (𝑠𝑗)𝜅𝑗=0 in ℂ𝑝×𝑞, we define,

for each 𝑚 ∈ ℤ0,𝜅, the triangular block Toeplitz matrices S
(𝑠)
𝑚 and 𝕊

(𝑠)
𝑚 as

S(𝑠)
𝑚 :=

⎡⎢⎢⎢⎢⎢⎣
𝑠0 0 0 . . . 0
𝑠1 𝑠0 0 . . . 0
𝑠2 𝑠1 𝑠0 . . . 0
...

...
...

. . .
...

𝑠𝑚 𝑠𝑚−1 𝑠𝑚−2 . . . 𝑠0

⎤⎥⎥⎥⎥⎥⎦ (4.3)

and

𝕊
(𝑠)
𝑚 :=

⎡⎢⎢⎢⎢⎢⎣
𝑠0 𝑠1 𝑠2 . . . 𝑠𝑚
0 𝑠0 𝑠1 . . . 𝑠𝑚−1

0 0 𝑠0 . . . 𝑠𝑚−2

...
...

...
. . .

...
0 0 0 . . . 𝑠0

⎤⎥⎥⎥⎥⎥⎦ , (4.4)

respectively. Whenever it is clear which sequence is meant, we will, respectively,

simply write S𝑚 and 𝕊𝑚 instead of S
(𝑠)
𝑚 and 𝕊

(𝑠)
𝑚 .

Remark 4.12. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. For
each 𝑚 ∈ ℕ0, then

𝕊
(𝑠)
𝑚 = [S(𝑠∗)

𝑚 ]∗ (4.5)
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where S
(𝑠∗)
𝑚 is the lower triangular block Toeplitz matrix (see (4.3)) corresponding

to the sequence (𝑠∗𝑗 )
𝜅
𝑗=0. If (𝑠𝑗)

𝜅
𝑗=0 is a sequence from ℂ

𝑞×𝑞
H then, for each 𝑚 ∈ ℕ0,

we have
𝕊

(𝑠)
𝑚 = [S(𝑠)

𝑚 ]
∗. (4.6)

Notation 4.13. For each 𝜅 ∈ ℕ0 ∪ {+∞}, for each sequence (𝑠𝑗)𝜅𝑗=0 of complex

𝑝× 𝑞-matrices, and for each 𝑚 ∈ ℤ0,𝜅, let the block Toeplitz matrices S
♯
𝑚 and 𝕊♯𝑚

be given, respectively, (using Notation 4.11, with
(
𝑠♯𝑗
)𝜅
𝑗=0

instead of (𝑠𝑗)
𝜅
𝑗=0) by

S♯𝑚 := S
(𝑠♯)
𝑚 and 𝕊

♯
𝑚 := 𝕊

(𝑠♯)
𝑚 .

The following result (see [16, Proposition 4.20]) is of central importance to
this paper.

Proposition 4.14. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then S†

𝑚 = S♯𝑚 and

𝕊†𝑚 = 𝕊♯𝑚 for each 𝑚 ∈ ℤ0,𝜅.

If 𝑟, 𝑠 ∈ ℕ, 𝐴 = (𝑎𝑗𝑘)𝑗=1,...,𝑝
𝑘=1,...,𝑞

∈ ℂ𝑝×𝑞 and 𝐵 ∈ ℂ𝑟×𝑠, then the Kronecker

product 𝐴⊗𝐵 of the matrices 𝐴 and 𝐵 is given by 𝐴⊗𝐵 := (𝑎𝑗𝑘𝐵)𝑗=1,...,𝑝
𝑘=1,...,𝑞

.

It should be noted that, if 𝑠0 ∈ ℂ
𝑝×𝑞 and if 𝑚 ∈ ℕ, then the complex

(𝑚+ 1) 𝑝× (𝑚+ 1) 𝑞 matrix diag (𝑠0, 𝑠0, . . . , 𝑠0) can be expressed as 𝐼𝑚+1 ⊗ 𝑠0.

Lemma 4.15. If 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, then, for each 𝑚 ∈ ℤ0,𝜅:

S𝑚S
†
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0), S†

𝑚S𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0) (4.7)

and

𝕊𝑚𝕊
†
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0), 𝕊

†
𝑚𝕊𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0). (4.8)

If, furthermore, 𝑝 = 𝑞 and if ℛ (𝑠0) = ℛ (𝑠∗0), then
S𝑚S

†
𝑚 = S†

𝑚S𝑚 and 𝕊𝑚𝕊
†
𝑚 = 𝕊

†
𝑚𝕊𝑚,

for every 𝑚 ∈ ℤ0,𝜅.

Proof. Combine part (a) of Theorem 4.21 in [16] with Proposition 3.6 in [16]. □
In anticipation of later applications to Hankel non-negative definite sequences

of matrices, we next consider a slight modification of first term dominancy.

Definition 4.16. Let 𝑚 ∈ ℕ. A sequence (𝑠𝑗)
𝑚
𝑗=0 of complex 𝑝× 𝑞-matrices for

which (𝑠𝑗)
𝑚−1
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚−1 is called a nearly first term dominant sequence. The

set of all nearly first term dominant sequences (𝑠𝑗)
𝑚
𝑗=0 will be denoted by 𝒟̃𝑝×𝑞,𝑚.

We also set 𝒟̃𝑝×𝑞,0 := 𝒟𝑝×𝑞,0.
Remark 4.17. For each 𝑚 ∈ ℕ, the inclusion 𝒟𝑝×𝑞,𝑚 ⊆ 𝒟̃𝑝×𝑞,𝑚 holds.

Remark 4.18. Let𝑚 ∈ ℕ and (𝑠𝑗)
𝑚
𝑗=0 be a sequence from ℂ𝑝×𝑞. Then the combina-

tion of part (a) of Proposition 4.9 and Remark 4.17 shows that (𝑠♯𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑞×𝑝,𝑚.



On a Schur-type Algorithm 135

Lemma 4.19. Let 𝑚 ∈ ℕ and let (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Let 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,𝑚−1

and let 𝑡𝑚 := 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0. Furthermore, let 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 for each 𝑗 ∈ ℤ0,𝑚.

Then:

(a) (𝑠𝑗)
𝑚
𝑗=0 = (𝑡𝑗)

𝑚
𝑗=0.

(b) (𝑠♯𝑗)
𝑚
𝑗=0 = (𝑡

♯
𝑗)
𝑚
𝑗=0.

(c) (𝑡𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚.

(d) ((𝑡♯)♯𝑗)
𝑚
𝑗=0 = (𝑡𝑗)

𝑚
𝑗=0.

(e) Let 𝑚 = 2𝑛, for some positive integer 𝑛. Then

𝐻(𝑡)
𝑛 = 𝐻(𝑠)

𝑛 + diag(0𝑛𝑝×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛)

and

𝐻(𝑡)
𝑛 =

[
𝐼𝑛+1 ⊗ (𝑠0𝑠†0)

]
𝐻(𝑠)
𝑛

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
.

Proof. (a) This follows from Proposition 4.8.

(b) Proposition 4.10 yields (𝑠♯𝑗)
𝑚
𝑗=0 = (𝑠

♯
𝑗)
𝑚
𝑗=0. Thus, (a) implies (b).

(c) Proposition 4.10 yields (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚. Hence, (a) implies (c).

(d) Apply (c) and part (d) of Proposition 4.10.

(e) The first identity is obvious. Using (a) we obtain

𝐻(𝑡)
𝑛 = 𝐻(𝑠)

𝑛 = [𝑠𝑗+𝑘]
𝑛
𝑗,𝑘=0 = [𝑠0𝑠†0𝑠𝑗+𝑘𝑠

†
0𝑠0]

𝑛
𝑗,𝑘=0

=
[
𝐼𝑛+1 ⊗ (𝑠0𝑠†0)

]
𝐻(𝑠)
𝑛

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
. □

The following result is the analogue of Lemma 4.15 for the class 𝒟̃𝑝×𝑞,𝜅.

Lemma 4.20. Let 𝑚 ∈ ℕ and (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Then

S(𝑠)
𝑚 S(𝑠♯)

𝑚 =
[
𝐼𝑚+1 ⊗ (𝑠0𝑠†0)

]
+

[
0𝑚𝑝×𝑝 0𝑚𝑝×𝑚𝑝

(𝐼𝑝 − 𝑠0𝑠†0)𝑠𝑚𝑠†0 0𝑝×𝑚𝑝

]

S(𝑠♯)
𝑚 S(𝑠)

𝑚 =
[
𝐼𝑚+1 ⊗ (𝑠†0𝑠0)

]
+

[
0𝑚𝑞×𝑞 0𝑚𝑞×𝑚𝑞

𝑠†0𝑠𝑚(𝐼𝑞 − 𝑠†0𝑠0) 0𝑞×𝑚𝑞

]
. (4.9)

Proof. Let 𝑡𝑗 := 𝑠𝑗 for all 𝑗 ∈ ℤ0,𝑚−1 and 𝑡𝑚 := 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0. From part (b)

of Lemma 4.19, we get 𝑡♯𝑗 = 𝑠♯𝑗 for all 𝑗 ∈ ℤ0,𝑚 and hence S
(𝑠♯)
𝑚 = S

(𝑡♯)
𝑚 . From

(𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚 and part (c) of Lemma 4.19 we get (𝑡𝑗)

𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚 which, in

view of [16, Proposition 4.20], implies (S
(𝑡)
𝑚 )† = S

(𝑡♯)
𝑚 . Because of (𝑡𝑗)

𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚

and Lemma 4.15, we have

S(𝑡)
𝑚 (S

(𝑡)
𝑚 )

† = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0) and (S(𝑡)
𝑚 )

†S(𝑡)
𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0).



136 B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz

Hence, taking into account that Definition 4.1 implies 𝑠♯0 = 𝑠†0, we get

S(𝑠)
𝑚 S(𝑠♯)

𝑚 =

(
S(𝑡)
𝑚 +

[
0𝑚𝑝×𝑞 0𝑚𝑝×𝑚𝑞

𝑠𝑚 − 𝑡𝑚 0𝑝×𝑚𝑞

])
S(𝑠♯)
𝑚

= S(𝑡)
𝑚 S(𝑠♯)

𝑚 +

[
0𝑚𝑝×𝑞 0𝑚𝑝×𝑚𝑞

𝑠𝑚 − 𝑡𝑚 0𝑝×𝑚𝑞

]
S(𝑠♯)
𝑚

= S(𝑡)
𝑚 S(𝑡♯)

𝑚 +

[
0𝑚𝑝×𝑞 0𝑚𝑝×𝑚𝑞

𝑠𝑚 − 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0 0𝑝×𝑚𝑞

] [
𝑠♯0 0𝑞×𝑚𝑝
∗ ∗

]
= S(𝑡)

𝑚 (S
(𝑡)
𝑚 )

† +
[

0𝑚𝑝×𝑞 0𝑚𝑝×𝑚𝑞
𝑠𝑚 − 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0 0𝑝×𝑚𝑞

] [
𝑠†0 0𝑞×𝑚𝑝
∗ ∗

]
=
[
𝐼𝑚+1 ⊗ (𝑠0𝑠†0)

]
+

[
0𝑚𝑝×𝑝 0𝑚𝑝×𝑚𝑝

(𝐼𝑝 − 𝑠0𝑠†0)𝑠𝑚𝑠†0 0𝑝×𝑚𝑝

]
and, similarly, we obtain (4.9). □

Now we want to reformulate Lemma 4.20 in terms of Cauchy products.

Notation 4.21. Let 𝜅 ∈ ℕ0 ∪ {+∞}. For all sequences (𝑠𝑗)𝜅𝑗=0 and (𝑡𝑗)
𝜅
𝑗=0 in ℂ

𝑝×𝑞

and ℂ𝑞×𝑟, respectively, we will denote the Cauchy product of these two sequences
by ((𝑠⊙ 𝑡)𝑗)

𝜅
𝑗=0, i.e., for all 𝑗 ∈ ℤ0,𝜅:

(𝑠⊙ 𝑡)𝑗 =

𝑗∑
𝑙=0

𝑠𝑙𝑡𝑗−𝑙.

Remark 4.22. Let 𝜅 ∈ ℕ0 ∪ {+∞}. Suppose that (𝑠𝑗)𝜅𝑗=0 and (𝑡𝑗)
𝜅
𝑗=0 are, respec-

tively, sequences in ℂ𝑝×𝑞 and ℂ𝑞×𝑟. If (𝑢𝑗)𝜅𝑗=0 is a sequence in ℂ𝑝×𝑟, then

(𝑢𝑗)
𝜅
𝑗=0 = ((𝑠⊙ 𝑡)𝑗)

𝜅
𝑗=0 if and only if S(𝑠)

𝑚 S(𝑡)
𝑚 = S(𝑢)

𝑚 for all 𝑚 ∈ ℤ0,𝜅.

Proposition 4.23. Let 𝑚 ∈ ℕ and (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Then

(𝑠⊙ 𝑠♯)𝑗 =

⎧⎨⎩
𝑠0𝑠†0 if 𝑗 = 0

0𝑝×𝑝 if 1 ≤ 𝑗 ≤ 𝑚− 1
(𝐼𝑝 − 𝑠0𝑠†0)𝑠𝑚𝑠†0 if 𝑗 = 𝑚

and

(𝑠♯ ⊙ 𝑠)𝑗 =

⎧⎨⎩
𝑠†0𝑠0 if 𝑗 = 0

0𝑞×𝑞 if 1 ≤ 𝑗 ≤ 𝑚− 1
𝑠†0𝑠𝑚(𝐼𝑞 − 𝑠†0𝑠0) if 𝑗 = 𝑚

.

Proof. Use Lemma 4.20 and Remark 4.22. □
Now we consider the classes of Hankel non-negative definite extendable se-

quences and Hankel non-negative definite sequences against the background of this
section.

Proposition 4.24. For each 𝜅 ∈ ℕ0 ∪ {+∞}, we have ℋ≥,e
𝑞,𝜅 ⊆ 𝒟𝑞×𝑞,𝜅.
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Proof. Use Lemma 3.1. □

Proposition 4.25. For each 𝑛 ∈ ℕ, the inclusion ℋ≥
𝑞,2𝑛 ⊆ 𝒟̃𝑞×𝑞,2𝑛 holds.

Proof. Apply Lemma 3.2. □

5. Some identities for block Hankel matrices associated with
Cauchy products

In this section, we study the interplay between the operation of forming Cauchy
products of sequences of complex matrices and the construction of block Hankel
matrices.

Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ𝑝×𝑞. Then we consider the

block Hankel matrix

𝐻(𝑠)
𝑛 := [𝑠𝑗+𝑘]

𝑛
𝑗,𝑘=0. (5.1)

Now we want to derive a first formula for the block Hankel matrix associated with
the Cauchy product of two sequences of matrices. To prepare this we introduce a
particular block matrix.

For each 𝑚 ∈ ℕ, let the complex 𝑚𝑞 ×𝑚𝑞 matrix 𝑈𝑞,𝑚 be given by

𝑈𝑞,𝑚 :=

⎡⎢⎢⎢⎣
0𝑞×𝑞 0𝑞×𝑞 ⋅ ⋅ ⋅ 0𝑞×𝑞 𝐼𝑞
0𝑞×𝑞 0𝑞×𝑞 ⋅ ⋅ ⋅ 𝐼𝑞 0𝑞×𝑞
...

...
...

...
𝐼𝑞 0𝑞×𝑞 ⋅ ⋅ ⋅ 0𝑞×𝑞 0𝑞×𝑞

⎤⎥⎥⎥⎦ , (5.2)

i.e., we set 𝑈𝑞,𝑚 := [𝛿𝑗,𝑚−𝑘+1𝐼𝑞]
𝑚
𝑗,𝑘=1, where 𝛿ℓ,𝑚 is the Kronecker symbol: 𝛿ℓ,𝑚 :=

1 if 𝑚 = ℓ and 𝛿ℓ,𝑚 := 0 otherwise. Clearly,

𝑈2
𝑞,𝑚 = 𝐼𝑚𝑞. (5.3)

Remark 5.1. Let 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞 and 𝑛 ∈ ℕ

with 2𝑛 ≤ 𝜅. Then:

(a) The matrix S
(𝑠)
2𝑛 admits the block representations

S
(𝑠)
2𝑛 =

⎡⎢⎣ [S(𝑠)
𝑛−1, 0𝑛𝑝×𝑞] 0𝑛𝑝×𝑛𝑞

𝐻
(𝑠)
𝑛 𝑈𝑞,𝑛+1

[
0𝑝×𝑛𝑞
S

(𝑠)
𝑛−1

] ⎤⎥⎦ , (5.4)

S
(𝑠)
2𝑛 =

[
S

(𝑠)
𝑛 0(𝑛+1)𝑝×𝑛𝑞

[0𝑛𝑝×𝑝, 𝐼𝑛𝑝]𝐻
(𝑠)
𝑛 𝑈𝑞,𝑛+1 S

(𝑠)
𝑛−1

]
(5.5)

and

S
(𝑠)
2𝑛 =

⎡⎣ S
(𝑠)
𝑛−1 0𝑛𝑝×(𝑛+1)𝑞

𝐻
(𝑠)
𝑛 𝑈𝑞,𝑛+1

[
𝐼𝑛𝑞
0𝑞×𝑛𝑞

]
S

(𝑠)
𝑛

⎤⎦ . (5.6)
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(b) 𝐻(𝑠)
𝑛 = [0(𝑛+1)𝑝×𝑛𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠)
2𝑛

[
𝑈𝑞,𝑛+1

0𝑛𝑞×(𝑛+1)𝑞

]
.

(Apply part (a) and 𝑈2
𝑞,𝑛+1 = 𝐼(𝑛+1)𝑞 .)

Proposition 5.2. Let 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞, (𝑡𝑗)𝜅𝑗=0 be

a sequence from ℂ𝑞×𝑟 and 𝑛 ∈ ℕ with 2𝑛 ≤ 𝜅. Then

𝐻(𝑠⊙𝑡)
𝑛 = 𝐻(𝑠)

𝑛 𝕊
(𝑡)
𝑛 + diag(0𝑝×𝑞,S

(𝑠)
𝑛−1)𝐻

(𝑡)
𝑛 (5.7)

and

𝐻(𝑠⊙𝑡)
𝑛 = 𝐻(𝑠)

𝑛 diag(0𝑝×𝑞, 𝕊
(𝑡)
𝑛−1) + S(𝑠)

𝑛 𝐻(𝑡)
𝑛 . (5.8)

Proof. We have

𝐻(𝑠⊙𝑡)
𝑛 = [0(𝑛+1)𝑝×𝑛𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠⊙𝑡)
2𝑛

[
𝑈𝑟,𝑛+1

0𝑛𝑟×(𝑛+1)𝑟

]
= [0(𝑛+1)𝑝×𝑛𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠)
2𝑛S

(𝑡)
2𝑛

[
𝑈𝑟,𝑛+1

0𝑛𝑟×(𝑛+1)𝑟

]

= [0(𝑛+1)𝑝×𝑛𝑝, 𝐼(𝑛+1)𝑝]

⎡⎣ ∗ ∗
𝐻

(𝑠)
𝑛 𝑈𝑞,𝑛+1

[
0𝑝×𝑛𝑞
S

(𝑠)
𝑛−1

] ⎤⎦
×
[

S
(𝑡)
𝑛 ∗

[0𝑛𝑞×𝑞, 𝐼𝑛𝑞]𝐻
(𝑡)
𝑛 𝑈𝑟,𝑛+1 ∗

][
𝑈𝑟,𝑛+1

0𝑛𝑟×(𝑛+1)𝑟

]
= 𝐻(𝑠)

𝑛 𝑈𝑞,𝑛+1S
(𝑡)
𝑛 𝑈𝑟,𝑛+1 +

[
0𝑝×𝑛𝑞
S

(𝑠)
𝑛−1

]
[0𝑛𝑞×𝑞, 𝐼𝑛𝑞 ]𝐻(𝑡)

𝑛 𝑈2
𝑟,𝑛+1

= 𝐻(𝑠)
𝑛 𝕊

(𝑡)
𝑛 + diag(0𝑝×𝑞,S

(𝑠)
𝑛−1)𝐻

(𝑡)
𝑛 ,

where the first equality is due to part (b) of Remark 5.1, the second to Remark 4.22,
the third to part (a) of Remark 5.1, the fourth to 𝑈2

𝑟,𝑛+1 = 𝐼(𝑛+1)𝑟 and the fifth
to [16, Remark 2.16]. Thus, (5.7) is checked. Similarly, one can prove that (5.8)
holds true. □

Now let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+1
𝑗=0 be a sequence from ℂ𝑝×𝑞. Then we will

consider the block Hankel matrix

𝐾(𝑠)
𝑛 := [𝑠𝑗+𝑘+1]

𝑛
𝑗,𝑘=0.

Remark 5.3. Let 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞 and 𝑛 ∈ ℕ0

with 2𝑛+ 1 ≤ 𝜅. Then:

(a) The matrix S
(𝑠)
2𝑛+1 admits the block representation

S
(𝑠)
2𝑛+1 =

[
S

(𝑠)
𝑛 0(𝑛+1)𝑝×(𝑛+1)𝑞

𝐾
(𝑠)
𝑛 𝑈𝑞,𝑛+1 S

(𝑠)
𝑛

]
.
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(b) 𝐾(𝑠)
𝑛 = [0(𝑛+1)𝑝×(𝑛+1)𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠)
2𝑛+1

[
𝑈𝑞,𝑛+1

0(𝑛+1)𝑞×(𝑛+1)𝑞

]
.

(Apply part (a) and 𝑈2
𝑞,𝑛+1 = 𝐼(𝑛+1)𝑞 .)

Proposition 5.4. Let 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞, (𝑡𝑗)𝜅𝑗=0 be

a sequence from ℂ𝑞×𝑟 and 𝑛 ∈ ℕ0 with 2𝑛+ 1 ≤ 𝜅. Then

𝐾(𝑠⊙𝑡)
𝑛 = 𝐾(𝑠)

𝑛 𝕊
(𝑡)
𝑛 + S(𝑠)

𝑛 𝐾(𝑡)
𝑛 .

Proof. We have

𝐾(𝑠⊙𝑡)
𝑛 = [0(𝑛+1)𝑝×(𝑛+1)𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠⊙𝑡)
2𝑛+1

[
𝑈𝑟,𝑛+1

0(𝑛+1)𝑟×(𝑛+1)𝑟

]
= [0(𝑛+1)𝑝×(𝑛+1)𝑝, 𝐼(𝑛+1)𝑝]S

(𝑠)
2𝑛+1S

(𝑡)
2𝑛+1

[
𝑈𝑟,𝑛+1

0(𝑛+1)𝑟×(𝑛+1)𝑟

]
= [0(𝑛+1)𝑝×(𝑛+1)𝑝, 𝐼(𝑛+1)𝑝]

[ ∗ ∗
𝐾

(𝑠)
𝑛 𝑈𝑞,𝑛+1 S

(𝑠)
𝑛

]
×
[

S
(𝑡)
𝑛 ∗

𝐾
(𝑡)
𝑛 𝑈𝑟,𝑛+1 ∗

][
𝑈𝑟,𝑛+1

0(𝑛+1)𝑟×(𝑛+1)𝑟

]
= 𝐾(𝑠)

𝑛 𝑈𝑞,𝑛+1S
(𝑡)
𝑛 𝑈𝑟,𝑛+1 + S(𝑠)

𝑛 𝐾(𝑡)
𝑛 𝑈2

𝑟,𝑛+1 = 𝐾(𝑠)
𝑛 𝕊

(𝑡)
𝑛 + S(𝑠)

𝑛 𝐾(𝑡)
𝑛

where the first equality is due to part (b) of Remark 5.3, the second to Remark 4.22,
the third to part (a) of Remark 5.3, the fourth to 𝑈2

𝑟,𝑛+1 = 𝐼(𝑛+1)𝑟 and the fifth
to [16, Remark 2.16]. □

Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+2
𝑗=0 be a sequence from ℂ𝑝×𝑞. We now consider the

block Hankel matrix

𝐺(𝑠)
𝑛 := [𝑠𝑗+𝑘+2]

𝑛
𝑗,𝑘=0.

Proposition 5.5. Let 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞, (𝑡𝑗)𝜅𝑗=0 be

a sequence from ℂ
𝑞×𝑟 and 𝑛 ∈ ℕ0 with 2𝑛+ 2 ≤ 𝜅. Then

𝐺(𝑠⊙𝑡)
𝑛 = 𝐺(𝑠)

𝑛 𝕊
(𝑡)
𝑛 + 𝑦

(𝑠)
1,𝑛+1𝑧

(𝑡)
1,𝑛+1 + S(𝑠)

𝑛 𝐺(𝑡)
𝑛 .

Proof. From Proposition 5.2, we have

𝐺(𝑠⊙𝑡)
𝑛 = [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝]𝐻

(𝑠⊙𝑡)
𝑛+1

[
0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
= [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝]

[
𝐻

(𝑠)
𝑛+1𝕊

(𝑡)
𝑛+1 + diag(0𝑝×𝑞,S

(𝑠)
𝑛 )𝐻

(𝑡)
𝑛+1

] [0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
= [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝]𝐻

(𝑠)
𝑛+1𝕊

(𝑡)
𝑛+1

[
0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
+ [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝] diag(0𝑝×𝑞,S(𝑠)

𝑛 )𝐻
(𝑡)
𝑛+1

[
0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
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= [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝]

[ ∗ ∗
𝑦

(𝑠)
1,𝑛+1 𝐺

(𝑠)
𝑛

] [∗ 𝑧
(𝑡)
1,𝑛+1

∗ 𝕊
(𝑡)
𝑛

][
0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
+ [0(𝑛+1)𝑝×𝑝, 𝐼(𝑛+1)𝑝]

[ ∗ ∗
0(𝑛+1)𝑝×𝑞 S

(𝑠)
𝑛

] [∗ ∗
∗ 𝐺

(𝑡)
𝑛

] [
0𝑟×(𝑛+1)𝑟

𝐼(𝑛+1)𝑟

]
= [𝑦

(𝑠)
1,𝑛+1, 𝐺(𝑠)

𝑛 ]

[
𝑧

(𝑡)
1,𝑛+1

𝕊
(𝑡)
𝑛

]
+ [0(𝑛+1)𝑝×𝑞,S(𝑠)

𝑛 ]

[ ∗
𝐺

(𝑡)
𝑛

]
= 𝐺(𝑠)

𝑛 𝕊
(𝑡)
𝑛 + 𝑦

(𝑠)
1,𝑛+1𝑧

(𝑡)
1,𝑛+1 + S(𝑠)

𝑛 𝐺(𝑡)
𝑛 . □

6. Some identities for block Hankel matrices formed by a sequence
and its reciprocal

The main theme of this section is the investigation of the interplay between various
block Hankel matrices. Let 𝑛 ∈ ℕ and let (𝑠𝑗)

2𝑛
𝑗=0 be a sequence from ℂ𝑝×𝑞. Further,

let (𝑠♯𝑗)
2𝑛
𝑗=0 be the reciprocal sequence corresponding to (𝑠𝑗)

2𝑛
𝑗=0. Then we will study

the interplay between the block Hankel matrices 𝐻
(𝑠)
𝑛 given by (5.1) and

𝐻(𝑠♯)
𝑛 := [𝑠♯𝑗+𝑘]

𝑛
𝑗,𝑘=0. (6.1)

Whenever it is clear which sequence is meant, we will, respectively, write 𝐻𝑛 and

𝐻♯
𝑛 instead of 𝐻

(𝑠)
𝑛 and 𝐻

(𝑠♯)
𝑛 .

To prepare the formulation of the first main result of this section we introduce
some notation. For each 𝑛 ∈ ℕ0, let

𝑣𝑞,𝑛 := col(𝛿𝑗0𝐼𝑞)
𝑛
𝑗=0. (6.2)

Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ
𝑝×𝑞 with reciprocal

sequence (𝑠♯𝑗)
𝜅
𝑗=0. Then, for all integers 𝑗 and 𝑘 satisfying 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝜅, we set

𝑦♯𝑗𝑘 := col(𝑠
♯
𝑙 )
𝑘
𝑙=𝑗 and 𝑧♯𝑗𝑘 := row(𝑠

♯
𝑙 )
𝑘
𝑙=𝑗 . (6.3)

Theorem 6.1. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. Then:

(a) The equations

𝐻♯
𝑛 + S♯𝑛𝐻𝑛𝕊

♯
𝑛 = 𝑦♯0,𝑛𝑣∗

𝑝,𝑛 + 𝑣𝑞,𝑛𝑧♯0,𝑛 (6.4)

and
𝐻♯
𝑛 + S†

𝑛𝐻𝑛𝕊
†
𝑛 = 𝑦♯0,𝑛𝑣∗

𝑝,𝑛 + 𝑣𝑞,𝑛𝑧♯0,𝑛 (6.5)

hold.
(b) Let

Θ𝑛;𝑝, 𝑞 :=

{
0𝑝×𝑞 if 𝑛 = 0

diag(0𝑛𝑝×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛) if 𝑛 ∈ ℕ.
(6.6)

Then
𝐻𝑛 + S𝑛𝐻♯

𝑛𝕊𝑛 = 𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛 −Θ𝑛;𝑝, 𝑞.
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Proof. (a) In the case 𝑛 = 0 both assertions are an immediate consequence of (5.1),
(6.1), (6.2), (6.3) and Definition 4.1. Suppose now 𝑛 ∈ ℕ. From Proposition 5.2
we get then

𝐻𝑛𝕊
♯
𝑛 = 𝐻(𝑠⊙𝑠♯)

𝑛 − diag(0𝑝×𝑞,S𝑛−1)𝐻
♯
𝑛. (6.7)

Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛, it follows from Proposition 4.23 that

𝐻(𝑠⊙𝑠♯)
𝑛 = diag(𝑠0𝑠†0, 0𝑛𝑝×𝑛𝑝) + diag

(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛𝑠†0

)
. (6.8)

Since (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛, we see from Remark 4.7 that (𝑠𝑗)

𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑛 which in

view of Proposition 4.14 implies

S†
𝑛 = S♯𝑛, (6.9)

𝕊
†
𝑛 = 𝕊

♯
𝑛 (6.10)

and, in view of [16, Lemma 4.18], moreover

S†
𝑛 =

[∗ 0𝑞×𝑛𝑝
∗ S†

𝑛−1

]
. (6.11)

From Definition 4.16 and Remark 4.7 we get (𝑠𝑗)
𝑛−1
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑛−1. Hence, Lem-

ma 4.15 yields

S†
𝑛−1S𝑛−1 = 𝐼𝑛 ⊗ (𝑠†0𝑠0). (6.12)

Thus, using (6.9), (6.11) and (6.12), we obtain

𝐼(𝑛+1)𝑞 − S♯𝑛 diag(0𝑝×𝑞,S𝑛−1) = 𝐼(𝑛+1)𝑞 − S†
𝑛 diag(0𝑝×𝑞,S𝑛−1)

= 𝐼(𝑛+1)𝑞 −
[∗ 0𝑞×𝑛𝑝
∗ S†

𝑛−1

]
diag(0𝑝×𝑞,S𝑛−1)

= diag(𝐼𝑞 , 𝐼𝑛𝑞)− diag(0𝑞×𝑞,S†
𝑛−1S𝑛−1)

= diag(𝐼𝑞 , 𝐼𝑛 ⊗ 𝐼𝑞)− diag
(
0𝑞×𝑞, 𝐼𝑛 ⊗ (𝑠†0𝑠0)

)
= diag

(
𝐼𝑞, 𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)

)
. (6.13)

From part (b) of Proposition 4.9 we get 𝑠♯𝑗𝑠0𝑠†0 = 𝑠♯𝑗 for all 𝑗 ∈ ℤ0,𝑛 and hence

S♯𝑛 diag(𝑠0𝑠†0, 0𝑛𝑝×𝑛𝑝) = [𝑦
♯
0,𝑛, ∗] diag(𝑠0𝑠†0, 0𝑛𝑝×𝑛𝑝)

= [𝑦♯0,𝑛𝑠0𝑠†0, 0(𝑛+1)𝑞×𝑛𝑝] = [𝑦
♯
0,𝑛, 0(𝑛+1)𝑞×𝑛𝑝]

= 𝑦♯0,𝑛𝑣∗
𝑝,𝑛.

(6.14)
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In view of 𝑠♯0 = 𝑠†0, we have

S♯𝑛 diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛𝑠†0

)
=

[∗ 0𝑛𝑞×𝑝
∗ 𝑠♯0

]
diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛𝑠†0

)
= diag

(
0𝑛𝑞×𝑛𝑝, 𝑠

♯
0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛𝑠†0

)
= 0(𝑛+1)𝑞×(𝑛+1)𝑝.

(6.15)

From part (b) of Proposition 4.9 we get 𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 for all 𝑗 ∈ ℤ1,2𝑛 and hence

diag
(

𝐼𝑞, 𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)
)

𝐻♯
𝑛 = diag

(
𝐼𝑞, 𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)

)[ 𝑧♯0,𝑛
[𝑦♯1,𝑛, 𝐺♯𝑛−1]

]

=

[
𝐼𝑞𝑧

♯
0,𝑛

[𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)][𝑦
♯
1,𝑛, 𝐺♯𝑛−1]

]

=

[
𝑧♯0,𝑛

[[𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)]𝑦
♯
1,𝑛, [𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)]𝐺

♯
𝑛−1]

]
=

[
𝑧♯0,𝑛

[0𝑛𝑞×𝑝, 0𝑛𝑞×𝑛𝑝]

]
=

[
𝑧♯0,𝑛

0𝑛𝑞×(𝑛+1)𝑝]

]
= 𝑣𝑞,𝑛𝑧♯0,𝑛.

(6.16)

Thus, using (6.7), (6.8), (6.13), (6.14), (6.15) and (6.16), we finally obtain

𝐻♯
𝑛 + S♯𝑛𝐻𝑛𝕊

♯
𝑛 = 𝐻♯

𝑛 + S♯𝑛

[
𝐻(𝑠⊙𝑠♯)
𝑛 − diag(0𝑝×𝑞,S𝑛−1)𝐻

♯
𝑛

]
= S♯𝑛𝐻(𝑠⊙𝑠♯)

𝑛 +
[
𝐼(𝑛+1)𝑞 − S♯𝑛 diag(0𝑝×𝑞,S𝑛−1)

]
𝐻♯
𝑛

= S♯𝑛

[
diag(𝑠0𝑠†0, 0𝑛𝑝×𝑛𝑝) + diag

(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛𝑠†0

)]
+ diag

(
𝐼𝑞 , 𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)

)
𝐻♯
𝑛

= 𝑦♯0,𝑛𝑣∗
𝑝,𝑛 + 𝑣𝑞,𝑛𝑧♯0,𝑛.

Hence (6.4) is proved. Taking (6.9) and (6.10) into account, then (6.5) follows from
(6.4). Thus, (a) is proved.

(b) From (5.1), (4.3), (6.1), (4.4), Definition 4.1, (2.2) and (6.2), we see that

𝐻0 + S0𝐻♯
0𝕊0 = 𝑠0 + 𝑠0𝑠♯0𝑠0 = 𝑠0 + 𝑠0𝑠†0𝑠0 = 𝑠0 + 𝑠0 = 𝑦0,0𝑣∗

𝑞,0 + 𝑣𝑝,0𝑧0,0.

Thus, the assertion is proved in the case 𝑛 = 0. Now suppose 𝑛 ∈ ℕ. Let 𝑡𝑗 := 𝑠𝑗
for each 𝑗 ∈ ℤ0,2𝑛−1 and 𝑡2𝑛 := 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0. Then parts (b) and (d) of Lemma 4.19
yield

(𝑠♯𝑗)
2𝑛
𝑗=0 = (𝑡

♯
𝑗)

2𝑛
𝑗=0 (6.17)

and (
(𝑡♯)♯𝑗

)2𝑛

𝑗=0
= (𝑡𝑗)

2𝑛
𝑗=0, (6.18)
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respectively. In view of Remark 4.18, we have (𝑡♯𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑞×𝑝,2𝑛. Thus, applying

Theorem 6.1 to the sequence (𝑡♯𝑗)
2𝑛
𝑗=0 and taking (6.18) into account, we obtain

𝐻(𝑡)
𝑛 + S(𝑡)

𝑛 𝐻(𝑡♯)
𝑛 𝕊

(𝑡)
𝑛 = 𝑦

(𝑡)
0,𝑛𝑣∗

𝑝,𝑛 + 𝑣𝑞,𝑛𝑧
(𝑡)
0,𝑛. (6.19)

In view of part (e) of Lemma 4.19, we have

𝐻(𝑡)
𝑛 = 𝐻𝑛 +Θ𝑛;𝑝, 𝑞. (6.20)

From (6.17) we see

𝐻♯
𝑛 = 𝐻(𝑡♯)

𝑛 . (6.21)

From the definition of the sequence (𝑡𝑗)
2𝑛
𝑗=0 the equations

S(𝑡)
𝑛 = S𝑛, 𝕊

(𝑡)
𝑛 = 𝕊𝑛, 𝑦

(𝑡)
0,𝑛 = 𝑦0,𝑛 and 𝑧

(𝑡)
0,𝑛 = 𝑧0,𝑛

are obvious. Thus, taking (6.20) and (6.21) into account the assertion is an imme-
diate consequence of (6.19). □

Corollary 6.2. Let 𝜅 ∈ ℤ2,∞ and let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝜅. For every choice of integers

𝑚 ∈ ℤ1,𝜅−1 and 𝑛 ∈ ℤ1,𝜅−𝑚, then
𝑚∑
𝑘=0

𝑛∑
𝑙=0

𝑠♯𝑚−𝑘𝑠𝑘+𝑙𝑠
♯
𝑛−𝑙 = −𝑠♯𝑚+𝑛.

Proof. Compare the 𝑝× 𝑞 blocks in the 𝑝× 𝑞 block partition of the lower right
𝑛𝑝× 𝑛𝑞 block of the left- and right-hand side of equation (6.4) in Theorem 6.1. □
Corollary 6.3. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)

2𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛. Then (6.4), (6.5), and

𝐻𝑛 + S𝑛𝐻♯
𝑛𝕊𝑛 = 𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛 (6.22)

hold true.

Proof. In the case 𝑛 = 0 equation (6.22) is trivial. Now we consider the case

𝑛 ∈ ℕ. From Remark 4.17 we obtain (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. Hence, part (a) of The-

orem 6.1 yields (6.4) and (6.5). Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛, Proposition 4.8

implies 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 = 𝑠2𝑛. Consequently, applying part (b) of Theorem 6.1 gives
us (6.22). □

In view of Proposition 4.25 and Proposition 4.24, we are now able to apply
the preceding results to the classes of Hankel non-negative definite sequences and
Hankel non-negative definite extendable sequences.

Proposition 6.4. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅. For each 𝑛 ∈ ℤ0,𝜅

then
𝐻♯
𝑛 + S♯𝑛𝐻𝑛(S

♯
𝑛)

∗ = 𝑦♯0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧♯0,𝑛, (6.23)

𝐻♯
𝑛 + S†

𝑛𝐻𝑛(S
†
𝑛)

∗ = 𝑦♯0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧♯0,𝑛, (6.24)

and
𝐻𝑛 + S𝑛𝐻♯

𝑛S
∗
𝑛 = 𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛 −Θ𝑛;𝑞, 𝑞, (6.25)

where Θ𝑛;𝑞, 𝑞 is given by (6.6).
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Proof. Let 𝑛 ∈ ℤ0,𝜅. Then (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛. From part (b) of Lemma 3.2

we infer then, 𝑠∗𝑗 = 𝑠𝑗 for each 𝑗 ∈ ℤ0,𝑛. Hence, (4.6) implies 𝕊𝑛 = S∗
𝑛. Because

of [16, Corollary 5.17], we get (𝑠♯𝑗)
∗ = 𝑠♯𝑗 for each 𝑗 ∈ ℤ0,𝑛. Consequently, 𝕊

♯
𝑛 =

(S♯𝑛)
∗. Thus, in the case 𝑛 = 0, the assertion follows immediately. Now suppose

𝑛 ≥ 1. From Proposition 4.25 we see that (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑞×𝑞,2𝑛 is valid. Hence, the

application of Theorem 6.1 and part (a) of Lemma A.1 yields (6.23) and (6.24),
whereas part (b) of Theorem 6.1 provides us (6.25). □

Proposition 6.5. Let 𝑚 ∈ ℕ0 and let (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑚. For each 𝑛 ∈ ℤ0,𝑚, then the

equations (6.23), (6.24), and

𝐻𝑛 + S𝑛𝐻♯
𝑛S

∗
𝑛 = 𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑞,𝑛𝑧0,𝑛

hold true.

Proof. From Proposition 4.24 we see that (𝑠𝑗)
2𝑚
𝑗=0 belongs to 𝒟𝑞×𝑞,𝑚. Consequently,

for each 𝑛 ∈ ℤ0,𝑚, from Proposition 4.8 we get 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 = 𝑠2𝑛. Taking into

account that (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥

𝑞,2𝑚 the application of Proposition 6.4 completes the
proof. □

Our next goal can be described as follows. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 ∈

𝒟̃𝑝×𝑞,2𝑛. Then starting from Theorem 6.1 we are looking for further relations
between the block Hankel matrices 𝐻𝑛 and 𝐻♯

𝑛. The following lemma contains the
key to reach this goal.

Lemma 6.6. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑛. Then

S♯𝑛(𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)𝕊

♯
𝑛 = 𝑦♯0,𝑛𝑣∗

𝑝,𝑛 + 𝑣𝑞,𝑛𝑧♯0,𝑛 (6.26)

and

S𝑛(𝑦
♯
0,𝑛𝑣∗

𝑝,𝑛 + 𝑣𝑞,𝑛𝑧♯0,𝑛)𝕊𝑛 = 𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛. (6.27)

Proof. Using (4.3), (2.2), (6.2), 𝑠♯0 = 𝑠†0 and (6.3), we easily see that (6.26) is true
for 𝑛 = 0.

Now suppose 𝑛 ∈ ℕ. From (4.3), (4.4) and (2.2) we see that 𝑦0,𝑛 and 𝑧0,𝑛 are
the first (𝑛+ 1) 𝑝× 𝑞-block column of S𝑛 and the first 𝑝× (𝑛+ 1) 𝑞-block row of
𝕊𝑛, respectively. Thus, the application of Proposition 4.14 and Lemma 4.15 yields

S♯𝑛𝑦0,𝑛 = S†
𝑛𝑦0,𝑛 = S†

𝑛S𝑛

[
𝐼𝑞

0𝑞×𝑞

]
=

[
𝑠†0𝑠0

0𝑛𝑞×𝑞

]
(6.28)

and

𝑧0,𝑛𝕊
♯
𝑛 = 𝑧0,𝑛𝕊

†
𝑛 =
[
𝐼𝑝 0𝑝×𝑛𝑝

]
𝕊𝑛𝕊

†
𝑛 = [𝑠0𝑠†0, 0𝑝×𝑛𝑝]. (6.29)

Using (4.3), (4.4) and (6.2), we get

𝑣∗
𝑞,𝑛𝕊

♯
𝑛 = [𝑠

♯
0, . . . , 𝑠♯𝑛] (6.30)
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and

S♯𝑛𝑣𝑝,𝑛 =

⎡⎢⎣𝑠♯0
...

𝑠♯𝑛

⎤⎥⎦ . (6.31)

Applying (6.28), (6.29), (6.30), (6.31), part (b) of Proposition 4.9, (6.2) and (6.3),
we obtain

S♯𝑛(𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)𝕊

♯
𝑛 = S♯𝑛𝑦0,𝑛𝑣∗

𝑞,𝑛𝕊
♯
𝑛 + S♯𝑛𝑣𝑝,𝑛𝑧0,𝑛𝕊

♯
𝑛

=

[
𝑠†0𝑠0

0𝑛𝑞×𝑞

]
[𝑠♯0, . . . , 𝑠♯𝑛] +

⎡⎢⎣𝑠♯0
...

𝑠♯𝑛

⎤⎥⎦ [𝑠0𝑠†0, 0𝑝×𝑛𝑝]

=

[
[𝑠†0𝑠0𝑠♯0, . . . , 𝑠†0𝑠0𝑠♯𝑛]

0𝑛𝑞×(𝑛+1)𝑞

]
+

⎡⎢⎣
⎡⎢⎣𝑠♯0𝑠0𝑠†0

...

𝑠♯𝑛𝑠0𝑠†0

⎤⎥⎦ , 0(𝑛+1)𝑝×𝑛𝑝

⎤⎥⎦

=

[
[𝑠♯0, . . . , 𝑠♯𝑛]
0𝑛𝑞×(𝑛+1)𝑞

]
+

⎡⎢⎣
⎡⎢⎣𝑠♯0
...

𝑠♯𝑛

⎤⎥⎦ , 0(𝑛+1)𝑝×𝑛𝑝

⎤⎥⎦
= 𝑣𝑞,𝑛𝑧♯0,𝑛 + 𝑦♯0,𝑛𝑣∗

𝑝,𝑛.

Thus, (6.26) is also proved for each 𝑛 ∈ ℕ. Part (a) of Proposition 4.9 shows that

(𝑠♯𝑗)
𝑛
𝑗=0 ∈ 𝒟𝑞×𝑝,𝑛. (6.32)

Since (𝑠𝑗)
𝑛
𝑗=0 belongs to 𝒟𝑝×𝑞,𝑛, we see from part (d) of Proposition 4.10 that(

(𝑠♯𝑗)
♯
)𝑛
𝑗=0

= (𝑠𝑗)
𝑛
𝑗=0. (6.33)

Because of (6.32), we can apply (6.26) to the sequence (𝑠♯𝑗)
𝑛
𝑗=0. Thus, taking (6.33)

into account, we obtain (6.27). □

Lemma 6.7. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ𝑝×𝑞. Then

S♯𝑛Θ𝑛;𝑝, 𝑞𝕊
♯
𝑛 = 0(𝑛+1)𝑞×(𝑛+1)𝑝, (6.34)

where Θ𝑛;𝑝, 𝑞 is given (6.6).

Proof. In the case 𝑛 = 0 the assertion is obvious. Now suppose 𝑛 ∈ ℕ. Let

𝑎 := 𝑠♯0(𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛)𝑠
♯
0. (6.35)

Then a closer look at the matrices S♯𝑛, Θ𝑛;𝑝, 𝑞 and 𝕊♯𝑛 shows that

S♯𝑛Θ𝑛;𝑝, 𝑞𝕊
♯
𝑛 = diag(0𝑛𝑞×𝑛𝑝, 𝑎). (6.36)

In view of Definition 4.1, we have 𝑠♯0 = 𝑠†0. Thus, from (6.35) we infer 𝑎 = 0𝑞×𝑝.
Now, combining this and (6.36) yields (6.34). □
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Theorem 6.8. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. Then:

(a) The equations

𝐻♯
𝑛 = −S♯𝑛

[
𝐻𝑛 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
]
𝕊
♯
𝑛 (6.37)

and
𝐻♯
𝑛 = −S†

𝑛

[
𝐻𝑛 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
]
𝕊
†
𝑛 (6.38)

hold.
(b)

𝐻𝑛 = −Θ𝑛;𝑝, 𝑞 − S𝑛

[
𝐻♯
𝑛 − (𝑦♯0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧♯0,𝑛)
]
𝕊𝑛,

where Θ𝑛;𝑝, 𝑞 is given by (6.6).
(c) rank(𝐻♯

𝑛) = rank[𝐻𝑛 +Θ𝑛;𝑝, 𝑞 − (𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)].

(d) If 𝑝 = 𝑞, then det(𝐻♯
𝑛) = (−1)(𝑛+1)𝑞[(det 𝑠0)

†]2𝑛+2 det(𝐻𝑛 − (𝑦0,𝑛𝑣∗
𝑞,𝑛 +

𝑣𝑝,𝑛𝑧0,𝑛)).

Proof. In view of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛 we see from Definition 4.16 and Remark 4.7

that
(𝑠𝑗)

𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑛. (6.39)

(a) Equation (6.37) is an immediate consequence of (6.4), (6.39) and Lem-
ma 6.6. The identity (6.38) follows, in view of (6.39) and Proposition 4.14, from
(6.37).

(b) Taking (6.39) into account and combining part (b) of Theorem 6.1 and
Lemma 6.6 yields (b).

(c) From part (b) of Theorem 6.1 we obtain

𝐻𝑛 +Θ𝑛;𝑝, 𝑞 − (𝑦0,𝑛𝑣∗
𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛) = −S𝑛𝐻♯

𝑛𝕊𝑛.

Thus,
rank
[
𝐻𝑛 +Θ𝑛;𝑝, 𝑞 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
] ≤ rank𝐻♯

𝑛. (6.40)

The combination of (6.37) and Lemma 6.7 yields

𝐻♯
𝑛 = −S♯𝑛

[
𝐻𝑛 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
]
𝕊
♯
𝑛 − S♯𝑛Θ𝑛;𝑝, 𝑞𝕊

♯
𝑛

= −S♯𝑛
[
𝐻𝑛 + Θ𝑛;𝑝, 𝑞 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
]
𝕊
♯
𝑛.

Hence,
rank𝐻♯

𝑛 ≤ rank
[
𝐻𝑛 +Θ𝑛;𝑝, 𝑞 − (𝑦0,𝑛𝑣∗

𝑞,𝑛 + 𝑣𝑝,𝑛𝑧0,𝑛)
]
. (6.41)

Applying (6.40) and (6.41) it follows (c).

(d) Part (d) is an immediate consequence of (6.37) and 𝑠♯0 = 𝑠†0. □
Now we study the interplay between slightly modified block Hankel matrices.

Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+1
𝑗=0 be a sequence from ℂ𝑝×𝑞 with reciprocal sequence

(𝑠♯𝑗)
2𝑛+1
𝑗=0 . Then we will study the interplay between the block Hankel matrices

𝐾(𝑠)
𝑛 := [𝑠𝑗+𝑘+1]

𝑛
𝑗,𝑘=0 (6.42)

and
𝐾(𝑠♯)
𝑛 := [𝑠♯𝑗+𝑘+1]

𝑛
𝑗,𝑘=0. (6.43)
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Whenever it is clear which sequence is meant we will, respectively, write 𝐾𝑛 and

𝐾♯
𝑛 instead of 𝐾

(𝑠)
𝑛 and 𝐾

(𝑠♯)
𝑛 .

Now we are able to formulate the third main result of this section.

Theorem 6.9. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛+1. Then:

(a) 𝐾♯
𝑛 = −S♯𝑛𝐾𝑛𝕊

♯
𝑛 and 𝐾♯

𝑛 = −S†
𝑛𝐾𝑛𝕊

†
𝑛.

(b) 𝐾𝑛 = Ξ𝑛 − S𝑛𝐾♯
𝑛𝕊𝑛, where

Ξ𝑛 :=

{
𝑠2𝑛+1 − 𝑠0𝑠†0𝑠2𝑛+1𝑠†0𝑠0 if 𝑛 = 0

diag(0𝑛𝑝×𝑛𝑞, 𝑠2𝑛+1 − 𝑠0𝑠†0𝑠2𝑛+1𝑠†0𝑠0) if 𝑛 ∈ ℕ.

(c) rank𝐾♯
𝑛 = rank(𝐾𝑛 − Ξ𝑛).

(d) If 𝑝 = 𝑞, then det(𝐾♯
𝑛) = (−1)(𝑛+1)𝑞[(det 𝑠0)

†]2𝑛+2 det𝐾𝑛.

Proof. (a) In the case 𝑛 = 0, the equations of (a) are immediate consequences of
Definition 4.1. Now suppose 𝑛 ∈ ℕ. From Proposition 5.4 we get

𝐾(𝑠⊙𝑠♯)
𝑛 = S𝑛𝐾♯

𝑛 +𝐾𝑛𝕊
♯
𝑛, (6.44)

whereas Proposition 4.23 implies

𝐾(𝑠⊙𝑠♯)
𝑛 = diag

(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+1𝑠†0

)
. (6.45)

From Definition 4.16 and Remark 4.7, we get (6.39). Thus, from Proposition 4.14
we infer that (6.9) and (6.10) hold true, whereas (6.9) and Lemma 4.15 imply

S♯𝑛S𝑛 = S†
𝑛S𝑛 = 𝐼𝑛+1 ⊗ (𝑠†0𝑠0). (6.46)

Using (6.44) and (6.46), we conclude

−S♯𝑛𝐾𝑛𝕊
♯
𝑛 = S♯𝑛(S𝑛𝐾♯

𝑛 −𝐾(𝑠⊙𝑠♯)
𝑛 ) =

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
𝐾♯
𝑛 − S♯𝑛𝐾(𝑠⊙𝑠♯)

𝑛 . (6.47)

From part (b) of Proposition 4.9 we get 𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 for all 𝑗 ∈ ℤ1,2𝑛+1. Thus,[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
𝐾♯
𝑛 = 𝐾♯

𝑛. (6.48)

In view of Definition 4.1, we have 𝑠♯0 = 𝑠†0. Thus, we get

S♯𝑛 diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+1𝑠†0

)
=

[∗ 0𝑛𝑞×𝑝
∗ 𝑠♯0

]
diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+1𝑠†0

)
= diag

(
0𝑛𝑞×𝑛𝑝, 𝑠

♯
0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+1𝑠†0

)
= diag

(
0𝑛𝑞×𝑛𝑝, 𝑠

†
0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+1𝑠†0

)
= 0(𝑛+1)𝑞×(𝑛+1)𝑝.

(6.49)

From (6.45) and (6.49) we infer

S♯𝑛𝐾(𝑠⊙𝑠♯)
𝑛 = 0(𝑛+𝑞)𝑞×(𝑛+1)𝑝. (6.50)



148 B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz

Combining (6.47), (6.48) and (6.50), we obtain the first equation in part (a). In
view of (6.9) and (6.10), the second equation holds as well. Thus, (a) is proved.

(b) Let 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,2𝑛 and 𝑡2𝑛+1 := 𝑠0𝑠†0𝑠2𝑛+1𝑠†0𝑠0. Then part (b)
and part (d) of Lemma 4.19 yield

(𝑠♯𝑗)
2𝑛+1
𝑗=0 = (𝑡♯𝑗)

2𝑛+1
𝑗=0 (6.51)

and (
(𝑡♯)♯𝑗

)2𝑛+1

𝑗=0
= (𝑡𝑗)

2𝑛+1
𝑗=0 . (6.52)

In view of Remark 4.18, we have (𝑡♯𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟̃𝑞×𝑝,2𝑛+1. Thus applying part (a) to

the sequence (𝑡♯𝑗)
2𝑛+1
𝑗=0 and taking (6.52) into account, we obtain

𝐾(𝑡)
𝑛 = −S(𝑡)

𝑛 𝐾(𝑡♯)
𝑛 𝕊

(𝑡)
𝑛 . (6.53)

From the construction of the sequence (𝑡𝑗)
2𝑛+1
𝑗=0 we see

𝐾(𝑡)
𝑛 = 𝐾𝑛 − Ξ𝑛, S(𝑡)

𝑛 = S𝑛 and 𝕊
(𝑡)
𝑛 = 𝕊𝑛. (6.54)

From (6.51) we infer

𝐾(𝑡♯)
𝑛 = 𝐾♯

𝑛. (6.55)

The combination of (6.53), (6.54) and (6.55) yields now the assertion of (b).
(c) In view of (b), we have 𝐾𝑛 = Ξ𝑛 − S𝑛𝐾♯

𝑛𝕊𝑛. Thus,

rank(𝐾𝑛 − Ξ𝑛) ≤ rank𝐾♯
𝑛. (6.56)

Because of part (c) of Lemma 4.19, we have (𝑡𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛+1. Thus, Re-

mark 4.17 implies (𝑡𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛+1. Hence, applying part (a) to the sequence

(𝑡𝑗)
2𝑛+1
𝑗=0 gives

𝐾(𝑡♯)
𝑛 = −S(𝑡♯)

𝑛 𝐾(𝑡)
𝑛 𝕊

(𝑡♯)
𝑛 . (6.57)

Taking (6.51) and the first equation in (6.54) into account, formula (6.57) can be
rewritten as

𝐾♯
𝑛 = −S♯𝑛(𝐾𝑛 − Ξ𝑛)𝕊♯𝑛.

Consequently,
rank𝐾♯

𝑛 ≤ rank(𝐾𝑛 − Ξ𝑛). (6.58)

Now the combination of (6.54) and (6.58) yields the assertion of (c).
(d) This is a consequence of (a). □

Corollary 6.10. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛+1. Then

𝐾♯
𝑛 = −S♯𝑛𝐾𝑛𝕊

♯
𝑛, 𝐾♯

𝑛 = −S†
𝑛𝐾𝑛𝕊

†
𝑛, (6.59)

𝐾𝑛 = −S𝑛𝐾♯
𝑛𝕊𝑛 and rank𝐾♯

𝑛 = rank𝐾𝑛. (6.60)

Proof. In view of Remark 4.17, the equations in (6.59) follow from part (a) of

Theorem 6.9. Because of Proposition 4.8, we have 𝑠2𝑛+1 = 𝑠0𝑠†0𝑠2𝑛+1𝑠†0𝑠0. Thus,
Ξ𝑛 = 0(𝑛+1)𝑝×(𝑛+1)𝑞. Now (6.60) is a direct consequence of part (b) and part (c)
of Theorem 6.9. □
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Corollary 6.11. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛+1. Then

𝐾♯
𝑛 = −S♯𝑛𝐾𝑛(S

♯
𝑛)

∗, 𝐾♯
𝑛 = −S†

𝑛𝐾𝑛(S
†
𝑛)

∗,

𝐾𝑛 = −S𝑛𝐾♯
𝑛S

∗
𝑛 and rank𝐾♯

𝑛 = rank𝐾𝑛.

Proof. Part (b) of Lemma 3.1 shows that (𝑠𝑗)
2𝑛+1
𝑗=0 is a sequence from ℂ

𝑞×𝑞
H . Hence,

(4.6) in Remark 4.12 implies 𝕊𝑛 = S∗
𝑛. Thus, the assertions follow by combining

Proposition 4.24 and Corollary 6.10. □

In the rest of this section we will study the interplay between block Hankel
matrices of a third type. Let 𝑛 ∈ ℕ and let (𝑠𝑗)

2𝑛+2
𝑗=0 be a sequence from ℂ𝑝×𝑞 with

reciprocal sequence (𝑠♯𝑗)
2𝑛+2
𝑗=0 . Then we will study some crossrelations between the

block Hankel matrices

𝐺(𝑠)
𝑛 := [𝑠𝑗+𝑘+2]

𝑛
𝑗,𝑘=0 and 𝐺(𝑠♯)

𝑛 := [𝑠♯𝑗+𝑘+2]
𝑛
𝑗,𝑘=0.

Whenever it is clear which sequence is meant we will, respectively, write 𝐺𝑛 and

𝐺♯𝑛 instead of 𝐺
(𝑠)
𝑛 and 𝐺

(𝑠♯)
𝑛 .

Lemma 6.12. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+2
𝑗=0 be a sequence from ℂ𝑝×𝑞. Then

S♯𝑛Γ𝑛;𝑝, 𝑞𝕊
♯
𝑛 = 0(𝑛+1)𝑞×(𝑛+1)𝑝,

where

Γ𝑛;𝑝, 𝑞 :=

{
𝑠0𝑠†0𝑠2𝑠†0𝑠0 − 𝑠2 if 𝑛 = 0

diag(0𝑛𝑝×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛+2𝑠†0𝑠0 − 𝑠2𝑛+2) if 𝑛 ∈ ℕ.
(6.61)

Lemma 6.12 can be proved analogously to Lemma 6.7. We omit the details.

Theorem 6.13. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+2
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛+2. Then:

(a) The equations

𝐺♯𝑛 = −S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊
♯
𝑛

and

𝐺♯𝑛 = −S†
𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊

†
𝑛

hold true.
(b) Let Γ𝑛;𝑝, 𝑞 be defined via (6.61). Then

𝐺𝑛 = −Γ𝑛;𝑝, 𝑞 − S𝑛

[
𝐺♯𝑛 − 𝑦♯1,𝑛+1(𝑠

♯
0)

†𝑧♯1,𝑛+1

]
𝕊𝑛.

(c) rank𝐺♯𝑛 = rank(𝐺𝑛 + Γ𝑛;𝑝, 𝑞 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1).

(d) If 𝑝 = 𝑞, then det(𝐺♯𝑛) = (−1)(𝑛+1)𝑞[(det 𝑠0)
†]2𝑛+2 det(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1).

Proof. (a) From Proposition 5.5 we get

𝐺(𝑠⊙𝑠♯)
𝑛 = 𝐺𝑛𝕊

♯
𝑛 + 𝑦1,𝑛+1𝑧♯1,𝑛+1 + S𝑛𝐺♯𝑛, (6.62)



150 B. Fritzsche, B. Kirstein, C. Mädler and T. Schwarz

whereas Proposition 4.23 implies

𝐺(𝑠⊙𝑠♯)
𝑛 =

{
(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑠†0 if 𝑛 = 0

diag(0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+2𝑠†0) if 𝑛 ∈ ℕ.
(6.63)

From Definition 4.16 we get

(𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛+1. (6.64)

Let us consider an arbitrary 𝑚 ∈ ℤ0,2𝑛+1. Taking (6.64) and 𝑚 ∈ ℤ0,2𝑛+1 into
account, we infer from Proposition 4.14 that

S†
𝑚 = S♯𝑚, 𝕊

†
𝑚 = 𝕊

♯
𝑚 (6.65)

whereas Lemma 4.15 implies (4.7) and (4.8). In view of (6.65) we get from (4.7)
and (4.8) that

S♯𝑚S𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0) and 𝕊
♯
𝑚𝕊𝑚 = 𝐼𝑚+1 ⊗ (𝑠†0𝑠0) (6.66)

and

S𝑚S
♯
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0) and 𝕊𝑚𝕊

♯
𝑚 = 𝐼𝑚+1 ⊗ (𝑠0𝑠†0). (6.67)

Using (6.62), (6.66) and (6.63), we get

− S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊
♯
𝑛 = S♯𝑛(−𝐺𝑛𝕊

♯
𝑛 + 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛)

= S♯𝑛(𝑦1,𝑛+1𝑧♯1,𝑛+1 + S𝑛𝐺♯𝑛 −𝐺(𝑠⊙𝑠♯)
𝑛 + 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛)

= S♯𝑛S𝑛𝐺♯𝑛 − S♯𝑛𝐺(𝑠⊙𝑠♯)
𝑛 + S♯𝑛𝑦1,𝑛+1(𝑧

♯
1,𝑛+1 + 𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛)

=
[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
𝐺♯𝑛 − S♯𝑛𝐺(𝑠⊙𝑠♯)

𝑛 + S♯𝑛𝑦1,𝑛+1(𝑧
♯
1,𝑛+1 + 𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛).

(6.68)

From part (b) of Proposition 4.9 we get 𝑠†0𝑠0𝑠♯𝑗 = 𝑠♯𝑗 for all 𝑗 ∈ ℤ1,2𝑛+2. Thus,[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
𝐺♯𝑛 = 𝐺♯𝑛 (6.69)

and
𝑠†0𝑠0𝑧♯1,𝑛+1 = 𝑧♯1,𝑛+1. (6.70)

From (6.70) and (6.67), we obtain

𝑧♯1,𝑛+1 + 𝑠†0𝑧1,𝑛+1𝕊
♯
𝑛 = 𝑠†0𝑠0𝑧♯1,𝑛+1 + 𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛 = 𝑠†0[𝑠0, 𝑧1,𝑛+1]

[
𝑧♯1,𝑛+1

𝕊
♯
𝑛

]
= 𝑠†0[𝐼𝑝, 0𝑝×(𝑛+1)𝑝]

[
𝑠0 𝑧1,𝑛+1

0(𝑛+1)𝑝×𝑞 𝕊𝑛

] [
𝑠♯0 𝑧♯1,𝑛+1

0(𝑛+1)𝑞×𝑝 𝕊♯𝑛

] [
0𝑝×(𝑛+1)𝑝

𝐼(𝑛+1)𝑝

]
= 𝑠†0[𝐼𝑝, 0𝑝×(𝑛+1)𝑝]𝕊𝑛+1𝕊

♯
𝑛+1

[
0𝑝×(𝑛+1)𝑝

𝐼(𝑛+1)𝑝

]
= 𝑠†0[𝐼𝑝, 0𝑝×(𝑛+1)𝑝]

[
𝐼𝑛+2 ⊗ (𝑠0𝑠†0)

] [0𝑝×(𝑛+1)𝑝

𝐼(𝑛+1)𝑝

]
= 0𝑞×(𝑛+1)𝑝,

which implies

S♯𝑛𝑦1,𝑛+1(𝑧
♯
1,𝑛+1 + 𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛) = 0(𝑛+1)𝑞×(𝑛+1)𝑝. (6.71)
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In view of Definition 4.1, we have 𝑠♯0 = 𝑠†0. Taking this into account, we get

S♯0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑠†0 = 𝑠♯0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑠†0 = 𝑠†0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑠†0 = 0𝑞×𝑝 (6.72)

and in the case 𝑛 ∈ ℕ furthermore

S♯𝑛 diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+2𝑠†0

)
=

[∗ 0𝑛𝑞×𝑝
∗ 𝑠♯0

]
diag
(
0𝑛𝑝×𝑛𝑝, (𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+2𝑠†0

)
= diag

(
0𝑛𝑞×𝑛𝑝, 𝑠

♯
0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+2𝑠†0

)
= diag

(
0𝑛𝑞×𝑛𝑝, 𝑠

†
0(𝐼𝑝 − 𝑠0𝑠†0)𝑠2𝑛+2𝑠†0

)
= 0(𝑛+1)𝑞×(𝑛+1)𝑝.

(6.73)

Combining (6.63), (6.72) and (6.73), we infer

S♯𝑛𝐺(𝑠⊙𝑠♯)
𝑛 = 0(𝑛+1)𝑞×(𝑛+1)𝑝. (6.74)

Applying (6.68), (6.69), (6.74) and (6.71), we obtain

−S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊
♯
𝑛 = 𝐺♯𝑛. (6.75)

Using 𝑚 ∈ ℤ0,2𝑛+1 and (6.65), the second assertion of (a) follows immediately
from (6.75). Thus (a) is proved.

(b) Let 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,2𝑛+1 and 𝑡2𝑛+2 := 𝑠0𝑠†0𝑠2𝑛+2𝑠†0𝑠0. Then
part (b) and part (d) of Lemma 4.19 yield

(𝑠♯𝑗)
2𝑛+2
𝑗=0 = (𝑡♯𝑗)

2𝑛+2
𝑗=0 (6.76)

and (
(𝑡♯)♯𝑗

)2𝑛+2

𝑗=0
= (𝑡𝑗)

2𝑛+2
𝑗=0 . (6.77)

In view of Remark 4.18, we have (𝑡♯𝑗)
2𝑛+2
𝑗=0 ∈ 𝒟̃𝑞×𝑝,2𝑛+2. Thus applying part (a) to

the sequence (𝑡♯𝑗)
2𝑛+2
𝑗=0 and taking (6.77) into account, we obtain

𝐺(𝑡)
𝑛 = −S(𝑡)

𝑛

[
𝐺(𝑡♯)
𝑛 − 𝑦

(𝑡♯)
1,𝑛+1(𝑡

♯
0)

†𝑧(𝑡♯)
1,𝑛+1

]
𝕊

(𝑡)
𝑛 . (6.78)

From the construction of the sequence (𝑡𝑗)
2𝑛+2
𝑗=0 we see

𝐺(𝑡)
𝑛 = 𝐺𝑛 + Γ𝑛;𝑝, 𝑞, S(𝑡)

𝑛 = S𝑛 and 𝕊
(𝑡)
𝑛 = 𝕊𝑛. (6.79)

From (6.76) we infer

𝐺(𝑡♯)
𝑛 = 𝐺♯𝑛, 𝑦

(𝑡♯)
1,𝑛+1 = 𝑦♯1,𝑛+1 and 𝑧

(𝑡♯)
1,𝑛+1 = 𝑧♯1,𝑛+1. (6.80)

The combination of (6.78), (6.79) and (6.80) yields now the assertion of (b).

(c) Lemma 6.12 implies

S♯𝑛Γ𝑛;𝑝, 𝑞𝕊
♯
𝑛 = 0(𝑛+1)𝑞×(𝑛+1)𝑝. (6.81)
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Applying (6.75) and (6.79) gives us

𝐺♯𝑛 = −S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊
♯
𝑛 − S♯𝑛Γ𝑛;𝑝, 𝑞𝕊

♯
𝑛

= −S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1 + Γ𝑛;𝑝, 𝑞)𝕊
♯
𝑛.

Thus

rank𝐺♯𝑛 ≤ rank(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1 + Γ𝑛;𝑝, 𝑞). (6.82)

Using 𝑠♯0 = 𝑠†0, we get

S0S
♯
0𝐺0𝕊

♯
0𝕊0 = 𝑠0𝑠♯0𝑠2𝑠♯0𝑠0 = 𝑠2 + (𝑠0𝑠†0𝑠2𝑠†0𝑠0 − 𝑠2) = 𝐺0 + Γ0. (6.83)

Now we consider the case 𝑛 ∈ ℕ. In view of (6.64) we see from Proposition 4.8

that 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 and 𝑠𝑗𝑠0𝑠†0 = 𝑠𝑗 for all 𝑗 ∈ ℤ0,2𝑛+1. Thus, taking 𝑛 ∈ ℕ into
account, we get[

𝐼𝑛+1 ⊗ (𝑠0𝑠†0)
]

𝐺𝑛 = 𝐺𝑛 + diag
(
0𝑛𝑝×𝑛𝑞, (𝑠0𝑠†0 − 𝐼𝑝)𝑠2𝑛+2

)
(6.84)

and

𝐺𝑛

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
= 𝐺𝑛 + diag

(
0𝑛𝑝×𝑛𝑞, (𝑠

†
0𝑠0 − 𝐼𝑞)𝑠2𝑛+2

)
. (6.85)

Using 𝑚 ∈ ℤ0,2𝑛+1, (6.66), (6.67), (6.84) and (6.61), we obtain

S𝑛S
♯
𝑛𝐺𝑛𝕊

♯
𝑛𝕊𝑛 =

[
𝐼𝑛+1 ⊗ (𝑠0𝑠†0)

]
𝐺𝑛

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
=
[
𝐺𝑛 + diag

(
0𝑛𝑝×𝑛𝑞, (𝑠0𝑠†0 − 𝐼𝑝)𝑠2𝑛+2

)] [
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
= 𝐺𝑛

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
+ diag

(
0𝑛𝑝×𝑛𝑞, (𝑠0𝑠†0 − 𝐼𝑝)𝑠2𝑛+2𝑠†0𝑠0

)
= 𝐺𝑛 + diag

(
0𝑛𝑝×𝑛𝑞, 𝑠2𝑛+2(𝑠

†
0𝑠0 − 𝐼𝑞)

)
+ diag

(
0𝑛𝑝×𝑛𝑞, (𝑠0𝑠†0 − 𝐼𝑝)𝑠2𝑛+2𝑠†0𝑠0

)
= 𝐺𝑛 + diag(0𝑛𝑝×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛+2𝑠†0𝑠0 − 𝑠2𝑛+2) = 𝐺𝑛 + Γ𝑛;𝑝, 𝑞.

(6.86)

In view of (6.64) we have 𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 and 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 for all 𝑗 ∈ ℤ1,𝑛+1. Thus[

𝐼𝑛+1 ⊗ (𝑠0𝑠†0)
]

𝑦1,𝑛+1 = 𝑦1,𝑛+1 (6.87)

and

𝑧1,𝑛+1

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
= 𝑧1,𝑛+1. (6.88)

From 𝑚 ∈ ℤ0,2𝑛+1, (6.66), (6.67), (6.87) and (6.88) we get

S𝑛S
♯
𝑛𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1𝕊

♯
𝑛𝕊𝑛 =

[
𝐼𝑛+1 ⊗ (𝑠0𝑠†0)

]
𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1

[
𝐼𝑛+1 ⊗ (𝑠†0𝑠0)

]
= 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1. (6.89)

Using (6.83), 𝑛 ∈ ℕ, (6.86), (6.89) and (6.75) we infer

𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1 + Γ𝑛;𝑝, 𝑞 = (𝐺𝑛 + Γ𝑛;𝑝, 𝑞)− 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1

= S𝑛S
♯
𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊

♯
𝑛𝕊𝑛 = −S𝑛𝐺♯𝑛𝕊𝑛.
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Thus,

rank(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1 + Γ𝑛;𝑝, 𝑞) ≤ rank𝐺♯𝑛. (6.90)

The combination of (6.82) and (6.90) yields the assertion of (c).
(d) This is an immediate consequence of (a). □

Corollary 6.14. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛+2
𝑗=0 ∈ 𝒟̃𝑞×𝑞,2𝑛+2 be a sequence of Hermit-

ian matrices. Then

𝐺♯𝑛 = −S†
𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)(S

†
𝑛)

∗. (6.91)

Proof. In view of (4.6) we have S∗
𝑛 = 𝕊𝑛. Thus, 𝕊

†
𝑛 = (S

∗
𝑛)

† = (S†
𝑛)

∗. Now (6.91)
follows from part (a) of Theorem 6.13. □

Corollary 6.15. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+2
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛+2. Then:

(a) The block Hankel matrices 𝐺♯𝑛 and 𝐺𝑛 admit the multiplicative decomposi-
tions

𝐺♯𝑛 = −S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊
♯
𝑛, (6.92)

𝐺♯𝑛 = −S†
𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1)𝕊

†
𝑛 (6.93)

and

𝐺𝑛 = −S𝑛
[
𝐺♯𝑛 − 𝑦♯1,𝑛+1(𝑠

♯
0)

†𝑧♯1,𝑛+1

]
𝕊𝑛, (6.94)

respectively.

(b) rank𝐺♯𝑛 = rank(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1).

Proof. In view of Remark 4.17, the equations (6.92) and (6.93) follow from part (a)

of Theorem 6.13. Because of Proposition 4.8, we have 𝑠2𝑛+2 = 𝑠0𝑠†0𝑠2𝑛+2𝑠†0𝑠0.
Thus, (6.94) and (b) follow from part (b) and part (c) of Theorem 6.13, respec-
tively. □

Corollary 6.16. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+2
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛+2. Then:

(a) The block Hankel matrices 𝐺♯𝑛 and 𝐺𝑛 admit the multiplicative decomposi-
tions

𝐺♯𝑛 = −S♯𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑦∗
1,𝑛+1)(S

♯
𝑛)

∗,

𝐺♯𝑛 = −S†
𝑛(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑦∗

1,𝑛+1)(S
†
𝑛)

∗

and

𝐺𝑛 = −S𝑛
[
𝐺♯𝑛 − 𝑦♯1,𝑛+1(𝑠

♯
0)

†(𝑦♯1,𝑛+1)
∗
]
S∗
𝑛,

respectively.

(b) rank𝐺♯𝑛 = rank(𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1).

Proof. Part (b) of Lemma 3.1 shows that (𝑠𝑗)
2𝑛+2
𝑗=0 is a sequence from ℂ

𝑞×𝑞
H . Thus,

we infer from (4.6) that 𝕊𝑛 = S∗
𝑛. Hence, the assertions follow by combining

Proposition 4.24 and Corollary 6.15. □
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7. The shortened negative reciprocal sequence corresponding to a
sequence from 퓓̃𝒑×𝒒,𝜿

The investigations of this section are inspired by Theorem 6.13 and its Corollaries.
This will be explained now. Let 𝑛 ∈ ℕ and let (𝑠𝑗)

2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. We denote by

(𝑠♯𝑗)
2𝑛
𝑗=0 the reciprocal sequence corresponding to (𝑠𝑗)

2𝑛
𝑗=0. Then our interest will

be concentrated on the shortened negative reciprocal sequence (−𝑠♯𝑗+2)
2(𝑛−1)
𝑗=0 . The

starting point of our studies are the multiplicative decompositions for the block
Hankel matrix

𝐺♯𝑛−1 := [𝑠
♯
𝑗+𝑘+2]

𝑛−1
𝑗,𝑘=0 (7.1)

which were obtained in part (a) of Theorem 6.13.
Now we are going to consider these multiplicative decompositions under a

special aspect. In order to explain this more precisely, we start from the block
Hankel matrix

𝐻𝑛 := [𝑠𝑗+𝑘]
𝑛
𝑗,𝑘=0,

and consider its block decomposition

𝐻𝑛 =

[
𝑠0 𝑧1,𝑛

𝑦1,𝑛 𝐺𝑛−1

]
, (7.2)

where 𝑦1,𝑛 and 𝑧1,𝑛 are given in (2.2) and where

𝐺𝑛−1 := [𝑠𝑗+𝑘+2]
𝑛−1
𝑗,𝑘=0. (7.3)

Then we see that the matrix

𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 (7.4)

(which plays an important role in Theorem 6.13) is a Schur complement in the
matrix 𝐻𝑛 given via (7.2). Because several important properties of the sequence

(𝑠𝑗)
2𝑛
𝑗=0 have interesting consequences for the Schur complement 𝐺𝑛−1−𝑦1,𝑛𝑠†0𝑧1,𝑛

the application of Theorem 6.13 and its Corollaries promises interesting observa-
tions for sequences belonging to various subclasses of 𝒟̃𝑝×𝑞,2𝑛. The central goal of
this section is a detailed study of this topic. Our main interest is concentrated on
classes of sequences with particular Hankel properties which were already consid-
ered in Section 3.

Now we are going to investigate the shortened negative reciprocal sequence
in the case of sequences of matrices with prescribed Hankel properties.

First we investigate the sequence (𝑡𝑗)
2𝑛
𝑗=0 introduced in Lemma 4.19 for the

case of a given Hankel non-negative definite sequence (𝑠𝑗)
2𝑛
𝑗=0.

Lemma 7.1. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Let 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,2𝑛−1

and let 𝑡2𝑛 := 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0. Then:

(a) (𝑡𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑞×𝑞,2𝑛.

(b) 𝑡𝑗 = 𝑠0𝑠†0𝑠𝑗(𝑠0𝑠†0)
∗ for each 𝑗 ∈ ℤ0,2𝑛.

(c) (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛.
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(d) The matrix 𝐻
(𝑡)
𝑛 := (𝑡𝑗+𝑘)

𝑛
𝑗, 𝑘=1 admits the block decomposition

𝐻(𝑡)
𝑛 =

[
𝑠0 𝑧1,𝑛

𝑦1,𝑛 𝐺𝑛−1 + Γ𝑛−1;𝑞, 𝑞

]
,

where 𝑦1,𝑛 and 𝑧1,𝑛 are given by (2.2) and where Γ𝑛−1;𝑞, 𝑞 is defined in (6.61).

(e) rank𝐻
(𝑡)
𝑛 = rank 𝑠0 + rank(𝐺𝑛−1 + Γ𝑛−1;𝑞, 𝑞 − 𝑦1,𝑛𝑠†0𝑧1,𝑛).

(f) If 𝑛 = 1, then (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛.

Proof. (a) Apply part (c) of Lemma 4.19.
(b) In view of part (b) of Lemma 3.2 we have 𝑠∗0 = 𝑠0. Thus, applying

part (a) of Lemma A.1 yields 𝑠†0𝑠0 = 𝑠0𝑠†0. Hence, taking part (a) of Lemma 4.19
into account, for each 𝑗 ∈ ℤ0,2𝑛, we have

𝑡𝑗 = 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0 = 𝑠0𝑠†0𝑠𝑗𝑠0𝑠†0 = 𝑠0𝑠†0𝑠𝑗(𝑠0𝑠†0)

∗.

(c) Because of (b), from Remark 3.3, we see that (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛.

(d) Using part (e) of Lemma 4.19, (6.61) and (7.2), we get

𝐻(𝑡)
𝑛 = 𝐻(𝑠)

𝑛 + diag(0𝑛𝑞×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛) = 𝐻(𝑠)
𝑛 + Γ𝑛;𝑞, 𝑞

=

[
𝑠0 𝑧1,𝑛

𝑦1,𝑛 𝐺𝑛−1

]
+ diag(0𝑞×𝑞,Γ𝑛−1;𝑞, 𝑞) =

[
𝑠0 𝑧1,𝑛

𝑦1,𝑛 𝐺𝑛−1 + Γ𝑛−1;𝑞, 𝑞

]
.

(e) In view of (c), we have 𝐻
(𝑡)
𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
≥ . Thus, taking (d) into

account, we infer the assertion of (e) from a well-known result on non-negative
hermitian block matrices (see, e.g., [10, Lemma 1.1.7 and Lemma 1.1.9]).

(f) In view of (c) and

ℛ(𝑡2) = ℛ(𝑠0𝑠†0𝑠2𝑠†0𝑠0) ⊆ ℛ(𝑠0),

the assertion of (f) follows from [12, Lemma 2.7]. □

The following example shows that the assertion of part (f) of Lemma 7.1 is
not true for 𝑛 = 2.

Example 7.2. Let 𝑠0 := 𝐼𝑞, 𝑠𝑗 := 0𝑞×𝑞 for 𝑗 ∈ {1, 2, 3} and 𝑠4 := 𝐼𝑞. Then 𝐻2 =

diag(𝐼𝑞 , 0𝑞×𝑞, 𝐼𝑞). Thus, (𝑠𝑗)4𝑗=0 ∈ ℋ≥
𝑞,4∩𝒟𝑞×𝑞,4, but (𝑠𝑗)4𝑗=0 /∈ ℋ≥,e

𝑞,4 . Furthermore,

it is obvious that using the notation of Lemma 7.1 we have (𝑠𝑗)
4
𝑗=0 = (𝑡𝑗)

4
𝑗=0.

Proposition 7.3. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Then:

(a) The block Hankel matrix −𝐺♯𝑛−1 is non-negative Hermitian.

(b) rank
[
𝐻𝑛 + diag(0𝑛𝑞×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛)

]
= rank 𝑠0 + rank(𝐺

♯
𝑛−1).

Proof. (a) In view of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 we see from Proposition 4.25 that (𝑠𝑗)
2𝑛
𝑗=0 ∈

𝒟̃𝑞×𝑞,2𝑛, whereas part (b) of Lemma 3.2 shows that (𝑠𝑗)2𝑛𝑗=0 is a sequence from

ℂ
𝑞×𝑞
H . Thus, Corollary 6.14 yields

−𝐺♯𝑛−1 = S†
𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)(S

†
𝑛−1)

∗. (7.5)
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From 𝐻𝑛 ∈ ℂ
(𝑛+1)𝑞×(𝑛+1)𝑞
≥ we infer from (7.2) that

𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 ∈ ℂ
𝑛𝑞×𝑛𝑞
≥ . (7.6)

Applying (7.5) and (7.6) we get −𝐺♯𝑛−1 ∈ ℂ
𝑛𝑞×𝑛𝑞
≥ .

(b) Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑞×𝑞,2𝑛 we see from part (b) of Theorem 6.13 that

rank𝐺♯𝑛−1 = rank(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞). (7.7)

We set 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,2𝑛−1 and 𝑡2𝑛 := 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0. Then part (d) of
Lemma 4.19 yields

𝐻(𝑡)
𝑛 = 𝐻𝑛 + diag(0𝑛𝑞×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛), (7.8)

whereas part (e) of Lemma 7.1 implies

rank𝐻(𝑡)
𝑛 = rank 𝑠0 + rank(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞). (7.9)

The combination of (7.8), (7.9) and (7.7) yields now the assertion of (b). □

Corollary 7.4. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 ∩ 𝒟𝑞×𝑞,2𝑛. Then

rank𝐻𝑛 = rank 𝑠0 + rank𝐺♯𝑛−1.

Proof. In view of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑞×𝑞,2𝑛, the application of Proposition 4.8 provides

𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 = 𝑠2𝑛. Thus, the assertion follows from part (b) of Proposition 7.3.
□

Corollary 7.5. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then:

(a) The block Hankel matrix −𝐺♯𝑛−1 is non-negative Hermitian.

(b) rank𝐻𝑛 = rank 𝑠0 + rank𝐺♯𝑛−1.

Proof. Clearly, (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, whereas Proposition 4.24 implies that (𝑠𝑗)
2𝑛
𝑗=0

belongs to 𝒟𝑞×𝑞,2𝑛. Thus, part (a) of Proposition 7.3 and Corollary 7.4 yield the
assertions of (a) and (b), respectively. □

Proposition 7.6. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅. Then (−𝑠♯𝑗+2)
2(𝜅−1)
𝑗=0

belongs to ℋ≥
𝑞,2(𝜅−1).

Proof. Apply part (a) of Proposition 7.3. □

Proposition 7.7. Let 𝑚 ∈ ℤ2,∞ and let (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚. Then (−𝑠♯𝑗+2)
𝑚−2
𝑗=0 ∈

ℋ≥,e
𝑞,𝑚−2.

Proof. We first consider the case that 𝑚 = 2𝑛 with some 𝑛 ∈ ℕ. Because of

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛, there are complex 𝑞 × 𝑞-matrices 𝑠2𝑛+1 and 𝑠2𝑛+2 such that

(𝑠𝑗)
2(𝑛+1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛+1). Then Proposition 7.6 yields that the reciprocal sequence

(𝑠♯𝑗)
2(𝑛+1)
𝑗=0 corresponding to (𝑠𝑗)

2(𝑛+1)
𝑗=0 fulfills (−𝑠♯𝑗+2)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Thus, the se-

quence (−𝑠♯𝑗+2)
2(𝑛−1)
𝑗=0 belongs to ℋ≥,e

𝑞,2(𝑛−1). In view of Remark 4.2, we have 𝑠♯𝑗 = 𝑠♯𝑗
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for 𝑗 ∈ ℤ0,2𝑛. This completes the proof in this case. The case 𝑚 = 2𝑛 + 1 with
some 𝑛 ∈ ℕ can be treated similarly. □

Proposition 7.8. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ>𝑞,2𝜅. Then (−𝑠♯𝑗+2)

2(𝜅−1)
𝑗=0

belongs to ℋ>𝑞,2(𝜅−1).

Proof. Let 𝑛 ∈ ℤ1,𝜅. Because (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ>𝑞,2𝑛 and [12, Remark 2.8], we

have (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Thus, Corollary 7.5 implies

rank𝐻𝑛 = rank 𝑠0 + rank𝐺♯𝑛−1. (7.10)

In view of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ>𝑞,2𝑛, the matrix 𝐻𝑛 is positive Hermitian and, consequently,

non-singular. Thus, (7.10) implies det𝐺♯𝑛−1 ∕= 0. Because of part (a) of Proposi-

tion 7.3, the matrix −𝐺♯𝑛−1 is non-negative Hermitian we get −𝐺♯𝑛−1 ∈ ℂ
𝑛𝑞×𝑛𝑞
> .

This completes the proof. □

Proposition 7.9. Let 𝑛 ∈ ℕ, and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 . Then (−𝑠♯𝑗+2)
2(𝑛−1)
𝑗=0 belongs

to ℋ≥,cd
𝑞,2(𝑛−1).

Proof. Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 and [12, Corollary 2.14], we have (𝑠𝑗)
2𝑛
𝑗=0 ∈

ℋ≥,e
𝑞,2𝑛. Part (b) of Corollary 7.5 provides us then

rank𝐻𝑛 = rank 𝑠0 + rank(−𝐺♯𝑛−1). (7.11)

Since (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥,cd

𝑞,2𝑛 , the application of [12, Remark 2.1 (a)] in com-

bination with (1.2) yields rank𝐻𝑛 = rank𝐻𝑛−1. Taking additionally (7.11) into
account, we get

rank(−𝐺♯𝑛−1) = rank𝐻𝑛 − rank 𝑠0 = rank𝐻𝑛−1 − rank 𝑠0. (7.12)

In the case 𝑛 = 1 from (7.12) we obtain rank(−𝑠♯2) = rank𝐻0 − rank 𝑠0 = 0,

i.e., −𝑠♯2 = 0𝑞×𝑞, and consequently (−𝑠♯𝑗+2)
0
𝑗=0 ∈ ℋ≥,cd

𝑞,0 .

We now consider the case 𝑛 > 1. Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and part (a)

of Proposition 7.3, we get −𝐺♯𝑛−1 ∈ ℂ
𝑛𝑞×𝑛𝑞
≥ . In view of (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, we have

(𝑠𝑗)
2(𝑛−1)
𝑗=0 ∈ ℋ≥,e

𝑞,2(𝑛−1). Part (b) of Corollary 7.5 provides us then rank𝐺♯𝑛−2 =

rank𝐻𝑛−1−rank 𝑠0. This equation and (7.12) yield rank(−𝐺♯𝑛−1)−rank(−𝐺♯𝑛−2) =

0. Since −𝐺♯𝑛−1 ∈ ℂ
𝑛𝑞×𝑛𝑞
≥ and [12, Remark 2.1 (a)], this implies (−𝑠♯𝑗+2)

2(𝑛−1)
𝑗=0 ∈

ℋ≥,cd
𝑞,2(𝑛−1). □

Proposition 7.10. Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥,cd,𝑛

𝑞,∞ . Then the sequence (−𝑠♯𝑗+2)
∞
𝑗=0

belongs to ℋ≥,cd,max{0,𝑛−1}
𝑞,∞ .

Proof. We first consider the case 𝑛 = 0. Because of (2.1) we have then 𝑠0 = 0𝑞×𝑞
which, in view of Definition 4.1, implies −𝑠♯𝑘 = 0𝑞×𝑞 for every 𝑘 ∈ ℤ2,+∞. Thus,
(−𝑠♯𝑗+2)

∞
𝑗=0 belongs to ℋ≥

𝑞,∞ and is completely degenerate of order 0. In the
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case 𝑛 > 0 the assertion follows from Proposition 7.6, Remark 4.2 and Propo-
sition 7.9. □

The following example shows that in the case of 𝑚 ∈ ℤ2,∞ and a sequence

(𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚 the sequence (−𝑠♯𝑗+2)

𝑚−2
𝑗=0 does not necessarily belong to one of

the classes 𝒟𝑝×𝑞,𝑚−2 or 𝒟̃𝑝×𝑞,𝑚−2.

Example 7.11. Let 𝑠0 := 𝐼𝑞, 𝑠1 := 0𝑞×𝑞, 𝑠2 := 0𝑞×𝑞, 𝑠3 := 𝐼𝑞, and 𝑠4 := 0𝑞×𝑞.
In view of Example 4.6 we have then (𝑠𝑗)

4
𝑗=0 ∈ 𝒟𝑞,4. Using Definition 4.1 we

obtain −𝑠♯2 = 0𝑞×𝑞, −𝑠♯3 = 𝐼𝑞, and −𝑠♯4 = 0𝑞×𝑞 and, in view of Definition 4.5 and
Definition 4.16, in particular (−𝑠♯𝑗+2)

2
𝑗=0 /∈ 𝒟̃𝑞,2.

Now we turn our attention to a further class of sequences of complex matrices,
which is characterized by a remarkable behaviour of the associated block Hankel
matrices.

Definition 7.12. Let 𝜅 ∈ ℕ0∪{+∞} and let (𝑠𝑗)2𝜅𝑗=0 be a sequence from ℂ
𝑞×𝑞. Then

(𝑠𝑗)
2𝜅
𝑗=0 is called strictly regular if det𝐻𝑛 ∕= 0 for each 𝑛 ∈ ℤ0,𝜅. The notationℋsr

𝑞,2𝜅

stands for the set of all strictly regular sequences (𝑠𝑗)
2𝜅
𝑗=0 from ℂ𝑞×𝑞.

Remark 7.13. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)2𝜅𝑗=0 ∈ ℋsr
𝑞,2𝜅. Then (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋsr

𝑞,2𝑛

for all 𝑛 ∈ ℤ0,𝜅.

Remark 7.14. Let 𝜅 ∈ ℕ0∪{+∞}. Then Example 4.6 shows that ℋsr
𝑞,2𝜅 ⊆ 𝒟𝑞×𝑞,2𝜅.

Remark 7.15. For each 𝜅 ∈ ℕ0 ∪ {+∞}, the inclusion ℋ>𝑞,2𝜅 ⊆ ℋsr
𝑞,2𝜅 holds.

Lemma 7.16. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋsr

𝑞,2𝑛. Then:

(a) det𝐻𝑛 = det 𝑠0 ⋅ det(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛).

(b) det(𝐺♯𝑛−1) ∕= 0.
Proof. (a) By assumption, we have det 𝑠0 ∕= 0. Thus, part (a) is an immediate
consequence of the Schur-Frobenius formula (see, e.g., [10, Lemma 1.1.7]).

(b) By assumption we have det𝐻𝑛 ∕= 0. Thus, part (a) implies
det(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛) ∕= 0. (7.13)

Remark 7.14 gives (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑞×𝑞,2𝑛. Hence, part (b) of Corollary 6.16 and (7.13)

yield

rank𝐺♯𝑛−1 = rank(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛). (7.14)

This implies the assertion of (b). □

Proposition 7.17. Let 𝜅 ∈ ℕ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋsr

𝑞,2𝜅. Then (−𝑠♯𝑗+2)
2(𝜅−1)
𝑗=0

belongs to ℋsr
𝑞,2(𝜅−1).

Proof. Use part (b) of Lemma 7.16. □
In our subsequent considerations it will be advantageous to replace the se-

quence (−𝑠♯𝑗+2)
2(𝑛−1)
𝑗=0 by a slightly modified sequence. This will be done in the

next section.
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8. The first Schur transform of a sequence of 𝒑 × 𝒒-matrices

In [9], Chen and Hu presented a Schur-type algorithm to parametrize the so-
lution set of the matricial truncated Hamburger moment problem. In this way,

starting with an arbitrary sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛 containing the given power
moments of the moment problem in question, they constructed a particular se-

quence (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 belonging to ℋ≥,e

𝑞,2(𝑛−1). This sequence corresponds to the given

data of a truncated Hamburger moment problem which is connected by a partic-
ular explicit interrelation with the original moment problem. In this section, we

are going to discuss in detail this sequence (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 in an alternative and more

general setting. More precisely, we will construct the sequence (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 by an

appropriate normalization of the sequence (−𝑠♯𝑗+2)
2(𝑛−1)
𝑗=0 , which was studied in Sec-

tion 7. We will verify that, in the special case of a given sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛,

our Schur-type procedure produces exactly the sequence (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 which was

obtained by Chen/Hu [9] in a different way.

The following notion is one of the central objects in this paper. It describes
the basic step of the Schur-type algorithm which will be developed in Section 9.

Definition 8.1. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞}, let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝 ×
𝑞 matrices, and let (𝑠♯𝑗)

𝜅
𝑗=0 be the reciprocal sequence corresponding to (𝑠𝑗)

𝜅
𝑗=0.

Then the sequence (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 defined for each 𝑗 ∈ ℤ0,𝜅−2 by

𝑠
(1)
𝑗 := −𝑠0𝑠♯𝑗+2𝑠0

is called the first Schur transform of (𝑠𝑗)
𝜅
𝑗=0.

The main theme of this section is the investigation of the first Schur transform
of a (finite or infinite) sequence of complex matrices.

Remark 8.2. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞}, let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices, and let (𝑠
(1)
𝑗 )

𝜅−2
𝑘=0 be the first Schur transform of (𝑠𝑗)

𝜅
𝑗=0. In view of

Definition 8.1 and Remark 4.2, for each 𝑙 ∈ ℤ2,𝜅, then (𝑠
(1)
𝑗 )

𝑙−2
𝑗=0 is the first Schur

transform of (𝑠𝑗)
𝑙
𝑗=0.

If 𝜅 ∈ ℤ2,∞ ∪ {+∞} and if (𝑠𝑗)𝜅𝑗=0 is a sequence of complex 𝑝× 𝑞-matrices,

then we will continue to use the notations (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 and (𝑠♯𝑗)

𝜅
𝑗=0 to designate

the first Schur transform of (𝑠𝑗)
𝜅
𝑗=0 and the reciprocal sequence corresponding

to (𝑠𝑗)
𝜅
𝑗=0, respectively.

Example 8.3. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex
𝑝× 𝑞-matrices satisfying 𝑠𝑗 = 0𝑝×𝑞 for each 𝑗 ∈ ℤ1,𝜅. Then Example 4.3 shows

that 𝑠
(1)
𝑗 = 0𝑝×𝑞 for each 𝑗 ∈ ℤ0,𝜅−2.
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Remark 8.4. Let 𝜅 ∈ ℤ2,∞∪{+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices. In view of Definition 8.1, for every 𝑗 ∈ ℤ0,𝜅−2, then 𝒩 (𝑠0) ⊆ 𝒩 (𝑠(1)
𝑗 )

and ℛ(𝑠(1)
𝑗 ) ⊆ ℛ(𝑠0).

Remark 8.5. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex
𝑝× 𝑞-matrices.

(a) From Definition 8.1 one can easily see that

𝑠
(1)
𝑗 𝑠†0𝑠0 = 𝑠

(1)
𝑗 and 𝑠0𝑠†0𝑠

(1)
𝑗 = 𝑠

(1)
𝑗

hold for each 𝑗 ∈ ℤ0,𝜅−2.

(b) Part (b) of Proposition 4.9 implies 𝑠♯𝑗+2 = −𝑠†0𝑠
(1)
𝑗 𝑠†0 for each 𝑗 ∈ ℤ0,𝜅−2.

Remark 8.6. Let 𝜅 ∈ ℕ ∪ {+∞} with 𝜅 ≥ 2 and let (𝑠𝑗)
𝜅
𝑗=0 be a sequence of

complex 𝑝× 𝑞-matrices. Further, let 𝑜, 𝑟 ∈ ℕ, 𝑈 ∈ ℂ𝑜×𝑝 with 𝑈∗𝑈 = 𝐼𝑝 and

𝑉 ∈ ℂ𝑞×𝑟 with 𝑉 𝑉 ∗ = 𝐼𝑞. Then, [16, Lemma 5.19] implies (𝑈𝑠𝑗𝑉 )
(1) = 𝑈𝑠

(1)
𝑗 𝑉

for every 𝑗 ∈ ℤ0,𝜅−2.

Remark 8.7. Let 𝑙 ∈ ℕ, (𝑝𝑘)
𝑙
𝑘=1 and (𝑞𝑘)

𝑙
𝑘=1 be sequences from ℕ, 𝜅 ∈ ℤ2,+∞ ∪

{+∞} and for all 𝑘 ∈ ℤ1,𝑙 let (𝑠𝑘;𝑗)
𝜅
𝑗=0 be a sequence from ℂ𝑝𝑘×𝑞𝑘 . Then [16,

Remark 5.20] implies [diag (𝑠𝑘;𝑗)
𝑙
𝑘=1]

(1) = diag (𝑠
(1)
𝑘;𝑗)

𝑙
𝑘=1 for every 𝑗 ∈ ℤ0,𝜅−2.

Remark 8.8. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛 be such that 1 ≤ rank 𝑠0 ≤ 𝑞 − 1.
Let 𝑟 := rank 𝑠0. According to part (c) of Corollary 3.16, let the unitary 𝑞 × 𝑞 ma-

trix 𝑈 and the sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑟,2𝑛 be such that for each 𝑗 ∈ ℤ0,2𝑛 the relation

𝑠𝑗 = 𝑈∗ ⋅ diag(𝑠𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)) ⋅𝑈 holds. Then the application of Remark 8.6, Re-

mark 8.7, and Example 8.3 shows that 𝑠
(1)
𝑗 = 𝑈∗ ⋅ diag(𝑠(1)

𝑗 , 0(𝑞−𝑟)×(𝑞−𝑟)) ⋅ 𝑈 for
every 𝑗 ∈ ℤ0,2(𝑛−1).

Remark 8.9. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 and (𝑡𝑗)
𝜅
𝑗=0 be sequences from

ℂ𝑝×𝑞 such that (𝑠♯𝑗)
𝜅
𝑗=0 = (𝑡

♯
𝑗)
𝜅
𝑗=0 is satisfied. Then Definition 4.1 and part (a) of

Lemma A.1 show that 𝑠0 = 𝑡0. Thus, the identity (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 = (𝑡

(1)
𝑗 )

𝜅−2
𝑗=0 holds for

the first Schur transforms of (𝑠𝑗)
𝜅
𝑗=0 and (𝑡𝑗)

𝜅
𝑗=0.

Remark 8.10. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ
𝑝×𝑞.

For each 𝑗 ∈ ℤ0,𝜅 let 𝑠𝑗 := 𝑠0𝑠†0𝑠𝑗𝑠
†
0𝑠0. Then the combination of part (a) of

Proposition 4.10 and Remark 8.9 yields the identity (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 = (𝑠

(1)
𝑗 )

𝜅−2
𝑗=0 for the

first Schur transforms of (𝑠𝑗)
𝜅
𝑗=0 and (𝑠𝑗)

𝜅
𝑗=0.

Remark 8.11. Let 𝑚 ∈ ℤ2,∞ and let (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Let 𝑡𝑗 := 𝑠𝑗 for each

𝑗 ∈ ℤ0,𝑚−1 and let 𝑡𝑚 := 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0. Then the combination of part (b) of Lem-

ma 4.19 and Remark 8.9 provides us the identity (𝑠
(1)
𝑗 )

𝑚−2
𝑗=0 = (𝑡

(1)
𝑗 )

𝑚−2
𝑗=0 for the

first Schur transforms of (𝑠𝑗)
𝑚
𝑗=0 and (𝑡𝑗)

𝑚
𝑗=0.
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Now we modify the results stated in Proposition 7.6, Proposition 7.7, Propo-
sition 7.8, and Proposition 7.9.

Proposition 8.12. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Then (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1).

Proof. Part (b) of Lemma 3.2 implies 𝑠∗0 = 𝑠0. Thus, in view of Definition 8.1 and
Proposition 7.6, the application of Remark 3.3 yields the assertion. □

Proposition 8.13. Let 𝑚 ∈ ℕ with 𝑚 ≥ 2, and let (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚. Then (𝑠
(1)
𝑗 )

𝑚−2
𝑗=0 ∈

ℋ≥,e
𝑞,𝑚−2.

Proof. From part (b) of Lemma 3.1 we see that 𝑠∗0 = 𝑠0. Hence, in view of Def-
inition 8.1 and Proposition 7.7, the application of Remark 3.4 yields the asser-
tion. □

Proposition 8.14. Let 𝑛 ∈ ℕ and (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ>𝑞,2𝑛. Then (𝑠

(1)
𝑗 )

2(𝑛−1)
𝑗=0 ∈ ℋ>𝑞,2(𝑛−1).

Proof. The choice of (𝑠𝑗)
2𝑛
𝑗=0 particularly implies that 𝑠0 is a non-singular and Her-

mitian matrix. Thus, in view of Definition 8.1 and Proposition 7.8, the application
of Remark 3.5 completes the proof. □

Proposition 8.15. Let 𝑛 ∈ ℕ and (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 . Then (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 ∈ ℋ≥,cd

𝑞,2(𝑛−1).

Proof. Since (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 holds, the application of part (b) of Lemma 3.2 gives

𝑠∗0 = 𝑠0. Hence, in view of part (a) of Lemma A.1 and Definition 4.1 we get

𝒩 (𝑠0) = 𝒩 (𝑠†0) = 𝒩 (𝑠♯0).
Because of part (a) of Proposition 4.9 and Definition 4.5 we obtain in the case
𝑛− 1 > 0 that

𝒩 (𝑠0) = 𝒩 (𝑠♯0) ⊆
2𝑛∩
𝑘=0

𝒩 (𝑠♯𝑘) ⊆
2(𝑛−1)−1∩
𝑗=0

𝒩 (𝑠♯𝑗+2) =

2(𝑛−1)−1∩
𝑗=0

𝒩 (−𝑠♯𝑗+2).

Thus, in view of Definition 8.1 and Proposition 7.9, the application of Proposi-
tion 3.12 yields the assertion. □

In view of Definition 4.16 and Definition 4.5, the following example shows
that the first Schur transform of a sequence belonging to 𝒟̃𝑞,𝑚 or 𝒟𝑞,𝑚 does not

necessarily belong to 𝒟̃𝑞,𝑚−1 or 𝒟𝑞,𝑚−1.

Example 8.16. Let 𝑠0 := 𝐼𝑞 , 𝑠1 := 0𝑞×𝑞, 𝑠2 := 0𝑞×𝑞, 𝑠3 := 𝐼𝑞, and 𝑠4 := 0𝑞×𝑞. From
Example 4.6 we know that (𝑠𝑗)

4
𝑗=0 ∈ 𝒟𝑞,4. Furthermore, in view of Definition 8.1

and Example 7.11, we have 𝑠
(1)
0 = 0𝑞×𝑞, 𝑠

(1)
1 = 𝐼𝑞, and 𝑠

(1)
2 = 0𝑞×𝑞. In particular,

taking Definition 4.5 and Definition 4.16 into account we see that (𝑠
(1)
𝑗 )

2
𝑗=0 /∈ 𝒟̃𝑞,2.

Now we will study the block Hankel matrices associated with the first Schur
transform of a sequence from ℂ

𝑝×𝑞.
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Lemma 8.17. Let 𝑛 ∈ ℕ, and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of complex 𝑝× 𝑞-matrices.

Let

𝐻
(1)
𝑛−1 := [𝑠

(1)
𝑗+𝑘]

𝑛−1
𝑗,𝑘=0 (8.1)

and let 𝐺♯𝑛−1 be defined in (7.1). Then

(a) 𝐻
(1)
𝑛−1 = −(𝐼𝑛 ⊗ 𝑠0)𝐺

♯
𝑛−1(𝐼𝑛 ⊗ 𝑠0).

(b) 𝐺♯𝑛−1 = −(𝐼𝑛 ⊗ 𝑠†0)𝐻
(1)
𝑛−1(𝐼𝑛 ⊗ 𝑠†0).

(c) rank𝐻
(1)
𝑛−1 = rank𝐺♯𝑛−1.

Proof. The assertion of (a) is clear from Definition 8.1. Taking part (b) of Propo-
sition 4.9 into account part (b) follows from (a). Finally, part (c) follows by com-
bining (a) and (b). □

Now, for an arbitrary 𝑛 ∈ ℕ, we consider a sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. We

are going to establish various multiplicative representations for the block Hankel

matrix 𝐻
(1)
𝑛−1 defined in (8.1). Before doing this we still need some preparations.

For each 𝑚 ∈ ℕ0 and each sequence (𝑠𝑗)
𝑚
𝑗=0 of complex 𝑝× 𝑞-matrices, let

Δ𝑚 := (𝐼𝑚+1 ⊗ 𝑠0)S
†
𝑚 +
[
𝐼𝑚+1 ⊗ (𝐼𝑝 − 𝑠0𝑠†0)

]
(8.2)

and let

∇𝑚 := 𝕊
†
𝑚(𝐼𝑚+1 ⊗ 𝑠0) +

[
𝐼𝑚+1 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)

]
, (8.3)

where S𝑚 and 𝕊𝑚 are the block Toeplitz matrices given by (4.3) and (4.4), respec-
tively. The following result shows that under certain conditions the matrices Δ𝑚
and ∇𝑚 belong to the sets 𝔏𝑝,𝑚 and 𝔘𝑞,𝑚, respectively, which are introduced in
Definition B.1.

Lemma 8.18. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. For each 𝑚 ∈ ℤ0,𝜅,

then the matrix Δ𝑚 defined by (8.2) is a non-singular block Toeplitz matrix which
admits the 𝑝× 𝑝 block representation

Δ𝑚 =

⎧⎨⎩

𝐼𝑝 if 𝑚 = 0⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐼𝑝 0 0 . . . 0 0

𝑠0𝑠♯1 𝐼𝑝 0 . . . 0 0

𝑠0𝑠♯2 𝑠0𝑠♯1 𝐼𝑝 . . . 0 0
...

...
...

. . .
...

...

𝑠0𝑠♯𝑚−1 𝑠0𝑠♯𝑚−2 𝑠0𝑠♯𝑚−3 . . . 𝐼𝑝 0

𝑠0𝑠♯𝑚 𝑠0𝑠♯𝑚−1 𝑠0𝑠♯𝑚−2 . . . 𝑠0𝑠♯1 𝐼𝑝

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
if 𝑚 > 0
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and which in particular belongs to 𝔏𝑝,𝑚, whereas the matrix ∇𝑚 defined by (8.3)
is a non-singular block Toeplitz matrix which admits the 𝑞 × 𝑞 block representation

∇𝑚 =

⎧⎨⎩

𝐼𝑞 if 𝑚 = 0⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐼𝑞 𝑠♯1𝑠0 𝑠♯2𝑠0 . . . 𝑠♯𝑚−1𝑠0 𝑠♯𝑚𝑠0

0 𝐼𝑞 𝑠♯1𝑠0 . . . 𝑠♯𝑚−2𝑠0 𝑠♯𝑚−1𝑠0

0 0 𝐼𝑞 . . . 𝑠♯𝑚−3𝑠0 𝑠♯𝑚−2𝑠0

...
...

...
. . .

...
...

0 0 0 . . . 𝐼𝑞 𝑠♯1𝑠0

0 0 0 . . . 0 𝐼𝑞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
if 𝑚 > 0

and which in particular belongs to 𝔘𝑞,𝑚.

Proof. Use Proposition 4.14 and 𝑠♯0 = 𝑠†0 which follows from Definition 4.1. □

Proposition 8.19. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛. Then the block Hankel

matrix 𝐻
(1)
𝑛−1 defined in (8.1) admits the representations

𝐻
(1)
𝑛−1 = (𝐼𝑛 ⊗ 𝑠0)S

†
𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)𝕊

†
𝑛−1(𝐼𝑛 ⊗ 𝑠0) (8.4)

and

𝐻
(1)
𝑛−1 = Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞)∇𝑛−1. (8.5)

Furthermore,

rank𝐻
(1)
𝑛−1 = rank(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞). (8.6)

Proof. Combining part (a) of Lemma 8.17 and part (a) of Theorem 6.13 we get

(8.4). Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑝×𝑞,2𝑛 and Definition 4.16, we have

(𝑠𝑗)
2𝑛−1
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛−1. (8.7)

From (8.7) and Proposition 4.14 we obtain then S†
𝑛−1 = S♯𝑛−1 and 𝕊

†
𝑛−1 = 𝕊

♯
𝑛−1.

Thus, taking Lemma 6.12 into account, we obtain

S†
𝑛−1Γ𝑛−1;𝑞, 𝑞𝕊

†
𝑛−1 = 0𝑛𝑞×𝑛𝑝.

Hence, from (8.4) we get

𝐻
(1)
𝑛−1 = (𝐼𝑛 ⊗ 𝑠0)S

†
𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞)𝕊

†
𝑛−1(𝐼𝑛 ⊗ 𝑠0). (8.8)

Because of (8.7), the application of Proposition 4.8 yields (𝐼𝑝 − 𝑠0𝑠†0)𝑠𝑗 = 0𝑝×𝑞
and 𝑠𝑗(𝐼𝑞 − 𝑠†0𝑠0) = 0𝑝×𝑞 for each 𝑗 ∈ ℤ0,2𝑛−1. Thus,[

𝐼𝑛 ⊗ (𝐼𝑝 − 𝑠0𝑠†0)
]
(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞) = 0𝑛𝑝×𝑛𝑞

and

(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞)
[
𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠†0𝑠0)

]
= 0𝑛𝑝×𝑛𝑞.
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Hence, using (8.8), (8.2), and (8.3) we obtain (8.5). Because of (8.7) and Lem-
ma 8.18 we see that the matrices Δ𝑛−1 and ∇𝑛−1 are both non-singular. Thus,
from (8.5) we infer (8.6). □

Corollary 8.20. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛. Then the matrix 𝐻

(1)
𝑛−1 admits

the representations (8.4) and 𝐻
(1)
𝑛−1 = Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)∇𝑛−1. Moreover,

rank𝐻
(1)
𝑛−1 = rank(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛).

Proof. Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑝×𝑞,2𝑛, we obtain from Remark 4.17 that (𝑠𝑗)

2𝑛
𝑗=0 ∈

𝒟̃𝑝×𝑞,2𝑛, whereas Proposition 4.8 shows that Γ𝑛−1;𝑞, 𝑞 = 0𝑛𝑝×𝑛𝑞. Hence, Proposi-
tion 8.19 yields the assertion. □

Corollary 8.21. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Then

𝐻
(1)
𝑛−1 = (𝐼𝑛 ⊗ 𝑠0)𝑆

†
𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)(S

†
𝑛−1)

∗(𝐼𝑛 ⊗ 𝑠0), (8.9)

𝐻
(1)
𝑛−1 = Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛 + Γ𝑛−1;𝑞, 𝑞)Δ

∗
𝑛−1, (8.10)

and

rank𝐻
(1)
𝑛−1 = rank

[
𝐻𝑛 + diag(0𝑛𝑞×𝑛𝑞, 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 − 𝑠2𝑛)

]
− rank 𝑠0. (8.11)

Proof. From Proposition 4.25 we see that (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟̃𝑞,2𝑛 is valid. Part (b) of

Lemma 3.2 yields 𝑠∗𝑗 = 𝑠𝑗 for each 𝑗 ∈ ℤ0,𝑛−1. Thus (4.6) implies 𝕊𝑛−1 = S∗
𝑛−1.

Hence, using part (a) of Lemma A.1 we get (S†
𝑛−1)

∗ = (S∗
𝑛−1)

† = 𝕊
†
𝑛−1 and

(𝑠0𝑠†0)
∗ = (𝑠†0)

∗𝑠∗0 = (𝑠∗0)†𝑠∗0 = 𝑠†0𝑠0. Taking additionally into account (8.2) and
(8.3), we can conclude Δ∗

𝑛−1 = ∇𝑛−1. Hence, application of Proposition 8.19 yields
(8.9), (8.10), and (8.6). Thus, using part (c) of Theorem 6.13 and Proposition 7.3,
we finally obtain (8.11). □

Corollary 8.22. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then equations (8.9),

𝐻
(1)
𝑛−1 = Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)Δ

∗
𝑛−1,

and rank𝐻
(1)
𝑛−1 = rank𝐻𝑛 − rank 𝑠0 hold true.

Proof. Because of Proposition 4.24 we have (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒟𝑞×𝑞,2𝑛. Thus, Proposi-

tion 4.8 provides us 𝑠0𝑠†0𝑠2𝑛𝑠†0𝑠0 = 𝑠2𝑛 and consequently Γ𝑛−1;𝑞, 𝑞 = 0𝑛𝑞×𝑛𝑞. Hence,
the application of Corollary 8.21 yields all assertions. □

Now we prove an interesting recursion formula for the Schur transform of a
sequence (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅.
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Proposition 8.23. Let 𝜅 ∈ ℕ ∪ {+∞} with 𝜅 ≥ 2, let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅, and let

(𝑠
(1)
𝑗 )

𝜅−2
𝑘=0 be the first Schur transform of (𝑠𝑗)

𝜅
𝑗=0. For every 𝑗 ∈ ℤ0,𝜅−2, then

𝑠
(1)
𝑗 =

⎧⎨⎩
𝑠2 − 𝑠1𝑠†0𝑠1 if 𝑗 = 0

𝑠𝑗+2 − 𝑠𝑗+1𝑠†0𝑠1 −
𝑗−1∑
𝑙=0

𝑠𝑗−𝑙𝑠
†
0𝑠

(1)
𝑙 if 𝑗 > 0

.

Proof. If 𝜅 < +∞, then, according to [16, Remark 4.8], let (𝑠𝑗)∞𝑗=𝜅+1 be a se-

quence of complex 𝑝× 𝑞-matrices such that (𝑠𝑗)
∞
𝑗=0 belongs to 𝒟𝑝×𝑞,∞. Moreover,

in view of Remark 8.2, if 𝜅 < +∞ and if (𝑠
(1)
𝑗 )

∞
𝑗=0 is the first Schur transform of

(𝑠𝑗)
∞
𝑗=0, then (𝑠

(1)
𝑗 )

𝜅−2
𝑗=0 is the first Schur transform of (𝑠𝑗)

𝜅
𝑗=0. Thus, it is sufficient

to consider the case 𝜅 = +∞. Because of (𝑠𝑗)∞𝑗=0 ∈ 𝒟𝑝×𝑞,∞, the application of
Proposition 4.8 yields

𝑠0𝑠†0𝑠𝑗 = 𝑠𝑗 and 𝑠𝑗𝑠
†
0𝑠0 = 𝑠𝑗 for each 𝑗 ∈ ℕ0. (8.12)

From Definition 8.1, Definition 4.1, and (8.12) we get immediately 𝑠
(1)
0 = 𝑠2 −

𝑠1𝑠†0𝑠1 and, for each 𝑗 ∈ ℕ, in view of part (b) of Remark 8.5, furthermore

𝑠
(1)
𝑗 = −𝑠0

(
−𝑠†0

𝑗+1∑
𝑙=0

𝑠𝑗+2−𝑙𝑠
♯
𝑙

)
𝑠0 =

𝑗+1∑
𝑙=0

𝑠𝑗+2−𝑙𝑠
♯
𝑙𝑠0

= 𝑠𝑗+2𝑠†0𝑠0 + 𝑠𝑗+1(−𝑠†0𝑠1𝑠♯0)𝑠0 +

𝑗+1∑
𝑙=2

𝑠𝑗+2−𝑙𝑠
♯
𝑙𝑠0

= 𝑠𝑗+2 − 𝑠𝑗+1𝑠†0𝑠1 +

𝑗+1∑
𝑙=2

𝑠𝑗+2−𝑙(−𝑠†0𝑠
(1)
𝑙−2𝑠†0)𝑠0.

Applying part (a) of Remark 8.5 completes the proof. □

Corollary 8.24. Let 𝑚 ∈ ℤ2,∞ and let (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚. Then

𝑠
(1)
𝑚−1 =

⎧⎨⎩
𝑠0𝑠†0𝑠2𝑠†0𝑠0 − 𝑠1𝑠†0𝑠1 if 𝑚 = 2

𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0 − 𝑠𝑚−1𝑠†0𝑠1 −
𝑚−3∑
𝑙=0

𝑠𝑚−2−𝑙𝑠
†
0𝑠

(1)
𝑙 if 𝑚 > 2

.

Proof. Let 𝑡𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,𝑚−1 and let 𝑡𝑗 := 𝑠0𝑠†0𝑠𝑚𝑠†0𝑠0 for 𝑗 = 𝑚. Then,

because of (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒟̃𝑝×𝑞,𝑚, part (c) of Lemma 4.19 yields (𝑡𝑗)𝑚𝑗=0 ∈ 𝒟𝑝×𝑞,𝑚.

Thus, applying Proposition 8.23 yields the assertion. □

We continue with some statements about the first Schur transform of infinite
sequences belonging to particular subclasses of ℋ≥

𝑞,∞.

Proposition 8.25. Let (𝑠𝑗)
∞
𝑗=0 be a sequence from ℂ

𝑞×𝑞. Let (𝑠
(1)
𝑗 )

∞
𝑗=0 be the first

Schur transform of (𝑠𝑗)
∞
𝑗=0. Then:
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(a) If (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞, then (𝑠
(1)
𝑗 )

∞
𝑗=0 ∈ ℋ≥

𝑞,∞.

(b) If (𝑠𝑗)
∞
𝑗=0 ∈ ℋ>𝑞,∞, then (𝑠

(1)
𝑗 )

∞
𝑗=0 ∈ ℋ>𝑞,∞.

(c) Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ be completely degenerate of order 𝑛. Then

(𝑠
(1)
𝑗 )

∞
𝑗=0 belongs to ℋ≥

𝑞,∞ and is completely degenerate of order max{0, 𝑛−1}.
Proof. (a) This follows from Remark 8.2 and Proposition 8.12.

(b) This follows from Remark 8.2 and Proposition 8.14.
(c) We first consider the case 𝑛 = 0. Because of (2.1), we have then 𝑠0 = 0𝑞×𝑞

which, in view of Definition 8.1, implies 𝑠
(1)
𝑗 = 0𝑞×𝑞 for every 𝑗 ∈ ℕ0. Thus,

(𝑠
(1)
𝑗 )

∞
𝑗=0 belongs to ℋ≥

𝑞,∞ and is completely degenerate of order 0. In the case

𝑛 > 0 the assertion follows from (a), Remark 8.2, and Proposition 8.15. □
Proposition 8.26. Let 𝜅 ∈ ℕ∪{+∞} and let (𝑠𝑗)

2𝜅
𝑗=0 ∈ ℋsr

𝑞,2𝜅. Then the first Schur

transform (𝑠
(1)
𝑗 )

2(𝜅−1)
𝑗=0 of (𝑠𝑗)

2𝜅
𝑗=0 belongs to ℋsr

𝑞,2(𝜅−1).

Proof. Let 𝑛 ∈ ℤ1,𝜅. Then Remark 7.13 shows that (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋsr

𝑞,2𝑛. Thus, part (b)

of Lemma 7.16 implies det(𝐺♯𝑛−1) ∕= 0. Now, part (c) of Lemma 8.17 provides us
with det(𝐻

(1)
𝑛−1) ∕= 0. This completes the proof. □

Now we want to show that the first Schur transform (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0 of a sequence

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛 coincides with that sequence which was obtained in Chen/Hu [9]

by showing that a certain matrix has 𝑞 × 𝑞 block Hankel structure (see [9, p. 206–
207, formula (4.9)]). To realize this goal, we have to show that for certain matrices
built from (𝑠𝑗)

2𝑛
𝑗=0 the Moore-Penrose inverse coincides with the Drazin inverse.

If 𝐴 ∈ ℂ𝑠×𝑠 is a square matrix, then by 𝐴D we denote the Drazin inverse of
𝐴 (see also Appendix A).

Lemma 8.27. Let 𝑛 ∈ ℕ, and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then S†
𝑛−1 = SD

𝑛−1 and 𝕊
†
𝑛−1 =

𝕊D
𝑛−1 where S𝑛−1 and 𝕊𝑛−1 are defined in Notation 4.11.

Proof. From part (b) of Lemma 3.1 we see that (𝑠𝑗)
2𝑛
𝑗=0 is a sequence from ℂ

𝑞×𝑞
H .

Hence, [16, Remark 4.12, part (a) and part (c)] shows that ℛ(S𝑛−1) = ℛ(S∗
𝑛−1)

and ℛ(𝕊𝑛−1) = ℛ(𝕊∗𝑛−1) hold. Thus, Proposition A.2 yields both assertions. □

Let 𝑛 ∈ ℕ, and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. According to Corollary 8.22, the matrix

𝐻
(1)
𝑛−1 admits the representation (8.9), whereas Lemma 8.27 shows that S

†
𝑛−1 =

SD
𝑛−1 and 𝕊

†
𝑛−1 = 𝕊D

𝑛−1 hold. In view of part (b) of Lemma 3.1, the sequence

(𝑠𝑗)
2𝑛
𝑗=0 consists of Hermitian matrices. Thus we see from (4.6) that 𝕊𝑛−1 = S∗

𝑛−1.

Hence, from part (a) of Lemma A.1 we get

𝕊
D
𝑛−1 = 𝕊

†
𝑛−1 = (S

∗
𝑛−1)

† = (S†
𝑛−1)

∗

and, according to (8.9), then

𝐻
(1)
𝑛−1 = (𝐼𝑛 ⊗ 𝑠0)S

D
𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)𝕊

D
𝑛−1(𝐼𝑛 ⊗ 𝑠0). (8.13)



On a Schur-type Algorithm 167

Thus, we see that the block Hankel matrix 𝐻
(1)
𝑛−1 coincides with the matrix which

occurs in formula (4.9) at p. 206–207 in the paper of Chen/Hu [9]. This means that

the sequence used by Chen and Hu is exactly the first Schur transform (𝑠
(1)
𝑗 )

2(𝑛−1)
𝑗=0

of (𝑠𝑗)
2𝑛
𝑗=0, because Chen and Hu obtained the sequence (𝑠

(1)
𝑗 )

2(𝑛−1)
𝑗=0 by proving

that the matrix defined by the right-hand side of (8.13) has 𝑞 × 𝑞 block Hankel
structure. Their proof is based on a regularization procedure in connection with the
application of results due to Gekhtman/Shmŏısh [17] on generalized Bezoutiants.

9. A Schur-type algorithm for sequences of complex
𝒑 × 𝒒-matrices

The Schur-type transform introduced in Section 8 generates in a natural way a
corresponding algorithm for (finite or infinite) sequences of complex 𝑝× 𝑞-matrices.
The investigation of this algorithm is the central point of this section.

First we are going to extend Definition 8.1. Before we do that, let us note the
following. If 𝜅 ∈ ℕ0∪{+∞} and if (𝑠𝑗)𝜅𝑗=0 is a sequence of complex 𝑝× 𝑞 matrices,

then let 𝑠
(0)
𝑗 := 𝑠𝑗 for each 𝑗 ∈ ℤ0,𝜅, and we will call (𝑠

(0)
𝑗 )

𝜅
𝑗=0 the 0th Schur

transform of (𝑠𝑗)
𝜅
𝑗=0. Now we define, recursively, the 𝑘th Schur transform.

Definition 9.1. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex

𝑝 × 𝑞 matrices. For each 𝑘 ∈ ℕ with 2𝑘 ≤ 𝜅, the first Schur transform (𝑠
(𝑘)
𝑗 )𝜅−2𝑘

𝑗=0

of (𝑠
(𝑘−1)
𝑗 )

𝜅−2(𝑘−1)
𝑗=0 is called the 𝑘th Schur transform of (𝑠𝑗)

𝜅
𝑗=0.

Remark 9.2. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices. Let 𝑘, 𝑙 ∈ ℕ0 be such that 2(𝑘 + 𝑙) ≤ 𝜅. Then from Definition 9.1 it is
immediately obvious that the (𝑘+ 𝑙)th Schur transform of (𝑠𝑗)

𝜅
𝑗=0 is the 𝑙th Schur

transform of the 𝑘th Schur transform (𝑠
(𝑘)
𝑗 )𝜅−2𝑘

𝑗=0 of (𝑠𝑗)
𝜅
𝑗=0.

Now we are going to study the Schur-type algorithm introduced in Defini-

tion 9.1 for sequences belonging to ℋ≥
𝑞,2𝑛 and its distinguished subclasses and

furthermore for the class ℋsr
𝑞,2𝑛.

Proposition 9.3. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ

𝑞×𝑞. Let 𝑘 ∈ ℤ0,𝑛

and let (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 be the 𝑘th Schur transform of (𝑠𝑗)

2𝑛
𝑗=0. Then:

(a) If (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, then (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−𝑘).

(b) If (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ>𝑞,2𝑛, then (𝑠(𝑘)

𝑗 )
2(𝑛−𝑘)
𝑗=0 ∈ ℋ>𝑞,2(𝑛−𝑘).

(c) If (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 , then (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 ∈ ℋ≥,cd

𝑞,2(𝑛−𝑘).

(d) If (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋsr

𝑞,2𝑛, then (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 ∈ ℋsr

𝑞,2(𝑛−𝑘).

Proof. The assertions of (a), (b), (c) and (d) follow by induction from Remark 9.2,
Proposition 8.12, Proposition 8.14, Proposition 8.15, and Proposition 8.26, respec-
tively. □
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Proposition 9.4. Let 𝑚 ∈ ℕ0, let (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚, let 𝑘 ∈ ℕ0 be such that 2𝑘 ≤ 𝑚

holds. Then the 𝑘th Schur transform (𝑠
(𝑘)
𝑗 )𝑚−2𝑘

𝑗=0 of (𝑠𝑗)
𝑚
𝑗=0 belongs to ℋ≥,e

𝑞,𝑚−2𝑘.

Proof. In the case 𝑚 ∈ {0, 1} the assertion is obvious and in the case 𝑚 ∈ ℤ2,+∞
it follows by induction from Remark 9.2 and Proposition 8.13. □

Proposition 9.5. Let (𝑠𝑗)
∞
𝑗=0 be a sequence from ℂ𝑞×𝑞. Let 𝑘 ∈ ℕ0 and let (𝑠

(𝑘)
𝑗 )∞𝑗=0

be the 𝑘th Schur transform of (𝑠𝑗)
∞
𝑗=0. Then:

(a) Let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞. Then (𝑠
(𝑘)
𝑗 )∞𝑗=0 ∈ ℋ≥

𝑞,∞.

(b) Let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ>𝑞,∞. Then (𝑠

(𝑘)
𝑗 )∞𝑗=0 ∈ ℋ>𝑞,∞.

(c) Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ be completely degenerate of order 𝑛. Then

(𝑠
(𝑘)
𝑗 )∞𝑗=0 belongs to ℋ≥

𝑞,∞ and is completely degenerate of order max{0, 𝑛−𝑘}.
(d) Let (𝑠𝑗)

∞
𝑗=0 ∈ ℋsr

𝑞,∞. Then (𝑠
(𝑘)
𝑗 )∞𝑗=0 ∈ ℋsr

𝑞,∞.

Proof. The assertions of (a), (b), and (c) follow by induction from Remark 9.2
and parts (a), (b), and (c) of Proposition 8.25, respectively. Furthermore, the
application of Proposition 8.26 yields (d) by induction. □

The following result is some generalization of Remark 8.4.

Proposition 9.6. Let 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)
𝜅
𝑗=0 be a sequence of complex

𝑝× 𝑞-matrices. For every 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅− 2, every 𝑙 ∈ ℕ with 2𝑙 ≤ 𝜅 − 2𝑘,
and every 𝑗 ∈ ℤ0,𝜅−2(𝑘+𝑙), then 𝒩 (𝑠(𝑘)

0 ) ⊆ 𝒩 (𝑠(𝑘+𝑙)
𝑗 ) and ℛ(𝑠(𝑘+𝑙)

𝑗 ) ⊆ ℛ(𝑠(𝑘)
0 ).

Proof. Let 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅− 2 and let 𝑙 ∈ ℕ with 2𝑙 ≤ 𝜅− 2𝑘. Then we have
𝜅− 2(𝑘+ 𝑙− 1) ≥ 2. Hence, keeping Definition 9.1 in mind, the application of Re-
mark 8.4 to the sequence (𝑠

(𝑘+𝑙−1)
𝑗 )

𝜅−2(𝑘+𝑙−1)
𝑗=0 yields 𝒩 (𝑠(𝑘+𝑙−1)

0 ) ⊆ 𝒩 (𝑠(𝑘+𝑙)
𝑗 ) and

ℛ(𝑠(𝑘+𝑙)
𝑗 ) ⊆ ℛ(𝑠(𝑘+𝑙−1)

0 ) for every 𝑗 ∈ ℤ0,𝜅−2(𝑘+𝑙). Thus, it is sufficient to show the

inclusions 𝒩 (𝑠(𝑘)
0 ) ⊆ 𝒩 (𝑠(𝑘+𝑙−1)

0 ) and ℛ(𝑠(𝑘+𝑙−1)
0 ) ⊆ ℛ(𝑠(𝑘)

0 ). However, because
the case 𝑙 = 1 is trivial, these inclusions follow by induction using Definition 9.1
and Remark 8.4. □

It should be mentioned that the following important special case of Proposi-
tion 9.6 was already obtained with different methods by Chen/Hu [9, Theorem 3.9].

Proposition 9.7. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then ℛ(𝑠(𝑘+1)
0 ) ⊆ ℛ(𝑠(𝑘)

0 )

and in particular rank 𝑠
(𝑘+1)
0 ≤ rank 𝑠

(𝑘)
0 for each 𝑘 ∈ ℤ0,𝑛−1.

Proof. This is an immediate consequence of Proposition 9.6. □

Note that the example 𝑠0 = 0, 𝑠1 = 0, 𝑠2 = 1 shows that there is a sequence

in ℋ≥
1,2 ∖ ℋ≥,e

1,2 which fulfills ℛ(𝑠(0)
1 ) ⊆ ℛ(𝑠(1)

0 ).
The focus of our next considerations can be described as follows. Let 𝑛 ∈ ℕ,

let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛, and, for each 𝑘 ∈ ℤ0,𝑛 let (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 be the 𝑘th Schur

transform of (𝑠𝑗)
2𝑛
𝑗=0. Then we want to show that, for each 𝑘 ∈ ℤ0,𝑛, the matrix 𝐿𝑘
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introduced in (2.1) fulfills 𝐿𝑘 = 𝑠
(𝑘)
0 . The main idea to realize this plan is to apply

Lemma B.5 in an appropriate way. More precisely, we will determine matrices 𝔽𝑛
and𝕎𝑛 belonging to the multiplicative group 𝔘𝑞,𝑛 introduced in Appendix B such
that the block Hankel matrix 𝐻𝑛 admits the block diagonalizations

𝔽
∗
𝑛𝐻𝑛𝔽𝑛 = diag(𝐿0, 𝐿1, . . . , 𝐿𝑛) (9.1)

and
𝕎

∗
𝑛𝐻𝑛𝕎𝑛 = diag(𝑠

(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑛)
0 ). (9.2)

After realizing this goal the application of Lemma B.5 will bring the desired result.
Concerning the first block diagonalization (9.1), the following result was ob-

tained in [15, Proposition 4.17].

Proposition 9.8. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. For each 𝑘 ∈ ℤ1,𝑛, let

𝐹𝑘 :=

[
𝐼𝑘𝑞 −𝐻†

𝑘−1𝑦𝑘,2𝑘−1

0𝑞×𝑘𝑞 𝐼𝑞

]
and let

F𝑘,𝑛 :=

{
diag(𝐹𝑘, 𝐼(𝑛−𝑘)𝑞) if 𝑘 ≤ 𝑛− 1
𝐹𝑛 if 𝑘 = 𝑛

.

Furthermore, let
𝔽𝑛 := F𝑛,𝑛F𝑛−1,𝑛 ⋅ ⋅ ⋅F1,𝑛,

and let 𝔽𝑛 = (𝔽
(𝑛)
𝑗𝑘 )

𝑛
𝑗,𝑘=0 be the 𝑞 × 𝑞 block partition of 𝔽𝑛. Then:

(a) The matrix 𝔽𝑛 belongs to the set 𝔘𝑞,𝑛 which is defined in Appendix B.

(b) 𝐿𝑛−1𝔽
(𝑛)
𝑛−1,𝑛 = 𝑀𝑛−1 − 𝑠2𝑛−1.

(c) 𝔽∗
𝑛𝐻𝑛𝔽𝑛 = diag(𝐿0, 𝐿1, . . . , 𝐿𝑛).

After having determined some matrix 𝔽𝑛 ∈ 𝔘𝑞,𝑛 satisfying (9.1) we will now
construct a matrix 𝕎𝑛 ∈ 𝔏𝑞,𝑛 which fulfills (9.2). More precisely, the desired

factorization (9.2) can be obtained only for a sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. In the

case (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, the situation is more delicate as the following result shows.

Proposition 9.9. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. For each 𝑙 ∈ ℤ0,𝑛−1, let

(𝑠
(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 be the 𝑙th Schur transform of (𝑠𝑗)

2𝑛
𝑗=0. For each 𝑘 ∈ ℤ1,𝑛, let the block

Toeplitz matrix 𝑆
(𝑛−𝑘)
𝑘−1 be defined by

𝑆
(𝑛−𝑘)
𝑘−1 :=

⎡⎢⎢⎢⎢⎢⎢⎣
𝑠

(𝑛−𝑘)
0 0𝑞×𝑞 0𝑞×𝑞 . . . 0𝑞×𝑞

𝑠
(𝑛−𝑘)
1 𝑠

(𝑛−𝑘)
0 0𝑞×𝑞 . . . 0𝑞×𝑞

𝑠
(𝑛−𝑘)
2 𝑠

(𝑛−𝑘)
1 𝑠

(𝑛−𝑘)
0 . . . 0𝑞×𝑞

...
...

...
. . .

...

𝑠
(𝑛−𝑘)
𝑘−1 𝑠

(𝑛−𝑘)
𝑘−2 𝑠

(𝑛−𝑘)
𝑘−3 . . . 𝑠

(𝑛−𝑘)
0

⎤⎥⎥⎥⎥⎥⎥⎦
and let

𝑦
(𝑛−𝑘)
1,𝑘 := col(𝑠

(𝑛−𝑘)
𝑗 )𝑘𝑗=1.
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Further, for each 𝑘 ∈ ℤ1,𝑛, let

𝑉𝑘,𝑛 :=

⎛⎜⎜⎜⎝
𝐼𝑞 0𝑞×𝑘𝑞

−(𝐼𝑘 ⊗ 𝑠
(𝑛−𝑘)
0 )(𝑆

(𝑛−𝑘)
𝑘−1 )†

×𝑦
(𝑛−𝑘)
1,𝑘 (𝑠

(𝑛−𝑘)
0 )†

(𝐼𝑘 ⊗ 𝑠
(𝑛−𝑘)
0 )(𝑆

(𝑛−𝑘)
𝑘−1 )†

+(𝐼𝑘 ⊗ [𝐼𝑞 − 𝑠
(𝑛−𝑘)
0 (𝑠

(𝑛−𝑘)
0 )†])

⎞⎟⎟⎟⎠
and

V𝑘,𝑛 :=

{
diag(𝐼(𝑛−𝑘)𝑞 , 𝑉𝑘,𝑛) if 𝑘 ≤ 𝑛− 1
𝑉𝑛,𝑛 if 𝑘 = 𝑛

.

Let 𝕍𝑛 := V1,𝑛V2,𝑛 ⋅ ⋅ ⋅V𝑛,𝑛 and let 𝕍𝑛 = (𝕍
(𝑛)
𝑙𝑚 )

𝑛
𝑙,𝑚=0 be the 𝑞 × 𝑞 block partition

of 𝕍𝑛. Then:

(a) The matrix 𝕍𝑛 belongs to the set 𝔏𝑞,𝑛 which is defined in Definition B.1.

(b) 𝕍
(𝑛)
𝑛,𝑛−1 =

∑𝑛−1
𝑗=0 𝑠

(𝑗)
0 (𝑠

(𝑗)
1 )♯.

(c)

𝕍𝑛𝐻𝑛𝕍
∗
𝑛

= diag

⎛⎝𝑠
(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]⎞⎠ .

(d) Let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then 𝕍𝑛𝐻𝑛𝕍
∗
𝑛 = diag(𝑠

(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑛)
0 ).

Proof. Because of part (a) of Proposition 9.3 we have (𝑠
(𝑛−𝑘)
𝑗 )2𝑘𝑗=0 ∈ ℋ≥

𝑞,2𝑘 for every

𝑘 ∈ ℤ1,𝑛, which, in view of Proposition 4.25, implies (𝑠
(𝑛−𝑘)
𝑗 )2𝑘𝑗=0 ∈ 𝒟̃𝑞,2𝑘 for every

𝑘 ∈ ℤ1,𝑛. Keeping Definition 4.16 in mind, we obtain

(𝑠
(𝑛−𝑘)
𝑗 )2𝑘−1

𝑗=0 ∈ 𝒟𝑞,2𝑘−1 for every 𝑘 ∈ ℤ1,𝑛. (9.3)

Hence, from Lemma 8.18 applied to the sequence (𝑠
(𝑛−𝑘)
𝑗 )2𝑘𝑗=0 we see that

V𝑘,𝑛 ∈ 𝔏𝑞,𝑛 for each 𝑘 ∈ ℤ1,𝑛. (9.4)

(a) This is an immediate consequence of (9.4) and part (a) of Remark B.2.

(b) For each 𝑘 ∈ ℤ1,𝑛, let 𝑉𝑘,𝑛 = (𝑉
(𝑘,𝑛)
𝑙𝑚 )𝑘𝑙,𝑚=0 be the 𝑞 × 𝑞 block partition

of 𝑉𝑘,𝑛. Recalling Definition 4.1, we get

𝑉
(1,𝑛)

1,0 = −(𝐼1 ⊗ 𝑠
(𝑛−1)
0 )(𝑆

(𝑛−1)
0 )†𝑦(𝑛−1)

1,1 (𝑠
(𝑛−1)
0 )†

= −𝑠
(𝑛−1)
0 (𝑠

(𝑛−1)
0 )†𝑠(𝑛−1)

1 (𝑠
(𝑛−1)
0 )†

= 𝑠
(𝑛−1)
0

[
−(𝑠(𝑛−1)

0 )†𝑠(𝑛−1)
1 (𝑠

(𝑛−1)
0 )♯

]
= 𝑠

(𝑛−1)
0 (𝑠

(𝑛−1)
1 )♯.

(9.5)
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In the case 𝑛 = 1 we can easily see that (𝕍
(𝑛)
𝑙𝑚 )

𝑛
𝑙,𝑚=0 = (𝑉

(𝑛,𝑛)
𝑙𝑚 )𝑛𝑙,𝑚=0 and, in

view of (9.5), consequently

𝕍
(𝑛)
𝑛,𝑛−1 = 𝑉

(𝑛,𝑛)
𝑛,𝑛−1 = 𝑉

(1,𝑛)
1,0 = 𝑠

(𝑛−1)
0 (𝑠

(𝑛−1)
1 )♯ =

𝑛−1∑
𝑗=0

𝑠
(𝑗)
0 (𝑠

(𝑗)
1 )♯.

Thus, if 𝑛 = 1, then (b) is verified. Now let 𝑛 ≥ 2. For each 𝑘 ∈ ℤ1,𝑛 let V𝑘,𝑛 =

(V
(𝑘,𝑛)
𝑙𝑚 )𝑛𝑙,𝑚=0 be the 𝑞 × 𝑞 block partition of V𝑘,𝑛. Because of (9.4) and part (a)

of Remark B.3, we have

𝕍
(𝑛)
𝑛,𝑛−1 =

𝑛∑
𝑘=1

V
(𝑘,𝑛)
𝑛,𝑛−1 =

𝑛∑
𝑘=1

𝑉
(𝑘,𝑛)
𝑘,𝑘−1. (9.6)

In view of (9.3), the application of Lemma 8.18 for every 𝑘 ∈ ℤ2,𝑛 to the sequence

(𝑠
(𝑛−𝑘)
𝑗 )2𝑘−1

𝑗=0 yields

𝑉
(𝑘,𝑛)
𝑘,𝑘−1 = 𝑠

(𝑛−𝑘)
0 (𝑠

(𝑛−𝑘)
1 )♯ for each 𝑘 ∈ ℤ2,𝑛. (9.7)

From (9.6), (9.5), and (9.7) we conclude that

𝕍
(𝑛)
𝑛,𝑛−1 =

𝑛∑
𝑘=1

𝑉
(𝑘,𝑛)
𝑘,𝑘−1 =

𝑛∑
𝑘=1

𝑠
(𝑛−𝑘)
0 (𝑠

(𝑛−𝑘)
1 )♯ =

𝑛−1∑
𝑗=0

𝑠
(𝑗)
0 (𝑠

(𝑗)
1 )♯.

Thus part (b) is also checked for 𝑛 ≥ 2.
(c) Because of (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, part (c) of Lemma 3.2 implies 𝒩 (𝑠0) ⊆ 𝒩 (𝑠𝑗)
and ℛ(𝑠𝑗) ⊆ ℛ(𝑠0) for every 𝑗 ∈ ℤ1,𝑛. From (2.2) and parts (b) and (c) of Lem-
ma A.1 we obtain that [

𝐼𝑛 ⊗ (𝑠0𝑠†0)
]

𝑦1,𝑛 = 𝑦1,𝑛, (9.8)

𝑦1,𝑛𝑠†0𝑠0 = 𝑦1,𝑛 and 𝑠0𝑠†0𝑧1,𝑛 = 𝑧1,𝑛. (9.9)

In view of (8.2) and (9.8) we get

Δ𝑛−1𝑦1,𝑛 =
(
(𝐼𝑛 ⊗ 𝑠0)S

†
𝑛−1 +

[
𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠0𝑠†0)

])
𝑦1,𝑛 = (𝐼𝑛 ⊗ 𝑠0)S

†
𝑛−1𝑦1,𝑛.

Hence, taking additionally (8.2) into account once again, we can conclude

V𝑛,𝑛 = 𝑉𝑛,𝑛

=

[
𝐼𝑞 0𝑞×𝑛𝑞

−(𝐼𝑛 ⊗ 𝑠0)S
†
𝑛−1𝑦1,𝑛𝑠†0 (𝐼𝑛 ⊗ 𝑠0)S

†
𝑛−1 + [𝐼𝑛 ⊗ (𝐼𝑞 − 𝑠0𝑠†0)]

]
=

[
𝐼𝑞 0𝑞×𝑛𝑞

−Δ𝑛−1𝑦1,𝑛𝑠†0 Δ𝑛−1

]
= diag(𝐼𝑞,Δ𝑛−1)

[
𝐼𝑞 0𝑞×𝑛𝑞

−𝑦1,𝑛𝑠†0 𝐼𝑛𝑞

]
.

(9.10)
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Using (9.10), (7.2), and (9.9) we obtain

V𝑛,𝑛𝐻𝑛 = diag(𝐼𝑞,Δ𝑛−1) ⋅
[

𝐼𝑞 0𝑞×𝑛𝑞
−𝑦1,𝑛𝑠†0 𝐼𝑛𝑞

] [
𝑠0 𝑧1,𝑛

𝑦1,𝑛 𝐺𝑛−1

]
= diag(𝐼𝑞,Δ𝑛−1) ⋅

[
𝑠0 𝑧1,𝑛

−𝑦1,𝑛𝑠†0𝑠0 + 𝑦1,𝑛 −𝑦1,𝑛𝑠†0𝑧1,𝑛 +𝐺𝑛−1

]
=

[
𝑠0 𝑧1,𝑛

0𝑛𝑞×𝑞 Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)

]
.

(9.11)

Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, part (b) of Lemma 3.2 implies 𝑠∗𝑗 = 𝑠𝑗 for every

𝑗 ∈ ℤ0,𝑛. From part (a) of Lemma A.1 and (2.2) we see that

(−𝑦1,𝑛𝑠†0)
∗ = −(𝑠†0)∗𝑦∗

1,𝑛 = −(𝑠∗0)†𝑦∗
1,𝑛 = −𝑠†0𝑧1,𝑛.

Hence, in view of (9.10), we get

V∗
𝑛,𝑛 =

[
𝐼𝑞 −𝑠†0𝑧1,𝑛

0𝑛𝑞×𝑞 𝐼𝑛𝑞

]
⋅ diag(𝐼𝑞,Δ∗

𝑛−1). (9.12)

Since (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛, Corollary 8.21 yields (8.10). From (9.3) we have

(𝑠𝑗)
2𝑛−1
𝑗=0 ∈ 𝒟𝑞,2𝑛−1. Thus, using Lemma 8.18, we see that

Δ𝑛−1 ∈ 𝔏𝑞,𝑛−1 (9.13)

which in view of part (c) of Remark B.2 implies Δ∗
𝑛−1 ∈ 𝔘𝑞,𝑛−1. Let Γ𝑛−1;𝑞, 𝑞 be

defined via (6.61). Then taking additionally into account (9.13), and Definition B.1
we obtain Δ𝑛−1Γ𝑛−1;𝑞, 𝑞Δ

∗
𝑛−1 = Γ𝑛−1;𝑞, 𝑞. Hence, in view of (8.10), we conclude

that

𝐻
(1)
𝑛−1 − Γ𝑛−1;𝑞, 𝑞 = Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)Δ

∗
𝑛−1. (9.14)

Using (9.11), (9.12), the second equation in (9.9), (9.14) and (6.61), we see that

V𝑛,𝑛𝐻𝑛V
∗
𝑛,𝑛

=

[
𝑠0 𝑧1,𝑛

0𝑛𝑞×𝑞 Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)

] [
𝐼𝑞 −𝑠†0𝑧1,𝑛

0𝑞×𝑛𝑞 𝐼𝑛𝑞

]
⋅ diag(𝐼𝑞 ,Δ∗

𝑛−1)

=

[
𝑠0 −𝑠0𝑠†0𝑧1,𝑛 + 𝑧1,𝑛

0𝑛𝑞×𝑞 Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)

]
⋅ diag(𝐼𝑞,Δ∗

𝑛−1)

= diag
(

𝑠0,Δ𝑛−1(𝐺𝑛−1 − 𝑦1,𝑛𝑠†0𝑧1,𝑛)Δ
∗
𝑛−1

)
= diag(𝑠0, 𝐻

(1)
𝑛−1 − Γ𝑛−1;𝑞, 𝑞)

= diag(𝑠
(0)
0 , 𝐻

(1)
𝑛−1) + diag

(
0𝑛𝑞×𝑛𝑞, 𝑠

(0)
2𝑛 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑛 (𝑠
(0)
0 )†𝑠(0)

0

)
.

(9.15)

Because of (8.1), in the case 𝑛 = 1 formula (9.15) shows that part (c) is proved.
Now we consider the case 𝑛 > 1. Then, in view of our considerations above, there
is some 𝑚 ∈ ℤ2,𝑛 such that the assertion stated in part (c) is true for 𝑛 = 𝑚− 1.
We argue inductively and check that part (c) is valid for 𝑛 = 𝑚 as well. Clearly,

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 implies

(𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥

𝑞,2𝑚. (9.16)
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Let 𝑠𝑗 := 𝑠
(1)
𝑗 for every 𝑗 ∈ ℤ0,2(𝑚−1). In view of (9.16) and Proposition 8.12, we

obtain that

(𝑠𝑗)
2(𝑚−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑚−1). (9.17)

Keeping Remark 9.2 in mind and using obvious notation, we see that 𝑉𝑘,𝑚−1 =
𝑉𝑘,𝑚 holds for every 𝑘 ∈ ℤ1,𝑚−1. Hence, it is readily proved that with obvious
notation

𝕍𝑚 = diag(𝐼𝑞, 𝕍̃𝑚−1) ⋅V𝑚,𝑚 (9.18)

holds. In view of (9.16) and (9.15), the same reasoning as above leads us to

V𝑚,𝑚𝐻𝑚V
∗
𝑚,𝑚

= diag(𝑠
(0)
0 , 𝐻

(1)
𝑚−1) + diag

(
0𝑚𝑞×𝑚𝑞, 𝑠

(0)
2𝑚 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑚(𝑠
(0)
0 )†𝑠(0)

0

)
.

(9.19)

Furthermore, because of (9.17) and our assumption that part (c) is valid for 𝑛 =
𝑚− 1, with obvious notation we have

𝕍̃𝑚−1𝐻̃𝑚−1𝕍̃
∗
𝑚−1 = diag

(
𝑠

(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑚−2)
0 ,

𝑠
(𝑚−1)
0 +

𝑚−2∑
𝑘=0

[
𝑠

(𝑘)
2(𝑚−1−𝑘) − 𝑠

(𝑘)
0 (𝑠

(𝑘)
0 )†𝑠(𝑘)

2(𝑚−1−𝑘)(𝑠
(𝑘)
0 )†𝑠(𝑘)

0

] )
which, recalling Remark 9.2, implies

𝕍̃𝑚−1𝐻
(1)
𝑚−1𝕍̃

∗
𝑚−1 = 𝕍̃𝑚−1𝐻̃𝑚−1𝕍̃

∗
𝑚−1

= diag
(
𝑠

(1)
0 , 𝑠

(2)
0 , . . . 𝑠

(𝑚−1)
0 ,

𝑠
(𝑚)
0 +

𝑚−2∑
𝑘=0

[
𝑠

(𝑘+1)
2(𝑚−1−𝑘) − 𝑠

(𝑘+1)
0 (𝑠

(𝑘+1)
0 )†𝑠(𝑘+1)

2(𝑚−1−𝑘)(𝑠
(𝑘+1)
0 )†𝑠(𝑘+1)

0

] )

= diag

⎛⎝𝑠
(1)
0 , 𝑠

(2)
0 , . . . , 𝑠

(𝑚)
0 +

𝑚−1∑
𝑗=1

[
𝑠

(𝑗)
2(𝑚−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑚−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]⎞⎠ .

(9.20)

Because of (9.17) and part (a), we have 𝕍̃𝑚−1 ∈ 𝔏𝑞,𝑚−1. Consequently, the matrix

diag(𝐼𝑞 , 𝕍̃𝑚−1) belongs to 𝔏𝑞,𝑚, which in view of part (c) of Remark B.2, shows

that diag(𝐼𝑞 , 𝕍̃
∗
𝑚−1) ∈ 𝔘𝑞,𝑚. Thus, we obtain that

diag(𝐼𝑞 , 𝕍̃𝑚−1) ⋅ diag
(
0𝑚𝑞×𝑚𝑞, 𝑠

(0)
2𝑚 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑚(𝑠
(0)
0 )†𝑠(0)

0

)
⋅ diag(𝐼𝑞 , 𝕍̃∗

𝑚−1∗)

= diag
(
0𝑚𝑞×𝑚𝑞, 𝑠

(0)
2𝑚 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑚(𝑠
(0)
0 )†𝑠(0)

0

)
. (9.21)
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Hence, using (9.18), (9.19), (9.21), and (9.20), we conclude that

𝕍𝑚𝐻𝑚𝕍
∗
𝑚 = diag(𝐼𝑞, 𝕍̃𝑚−1)V𝑚,𝑚𝐻𝑚V

∗
𝑚,𝑚 diag(𝐼𝑞 , 𝕍̃

∗
𝑚−1)

= diag(𝐼𝑞 , 𝕍̃𝑚−1)

×
[
diag(𝑠

(0)
0 , 𝐻

(1)
𝑚−1) + diag

(
0𝑚𝑞×𝑚𝑞, 𝑠

(0)
2𝑚 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑚(𝑠
(0)
0 )†𝑠(0)

0

)]
× diag(𝐼𝑞 , 𝕍̃∗

𝑚−1)

= diag(𝑠
(0)
0 , 𝕍̃𝑚−1𝐻

(1)
𝑚−1𝕍̃

∗
𝑚−1) + diag

(
0𝑚𝑞×𝑚𝑞, 𝑠

(0)
2𝑚 − 𝑠

(0)
0 (𝑠

(0)
0 )†𝑠(0)

2𝑚(𝑠
(0)
0 )†𝑠(0)

0

)
= diag

⎛⎝𝑠
(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑚)
0 +

𝑚−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑚−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑚−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]⎞⎠ .

Hence part (c) holds true in the case 𝑛 = 𝑚 as well.

(d) Let 𝑗 ∈ ℤ0,𝑛−1. In view of (𝑠𝑘)
2𝑛
𝑘=0 ∈ ℋ≥,e

𝑞,2𝑛, the application of Propo-

sition 9.4 yields (𝑠
(𝑗)
𝑘 )

2(𝑛−𝑗)
𝑘=0 ∈ ℋ≥,e

𝑞,2(𝑛−𝑗). Then, Proposition 4.24 implies that

(𝑠
(𝑗)
𝑘 )

2(𝑛−𝑗)
𝑘=0 belongs to 𝒟𝑞×𝑞,2(𝑛−𝑗). Hence, from Proposition 4.8 we infer

𝑠
(𝑗)
2(𝑛−𝑗) = 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0 .

Thus, the application of part (c) completes the proof. □

Since the sequence (𝑠
(𝑘)
0 )𝑛𝑘=0 coincides with the sequence defined by Chen and

Hu [9, formula (4.9) at p. 206–207], we see that in the special case (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛

the block diagonalization of 𝐻𝑛 which is contained in part (d) of Proposition 9.9
corresponds to the block diagonalization of𝐻𝑛, which was attained in Chen/Hu [9,
Theorem 3.9].

Proposition 9.10. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Then 𝐿𝑘 = 𝑠
(𝑘)
0 for each

𝑘 ∈ ℤ0,𝑛−1 and

𝐿𝑛 = 𝑠
(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
.

Proof. According to parts (a) and (c) of Proposition 9.8, we have

𝔽𝑛 ∈ 𝔘𝑞,𝑛 (9.22)

and

𝔽
∗
𝑛𝐻𝑛𝔽𝑛 = diag(𝐿0, 𝐿1, . . . , 𝐿𝑛). (9.23)

From part (a) of Proposition 9.9 and part (c) of Remark B.2 we infer that

𝕍
∗
𝑛 ∈ 𝔘𝑞,𝑛, (9.24)
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whereas part (c) of Proposition 9.9 yields

(𝕍∗
𝑛)

∗𝐻𝑛𝕍
∗
𝑛

= diag

⎛⎝𝑠
(0)
0 , 𝑠

(1)
0 , . . . , 𝑠

(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]⎞⎠ .

(9.25)

Hence, application of part (a) of Lemma B.5 completes the proof. □

Corollary 9.11. Let 𝑚 ∈ ℕ0 and let (𝑠𝑗)
𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,𝑚. Then 𝐿𝑘 = 𝑠
(𝑘)
0 for each

𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝑚.

Proof. If 𝑚 = 2𝑛 with 𝑛 ∈ ℕ0, then we choose matrices 𝑠2𝑛+1 and 𝑠2𝑛+2 from

ℂ𝑞×𝑞 such that (𝑠𝑗)2𝑛+2
𝑗=0 ∈ ℋ≥

𝑞,2𝑛+2. If 𝑚 = 2𝑛 + 1 with some 𝑛 ∈ ℕ0, then we

choose a matrix 𝑠2𝑛+2 from ℂ𝑞×𝑞 such that (𝑠𝑗)2𝑛+2
𝑗=0 ∈ ℋ≥

𝑞,2𝑛+2. Consequently, the

assertion follows by applying Proposition 9.10 to the sequence (𝑠𝑗)
2𝑛+2
𝑗=0 and taking

Remark 8.2 into account. □

Proposition 9.12. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. For each 𝑘 ∈ ℤ0,𝑛 let

(𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 be the 𝑘th Schur transform of (𝑠𝑗)

2𝑛
𝑗=0. Then

rank𝐻𝑛 =

𝑛∑
𝑘=0

rank 𝑠
(𝑘)
0 .

Proof. The case 𝑛 = 0 is trivial. We now consider the case 𝑛 > 0. Because of

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛 we have (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. From [12, Remark 2.1 (a)] we get that

rank𝐻𝑛 =
∑𝑛
𝑘=0 rank𝐿𝑘. Hence, Corollary 9.11 yields the asserted equation. □

An alternate approach to Corollary 9.11 which is based on orthogonal matrix
polynomials can be found in Chen/Hu [9, Lemma 4.6, formula (4.22)].

A closer look at Proposition 9.10 shows that the sequence (𝑠
(𝑘)
0 )𝑛𝑘=0 is the

part (𝐷𝑘)
𝑛
𝑘=0 of the canonical Hankel parametrization [(𝐶𝑘)

𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0] of the

sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. Now we want to show that the remaining part (𝐶𝑘)
𝑛
𝑘=1

can also be described in terms of the sequences of Schur transforms of (𝑠𝑗)
2𝑛
𝑗=0.

Our strategy to realize this aim is as follows. We take into account that the part
(𝐶𝑘)

𝑛
𝑘=1 of the canonical Hankel parametrization of (𝑠𝑗)

2𝑛
𝑗=0 is described in terms

of the matrices Λ𝑘 defined in (2.5). Then we will apply [12, Lemma 3.14] to get
the identity

Λ𝑘 = 𝑀𝑘 + 𝐿𝑘𝐿
†
𝑘−1(𝑠2𝑘 −𝑀𝑘−1),

where the matrices 𝑀𝑘−1 and 𝑀𝑘 are defined via (2.4) and (2.6). To generate
the desired connection with the sequences of Schur transforms of (𝑠𝑗)

2𝑛
𝑗=0, we are

looking for an expression of the difference 𝑠2𝑘−𝑀𝑘−1 in terms of the sequences of
Schur transforms of (𝑠𝑗)

2𝑛
𝑗=0. Following this plan, we are led to the following result

which is, by itself, of interest.
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Proposition 9.13. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛−1
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛−1. Then

𝑀𝑛−1 − 𝑠2𝑛−1 = 𝐿𝑛−1

𝑛−1∑
𝑗=0

(𝑠
(𝑗)
1 )♯𝑠

(𝑗)
0 .

Proof. The starting point of our proof consists of the block diagonalizations of
𝐻𝑛 obtained in part (c) of Proposition 9.8 and part (c) of Proposition 9.9. The
crucial step of the proof is then the application of part (c) of Lemma B.5. Using
Proposition 9.8, Proposition 9.9, Remark B.2, and the notation given there, we
get that (9.22), (9.23), (9.24), and (9.25) are satisfied. Let

𝔽𝑛 = (𝔽
(𝑛)
𝑙𝑚 )

𝑛
𝑙,𝑚=0, 𝕍𝑛 = (𝕍

(𝑛)
𝑙𝑚 )

𝑛
𝑙,𝑚=0 and 𝕍

∗
𝑛 = (𝕎

(𝑛)
𝑙𝑚 )

𝑛
𝑙,𝑚=0

be the 𝑞 × 𝑞 block representations of 𝔽𝑛, 𝕍𝑛, and 𝕍∗
𝑛, respectively. From (9.22),

(9.24), (9.23), (9.25), and part (c) of Lemma B.5, we see that

𝐿𝑛−1𝔽
(𝑛)
𝑛−1,𝑛 = 𝐿𝑛−1𝕎

(𝑛)
𝑛−1,𝑛. (9.26)

Now we will study both sides of (9.26) separately. Since (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛,

application of part (b) of Proposition 9.8 provides us with

𝐿𝑛−1𝔽
(𝑛)
𝑛−1,𝑛 = 𝑀𝑛−1 − 𝑠2𝑛−1 (9.27)

whereas part (b) of Proposition 9.9 yields

𝕎
(𝑛)
𝑛−1,𝑛 = (𝕍

(𝑛)
𝑛,𝑛−1)

∗ =

⎡⎣𝑛−1∑
𝑗=0

𝑠
(𝑗)
0 (𝑠

(𝑗)
1 )♯

⎤⎦∗ = 𝑛−1∑
𝑗=0

[
(𝑠

(𝑗)
1 )♯
]∗
(𝑠

(𝑗)
0 )∗. (9.28)

Because of Proposition 9.4, for each 𝑘 ∈ ℤ0,𝑛−1 the sequence (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)−1
𝑗=0 be-

longs to ℋ≥,e
𝑞,2(𝑛−𝑘)−1. Consequently, from part (b) of Lemma 3.1 and [16, Propo-

sition 5.16] we conclude that (𝑠
(𝑘)
0 )∗ = 𝑠

(𝑘)
0 and [(𝑠

(𝑘)
1 )♯]∗ = (𝑠(𝑘)

1 )♯ are fulfilled for
each 𝑘 ∈ ℤ0,𝑛−1, respectively. Hence (9.28) provides us with

𝕎
(𝑛)
𝑛−1,𝑛 =

𝑛−1∑
𝑗=0

(𝑠
(𝑗)
1 )♯𝑠

(𝑗)
0 (9.29)

and, by virtue of (9.27), (9.26), and (9.29), the proof is complete. □

Now we are able to prove the first main result of this section.

Theorem 9.14. Let 𝑛 ∈ ℕ, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, and let [(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0] be the

canonical Hankel parametrization of (𝑠𝑗)
2𝑛
𝑗=0. Then 𝐶𝑘 = 𝑠

(𝑘−1)
1 for every 𝑘 ∈ ℤ1,𝑛,

𝐷𝑘 = 𝑠
(𝑘)
0 for every 𝑘 ∈ ℤ0,𝑛−1, and

𝐷𝑛 = 𝑠
(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
. (9.30)
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Proof. From Proposition 9.10 we get

𝐷𝑘 = 𝐿𝑘 = 𝑠
(𝑘)
0 for each 𝑘 ∈ ℤ0,𝑛−1 (9.31)

and

𝐷𝑛 = 𝐿𝑛 = 𝑠
(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
.

It remains to prove 𝐶𝑘+1 = 𝑠
(𝑘)
1 for each 𝑘 ∈ ℤ0,𝑛−1. In the case 𝑘 = 0 we have

𝐶𝑘+1 = 𝐶1 = 𝑠1 − Λ0 = 𝑠1 = 𝑠
(0)
1 = 𝑠

(𝑘)
1 .

If 𝑛 = 1, then the proof is complete. Now we suppose 𝑛 > 1. We consider an arbi-

trary 𝑘 ∈ ℤ1,𝑛−1. In view of part (a) of Proposition 9.3, the sequence (𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0

belongs to ℋ≥
𝑞,2(𝑛−𝑘). Consequently, from part (c) of Lemma 3.2 and parts (b)

and (c) of Lemma A.1 we get

𝑠
(𝑘)
1 (𝑠

(𝑘)
0 )†𝑠(𝑘)

0 = 𝑠
(𝑘)
1 and 𝑠

(𝑘)
0 (𝑠

(𝑘)
0 )†𝑠(𝑘)

1 = 𝑠
(𝑘)
1 . (9.32)

Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and 𝑘 ∈ ℤ1,𝑛−1, we have

(𝑠𝑗)
2𝑘
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑘. (9.33)

Hence, [12, Proposition 2.13] yields 𝒩 (𝐿𝑘−1) ⊆ 𝒩 (𝐿𝑘). Taking into account
part (b) of Lemma A.1, we conclude that

𝐿𝑘𝐿
†
𝑘−1𝐿𝑘−1 = 𝐿𝑘. (9.34)

Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and 𝑘 ∈ ℤ1,𝑛−1, we get (𝑠𝑗)
2𝑚−1
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑚−1 for each

𝑚 ∈ {𝑘, 𝑘 + 1}. Consequently, Remark 4.2 and Proposition 9.13 yield

𝑀𝑚−1 − 𝑠2𝑚−1 = 𝐿𝑚−1

𝑚−1∑
𝑙=0

(𝑠
(𝑙)
1 )

♯𝑠
(𝑙)
0 for each 𝑚 ∈ {𝑘, 𝑘 + 1}. (9.35)

In view of (9.33) and [12, Lemma 3.14], we obtain

Λ𝑘 = 𝑀𝑘 + 𝐿𝑘𝐿
†
𝑘−1(𝑠2𝑘−1 −𝑀𝑘−1), (9.36)

where Λ𝑘 is defined in (2.5). From (9.32), Definition 4.1, (9.31), (9.34), (9.35) and
(9.36) we get that

𝑠
(𝑘)
1 = 𝑠

(𝑘)
0 (𝑠

(𝑘)
0 )†𝑠(𝑘)

1 (𝑠
(𝑘)
0 )†𝑠(𝑘)

0 = −𝑠
(𝑘)
0

[
−(𝑠(𝑘)

0 )†𝑠(𝑘)
1 (𝑠

(𝑘)
0 )♯
]

𝑠
(𝑘)
0

= −𝑠
(𝑘)
0 (𝑠

(𝑘)
1 )♯𝑠

(𝑘)
0 = −𝐿𝑘(𝑠

(𝑘)
1 )♯𝑠

(𝑘)
0 = 𝐿𝑘

𝑘−1∑
𝑙=0

(𝑠
(𝑙)
1 )

♯𝑠
(𝑙)
0 − 𝐿𝑘

𝑘∑
𝑙=0

(𝑠
(𝑙)
1 )

♯𝑠
(𝑙)
0

= 𝐿𝑘𝐿
†
𝑘−1𝐿𝑘−1

𝑘−1∑
𝑙=0

(𝑠
(𝑙)
1 )

♯𝑠
(𝑙)
0 − 𝐿𝑘

𝑘∑
𝑙=0

(𝑠
(𝑙)
1 )

♯𝑠
(𝑙)
0

= 𝐿𝑘𝐿
†
𝑘−1(𝑀𝑘−1 − 𝑠2𝑘−1)− (𝑀𝑘 − 𝑠2𝑘+1) = 𝑠2𝑘+1 − Λ𝑘 = 𝐶𝑘+1.

The proof is complete. □
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For the subclass ℋ≥,e
𝑞,2𝜅 of ℋ≥

𝑞,2𝜅, the interrelation between the canonical Han-
kel parametrization and Schur transform can be simplified:

Theorem 9.15. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,2𝜅. Then

[(𝑠
(𝑘−1)
1 )𝜅𝑘=1, (𝑠

(𝑘)
0 )𝜅𝑘=0]

is the canonical Hankel parametrization of (𝑠𝑗)
2𝜅
𝑗=0.

Proof. We choose matrices 𝑠2𝑛+1 and 𝑠2𝑛+2 such that (𝑠𝑗)
2𝑛+2
𝑗=0 ∈ ℋ≥

𝑞,2𝑛+2. Then

the assertion follows by applying Theorem 9.14 to the sequence (𝑠𝑗)
2𝑛+2
𝑗=0 and taking

Remark 8.2 into account. □
Now we characterize the membership of a finite sequence (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 to

the class ℋ>𝑞,2𝑛 in terms of the sequence of its Schur transforms.
Proposition 9.16. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. For each 𝑘 ∈ ℤ0,𝑛 let

(𝑠
(𝑘)
𝑗 )

2(𝑛−𝑘)
𝑗=0 be the 𝑘th Schur transform of (𝑠𝑗)

2𝑛
𝑗=0. Then:

(a) If 𝑛 = 0, then rank𝐻𝑛 = rank 𝑠
(𝑛)
0 . If 𝑛 ≥ 1, then

rank𝐻𝑛 =

𝑛−1∑
𝑘=0

rank 𝑠
(𝑘)
0

+ rank

(
𝑠

(𝑛)
0 +

𝑛−1∑
𝑗=0

[𝑠
(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0 ]

)
.

(b) For all 𝑘 ∈ ℤ0,𝑛, the matrix 𝑠
(𝑘)
0 is non-negative Hermitian.

(c) The following statements are equivalent:
(i) (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ>𝑞,2𝑛.

(ii) For all 𝑘 ∈ ℤ0,𝑛, the matrix 𝑠
(𝑘)
0 is positive Hermitian.

(iii) The matrix 𝑠
(𝑛)
0 is non-singular.

Proof. (a) In view of (1.2), the case 𝑛 = 0 is trivial. We now consider the case 𝑛 >

0. Because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and [12, Remark 2.1 (a)], we have then rank𝐻𝑛 =∑𝑛
𝑘=0 rank𝐿𝑘. Using Proposition 9.10 we obtain the asserted equation.
(b) Follows from part (a) of Proposition 9.3 and part (a) of Lemma 3.2.
(c) “(i)⇒(ii)”: In view of (1.2), the case 𝑛 = 0 is trivial. Now we consider

the case 𝑛 > 0. In view of (i) part (d) of [12, Proposition 2.30] yields 𝐷𝑘 ∈ ℂ
𝑞×𝑞
>

for every 𝑘 ∈ ℤ0,𝑛. Because of (i), we have (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Thus, Theorem 9.15

implies (𝑠
(𝑘)
0 )𝑛𝑘=0 = (𝐷𝑘)

𝑛
𝑘=0. Hence, (ii) holds true.

“(ii)⇒(i)”: Keeping part (a) in mind, from (ii) we obtain

rank𝐻𝑛 =
𝑛∑
𝑘=0

rank 𝑠
(𝑘)
0 = (𝑛+ 1)𝑞

which, because of (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, is equivalent to (i).
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“(ii)⇒(iii)”: This implication is obvious.
“(iii)⇒(ii)”: This follows from Proposition 9.7 and part (b). □

Now we characterize the membership of sequences (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ to the

class ℋ≥,cd,𝑛
𝑞,∞ in terms of the sequence of its Schur transforms.

Proposition 9.17. Let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ and let 𝑛 ∈ ℕ0. Then the following state-
ments are equivalent:

(i) (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥,cd,𝑛

𝑞,∞ .

(ii) 𝑠
(𝑛)
0 = 0𝑞×𝑞.

(iii) 𝑠
(𝑘)
𝑗 = 0𝑞×𝑞 for each integer 𝑘 ≥ 𝑛 and each 𝑗 ∈ ℕ0.

Proof. “(i)⇔(ii)”: Since (𝑠𝑗)∞𝑗=0 belongs to ℋ≥
𝑞,∞, we have (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Hence,

the equivalence of (i) and (ii) is an immediate consequence of Corollary 9.11.

“(ii)⇒(iii)”: Because of (𝑠𝑗)∞𝑗=0 ∈ ℋ≥
𝑞,∞ and part (a) of Proposition 9.5 we

have (𝑠
(𝑛)
𝑗 )∞𝑗=0 ∈ ℋ≥

𝑞,∞. Hence, part (d) of Lemma 3.1 yields 𝒩 (𝑠(𝑛)
0 ) ⊆ 𝒩 (𝑠(𝑛)

𝑗 ) for

every 𝑗 ∈ ℕ0. Furthermore, Proposition 9.6 provides us with 𝒩 (𝑠(𝑛)
0 ) ⊆ 𝒩 (𝑠(𝑘)

𝑗 )

for every 𝑘 ∈ ℤ𝑛+1,∞ and every 𝑗 ∈ ℕ0. Thus, in view of (ii), then (iii) holds.

“(iii)⇒(ii)”: This implication is obvious. □

The following result shows how the canonical Hankel parametrization of the

𝑙th Schur transform (𝑠
(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 of a sequence (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 is related to the

canonical Hankel parametrization of (𝑠𝑗)
2𝑛
𝑗=0.

Theorem 9.18. Let 𝑛 ∈ ℤ2,∞, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, and let 𝑙 ∈ ℤ1,𝑛−1. Let

[(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0] and [(𝐶

(𝑙)
𝑘 )

𝑛−𝑙
𝑘=1, (𝐷

(𝑙)
𝑘 )

𝑛−𝑙
𝑘=0] be the canonical Hankel parametriza-

tions of (𝑠𝑗)
2𝑛
𝑗=0 and (𝑠

(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 , respectively. Then

𝐶
(𝑙)
𝑘 = 𝐶𝑙+𝑘 for every 𝑘 ∈ ℤ1,𝑛−𝑙,

𝐷
(𝑙)
𝑘 = 𝐷𝑙+𝑘 for every 𝑘 ∈ ℤ0,𝑛−𝑙−1

and

𝐷
(𝑙)
𝑛−𝑙 = 𝐷𝑛 −

𝑙−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
.

Proof. Because of part (a) of Proposition 9.3, we have (𝑠
(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−𝑙).

Hence, the application of Theorem 9.14 to the sequence (𝑠
(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 yields

𝐶
(𝑙)
𝑘 = (𝑠

(𝑙)
1 )

(𝑘−1) for every 𝑘 ∈ ℤ1,𝑛−𝑙, (9.37)

𝐷
(𝑙)
𝑘 = (𝑠

(𝑙)
0 )

(𝑘) for every 𝑘 ∈ ℤ0,𝑛−𝑙−1, (9.38)
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and

𝐷
(𝑙)
𝑛−𝑙

= (𝑠
(𝑙)
0 )

(𝑛−𝑙)

+

𝑛−𝑙−1∑
𝑟=0

(
(𝑠

(𝑙)
2(𝑛−𝑙−𝑟))

(𝑟) − (𝑠(𝑙)
0 )

(𝑟)
[
(𝑠

(𝑙)
0 )

(𝑟)
]†
(𝑠

(𝑙)
2(𝑛−𝑙−𝑟))

(𝑟)
[
(𝑠

(𝑙)
0 )

(𝑟)
]†
(𝑠

(𝑙)
0 )

(𝑟)

)
.

(9.39)

Since (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛 and from Theorem 9.14, we see that

𝐶𝑘 = 𝑠
(𝑘−1)
1 for every 𝑘 ∈ ℤ1,𝑛, (9.40)

𝐷𝑘 = 𝑠
(𝑘)
0 for every 𝑘 ∈ ℤ0,𝑛−1, (9.41)

and

𝐷𝑛 = 𝑠
(𝑛)
0 +

𝑛−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
. (9.42)

From Remark 9.2, (9.37), (9.40), (9.38), (9.41), (9.39), and (9.42) we conclude that

𝐶
(𝑙)
𝑘 = (𝑠

(𝑙)
1 )

(𝑘−1) = 𝑠
(𝑙+𝑘−1)
1 = 𝐶𝑙+𝑘 for every 𝑘 ∈ ℤ1,𝑛−𝑙,

𝐷
(𝑙)
𝑘 = (𝑠

(𝑙)
0 )

(𝑘) = 𝑠
(𝑙+𝑘)
0 = 𝐷𝑙+𝑘 for every 𝑘 ∈ ℤ0,𝑛−𝑙−1,

and

𝐷
(𝑙)
𝑛−𝑙 = 𝑠

(𝑛)
0 +

𝑛−𝑙−1∑
𝑟=0

[
𝑠

(𝑙+𝑟)
2(𝑛−𝑙−𝑟) − 𝑠

(𝑙+𝑟)
0 (𝑠

(𝑙+𝑟)
0 )†𝑠(𝑙+𝑟)

2(𝑛−𝑙−𝑟)(𝑠
(𝑙+𝑟)
0 )†𝑠(𝑙+𝑟)

0

]
= 𝑠

(𝑛)
0 +

𝑛−1∑
𝑗=𝑙

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]

= 𝐷𝑛 −
𝑙−1∑
𝑗=0

[
𝑠

(𝑗)
2(𝑛−𝑗) − 𝑠

(𝑗)
0 (𝑠

(𝑗)
0 )†𝑠(𝑗)

2(𝑛−𝑗)(𝑠
(𝑗)
0 )†𝑠(𝑗)

0

]
.

The proof is complete. □

The following two theorems indicate that, in the case of sequences (𝑠𝑗)
2𝑛
𝑗=0 ∈

ℋ≥,e
𝑞,2𝑛 or (𝑠𝑗)

∞
𝑗=0 ∈ ℋ≥

𝑞,∞, the canonical Hankel parametrization can be considered
as a Schur parametrization with respect to the Schur algorithm constructed in this
section.

Theorem 9.19. Let 𝑛 ∈ ℕ, let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛, and let [(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0] be the

canonical Hankel parametrization of (𝑠𝑗)
2𝑛
𝑗=0. For each 𝑙 ∈ ℤ1,𝑛−1, then the pair

[(𝐶𝑙+𝑘)
𝑛−𝑙
𝑘=1, (𝐷𝑙+𝑘)

𝑛−𝑙
𝑘=0] is the canonical Hankel parametrization of (𝑠

(𝑙)
𝑗 )

2(𝑛−𝑙)
𝑗=0 .
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Proof. Let the matrices 𝑠2𝑛+1 and 𝑠2𝑛+2 from ℂ𝑞×𝑞 be chosen such that (𝑠𝑗)2𝑛+2
𝑗=0 ∈

ℋ≥
𝑞,2𝑛+2. Then applying Theorem 9.18 to the sequence (𝑠𝑗)

2𝑛+2
𝑗=0 and taking Re-

mark 8.2 into account we obtain the assertion. □

Theorem 9.20. Let (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞. For each 𝑘 ∈ ℕ0 denote by (𝑠
(𝑘)
𝑗 )∞𝑗=0 the 𝑘th

Schur transform of (𝑠𝑗)
∞
𝑗=0. Then:

(a) Let [(𝐶𝑘)
∞
𝑘=1, (𝐷𝑘)

∞
𝑘=0] be the canonical Hankel parametrization of (𝑠𝑗)

∞
𝑗=0.

For each 𝑙 ∈ ℕ then [(𝐶𝑙+𝑘)
∞
𝑘=1, (𝐷𝑙+𝑘)

∞
𝑘=0] is the canonical Hankel parame-

trization of (𝑠
(𝑙)
𝑗 )

∞
𝑗=0.

(b) For all 𝑘 ∈ ℕ0, the matrix 𝑠
(𝑘)
0 is non-negative Hermitian.

(c) The following statements are equivalent:
(i) (𝑠𝑗)

∞
𝑗=0 ∈ ℋ>𝑞,∞.

(ii) For all 𝑘 ∈ ℕ0, the matrix 𝑠
(𝑘)
0 is positive Hermitian.

(iii) There is some 𝑛 ∈ ℕ0 such that for all 𝑘 ∈ ℕ0 with 𝑘 ≥ 𝑛 the matrix

𝑠
(𝑘)
0 is non-singular.

Proof. The combination of Theorem 9.19 and Remark 8.2 implies (a), whereas the
assertions of (b) and (c) follow from part (b) and part (c) of Proposition 9.16,
respectively. □

Proposition 9.21. Let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅, let 𝑙 ∈ ℤ0,𝜅−1, let

(𝑠
(𝑙)
𝑗 )

2(𝜅−𝑙)
𝑗=0 be the 𝑙th Schur transform of (𝑠𝑗)

∞
𝑗=0 and let [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the

canonical Hankel parametrization of (𝑠𝑗)
2𝜅
𝑗=0. Then the following statements are

equivalent:

(i) 𝑠
(𝑙)
2𝑘−1 = 0𝑞×𝑞 for each 𝑘 ∈ ℤ1,𝜅−𝑙.

(ii) 𝐶𝑘 = 0𝑞×𝑞 for each 𝑘 ∈ ℤ𝑙+1,𝜅.

Proof. In view of part (a) of Proposition 9.3 and part (a) of Proposition 9.5 we

have (𝑠
(𝑙)
𝑗 )

2(𝜅−𝑙)
𝑗=0 ∈ ℋ≥

𝑞,2(𝜅−𝑙). Now the assertion follows from [15, Proposition 2.14,

Proposition 2.17] and Theorem 9.18. □

Now we compute the Schur transforms of two classical Hankel positive definite
number sequences.

Example 9.22. Let (𝛾𝑛)
∞
𝑛=0 be the sequence of Catalan numbers, i.e., 𝛾𝑛 :=

1
𝑛+1

(
2𝑛
𝑛

)
for each 𝑛 ∈ ℕ0. Then the sequence (𝑠𝑗)

∞
𝑗=0 given for every 𝑗 ∈ ℕ0 by 𝑠𝑗 := 𝛾𝑗+1

belongs to ℋ≥
1,∞. Indeed, 𝑠𝑗 =

∫
ℝ

𝑡𝑗𝜇(d𝑡) where 𝜇 : 𝔅ℝ → [0,+∞) is defined by
𝜇(𝐵) :=

∫
𝐵

ℎd𝜆, where 𝜆 is the Lebesgue-Borel measure defined on 𝔅ℝ and where
ℎ : ℝ→ [0,+∞) is given by

ℎ(𝑡) :=

{
𝑡

2𝜋

√
4−𝑡
𝑡 if 𝑡 ∈ (0, 4]

0 if 𝑡 ∈ ℝ ∖ (0, 4]
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(see [26, Formulas (11) and (12)]). Furthermore, in view of Definition 4.1, the re-

currence formula 𝛾𝑛 =
∑𝑛−1
𝑙=0 𝛾𝑙𝛾𝑛−1−𝑙, which holds for each 𝑛 ∈ ℕ, Definition 8.1,

Definition 9.1, and Theorem 9.15, one can easily check that the following state-
ments hold:

(a) 𝑠♯0 = 1, 𝑠♯1 = −2, and 𝑠♯𝑗 = −𝛾𝑗−1 for each integer 𝑗 with 𝑗 ≥ 2.
(b) (𝑠

(𝑟)
𝑗 )

∞
𝑗=0 = (𝛾𝑗+1)

∞
𝑗=0 and in particular 𝑠

(𝑟)
0 = 1 and 𝑠

(𝑟)
1 = 2 for each 𝑟 ∈ ℕ0.

(c) [(2)∞𝑘=1, (1)∞𝑘=0] is the canonical Hankel parametrization of (𝑠𝑗)
∞
𝑗=0.

In view of (c), we see that [15, Proposition 2.15, part (c)] implies that (𝑠𝑗)
∞
𝑗=0

belongs to ℋ>1,∞.
Example 9.23. Let (𝑚𝑛)

∞
𝑛=0 be the sequence of Motzkin numbers, i.e.,

𝑚𝑛 :=
(−1)𝑛+1

22𝑛+5

𝑛+2∑
𝑗=0

(−3)𝑗
(2𝑗 − 1)[2(𝑛+ 2− 𝑗)− 1]

(
2𝑗

𝑗

)(
2(𝑛+ 2− 𝑗)

𝑛+ 2− 𝑗

)
for each 𝑛 ∈ ℕ0. Then the sequence (𝑠𝑗)

∞
𝑗=0 given for every 𝑗 ∈ ℕ0 by 𝑠𝑗 := 𝑚𝑗

belongs to ℋ≥
1,∞. Indeed 𝑠𝑗 =

∫
ℝ

𝑡𝑗𝜇(d𝑡) where 𝜇 : 𝔅ℝ → [0,+∞) is defined by
𝜇(𝐵) :=

∫
𝐵

ℎd𝜆, where 𝜆 is the Lebesgue-Borel measure defined on 𝔅ℝ and where
ℎ : ℝ→ [0,+∞) is given by

ℎ(𝑡) :=

{
1

2𝜋

√
(3− 𝑡)(1 + 𝑡) if 𝑡 ∈ [−1, 3]

0 if 𝑡 ∈ ℝ ∖ [−1, 3]
(see [31, A001006]). Moreover, in view of Definition 4.1, the recurrence formula

𝑚𝑛 = 𝑚𝑛−1+
∑𝑛−2
𝑙=0 𝑚𝑙𝑚𝑛−2−𝑙 which holds for each 𝑛 ∈ ℤ2,∞, Definition 8.1, Def-

inition 9.1, and Theorem 9.15, one can easily check that the following statements
hold:

(a) 𝑠♯0 = 1, 𝑠♯1 = −1, and 𝑠♯𝑗 = −𝑚𝑗−2 for each integer 𝑗 with 𝑗 ≥ 2.
(b) (𝑠

(𝑟)
𝑗 )

∞
𝑗=0 = (𝑚𝑗)

∞
𝑗=0 and in particular 𝑠

(𝑟)
0 = 1 and 𝑠

(𝑟)
1 = 1 for each 𝑟 ∈ ℕ0.

(c) [(1)∞𝑘=1, (1)∞𝑘=0] is the canonical Hankel parametrization of (𝑠𝑗)
∞
𝑗=0.

In view of (c), we see that [15, Proposition 2.15, part (c)] implies that (𝑠𝑗)
∞
𝑗=0

belongs to ℋ>1,∞.

10. Recovering the original sequence from the first Schur
transform and first two matrices

The considerations in Section 8 suggest the study of a natural inverse question
associated with the first Schur transform of a (finite or infinite) sequence of complex
𝑝× 𝑞-matrices. The main theme of this section is the treatment of this inverse
problem, which will be explained below in more detail.

It should be mentioned that a similar task was treated in the papers [5]
and [6] where the inverse problem associated with the Schur-Potapov algorithm
for strict 𝑝× 𝑞-Schur sequences was handled.



On a Schur-type Algorithm 183

Let 𝜅 ∈ ℕ∪{+∞}. For each sequence (𝑠𝑗)𝜅𝑗=0 of complex 𝑝× 𝑞-matrices, the

first Schur transform (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 is given by Definition 8.1. Conversely, we consider

the question: If the first Schur transform (𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 and the matrices 𝑠0 and 𝑠1

are known, how one can recover the original sequence (𝑠𝑗)
𝜅
𝑗=0? If 𝑛 ∈ ℕ and if

(𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛, then Theorem 9.14, Definition 9.1, and Remark 2.4 yield

such a possibility to express the sequence (𝑠𝑗)
2𝑛
𝑗=0 by (𝑠

(1)
𝑗 )

2(𝑛−1)
𝑗=0 and the matrices

𝑠0 and 𝑠1. In view of the definition of the canonical Hankel parametrization of a
finite sequence of complex 𝑞 × 𝑞-matrices and the formulas (2.3), (2.4), and (2.5),
this way of computation is not very comfortable. That’s why it seems to be more
advantageous to construct a recursive procedure to recover the original sequence
(𝑠𝑗)

2𝑛
𝑗=0 from its first Schur transform and the matrices 𝑠0 and 𝑠1. To realize this

aim, first we introduce the central construction of this section.

Definition 10.1. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices, and let 𝐴 and 𝐵 be complex 𝑝× 𝑞-matrices. Define

𝑡
(−1,𝐴,𝐵)
0 := 𝐴, 𝑡

(−1,𝐴,𝐵)
1 := 𝐴𝐴†𝐵𝐴†𝐴 (10.1)

and, recursively for each 𝑚 ∈ ℤ2,𝜅+2, moreover

𝑡(−1,𝐴,𝐵)
𝑚 :=

𝑚−2∑
𝑗=0

𝐴𝐴†𝑡𝑚−𝑗−2𝐴†𝑡(−1,𝐴,𝐵)
𝑗 +𝐴𝐴†𝐵𝐴†𝑡(−1,𝐴,𝐵)

𝑚−1 . (10.2)

Then the sequence (𝑡
(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 is called the first inverse Schur transform cor-

responding to [(𝑡𝑗)
𝜅
𝑗=0, 𝐴, 𝐵].

Remark 10.2. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞, and

let 𝐴, 𝐵 ∈ ℂ𝑝×𝑞. Denote by (𝑡(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 the first inverse Schur transform cor-

responding to [(𝑡𝑗)
𝜅
𝑗=0, 𝐴, 𝐵]. In view of Definition 10.1, for each 𝑙 ∈ ℤ0,𝜅 then

(𝑡
(−1,𝐴,𝐵)
𝑗 )𝑙+2

𝑗=0 is the first inverse Schur transform corresponding to [(𝑡𝑗)
𝑙
𝑗=0, 𝐴, 𝐵].

The following observation expresses an essential feature of our construction.

Remark 10.3. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)𝜅𝑗=0 be a sequence of complex 𝑝× 𝑞-
matrices, and let 𝐴 and 𝐵 be complex 𝑝× 𝑞-matrices. From (10.1) and (10.2) one
can easily see then that (𝑡𝑗

(−1,𝐴,𝐵))𝜅+2
𝑗=0 belongs to 𝒟𝑝×𝑞,𝜅+2.

Given 𝜅 ∈ ℕ0 ∪ {+∞} and a sequence (𝑡𝑗)𝜅𝑗=0 of complex 𝑝× 𝑞-matrices
we want to determine complex 𝑝× 𝑞-matrices 𝐴 and 𝐵 such that the sequence
(𝑡𝑗)

𝜅
𝑗=0 turns out to be exactly the first Schur transform of the first inverse Schur

transform corresponding to [(𝑡𝑗)
𝜅
𝑗=0, 𝐴, 𝐵]. To realize this goal, we still need a little

preparation.

Lemma 10.4. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)
𝜅
𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices, and let 𝐴 and 𝐵 be complex 𝑝× 𝑞-matrices. Then the elements of the
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reciprocal sequence ((𝑡
(−1,𝐴,𝐵)
𝑗 )♯)𝜅+2

𝑗=0 corresponding to (𝑡
(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 can be repre-

sented by (𝑡
(−1,𝐴,𝐵)
0 )♯ = 𝐴†, (𝑡(−1,𝐴,𝐵)

1 )♯ = −𝐴†𝐵𝐴†, and, for each 𝑗 ∈ ℤ2,𝜅+2,

by (𝑡
(−1,𝐴,𝐵)
𝑗 )♯ = −𝐴†𝑡𝑗−2𝐴†. Furthermore, ((𝑡

(−1,𝐴,𝐵)
𝑗 )♯)♯ = 𝑡

(−1,𝐴,𝐵)
𝑗 for each

𝑗 ∈ ℤ0,𝜅+2.

Proof. Let 𝑟0 := 𝐴†, let 𝑟1 := −𝐴†𝐵𝐴†, and, for each 𝑗 ∈ ℤ2,𝜅+2, let 𝑟𝑗 :=
−𝐴†𝑡𝑗−2𝐴†. We will show by induction that

(𝑟♯𝑗)
𝜅+2
𝑗=0 = (𝑡

(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 . (10.3)

First we get 𝑟♯0 = (𝐴
†)† = 𝑡

(−1,𝐴,𝐵)
0 and 𝑟♯1 = −𝑟†0𝑟1𝑟♯0 = 𝑡

(−1,𝐴,𝐵)
1 . Furthermore,

we have that

𝑟♯2 = −𝑟†0𝑟2𝑟♯0 − 𝑟†0𝑟1𝑟♯1 = 𝐴𝐴†𝑡0𝐴†𝑡(−1,𝐴,𝐵)
0 +𝐴𝐴†𝐵𝐴†𝑡(−1,𝐴,𝐵)

1 = 𝑡
(−1,𝐴,𝐵)
2 .

If 𝜅 = 0, then

𝑟♯𝑗 = 𝑡
(−1,𝐴,𝐵)
𝑗 (10.4)

is verified for each 𝑗 ∈ ℤ0,𝜅+2. Let us consider the case 𝜅 ≥ 1. Thus, we have
already proved that there is an 𝑚 ∈ ℤ0,𝜅−1 such that (10.4) is satisfied for each
𝑗 ∈ ℤ0,𝑚+2. In view of (10.2), we conclude that

𝑟♯𝑚+3 = −
𝑚+1∑
𝑗=0

𝑟†0𝑟𝑚+3−𝑗𝑟
♯
𝑗 − 𝑟†0𝑟1𝑟♯𝑚+2

=

⎛⎝𝑚+1∑
𝑗=0

𝐴𝐴†𝑡(−1,𝐴,𝐵)
𝑚+1−𝑗 𝐴†𝑡(−1,𝐴,𝐵)

𝑗

⎞⎠+𝐴𝐴†𝐵𝐴𝑡
(−1,𝐴,𝐵)
𝑚+2 = 𝑡

(−1,𝐴,𝐵)
𝑚+3 .

Consequently, (10.4) is proved inductively for each 𝑗 ∈ ℤ0,𝜅+2. Obviously, (𝑟𝑗)
𝜅+2
𝑗=0

belongs to 𝒟𝑞×𝑝,𝜅+2. Thus part (d) of Proposition 4.10 yields (𝑟
♯
𝑗)
♯ = 𝑟𝑗 for each

𝑗 ∈ ℤ0,𝜅+2. Consequently, from (10.3) then (𝑡
(−1,𝐴,𝐵)
𝑗 )♯ = 𝑟𝑗 follows for each

𝑗 ∈ ℤ0,𝜅+2. □

Lemma 10.5. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)
𝜅
𝑗=0 be a sequence of Hermitian 𝑞 × 𝑞-

matrices, and let 𝐴, 𝐵 ∈ ℂ
𝑞×𝑞
H . Then (𝑡𝑗

(−1,𝐴,𝐵))𝜅+2
𝑗=0 is a sequence of Hermitian

𝑞 × 𝑞-matrices.

Proof. Let (𝑠𝑗)
𝜅+2
𝑗=0 be the reciprocal sequence corresponding to (𝑡𝑗

(−1,𝐴,𝐵))𝜅+2
𝑗=0 .

Because of Lemma 10.4, we have that 𝑠♯𝑗 = 𝑡𝑗
(−1,𝐴,𝐵) for every 𝑗 ∈ ℤ0,𝜅+2 and

moreover 𝑠0 = 𝐴†, 𝑠1 = −𝐴†𝐵𝐴†, and 𝑠𝑗 = −𝐴†𝑡𝑗−2𝐴† for every 𝑗 ∈ ℤ2,𝜅+2.
Taking into account the particular choice of 𝐴, 𝐵 and (𝑡𝑗)

𝜅
𝑗=0 and part (a) of Lem-

ma A.1, we see that (𝑠𝑗)
𝜅+2
𝑗=0 is a sequence of Hermitian 𝑞 × 𝑞-matrices. Part (a) of

Proposition 4.9 yields (𝑠𝑗)
𝜅+2
𝑗=0 ∈ 𝒟𝑞×𝑞,𝜅+2. Hence, [16, Corollary 5.17] provides that

(𝑠♯𝑗)
𝜅+2
𝑗=0 is a sequence of Hermitian 𝑞 × 𝑞-matrices, which completes the proof. □
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Lemma 10.6. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)
𝜅
𝑗=0 be a sequence of complex 𝑝× 𝑞-

matrices, and let 𝐴 and 𝐵 be complex 𝑝× 𝑞-matrices. Then:

(a) The first Schur transform ((𝑡𝑗
(−1,𝐴,𝐵))(1))𝜅𝑗=0 of (𝑡𝑗

(−1,𝐴,𝐵))𝜅+2
𝑗=0 is given by

(𝑡
(−1,𝐴,𝐵)
𝑗 )(1) = 𝐴𝐴†𝑡𝑗𝐴†𝐴 for each 𝑗 ∈ ℤ0,𝜅.

(b) Let
∪𝜅
𝑗=0ℛ(𝑡𝑗) ⊆ ℛ(𝐴) and 𝒩 (𝐴) ⊆ ∩𝜅𝑗=0𝒩 (𝑡𝑗). Then (𝑡

(−1,𝐴,𝐵)
𝑗 )(1) = 𝑡𝑗

for each 𝑗 ∈ ℤ0,𝜅.

Proof. (a) Because of Definition 8.1 and Lemma 10.4, for each 𝑗 ∈ ℤ0,𝜅, we have

(𝑡
(−1,𝐴,𝐵)
𝑗 )(1) = −𝑡

(−1,𝐴,𝐵)
0 (𝑡

(−1,𝐴,𝐵)
𝑗+2 )♯𝑡

(−1,𝐴,𝐵)
0

= −𝑡
(−1,𝐴,𝐵)
0 (−𝐴†𝑡𝑗𝐴†)𝑡(−1,𝐴,𝐵)

0 = 𝐴𝐴†𝑡𝑗𝐴†𝐴.

(b) Combine parts (b) and (c) of Lemma A.1 and part (a). □

Roughly speaking, the content of our following considerations can be de-
scribed as follows. Let 𝑛 ∈ ℕ0 and let (𝑡𝑗)

2𝑛
𝑗=0 be a sequence which belongs to

ℋ≥
𝑞,2𝑛 or to one of its distinguished subclasses ℋ≥,e

𝑞,2𝑛, ℋ>𝑞,2𝑛, and ℋ≥,cd
𝑞,2𝑛 . Then

we are looking for complex 𝑞 × 𝑞-matrices 𝐴 and 𝐵 such that the first inverse

Schur transform corresponding to [(𝑡𝑗)
2𝑛
𝑗=0, 𝐴, 𝐵] belongs to ℋ≥

𝑞,2(𝑛+1), ℋ≥,e
𝑞,2(𝑛+1),

ℋ>𝑞,2(𝑛+1), and ℋ≥,cd
𝑞,2(𝑛+1), respectively.

Proposition 10.7. Let 𝑛 ∈ ℕ0, let (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, let 𝐴 ∈ ℂ
𝑞×𝑞
≥ , and let 𝐵 ∈ ℂ

𝑞×𝑞
H .

Then

(𝑡
(−1,𝐴,𝐵)
𝑗 )

2(𝑛+1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛+1) (10.5)

and

rank
(
[𝑡

(−1,𝐴,𝐵)
𝑗+𝑘 ]𝑛+1

𝑗,𝑘=0

)
= rank𝐴+ rank

([
𝐼𝑛+1 ⊗ (𝐴𝐴†)

] [
[𝑡𝑗+𝑘]

𝑛
𝑗,𝑘=0

] [
𝐼𝑛+1 ⊗ (𝐴𝐴†)

]∗)
.

(10.6)

Proof. Let 𝑠𝑗 := 𝑡𝑗
(−1,𝐴,𝐵) for each 𝑗 ∈ ℤ0,2(𝑛+1). We want to apply a well-

known characterization of non-negative Hermitian block matrices (see, e.g., [10,
Lemma 1.1.9 (a), Lemma 1.1.7 (a)]) to the matrix 𝐻𝑛+1. Part (b) of Lemma 3.2
yields that (𝑡𝑗)

2𝑛
𝑗=0 is a sequence of Hermitian 𝑞 × 𝑞-matrices. Since the matrices

𝐴 and 𝐵 are both Hermitian, Lemma 10.5 provides that (𝑡𝑗
(−1,𝐴,𝐵))

2(𝑛+1)
𝑗=0 is a

sequence of Hermitian 𝑞 × 𝑞-matrices. Hence,

𝑠∗𝑗 = 𝑠𝑗 for every 𝑗 ∈ ℤ0,𝑛+1, (10.7)

which, in view of (2.2), in particular implies

𝑧∗
1,𝑛+1 = 𝑦1,𝑛+1. (10.8)

Because of (7.2), we get the block representation

𝐻𝑛+1 =

[
𝑠0 𝑧1,𝑛+1

𝑧∗
1,𝑛+1 𝐺𝑛

]
. (10.9)
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From Definition 10.1 we see that

𝑠0 = 𝑡0
(−1,𝐴,𝐵) = 𝐴 (10.10)

and, in particular, 𝑠0 ∈ ℂ
𝑞×𝑞
≥ . From Remark 10.3 we obtain

(𝑠𝑗)
2(𝑛+1)
𝑗=0 ∈ 𝒟𝑞×𝑞,2(𝑛+1) (10.11)

and, in view of Definition 4.5, consequently

ℛ(𝑧1,𝑛+1) ⊆ ℛ(𝑠0). (10.12)

Because of (10.11) and Lemma 8.18, the matrices Δ𝑛 and ∇𝑛 are both non-
singular. In view of (10.7), we see from (4.6) that 𝕊𝑛 = S∗

𝑛. Hence, using part (a)
of Lemma A.1 we get

(S†
𝑛)

∗ = (S∗
𝑛)

† = 𝕊
†
𝑛, (10.13)

whereas (10.7) and part (a) of Lemma A.1 yield (𝑠0𝑠†0)
∗ = 𝑠†0𝑠0. Taking additionally

into account (8.2), (10.13), (10.7), and (8.3), we conclude that Δ∗
𝑛 = ∇𝑛. Thus, in

view of (10.11) and Corollary 8.20 we obtain

𝐺𝑛 − 𝑦1,𝑛+1𝑠†0𝑧1,𝑛+1 = Δ
−1
𝑛 𝐻(1)

𝑛 ∇−1
𝑛 = Δ−1

𝑛 𝐻(1)
𝑛 Δ−∗

𝑛 . (10.14)

Since the matrix 𝐴 is Hermitian, from part (a) of Lemma A.1 we get (𝐴𝐴†)∗ =
𝐴†𝐴. Using part (a) of Lemma 10.6 we have that 𝑠𝑗 = (𝑡𝑗

(−1,𝐴,𝐵))(1) =
(𝐴𝐴†)𝑡𝑗(𝐴𝐴†)∗ for every 𝑗 ∈ ℤ0,2𝑛 and thus in particular

𝐻(1)
𝑛 = [𝑠

(1)
𝑗+𝑘]

𝑛
𝑗,𝑘=0 =

[
𝐼𝑛+1 ⊗ (𝐴𝐴†)

] [
[𝑡𝑗+𝑘]

𝑛
𝑗,𝑘=0

] [
𝐼𝑛+1 ⊗ (𝐴𝐴†)

]∗
. (10.15)

Because of (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, the matrix [𝑡𝑗+𝑘]
𝑛
𝑗,𝑘=0 is non-negative Hermitian. Con-

sequently, the matrix on the right-hand side of (10.15) is non-negative Hermitian.

From (10.15) we get 𝐻
(1)
𝑛 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
≥ . By virtue of (10.8) and (10.14), then

𝐺𝑛 − 𝑧∗
1,𝑛+1𝑠†0𝑧1,𝑛+1 ∈ ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞
≥ (10.16)

follows. In view of (10.9), 𝑠0 ∈ ℂ
𝑞×𝑞
≥ , (10.12), and (10.16), the application of [10,

Lemma 1.1.9 (a)] yields 𝐻𝑛+1 ∈ ℂ
(𝑛+2)𝑞×(𝑛+2)𝑞
≥ , i.e., (𝑡

(−1,𝐴,𝐵)
𝑗 )

2(𝑛+1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛+1).

Moreover, because of (10.9), (10.12), (10.7) and [10, Lemma 1.1.7 (a)], we have

rank𝐻𝑛+1 = rank 𝑠0 + rank(𝐺𝑛 − 𝑧∗
1,𝑛+1𝑠†0𝑧1,𝑛+1).

Taking additionally into account (10.10), (10.14) and (10.15), we obtain the as-
serted equation (10.6). □

Corollary 10.8. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)
𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,𝜅 , let 𝐴 ∈ ℂ
𝑞×𝑞
≥ , and let

𝐵 ∈ ℂ
𝑞×𝑞
H . Then (𝑡

(−1,𝐴,𝐵)
𝑗 )𝜅+2

𝑗=0 ∈ ℋ≥,e
𝑞,𝜅+2.

Proof. This follows from Definition 10.1, Remark 10.2 and Proposition 10.7. □

Corollary 10.9. Let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)
2𝜅
𝑗=0 ∈ ℋ>𝑞,2𝜅, let 𝐴 ∈ ℂ

𝑞×𝑞
> , and let

𝐵 ∈ ℂ
𝑞×𝑞
H . Then (𝑡

(−1,𝐴,𝐵)
𝑗 )

2(𝜅+1)
𝑗=0 ∈ ℋ>𝑞,2(𝜅+1).
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Proof. Let 𝑛 ∈ ℤ0,𝜅. Because of (𝑡𝑗)
2𝜅
𝑗=0 ∈ ℋ>𝑞,2𝜅 we have (𝑡𝑗)2𝑛𝑗=0 ∈ ℋ≥

𝑞,2𝑛 and

rank[[𝑡𝑗+𝑘]
𝑛
𝑗,𝑘=0] = (𝑛 + 1)𝑞. Because of 𝐴 ∈ ℂ

𝑞×𝑞
> we see that 𝐴 ∈ ℂ

𝑞×𝑞
≥ and

rank𝐴 = 𝑞 hold. Consequently, 𝐼𝑛+1 ⊗ (𝐴𝐴†) = 𝐼𝑛+1. Hence, the application of
Proposition 10.7 yields (10.5) and

rank
[
[𝑡

(−1,𝐴,𝐵)
𝑗+𝑘 ]𝑛+1

𝑗,𝑘=0

]
= rank𝐴+ rank

[
[𝑡𝑗+𝑘]

𝑛
𝑗,𝑘=0

]
= (𝑛+ 2)𝑞.

Thus, [𝑡
(−1,𝐴,𝐵)
𝑗+𝑘 ]𝑛+1

𝑗,𝑘=0 ∈ ℂ
(𝑛+2)𝑞×(𝑛+2)𝑞
> for each 𝑛 ∈ ℤ0,𝜅. □

Proposition 10.10. Let 𝑛 ∈ ℕ0, let (𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 , let 𝐴 ∈ ℂ
𝑞×𝑞
≥ be such that

in the case 𝑛 > 0 the relation 𝒩 (𝐴) ⊆ 𝒩 (𝑡0) holds, and let 𝐵 ∈ ℂ
𝑞×𝑞
H . Then

(𝑡
(−1,𝐴,𝐵)
𝑗 )

2(𝑛+1)
𝑗=0 ∈ ℋ≥,cd

𝑞,2(𝑛+1).

Proof. Let 𝑠𝑗 := 𝑡𝑗
(−1,𝐴,𝐵) for each 𝑗 ∈ ℤ0,2(𝑛+1). Since (𝑡𝑗)

2𝑛
𝑗=0 belongs to ℋ≥,cd

𝑞,2𝑛 ,
we have

(𝑡𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛. (10.17)

From (10.17) and Proposition 10.7 we conclude that (10.5) and

rank𝐻𝑛+1 = rank𝐴+ rank
([

𝐼𝑛+1 ⊗ (𝐴𝐴†)
] [
[𝑡𝑗+𝑘]

𝑛
𝑗,𝑘=0

] [
𝐼𝑛+1 ⊗ (𝐴𝐴†)

]∗)
.

(10.18)

We first consider the case 𝑛 = 0. Because of (𝑡𝑗)
0
𝑗=0 ∈ ℋ≥,cd

𝑞,0 and (2.1) then

𝑡0 = 0𝑞×𝑞 holds. Using Definition 10.1, we obtain 𝑠0 = 𝐴, 𝑠1 = 𝐴𝐴†𝐵𝐴†𝐴 and
𝑠2 = 𝐴𝐴†𝐵𝐴†𝐵𝐴†𝐴. From (2.1), (2.2) and (1.2), we get that 𝐿1 = 0𝑞×𝑞 which, in
combination with (10.5), implies (𝑡

(−1,𝐴,𝐵)
𝑗 )2𝑗=0 ∈ ℋ≥,cd

𝑞,2 .

We now consider the case 𝑛 > 0. Because of 𝐴 ∈ ℂ
𝑞×𝑞
≥ , we have 𝐴∗ = 𝐴 and

hence

𝒩 (𝐴𝐴†) = ℛ ((𝐴𝐴†)∗
)⊥
= ℛ(𝐴𝐴†)⊥ = ℛ(𝐴)⊥ = 𝒩 (𝐴∗) = 𝒩 (𝐴).

Recalling (10.17), part (c) of Lemma 3.2 yields𝒩 (𝑡0) ⊆ 𝒩 (𝑡𝑗) for each 𝑗 ∈ ℤ0,2𝑛−1,
which, in view of 𝒩 (𝐴) ⊆ 𝒩 (𝑡0), implies

𝒩 (𝐴𝐴†) = 𝒩 (𝐴) ⊆ 𝒩 (𝑡0) ⊆
2𝑛−1∩
𝑗=0

𝒩 (𝑡𝑗).

Since (𝑡𝑗)
2𝑛
𝑗=0 belongs to ℋ≥,cd

𝑞,2𝑛 , Proposition 3.12 provides us with(
(𝐴𝐴†)𝑡𝑗(𝐴𝐴†)∗

)2𝑛
𝑗=0

∈ ℋ≥,cd
𝑞,2𝑛 .

Consequently, the application of [12, Remark 2.1 (a)] yields

rank
[
(𝐴𝐴†)𝑡𝑗+𝑘(𝐴𝐴†)∗

]𝑛
𝑗,𝑘=0

= rank
[
(𝐴𝐴†)𝑡𝑗+𝑘(𝐴𝐴†)∗

]𝑛−1

𝑗,𝑘=0
. (10.19)

Because of (10.17), we have (𝑡𝑗)
2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1). Hence, Proposition 10.7 yields

rank𝐻𝑛 = rank𝐴+ rank
([

𝐼𝑛 ⊗ (𝐴𝐴†)
] [
[𝑡𝑗+𝑘]

𝑛−1
𝑗,𝑘=0

] [
𝐼𝑛 ⊗ (𝐴𝐴†)

]∗)
. (10.20)
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From (10.18), (10.19), and (10.20) we obtain

rank𝐻𝑛+1 = rank𝐴+ rank
([

𝐼𝑛+1 ⊗ (𝐴𝐴†)
] [
[𝑡𝑗+𝑘]

𝑛
𝑗,𝑘=0

] [
𝐼𝑛+1 ⊗ (𝐴𝐴†)

]∗)
= rank𝐴+ rank

[
(𝐴𝐴†)𝑡𝑗+𝑘(𝐴𝐴†)∗

]𝑛
𝑗,𝑘=0

= rank𝐴+ rank
[
(𝐴𝐴†)𝑡𝑗+𝑘(𝐴𝐴†)∗

]𝑛−1

𝑗,𝑘=0

= rank𝐴+ rank
([

𝐼𝑛 ⊗ (𝐴𝐴†)
] [
[𝑡𝑗+𝑘]

𝑛−1
𝑗,𝑘=0

] [
𝐼𝑛 ⊗ (𝐴𝐴†)

]∗)
= rank𝐻𝑛,

which in view of (10.5) and [12, Remark 2.1 (a)] implies the assertion. □

Corollary 10.11. Let 𝑛 ∈ ℕ0, let (𝑡𝑗)
∞
𝑗=0 ∈ ℋ≥,cd,𝑛

𝑞,∞ , let 𝐴 ∈ ℂ
𝑞×𝑞
≥ be such that

in the case 𝑛 > 0 the relation 𝒩 (𝐴) ⊆ 𝒩 (𝑡0) holds, and let 𝐵 ∈ ℂ
𝑞×𝑞
H . Then

(𝑡
(−1,𝐴,𝐵)
𝑗 )∞𝑗=0 ∈ ℋ≥,cd,𝑛+1

𝑞,∞ .

Proof. Since (𝑡𝑗)
∞
𝑗=0 belongs to ℋ≥

𝑞,∞, Corollary 10.8 implies (𝑡
(−1,𝐴,𝐵)
𝑗 )∞𝑗=0 ∈

ℋ≥
𝑞,∞. In view of (𝑡𝑗)

2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 we see from Proposition 10.10 and Remark 10.2

that (𝑡
(−1,𝐴,𝐵)
𝑗 )

2(𝑛+1)
𝑗=0 ∈ ℋ≥,cd

𝑞,2(𝑛+1). This completes the proof. □

Lemma 10.12. Let 𝜅 ∈ ℕ0 ∪ {+∞} with 𝜅 ≥ 2 and let (𝑠𝑗)
𝜅
𝑗=0 be a sequence of

complex 𝑝× 𝑞-matrices. For each 𝑗 ∈ ℤ0,𝜅, then

(𝑠
(1)
𝑗 )

(−1,𝑠0,𝑠1) = (𝑠♯)♯𝑗 .

Proof. Let 𝑟0 := 𝑠†0, let 𝑟1 := −𝑠†0𝑠1𝑠†0, and for each 𝑗 ∈ ℤ2,𝜅+2, let 𝑟𝑗 :=

−𝑠†0𝑠
(1)
𝑗−2𝑠†0. From the proof of Lemma 10.4 we get that 𝑟♯𝑗 = (𝑠

(1)
𝑗 )

(−1,𝑠0,𝑠1) for

each 𝑗 ∈ ℤ0,𝜅. Since Definition 4.1 and part (b) of Remark 8.5 imply that 𝑟𝑗 = 𝑠♯𝑗
holds for each 𝑗 ∈ ℤ0,𝜅, the assertion follows. □

Given the first Schur transform of a sequence (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅 and the first

two matrices 𝑠0 and 𝑠1, now we want to recover the original sequence (𝑠𝑗)
𝜅
𝑗=0 via

its first inverse Schur transform corresponding to [(𝑠
(1)
𝑗 )

𝜅−2
𝑗=0 , 𝑠0, 𝑠1].

Theorem 10.13. Let 𝜅 ∈ ℤ2,∞∪{+∞} and let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒟𝑝×𝑞,𝜅. For each 𝑗 ∈ ℤ0,𝜅,

then

(𝑠
(1)
𝑗 )

(−1,𝑠0,𝑠1) = 𝑠𝑗. (10.21)

Proof. From part (d) of Proposition 4.10 we know that (𝑠♯𝑗)
♯ = 𝑠𝑗 holds for each

𝑗 ∈ ℤ0,𝜅. Thus, the application of Lemma 10.12 completes the proof. □

Corollary 10.14. Let 𝜅 ∈ ℤ2,∞ ∪ {+∞} and let (𝑠𝑗)
𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,𝜅 . Then (10.21) is
fulfilled for each 𝑗 ∈ ℤ0,𝜅.

Proof. Use Proposition 4.24 and Theorem 10.13. □
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Appendix A. The Moore-Penrose inverse of a complex matrix

In this appendix, we state some facts on the Moore-Penrose inverse of a matrix.
For a comprehensive exposition of the theory of generalized inverses we refer, e.g.,
to the monograph Rao/Mitra [27]. Let 𝑝, 𝑞, 𝑟, 𝑠 ∈ ℕ and let 𝐴 ∈ ℂ

𝑝×𝑞. Then by
definition the Moore-Penrose inverse 𝐴† of 𝐴 is the unique matrix 𝐴† ∈ ℂ𝑞×𝑝

which satisfies the conditions 𝐴𝐴†𝐴 = 𝐴, 𝐴†𝐴𝐴† = 𝐴†, (𝐴𝐴†)∗ = 𝐴𝐴†, and
(𝐴†𝐴)∗ = 𝐴†𝐴. For the convenience of the reader, we state some well-known
results on Moore-Penrose inverses of matrices, the proof of which is elementary.

Lemma A.1. Let 𝐴 ∈ ℂ𝑝×𝑞.
(a) (𝐴†)† = 𝐴, (𝐴†)∗ = (𝐴∗)†, ℛ(𝐴†) = ℛ(𝐴∗) and 𝒩 (𝐴†) = 𝒩 (𝐴∗).
(b) Let 𝑟 ∈ ℕ and 𝐵 ∈ ℂ𝑟×𝑞. Then 𝒩 (𝐴) ⊆ 𝒩 (𝐵) if and only if 𝐵𝐴†𝐴 = 𝐵.
(c) Let 𝑠 ∈ ℕ and 𝐶 ∈ ℂ𝑝×𝑠. Then ℛ(𝐶) ⊆ ℛ(𝐴) if and only if 𝐴𝐴†𝐶 = 𝐶.
(d) For each 𝑝× 𝑝 unitary complex matrix 𝑈 and each 𝑞 × 𝑞 unitary complex

matrix 𝑉 the equation (𝑈𝐴𝑉 )† = 𝑉 ∗𝐴†𝑈∗ holds.

Now we want to pay some attention to a further generalized inverse of a
square matrix. Let 𝐴 ∈ ℂ𝑞×𝑞. For each 𝑘 ∈ ℕ, then ℛ(𝐴𝑘+1) ⊆ ℛ(𝐴𝑘) and
0 ≤ dimℛ(𝐴𝑘+1) ≤ dimℛ(𝐴𝑘) ≤ 𝑞. Thus, there exists a minimal 𝑚 ∈ ℤ0,𝑞

such that dimℛ(𝐴𝑗+1) = dimℛ(𝐴𝑗) for all 𝑗 ∈ ℤ𝑚,+∞. This number 𝑚 ∈ ℤ0,𝑞

is called the index of 𝐴. Furthermore, it is well known and easily checked that
there is a unique matrix 𝐴D ∈ ℂ𝑞×𝑞 satisfying the equations 𝐴D𝐴𝐴D = 𝐴D,
𝐴D𝐴 = 𝐴𝐴D and 𝐴D𝐴𝑚+1 = 𝐴𝑚 (see, e.g., [4, Theorem 7, p. 164] ). This unique
matrix 𝐴D ∈ ℂ𝑞×𝑞 is called the Drazin inverse of 𝐴. The following result (see,
e.g., Campbell/Meyer [8, Theorem 7.3.4, p. 129] indicates an important relation
between the Moore-Penrose inverse and the Drazin inverse.

Proposition A.2. Let 𝐴 ∈ ℂ𝑞×𝑞. Then 𝐴† = 𝐴D if and only if ℛ(𝐴) = ℛ(𝐴∗).

Appendix B. On two particular multiplicative groups of triangular
block matrices

In this appendix we study two multiplicative groups of block triangular matrices.

Definition B.1. Let 𝑛 ∈ ℕ0. Then let 𝔏𝑞,𝑛 (respectively, 𝔘𝑞,𝑛) be the set of all

𝐴 ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 which satisfy the following condition: If 𝐴 = [𝐴𝑗𝑘]
𝑛
𝑗,𝑘=0 is the

𝑞 × 𝑞 block representation of 𝐴, then 𝐴𝑗𝑗 = 𝐼𝑞 for each 𝑗 ∈ ℤ0,𝑛 and 𝐴𝑗𝑘 = 0𝑞×𝑞 for
every choice of integers 𝑗 and 𝑘 with 0 ≤ 𝑗 < 𝑘 ≤ 𝑛 (respectively, 𝐴𝑗𝑗 = 𝐼𝑞 for each
𝑗 ∈ ℤ0,𝑛 and 𝐴𝑗𝑘 = 0𝑞×𝑞 for every choice of integers 𝑗 and 𝑘 with 0 ≤ 𝑘 < 𝑗 ≤ 𝑛).

Remark B.2. Let 𝑛 ∈ ℕ0. Then:

(a) The set 𝔏𝑞,𝑛 is a subgroup of the general linear group GL((𝑛+ 1)𝑞,ℂ) of all
non-singular complex (𝑛+ 1)𝑞× (𝑛+ 1)𝑞 matrices. If 𝐴 ∈ 𝔏𝑞,𝑛 and if 𝐴−1 =

(𝐴𝑗𝑘)
𝑛
𝑗,𝑘=0 denotes the 𝑞 × 𝑞 block partition of 𝐴−1, then 𝐴𝑟+1,𝑟 = −𝐴𝑟+1,𝑟

for each 𝑟 ∈ ℤ0,𝑛−1.
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(b) The set 𝔘𝑞,𝑛 is a subgroup of GL((𝑛 + 1)𝑞,ℂ). If 𝐵 ∈ 𝔘𝑞,𝑛 is non-singular

and if 𝐵−1 = (𝐵̃𝑗𝑘)
𝑛
𝑗,𝑘=0 denotes the 𝑞 × 𝑞 block partition of 𝐵−1, then

𝐵̃𝑟,𝑟+1 = −𝐵𝑟,𝑟+1 for each 𝑟 ∈ ℤ0,𝑛−1.

(c) Let 𝐴 ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞. Then 𝐴 ∈ 𝔏𝑞,𝑛 if and only if 𝐴∗ ∈ 𝔘𝑞,𝑛.

Remark B.3. Let 𝑚, 𝑛 ∈ ℕ, let (𝐸𝑙)
𝑚
𝑙=1 be a sequence from ℂ

(𝑛+1)𝑞×(𝑛+1)𝑞, and

let 𝐸0 := 𝐸1𝐸2 ⋅ ⋅ ⋅𝐸𝑚. For each 𝑙 ∈ ℤ0,𝑚, let 𝐸𝑙 = (𝐸
(𝑙)
𝑗𝑘 )

𝑛
𝑗,𝑘=0 be the 𝑞 × 𝑞

block partition of 𝐸𝑙. Then one can easily prove by induction that the following
statements hold true:

(a) If 𝐸𝑙 ∈ 𝔏𝑞,𝑛 for each 𝑙 ∈ ℤ1,𝑚, then 𝐸
(0)
𝑟+1,𝑟 =

∑𝑚
𝑙=1 𝐸

(𝑙)
𝑟+1,𝑟 for each 𝑟 ∈ ℤ0,𝑛−1.

(b) If 𝐸𝑙 ∈ 𝔘𝑞,𝑛 for each 𝑙 ∈ ℤ1,𝑚, then 𝐸
(0)
𝑟,𝑟+1 =

∑𝑚
𝑙=1 𝐸

(𝑙)
𝑟,𝑟+1 for each 𝑟 ∈ ℤ0,𝑛−1.

The following two lemmas were proved in [15, Lemma A.3, Lemma A.4].

Lemma B.4. Let 𝑛 ∈ ℕ0 and let (𝐴𝑗)
𝑛
𝑗=0 and (𝐵𝑗)

𝑛
𝑗=0 be sequences of complex

𝑝× 𝑞 matrices. Further, let 𝐸, 𝑉 ∈ 𝔏𝑝,𝑛 and 𝐹, 𝑊 ∈ 𝔘𝑞,𝑛 be such that

𝐸 ⋅ diag(𝐴0, 𝐴1, . . . , 𝐴𝑛) ⋅ 𝐹 = 𝑉 ⋅ diag(𝐵0, 𝐵1, . . . , 𝐵𝑛) ⋅𝑊. (B.1)

Then 𝐴𝑗 = 𝐵𝑗 for each 𝑗 ∈ ℤ0,𝑛 and, moreover, (𝐸−𝑉 ) ⋅diag(𝐴0, 𝐴1, . . . , 𝐴𝑛) = 0
and diag(𝐵0, 𝐵1, . . . , 𝐵𝑛) ⋅ (𝐹 −𝑊 ) = 0.

Lemma B.5. Let 𝑛 ∈ ℕ0 and let 𝐻 ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞. Suppose that (𝐴𝑗)
𝑛
𝑗=0 and

(𝐵𝑗)
𝑛
𝑗=0 are sequences of complex 𝑞 × 𝑞-matrices and that 𝐹, 𝑊 ∈ 𝔘𝑞,𝑛 are such

that 𝐹 ∗𝐻𝐹 = diag(𝐴0, 𝐴1, . . . , 𝐴𝑛) and 𝑊 ∗𝐻𝑊 = diag(𝐵0, 𝐵1, . . . , 𝐵𝑛) are ful-
filled. Then the following statements hold:

(a) 𝐴𝑗 = 𝐵𝑗 for each 𝑗 ∈ ℤ0,𝑛.
(b) The matrices 𝐹 and 𝑊 are both non-singular. Moreover, diag(𝐴0, 𝐴1, . . . , 𝐴𝑛)⋅

(𝐹−1 −𝑊−1) = 0 and diag(𝐴∗
0, 𝐴∗

1, . . . , 𝐴∗
𝑛) ⋅ (𝐹−1 −𝑊−1) = 0 hold.

(c) If 𝑛 ≥ 1, then 𝐴𝑟𝐹𝑟,𝑟+1 = 𝐴𝑟𝑊𝑟,𝑟+1 and 𝐴∗
𝑟𝐹𝑟,𝑟+1 = 𝐴∗

𝑟𝑊𝑟,𝑟+1 for each
𝑟 ∈ ℤ0,𝑛−1, where 𝐹 = (𝐹𝑗𝑘)

𝑛
𝑗,𝑘=0 and 𝑊 = (𝑊𝑗𝑘)

𝑛
𝑗,𝑘=0 are the 𝑞 × 𝑞 block

representations of 𝐹 and 𝑊 , respectively.
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Springer-Verlag, New York, 2003. MR1987382 (2004b:15008).

[5] S. Bogner, B. Fritzsche, and B. Kirstein, The Schur-Potapov algorithm for sequences
of complex 𝑝 × 𝑞 matrices. I, Complex Anal. Oper. Theory 1 (2007), no. 1, 55–95.
MR2276733 (2007j:47027).

[6] , The Schur-Potapov algorithm for sequences of complex 𝑝 × 𝑞 matrices. II,
Complex Anal. Oper. Theory 1 (2007), no. 2, 235–278. MR2302055 (2008b:47028).

[7] V.A. Bolotnikov, On degenerate Hamburger moment problem and extensions of non-
negative Hankel block matrices, Integral Equations Operator Theory 25 (1996), no. 3,
253–276. MR1395706 (97k:44011).

[8] S.L. Campbell and C.D. Meyer Jr., Generalized inverses of linear transformations,
Dover Publications Inc., New York, 1991. Corrected reprint of the 1979 original.
MR1105324 (92a:15003).

[9] G.-N. Chen and Y.-J. Hu, The truncated Hamburger matrix moment problems in the
nondegenerate and degenerate cases, and matrix continued fractions, Linear Algebra
Appl. 277 (1998), no. 1-3, 199–236. MR1624548 (99j:44015).

[10] V.K. Dubovoj, B. Fritzsche, and B. Kirstein, Matricial version of the classical Schur
problem, Teubner-Texte zur Mathematik [Teubner Texts in Mathematics], vol. 129,
B.G. Teubner Verlagsgesellschaft mbH, Stuttgart, 1992. With German, French and
Russian summaries. MR1152328 (93e:47021).

[11] Yu.M. Dyukarev, Multiplicative and additive Stieltjes classes of analytic matrix-
valued functions and interpolation problems connected with them. II, Teor. Funk-
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Multiplicative Structure of the
Resolvent Matrix for the Truncated
Hausdorff Matrix Moment Problem

Abdon Eddy Choque Rivero

Abstract. The multiplicative structure of the resolvent matrix of the Haus-
dorff Matrix Moment (HMM) problem is described in the case of an odd
number of moments. We use the Fundamental Matrix Inequality approach,
previously used in obtaining the Blaschke–Potapov product of the resolvent
matrix for the Hamburger and Stieltjes matrix moment problem studied in
[10] and [7], respectively. The case of an even number of moments for the
HMM problem was considered in [12].
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1. Introduction

Throughout this paper, let 𝑞 be a positive integer. We will use ℂ, ℝ, ℕ0 and ℕ to
denote the set of all complex numbers, the set of all real numbers, the set of all
non-negative integers, and the set of all positive integers, respectively. The set of
all complex 𝑞 × 𝑞 matrices will be denoted by ℂ𝑞×𝑞.

Our goal will be to obtain the multiplicative structure of the resolvent matrix
of the Hausdorff matrix moment (HMM) problem in the case of an odd number of
moments. The resolvent matrix (RM) of the HMM problem in the even and odd
cases of moments, first determined in [1] and [2], is a 2𝑞 × 2𝑞 matrix polynomial.

We use the fundamental matrix inequality (FMI) approach, previously used
in obtaining the Blaschke–Potapov product of the RM for the Hamburger matrix
moment problem and discussed in [10]. The multiplicative structure of the Stieltjes
matrix moment problem was considered in [7]. The case of an even number of

This work was supported by CIC–UMSNH, by PROMEP Red de CAs and by CONACyT grant
153184, México.



194 A.E. Choque Rivero

moments for the HMM problem was considered in [12]. The FMI method was
successfully used to solve interpolation problems on a finite interval [𝑎, 𝑏], see [3],
[4], as well as other papers dealing with interpolation problems on the real axis
[9], [8], [13] and on the complex unit circle [6].

In this paper we use the same form of the RM of the HMM problem in the
odd case of moments as was given in [5]. This paper focused on the construction of
orthogonal matrix polynomials on the finite interval [𝑎, 𝑏] of the real axis (including
the case of an odd number of moments).

Let

𝐽𝑞 :=

(
0𝑞×𝑞 −𝑖𝐼𝑞
𝑖𝐼𝑞 0𝑞×𝑞

)
, (1.1)

where 0𝑞×𝑞 and 𝐼𝑞 denote the 𝑞 × 𝑞 null and identity matrices, respectively, and
let Π+ := {𝑤 ∈ ℂ : Im𝑤 ∈ (0,+∞)}.
Definition 1.1. A matrix function 𝑊 : ℂ→ ℂ2𝑞×2𝑞 is said to belong to the Potapov
class 𝔓𝐽𝑞 in Π+ if 𝑊 satisfies the following two conditions:

1) 𝐽𝑞 −𝑊 ∗(𝑧)𝐽𝑞𝑊 (𝑧) ≥ 02𝑞×2𝑞, 𝑧 ∈ Π+.

2) 𝐽𝑞 −𝑊 ∗(𝑥)𝐽𝑞𝑊 (𝑥) = 02𝑞×2𝑞, 𝑥 ∈ ℝ.

The resolvent matrix 𝑈𝑗 (2.16) which we study in this paper belongs to the
Potapov class of functions.

The main result of this paper is Theorem 4.2 and its corollary which gives us
a multiplicative representation of the RM (2.16),

𝑈𝑛(𝑧) = 𝑏1(𝑧)× ⋅ ⋅ ⋅ × 𝑏𝑛(𝑧).

Compared with previous papers on multiplicative representations of the RM solved
with the help of the Potapov method (see [12], [7], [10]) the Blaschke–Potapov
product representation of the RM of the HMM problem in the case of an odd
number of moments turned out to be much more difficult. This difficulty, in essence,
arises from the fact that the two block Hankel matrices appearing in the RM (see
(2.16)), have different sizes. A number of nontrivial coupling identities (see Remark
3.3 and Proposition 3.4) were required for the construction of the multiplicative
representation of the corresponding RM.

For the sake of completeness, in the Appendix we include the Blaschke–
Potapov product for the case of an even number of moments [12]. In both cases,
i.e., for an even as well as an odd number of moments), it is assumed that the
information blocks, 𝐻1,𝑗 and 𝐻2,𝑗 (see (2.2) and (2.3)), are positive definite.

2. Notation and preliminaries

2.1. Hausdorff matrix moment problem and the resolvent matrix

Let 𝑝 and 𝑚 be positive integers. We will use 0𝑝×𝑚 to denote the null matrix
belonging to ℂ

𝑝×𝑚 and 𝐼𝑝 for the identity matrix belonging to ℂ
𝑝×𝑝. In cases
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where the size of the null and the identity matrix are clear, we will omit the
indices.

The HMM problem for an interval [𝑎, 𝑏] can be formulated as follows: Let a fi-
nite sequence of complex 𝑞×𝑞 matrices (𝑠𝑗)

𝑚
𝑗=0 be given. Find the set𝕄

𝑞
≥[[𝑎, 𝑏],𝔅∩

[𝑎, 𝑏]; (𝑠𝑗)
𝑚
𝑗=0] of all non-negative Hermitian 𝑞× 𝑞 measures 𝜎 defined on the Borel

𝜎-algebra 𝔅 ∩ [𝑎, 𝑏] such that

𝑠𝑗 =

∫
[𝑎,𝑏]

𝑡𝑗𝑑𝜎(𝑡) (2.1)

for each integer 𝑗 with 0 ≤ 𝑗 ≤ 𝑚.
It was proved in [2], for𝑚 = 2𝑛 and 𝑛 ≥ 1, that the HMM problem is solvable

if and only if the block matrices 𝐻1,𝑛 and 𝐻2,𝑛 are positive semidefinite, where

𝐻1,𝑛 := 𝐻̃0,𝑛 (2.2)

and

𝐻2,𝑛 := −𝑎𝑏𝐻̃0,𝑛−1 + (𝑎+ 𝑏)𝐻̃1,𝑛−1 − 𝐻̃2,𝑛−1 (2.3)

are defined with help of the Hankel matrices,

𝐻̃0,𝑛 :=

⎛⎜⎜⎜⎝
𝑠0 𝑠1 . . . 𝑠𝑛
𝑠1 𝑠2 . . . 𝑠𝑛+1

...
...

...
...

𝑠𝑛 𝑠𝑛+1 . . . 𝑠2𝑛

⎞⎟⎟⎟⎠ , 𝐻̃1,𝑛−1 :=

⎛⎜⎜⎜⎝
𝑠1 𝑠2 . . . 𝑠𝑛
𝑠2 𝑠3 . . . 𝑠𝑛+1

...
...

...
...

𝑠𝑛 𝑠𝑛+1 . . . 𝑠2𝑛−1

⎞⎟⎟⎟⎠
and

𝐻̃2,𝑛−1 :=

⎛⎜⎜⎜⎝
𝑠2 𝑠3 . . . 𝑠𝑛+1

𝑠3 𝑠4 . . . 𝑠𝑛+2

...
...

...
...

𝑠𝑛+1 𝑠𝑛+2 . . . 𝑠2𝑛

⎞⎟⎟⎟⎠ .

The set of solutions to the HMM problem is given in terms of the resolvent
matrix of the HMM problem (see [2, Theorem 6.14]).

Throughout this paper, we assume that 𝐻1,𝑛 and 𝐻2,𝑛 are positive definite.

2.2. The resolvent matrix of the HMM problem

Let 𝑅1,𝑗 : ℂ→ ℂ
(𝑗+1)𝑞×(𝑗+1)𝑞 and 𝑅2,𝑗 : ℂ→ ℂ

𝑗𝑞×𝑗𝑞 be given by

𝑅1,𝑗(𝑧) := (𝐼(𝑗+1)𝑞 − 𝑧𝑇𝑗)
−1, 𝑗 ≥ 0, (2.4)

𝑅2,𝑗(𝑧) :=

{
0𝑞×𝑞; 𝑗 = 0,

𝑅1,𝑗(𝑧); 𝑗 ≥ 1, (2.5)

with

𝑇0 := 0𝑞×𝑞, (2.6)

𝑇𝑗 :=

(
0𝑞×𝑗𝑞 0𝑞×𝑞
𝐼𝑗𝑞 0𝑗𝑞×𝑞

)
, 𝑗 ≥ 0. (2.7)
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Observe that, for each 𝑗 ∈ ℕ0, the matrix-valued function 𝑅1,𝑗 can be represented
via

𝑅1,𝑗(𝑧) =

⎛⎜⎜⎜⎜⎜⎝
𝐼𝑞 0𝑞×𝑞 0𝑞×𝑞 . . . 0𝑞×𝑞 0𝑞×𝑞
𝑧𝐼𝑞 𝐼𝑞 0𝑞×𝑞 . . . 0𝑞×𝑞 0𝑞×𝑞
𝑧2𝐼𝑞 𝑧𝐼𝑞 𝐼𝑞 . . . 0𝑞×𝑞 0𝑞×𝑞

...
...

... . .
. ...

...
𝑧𝑗𝐼𝑞 𝑧𝑗−1𝐼𝑞 𝑧𝑗−2𝐼𝑞 . . . 𝑧𝐼𝑞 𝐼𝑞

⎞⎟⎟⎟⎟⎟⎠ (2.8)

and

𝑅1,𝑗(𝑧) =

𝑗∑
𝑙=0

𝑧𝑙𝑇 𝑙𝑗 . (2.9)

Let

𝑣1,0 := 𝐼𝑞 , 𝑣1,ℓ := 0𝑞×𝑞, if ℓ < 0, (2.10)

𝑣1,𝑗 :=

(
𝐼𝑞
0𝑗𝑞×𝑞

)
=

(
𝑣1,𝑗−1

0𝑞×𝑞

)
, ∀𝑗 ∈ ℕ (2.11)

and

𝑣2,𝑗 := 𝑣1,𝑗−1, ∀𝑗 ∈ ℕ. (2.12)

Furthermore, let

𝑦[𝑗,𝑘] :=

⎛⎜⎜⎜⎝
𝑠𝑗

𝑠𝑗+1

...
𝑠𝑘

⎞⎟⎟⎟⎠ , 0 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑛 (2.13)

with 𝑦[𝑗,𝑘] = 0𝑞×𝑞, if 𝑗 > 𝑘,

𝑢1,0 := 0𝑞×𝑞, 𝑢1,𝑗 :=

(
0𝑞×𝑞

−𝑦[0,𝑗−1]

)
, 1 ≤ 𝑗 ≤ 𝑛, (2.14)

and

𝑢2,0 = 0𝑞×𝑞, 𝑢2,𝑗 := −𝑎𝑏𝑢1,𝑗−1 − (𝑎+ 𝑏)𝑦[0,𝑗−1] + 𝑦[1,𝑗], 1 ≤ 𝑗 ≤ 𝑛. (2.15)

We will consider a sequence of resolvent matrices (𝑈𝑗)
𝑛
𝑗=1 of the HMM pro-

blem for an odd number of given data matrices 𝑠0, 𝑠1, . . . , 𝑠2𝑛,

𝑈𝑗(𝑧) :=

(
𝑈11,𝑗(𝑧) 𝑈12,𝑗(𝑧)
𝑈21,𝑗(𝑧) 𝑈22,𝑗(𝑧)

)
, 𝑧 ∈ ℂ, 1 ≤ 𝑗 ≤ 𝑛, (2.16)

with

𝑈11,𝑗(𝑧) := 𝐼𝑞 − (𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗𝑅1,𝑗(𝑎)𝑣1,𝑗 , (2.17)

𝑈12,𝑗(𝑧) := (𝑏− 𝑎)−1(𝑠0 + (𝑢
∗
2,𝑗 + 𝑧𝑠0𝑣∗

2,𝑗)(𝑅2,𝑗(𝑧))
∗𝐻−1

2,𝑗𝑅2,𝑗(𝑎)(𝑢2,𝑗 + 𝑎𝑣2,𝑗𝑠0)),

(2.18)

𝑈21,𝑗(𝑧) := −(𝑧 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗𝑅1,𝑗(𝑎)𝑣1,𝑗 (2.19)
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and

𝑈22,𝑗(𝑧) := (𝑏− 𝑧)(𝑏− 𝑎)−1(𝐼𝑞 + (𝑧 − 𝑎)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗𝑅2,𝑗(𝑎)(𝑢2,𝑗 + 𝑎𝑣2,𝑗𝑠0)).

Observe that 𝑈𝑗 is a 2𝑞 × 2𝑞 matrix polynomial.
The matrix polynomials 𝑈𝑗, 1 ≤ 𝑗 ≤ 𝑛 have interesting and constructive

properties with respect to the signature matrix (1.1). In particular, each 𝑈𝑗 belongs
to the Potapov class (see Definition 1.1 as well as [6, Theorem 1.3.3] and [1,
Proposition 6.3]).

Let

𝑠𝑗 := − 𝑎𝑏𝑠𝑗 + (𝑎+ 𝑏)𝑠𝑗+1 − 𝑠𝑗+2, 0 ≤ 𝑗 ≤ 2𝑛− 2, (2.20)

𝑢2,𝑗(𝑧) := 𝑢2,𝑗 + 𝑧𝑣2,𝑗𝑠0, 1 ≤ 𝑗 ≤ 2𝑛 (2.21)

and

𝜆1 = 𝐼𝑞, 𝜆𝑗 :=

(
0(𝑗−1)𝑞×𝑞

𝐼𝑞

)
, 𝑗 ∈ ℕ, (2.22)

where 𝜆𝑗 is a 𝑗𝑞 × 𝑞 matrix.

We furthermore define the following matrices:

𝑌1,𝑗 :=

⎛⎜⎜⎜⎝
𝑠𝑗

𝑠𝑗+1

...
𝑠2𝑗−1

⎞⎟⎟⎟⎠ , 1 ≤ 𝑗 ≤ 𝑛, 𝑌2,𝑗 :=

⎛⎜⎜⎜⎝
𝑠𝑗−1

𝑠𝑗
...

𝑠2𝑗−3

⎞⎟⎟⎟⎠ , 2 ≤ 𝑗 ≤ 𝑛, (2.23)

𝐻̂1,𝑗 := 𝑠2𝑗 − 𝑌 ∗
1,𝑗𝐻

−1
1,𝑗−1𝑌1,𝑗 , 1 ≤ 𝑗 ≤ 𝑛, (2.24)

𝐻̂2,𝑗 := 𝑠2𝑗−2 − 𝑌 ∗
2,𝑗𝐻

−1
2,𝑗−1𝑌2,𝑗 , 2 ≤ 𝑗 ≤ 𝑛, (2.25)

𝑣1,𝑗(𝑧) := 𝑧𝑗𝐼𝑞 − 𝑌 ∗
1,𝑗𝐻

−1
1,𝑗−1𝑅1,𝑗−1(𝑧)𝑣1,𝑗−1, 1 ≤ 𝑗 ≤ 𝑛, (2.26)

𝑣2,𝑗(𝑧) := 𝑧𝑗−1𝐼𝑞 − 𝑌 ∗
2,𝑗𝐻

−1
2,𝑗−1𝑅2,𝑗−1(𝑧)𝑣2,𝑗−1, 2 ≤ 𝑗 ≤ 𝑛, (2.27)

𝑤1,𝑗(𝑧) := (−𝑌 ∗
1,𝑗 + 𝑧𝜆∗

𝑗𝐻1,𝑗−1)𝐻
−1
1,𝑗−1𝑅1,𝑗−1(𝑧)𝑢1,𝑗−1 − 𝑠𝑗−1, 1 ≤ 𝑗 ≤ 𝑛, (2.28)

and

𝑤2,𝑗(𝑧) := (−𝑌 ∗
2,𝑗 + 𝑧𝜆∗

𝑗−1𝐻2,𝑗−1)𝐻
−1
2,𝑗−1𝑅2,𝑗−1(𝑧)𝑢2,𝑗−1(𝑧)− 𝑠𝑗−2, 2 ≤ 𝑗 ≤ 𝑛.

(2.29)

The inverse of 𝐻1,𝑗, for 1 ≤ 𝑗 ≤ 𝑛 and the inverse of 𝐻2,𝑗 , for 2 ≤ 𝑗 ≤ 𝑛 can
be written in the form

𝐻−1
𝑘,𝑗 =

(
𝐻−1
𝑘,𝑗−1 0𝑗𝑞×𝑞
0𝑞×𝑗𝑞 0𝑞×𝑞

)
+

( −𝐻−1
𝑘,𝑗−1𝑌𝑘,𝑗

𝐼𝑞

)
𝐻̂−1
𝑘,𝑗 (−𝑌 ∗

𝑘,𝑗𝐻
−1
𝑘,𝑗−1, 𝐼𝑞). (2.30)

The following proposition describes a form of the RM which is suitable for
our purposes.
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Proposition 2.1. The resolvent matrix 𝑈𝑗(𝑧) defined by (2.16) can be written in
the form,

𝑈11,𝑗(𝑧) = 𝑈11,𝑗−1(𝑧)− (𝑧 − 𝑎)𝑤∗
1,𝑗(𝑧)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎), (2.31)

𝑈12,𝑗(𝑧) = 𝑈12,𝑗−1(𝑧) + (𝑏− 𝑎)−1𝑤∗
2,𝑗(𝑧)𝐻̂

−1
2,𝑗𝑤2,𝑗(𝑎), (2.32)

𝑈21,𝑗(𝑧) = 𝑈21,𝑗−1(𝑧)− (𝑧 − 𝑎)𝑣∗
1,𝑗(𝑧)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎) (2.33)

and

𝑈22,𝑗(𝑧) = 𝑈22,𝑗−1(𝑧) +
(𝑧 − 𝑎)(𝑏− 𝑧)

𝑏− 𝑎
𝑣∗

2,𝑗(𝑧)𝐻̂
−1
2,𝑗𝑤2,𝑗(𝑎) (2.34)

for 2 ≤ 𝑗 ≤ 𝑛.

Proof. The proof is by direct calculation. Use (2.30) and the identities

𝑅1,𝑗(𝑧) =

(
𝑅1,𝑗−1(𝑧) 0𝑗𝑞×𝑞

(𝑧𝑗𝐼𝑞, 𝑧
𝑗−1𝐼𝑞, . . . , 𝑧𝐼𝑞) 𝐼𝑞

)
, 𝑢1,𝑗 =

(
𝑢1,𝑗−1

−𝑠𝑗−1

)
and

𝑢2,𝑗 =

(
𝑢2,𝑗−1

−𝑠𝑗−2

)
. □

3. Main algebraic identities

In this section we obtain essential identities concerning the block matrices intro-
duced in Section 2. We derive coupling identities between the block Hankel ma-
trices 𝐻1,𝑗 and 𝐻2,𝑗 , 1 ≤ 𝑗 ≤ 𝑛. As a byproduct, we obtain a number of auxiliary
identities, each of interest on their own.

For each positive integer 𝑛, let

𝐿1,𝑛 := (𝛿𝑗,𝑘+1𝐼𝑞) 𝑗=0,...,𝑛
𝑘=0,...,𝑛−1

, and 𝐿2,𝑛 := (𝛿𝑗,𝑘𝐼𝑞) 𝑗=0,...,𝑛
𝑘=0,...,𝑛−1

, (3.1)

where 𝛿𝑗,𝑘 is the Kronecker symbol: 𝛿𝑗,𝑘 := 1 if 𝑗 = 𝑘 and 𝛿𝑗,𝑘 := 0 if 𝑗 ∕= 𝑘.

Remark 3.1. Let 𝑗 ∈ ℕ. Then the following identities hold:

𝜆𝑗 − 𝐿∗
1,𝑗𝜆𝑗+1 = 0, (3.2)

𝑣∗
1,𝑗𝐿1,𝑗 = 0, (3.3)

𝑣∗
2,𝑗 − 𝑣∗

1,𝑗𝐿2,𝑗 = 0, (3.4)

𝐿1,𝑗𝐿
∗
1,𝑗 − 𝑇𝑗𝑇

∗
𝑗 = 0, (3.5)

𝐿2,𝑗𝐿
∗
1,𝑗 − 𝑇 ∗

𝑗 = 0, (3.6)

𝐿2,𝑗𝑇
∗
𝑗−1 − 𝑇 ∗

𝑗 𝐿2,𝑗 = 0, (3.7)

and

𝑣1,𝑗𝑣
∗
1,𝑗 − 𝐼(𝑗+1)𝑞 + 𝐿1,𝑗𝐿

∗
1,𝑗 = 0. (3.8)
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Remark 3.2. Let 𝑗 ∈ ℕ. Then, for all complex numbers 𝑧 and 𝑤, the identities

𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1 − 𝑧𝑗𝐼𝑞 = 0, (3.9)

𝑅1,𝑗(𝑧)−𝑅1,𝑗(𝑤) = (𝑧 − 𝑤)𝑅1,𝑗(𝑧)𝑇𝑗𝑅1,𝑗(𝑤), (3.10)

𝑧𝑅1,𝑗(𝑧)− 𝑤𝑅1,𝑗(𝑤) = (𝑧 − 𝑤)𝑅1,𝑗(𝑧)𝑅1,𝑗(𝑤), (3.11)

(𝐼(𝑗+1)𝑞 − 𝑧𝑇 ∗
𝑗 )𝐿2,𝑗(𝑅2,𝑗(𝑧))

∗ − 𝐿2,𝑗 = 0, (3.12)

(𝑧 − 𝑤)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝑅1,𝑗(𝑤̄))
∗𝜆𝑗+1 − 𝑧𝑗+1𝐼𝑞 + 𝑤𝑗+1𝐼𝑞 = 0, (3.13)

(𝑧 − 𝑤)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝑇 ∗
𝑗 (𝑅1,𝑗(𝑤̄))

∗𝜆𝑗+1 − 𝑧𝑗𝐼𝑞 + 𝑤𝑗𝐼𝑞 = 0, (3.14)

(𝑧 − 𝑤)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1 − 𝑧𝑗𝐼𝑞 + 𝑤𝑗𝐼𝑞 = 0, (3.15)

(𝑅1,𝑗(𝑧))
∗ (𝐿1,𝑗 − 𝑧𝐿1,𝑗𝑇

∗
𝑗−1 − 𝑧𝐿2,𝑗 + 𝑧2𝑇 ∗

𝑗 𝐿2,𝑗

)
(𝑅2,𝑗(𝑧))

∗ − 𝐿1,𝑗 = 0, (3.16)

and

(𝑅1,𝑗(𝑧))
∗𝑇 ∗
𝑗 − 𝐿2,𝑗(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗 = 0, (3.17)

hold.

Remark 3.3. Let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of 𝑞 × 𝑞 matrices. Then the following

identities hold:

𝐻̃0,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−1

𝑗 𝜆𝑗+1 − 𝐿∗
2,𝑗𝐻1,𝑗𝑣1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.18)

𝐻̃1,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−1

𝑗 𝜆𝑗+1 − 𝐿∗
1,𝑗𝐻1,𝑗𝑣1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.19)

𝐻̃1,𝑗−1𝐿∗
1,𝑗𝜆𝑗+1 − 𝑦[𝑗,2𝑗−1] = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.20)

𝐻̃2,𝑗−1𝐿∗
1,𝑗𝜆𝑗+1 − 𝑦[𝑗+1,2𝑗] = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.21)

𝐿∗
2,𝑗𝑌1,𝑗+1 − 𝑦[𝑗+1,2𝑗] = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.22)

𝐿∗
1,𝑗𝑌1,𝑗+1 − 𝑦[𝑗+2,2𝑗+1] = 0, 1 ≤ 𝑗 ≤ 𝑛− 1, (3.23)

𝐿1,𝑗𝑦[𝑗+2,2𝑗+1] + 𝑣1,𝑗𝑠𝑗+1 − 𝑌1,𝑗+1 = 0, 1 ≤ 𝑗 ≤ 𝑛− 1, (3.24)

−𝐿1,𝑗𝑦[𝑗+1,2𝑗] +𝐻1,𝑗𝐿1,𝑗𝜆𝑗 − 𝑣1,𝑗𝑠𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.25)

𝐿1,𝑗𝑦[𝑗,2𝑗−1] + 𝑣1,𝑗𝑠𝑗−1 −𝐻1,𝑗𝐿2,𝑗𝜆𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.26)

𝐿1,𝑗𝐻̃0,𝑗−1 − 𝑇𝑗𝐻1,𝑗𝐿2,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.27)

𝐿1,𝑗𝐻̃1,𝑗−1 − 𝑇𝑗𝐻1,𝑗𝐿1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.28)

𝐿1,𝑗𝐻̃2,𝑗−1𝜆𝑗 − 𝑇𝑗𝑌1,𝑗+1 = 0, 1 ≤ 𝑗 ≤ 𝑛− 1, (3.29)

(𝐿∗
1,𝑗 − 𝑏𝐿∗

2,𝑗)𝐻1,𝑗(−𝑣1,𝑗𝑣
∗
1,𝑗 + 𝐼(𝑗+1)𝑞 − 𝑎𝑇 ∗

𝑗 ) +𝐻2,𝑗𝐿
∗
1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.30)

𝑢∗
1,𝑗 + 𝑣∗

1,𝑗𝐻1,𝑗𝑇
∗
𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.31)

𝑠0𝑣∗
1,𝑗 + 𝑣∗

1,𝑗𝐻1,𝑗(𝑇𝑗𝑇
∗
𝑗 − 𝐼(𝑗+1)𝑞) = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.32)

𝑣∗
1,𝑗𝑌1,𝑗+1 = 𝑠𝑗+1, 1 ≤ 𝑗 ≤ 𝑛− 1, (3.33)

𝑣∗
1,𝑗𝐻1,𝑗𝜆𝑗+1 = 𝑠𝑗 , 1 ≤ 𝑗 ≤ 𝑛, (3.34)

𝑣∗
1,𝑗𝐻1,𝑗𝐿2,𝑗𝜆𝑗 = 𝑠𝑗−1, 1 ≤ 𝑗 ≤ 𝑛, (3.35)
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𝐻2,𝑗 + 𝑎𝑏𝐿∗
2,𝑗𝐻1,𝑗𝐿1,𝑗 − (𝑎+ 𝑏)𝐿∗

2,𝑗𝐻1,𝑗𝐿1,𝑗 + 𝐿∗
1,𝑗𝐻1,𝑗𝐿1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛,

(3.36)

𝐿1,𝑗𝐻1,𝑗𝑇
∗
𝑗 − 𝐿∗

2,𝑗𝐻1,𝑗𝐿1,𝑗𝐿
∗
1,𝑗 = 0, 1 ≤ 𝑗 ≤ 𝑛, (3.37)

𝑢∗
2,𝑗𝑇

∗
𝑗−1 + 𝑠0𝑣∗

2,𝑗 + 𝑢∗
1,𝑗(𝐿1,𝑗(𝐼𝑗𝑞 − 𝑎𝑇 ∗

𝑗−1)

− 𝑏(𝐼(𝑗+1)𝑞 − 𝑎𝑇 ∗
𝑗 )𝐿2,𝑗) = 0, 1 ≤ 𝑗 ≤ 𝑛,

(3.38)

𝑢1,𝑗(𝑅1,𝑗(𝑧))
∗[𝐿1,𝑗𝑇

∗
𝑗−1 − 𝑇 ∗

𝑗 𝐿1,𝑗] = 0, 𝑧 ∈ ℂ, 1 ≤ 𝑗 ≤ 2𝑛+ 1 (3.39)

and

𝑢1,𝑗(𝑅1,𝑗(𝑧))
∗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿

∗
1,𝑗 − 𝑢1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐼(𝑗+1)𝑞 − 𝑏𝑇 ∗
𝑗 ) = 0,

𝑧 ∈ ℂ, 1 ≤ 𝑗 ≤ 2𝑛+ 1. (3.40)

Moreover, for 0 ≤ 𝑘 ≤ 𝑗 and 1 ≤ 𝑗 ≤ 𝑛, the following identities are valid:

𝐻̃0,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−𝑘−2

𝑗 𝜆𝑗+1 − 𝐻̃1,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−𝑘−1

𝑗 𝜆𝑗+1 = 0, (3.41)

𝐻̃1,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−𝑘−2

𝑗 𝜆𝑗+1 − 𝐻̃2,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−𝑘−1

𝑗 𝜆𝑗+1 = 0. (3.42)

Proposition 3.4 (Coupling Identities). Let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence of complex 𝑞 × 𝑞

matrices. Then, for 1 ≤ 𝑗 ≤ 𝑛, the following identities hold:

(𝑢∗
2,𝑗 + 𝑎𝑠0𝑣∗

2,𝑗)(𝑅2,𝑗(𝑎))
∗ − 𝑣∗

1,𝑗𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗) = 0, (3.43)

𝑅1,𝑗(𝑎)𝑣1,𝑗(𝑢
∗
2,𝑗 + 𝑎𝑠0𝑣∗

2,𝑗)𝑅2,𝑗(𝑎)−𝑅1,𝑗(𝑎)𝐿1,𝑗𝐻2,𝑗 −𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗) = 0,
(3.44)

and
(𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗)(𝑅2,𝑗(𝑎))

∗ − (𝑢∗
2,𝑗 + 𝑧𝑠0𝑣∗

2,𝑗)(𝑅2,𝑗(𝑧))
∗

− (𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗 − 𝑏𝐿2,𝑗) = 0.
(3.45)

Moreover, for 1 ≤ 𝑗 ≤ 𝑛− 1, the following the identities are valid:(
𝐿∗

1,𝑗 − 𝑏𝐿∗
2,𝑗

)
𝐻1,𝑗𝑣1,𝑗𝑎

𝑗+1 − (𝐿∗
1,𝑗 − 𝑏𝐿∗

2,𝑗

)
𝑌1,𝑗+1

− 𝑎𝐻2,𝑗𝐿
∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1 − 𝑌2,𝑗+1 = 0,
(3.46)

𝑎𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝜆𝑗 + 𝑏𝐻1,𝑗𝜆𝑗+1 − 𝑌1,𝑗+1 − 𝐿1,𝑗𝑌2,𝑗+1 − 𝑣1,𝑗𝑠𝑗−1 = 0, (3.47)

𝑎𝐿1,𝑗𝐻2,𝑗𝜆𝑗 − 𝑎2𝑇𝑗𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝜆𝑗 + 𝑎𝑇𝑗𝑌1,𝑗+1 − 𝑎𝑏𝑇𝑗𝐻1,𝑗𝜆𝑗+1 = 0, (3.48)

𝑅2,𝑗(𝑎)(𝑢2,𝑗 + 𝑎𝑣2,𝑗𝑠0)𝑣
∗
1,𝑗+1(𝑎)

−𝐻2,𝑗𝐿
∗
1,𝑗(𝑅1,𝑗(𝑎))

∗(−𝐻−1
1,𝑗 𝑌1,𝑗+1 + 𝑎𝜆𝑗+1) + 𝑌2,𝑗+1 = 0,

(3.49)

𝑅1,𝑗(𝑎)𝑣1,𝑗𝑤2,𝑗+1(𝑎) +𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐻
−1
2,𝑗 𝑌2,𝑗+1

+ 𝑏𝐻1,𝑗𝜆𝑗+1 − 𝑌1,𝑗+1 = 0.
(3.50)

Proof. Identity (3.43) is equivalent to the equality

𝑢∗
2,𝑗 + 𝑎𝑠0𝑣∗

2,𝑗 − 𝑣∗
1,𝑗𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)(𝐼𝑞(𝑗−1) − 𝑎𝑇 ∗

𝑗−1) = 0.

The latter readily follows from (2.7), (2.11), (2.2), (2.15) and (3.1).
Identity (3.44) follows directly from identity (2.3) [2, Proposition 2.5].
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Let Δ(3.46) denote the left-hand side of (3.46). Then

Δ(3.46) =
(
𝐿∗

1,𝑗 − 𝑏𝐿∗
2,𝑗

)
𝐻1,𝑗𝑣1,𝑗𝑎

𝑗+1 − (𝐿∗
1,𝑗 − 𝑏𝐿∗

2,𝑗

)
𝑌1,𝑗+1 + (𝑎

2𝑏𝐻̃0,𝑗−1

− 𝑎𝐻̃1,𝑗−1 + 𝐻̃2,𝑗−1)(𝐿
∗
1,𝑗𝜆𝑗+1 + 𝑎𝐿∗

1,𝑗𝑇
∗
𝑗 𝜆𝑗+1 + ⋅ ⋅ ⋅+ 𝑎𝑗𝐿∗

1,𝑗𝑇
∗𝑗

𝑗 𝜆𝑗+1)

+ 𝑎𝑏𝑦[𝑗,2𝑗−1] − (𝑎+ 𝑏)𝑦[𝑗+1,2𝑗] + 𝑦[𝑗+2,2𝑗+1]

= 𝑎𝑗+1𝑏𝐻̃0,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−1

𝑗 𝜆𝑗+1 + ⋅ ⋅ ⋅+ 𝑎3𝑏𝐻̃0,𝑗−1𝐿∗
1,𝑗𝑇

∗
𝑗 𝜆𝑗+1

+ 𝑎2𝑏𝐻̃0,𝑗−1𝐿∗
1,𝑗𝜆𝑗+1 − 𝑎𝑗+1𝐻̃1,𝑗−1𝐿∗

1,𝑗𝑇
∗𝑗−1

𝑗 𝜆𝑗+1 − ⋅ ⋅ ⋅
− 𝑎3𝑏𝐻̃1,𝑗−1𝐿∗

1,𝑗𝑇
∗
𝑗 𝜆𝑗+1 − 𝑎2𝐻̃1,𝑗−1𝐿∗

1,𝑗𝜆𝑗+1 − 𝑎𝑗𝑏𝐻̃1,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−1

𝑗 𝜆𝑗+1

− ⋅ ⋅ ⋅ − 𝑎2𝑏𝐻̃1,𝑗−1𝐿∗
1,𝑗𝑇

∗
𝑗 𝜆𝑗+1 − 𝑎𝑏𝐻̃1,𝑗−1𝐿∗

1,𝑗𝜆𝑗+1

− 𝑎𝑗𝐻̃2,𝑗−1𝐿∗
1,𝑗𝑇

∗𝑗−1

𝑗 𝜆𝑗+1 − ⋅ ⋅ ⋅ − 𝑎2𝐻̃2,𝑗−1𝐿∗
1,𝑗𝑇

∗
𝑗 𝜆𝑗+1

− 𝑎𝐻̃2,𝑗−1𝐿∗
1,𝑗𝜆𝑗+1 + 𝑎𝑗+1𝐿∗

1,𝑗𝐻1,𝑗−1𝑣1,𝑗 − 𝑎𝑗+1𝑏𝐿∗
1,𝑗𝐻1,𝑗−1𝑣1,𝑗

+ 𝑎𝑏𝑦[𝑗,2𝑗−1] − 𝑏𝐿∗
1,𝑗𝑦[𝑗+1,2𝑗+1] + 𝑏𝑦[𝑗+1,2𝑗] − 𝑎𝑦[𝑗+1,2𝑗]

− 𝐿1,𝑗𝑦[𝑗+1,2𝑗+1] + 𝑦[𝑗+2,2𝑗+1]

=

𝑗+1∑
𝑙=1

𝐴𝑙,1𝑎𝑙𝑏+

𝑗+1∑
𝑙=1

𝐴𝑙,0𝑎𝑙 +𝐴0,1𝑏+ 𝐴0,0

where

𝐴𝑗+1,1 := −𝐿∗
2,𝑗𝐻1,𝑗𝑣1,𝑗 + 𝐻̃0,𝑗−1𝐿∗

1,𝑗𝑇
∗𝑗−1

𝑗 𝜆𝑗 ,

𝐴𝑙,1 := 𝐻̃0,𝑗−1𝐿1,𝑗𝑇
∗𝑗−2

𝑗 𝜆𝑗 −𝐻1,𝑗−1𝐿1,𝑗𝑇
∗𝑗−1

𝑗 𝜆𝑗 , 2 ≤ 𝑙 ≤ 𝑗,

𝐴1,1 := 𝐻1,𝑗−1𝐿∗
1,𝑗𝜆𝑗 + 𝑦[𝑗,2𝑗−1],

𝐴𝑗+1,0 := 𝐿∗
1,𝑗𝐻1,𝑗𝑣1,𝑗 − 𝐻̃1,𝑗−1𝐿∗

1,𝑗𝑇
∗𝑗−1

𝑗 𝜆𝑗 ,

𝐴𝑙,0 := 𝐻̃1,𝑗−1𝐿1,𝑗𝑇
∗𝑗−2

𝑗 𝜆𝑗 −𝐻2,𝑗−1𝐿1,𝑗𝑇
∗𝑗−1

𝑗 𝜆𝑗 , 2 ≤ 𝑙 ≤ 𝑗,

𝐴1,0 := 𝐻̃2,𝑗−1𝐿∗
1,𝑗𝜆𝑗 + 𝑦[𝑗+2,2𝑗+1],

𝐴0,1 := 𝐿∗
2,𝑗𝑦[𝑗+1,2𝑗+1] + 𝑦[𝑗+1,2𝑗],

𝐴0,0 := 𝐿∗
1,𝑗𝑦[𝑗+1,2𝑗+1] − 𝑦[𝑗+2,2𝑗−1].

Taking (3.18)–(3.23) into account, it follows that 𝐴𝑙,𝑘 = 0 for 𝑗, 𝑘 ∈ {0, . . . , 𝑗+1}.
Thus we get Δ(3.46) = 0. This proves the identity (3.46).

We next prove (3.47). Let Δ(3.47) denote the left-hand side of (3.47). Then

Δ(3.47) = 𝑎𝑏(𝐿1,𝑗𝑦[𝑗,2𝑗−1] + 𝑣1,𝑗𝑠𝑗−1 −𝐻1,𝑗𝐿2,𝑗𝜆𝑗)

+ 𝑏(−𝐿1,𝑗𝑦[𝑗+1,2𝑗] − 𝑣1,𝑗𝑠𝑗 +𝐻1,𝑗𝜆𝑗+1)

× 𝑎(−𝐿1,𝑗𝑦[𝑗+1,2𝑗] +𝐻1,𝑗𝐿1,𝑗𝜆𝑗 − 𝑣1,𝑗𝑠𝑗)

+ 𝐿1,𝑗𝑦[𝑗+2,2𝑗+1] + 𝑣1,𝑗𝑠𝑗+1 − 𝑌1,𝑗+1.

By (3.24), (3.25) and (3.26), we have Δ(3.47) = 0, which proves (3.47).
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We now prove (3.48). Let Δ(3.48) denote the left-hand side of (3.48). We have

Δ(3.48) = 𝑎2𝑏(−𝐿1,𝑗𝐻̃0,𝑗−1 + 𝑇𝑗𝐻1,𝑗𝐿2,𝑗)𝜆𝑗 + 𝑎2(𝐿1,𝑗𝐻̃1,𝑗−1 − 𝑇𝑗𝐻1,𝑗𝐿2,𝑗)𝜆𝑗

𝑎𝑏(𝐿1,𝑗𝐻̃1,𝑗−1𝜆𝑗 − 𝑇𝑗𝐻1,𝑗𝐿2,𝑗𝜆𝑗+1) + 𝑎(−𝐿1,𝑗𝐻̃2,𝑗−1𝜆𝑗 + 𝑇𝑗𝑌1,𝑗+1).

According to (3.27), (3.28) and (3.29), we have Δ(3.48) = 0, which proves (3.48).
Now we prove (3.49). Let the left-hand side of this identity be denoted by

Δ(3.49). Using (3.43) and (2.26), we have

Δ(3.49) = (𝐿
∗
1,𝑗 − 𝑏𝐿∗

2,𝑗)𝐻1,𝑗𝑣1,𝑗𝑎
𝑗+1 + [−(𝐿∗

1,𝑗 − 𝑏𝐿∗
2,𝑗)𝐻1,𝑗𝑣1,𝑗𝑣

∗
1,𝑗 +𝐻2,𝑗𝐿

∗
1,𝑗]

⋅ (𝑅1,𝑗(𝑎))
∗𝐻−1

1,𝑗 𝑌1,𝑗+1 + 𝑎𝐻2,𝑗𝐿
∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1 + 𝑌2,𝑗+1

=
[
(𝐿∗

1,𝑗 − 𝑏𝐿∗
2,𝑗)𝐻1,𝑗(−𝑣1,𝑗𝑣

∗
1,𝑗 + 𝐼(𝑗+1)𝑞 − 𝑎𝑇 ∗

𝑗 ) +𝐻2,𝑗𝐿
∗
1,𝑗

]
⋅ (𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

= 0.

In the second equality we used (3.46) and in the last equality we used (3.30). This
proves the identity (3.49).

We next prove identity (3.50). Let Δ(3.50) denote the left-hand side of (3.50).
Using (3.44) we have

Δ(3.50) = 𝑅1,𝑗(𝑎)𝐿1,𝑗(−𝑌2,𝑗+1 + 𝑎𝐻2,𝑗𝜆𝑗) + 𝑎𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝜆𝑗

−𝑅1,𝑗(𝑎)𝑣1,𝑗𝑠𝑗−1 + 𝑏𝐻1,𝑗𝜆𝑗+1 − 𝑌1,𝑗+1

= 𝑅1,𝑗(𝑎) [𝑎𝐻1,𝑗𝐿1,𝑗𝜆𝑗 + 𝑏𝐻1,𝑗𝜆𝑗+1 − 𝑎𝑏𝐻1,𝑗𝐿2,𝑗𝜆𝑗 − 𝐿1,𝑗𝑌2,𝑗+1 − 𝑌1,𝑗+1

− 𝑣1,𝑗𝑠𝑗−1 + 𝑎𝐿1,𝑗𝐻2,𝑗𝜆𝑗 − 𝑎2𝑇𝑗𝐻1,𝑗(𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝜆𝑗 + 𝑎𝑇𝑗𝑌1,𝑗+1

−𝑎𝑏𝑇𝑗𝐻1,𝑗𝜆𝑗+1]

= 0.

In the last equality we used (3.47) and (3.48). This proves the identity (3.50).
Let Δ(3.45) be the left-hand side of (3.45). Using (3.10) and (3.11) we have,

for all 𝑧 ∈ ℂ:

Δ(3.45)=𝑢∗
2,𝑗((𝑅2,𝑗(𝑎))

∗−(𝑅2,𝑗(𝑧))
∗)+𝑠0𝑣2,𝑗(𝑎(𝑅2,𝑗(𝑎))

∗−𝑧(𝑅2,𝑗(𝑧))
∗)

−(𝑧−𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗−𝑏𝐿2,𝑗)

=−(𝑧−𝑎)[(𝑢∗
2,𝑗𝑇

∗
𝑗−1+𝑠0𝑣2,𝑗)(𝑅2,𝑗(𝑎))

∗(𝑅2,𝑗(𝑧))
∗

+𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗−𝑏𝐿2,𝑗)]

=(𝑧−𝑎)(𝑢∗
1,𝑗 [𝐿1,𝑗(𝐼𝑗𝑞−𝑎𝑇 ∗

𝑗−1)−𝑏(𝐼(𝑗+1)𝑞−𝑎𝑇 ∗
𝑗 )𝐿2,𝑗](𝑅2,𝑗(𝑎))

∗(𝑅2,𝑗(𝑧))
∗

−𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗−𝑏𝐿2,𝑗))

=(𝑧−𝑎)𝑢∗
1,𝑗[(𝐿1,𝑗−𝑏𝐿2,𝑗)(𝑅2,𝑗(𝑧))

∗−(𝑅1,𝑗(𝑧))
∗(𝐿1,𝑗−𝑏𝐿2,𝑗)]

=−𝑧(𝑧−𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗[(𝐿1,𝑗−𝑏𝐿2,𝑗)𝑇
∗
𝑗−1−𝑇 ∗

𝑗 (𝐿1,𝑗−𝑏𝐿2,𝑗)](𝑅2,𝑗(𝑧))
∗

=−𝑧(𝑧−𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗𝑇
∗
𝑗−1−𝑇 ∗

𝑗 𝐿2,𝑗)(𝑅2,𝑗(𝑧))
∗

=0.
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In the third equality we used (3.38) while (3.12) was used in the fourth. In the last
equality we used (3.39). This proves identity (3.45). Therefore, the proposition is
proved. □

4. The Blaschke–Potapov factors

Using the identities obtained in Section 3, we show that the functions defined
in Definition 4.1 are the Blaschke–Potapov factors corresponding to the HMM
problem in the case of an odd number of moments.

Definition 4.1. Let

𝑏1(𝑧) := 𝑈1(𝑧), (4.1)

and

𝑏𝑗(𝑧) :=

(
𝐼𝑞 − 𝑧−𝑎

𝑏−𝑎𝑤∗
2,𝑗(𝑎)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎)

𝑏−𝑧
(𝑏−𝑎)2 𝑤∗

2,𝑗(𝑎)𝐻̂
−1
2,𝑗𝑤2,𝑗(𝑎)

−(𝑧 − 𝑎)𝑣∗
1,𝑗(𝑎)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎) 𝐼𝑞 − 𝑧−𝑎

𝑏−𝑎 𝑣∗
1,𝑗(𝑎)𝐻̂

−1
2,𝑗𝑤2,𝑗(𝑎)

)
, (4.2)

for 2 ≤ 𝑗 ≤ 𝑛.

The matrix function 𝑏𝑗 is called the Blaschke–Potapov factor of the HMM
problem in the case of an odd number of moments.

We write

𝐵11,𝑗(𝑎) := 𝑤∗
2,𝑗(𝑎)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎), (4.3)

𝐵12,𝑗(𝑎) := 𝑤∗
2,𝑗(𝑎)𝐻̂

−1
2,𝑗𝑤2,𝑗(𝑎), (4.4)

𝐵21,𝑗(𝑎) := 𝑣∗
1,𝑗(𝑎)𝐻̂

−1
1,𝑗 𝑣1,𝑗(𝑎) (4.5)

and

𝐵22,𝑗(𝑎) := 𝑣∗
1,𝑗(𝑎)𝐻̂

−1
2,𝑗𝑤2,𝑗(𝑎) (4.6)

for 2 ≤ 𝑗 ≤ 𝑛.

Theorem 4.2. Let the resolvent matrix 𝑈𝑗, 1 ≤ 𝑗 ≤ 𝑛, of the Hausdorff matrix
moment problem with an odd number of moments be defined as in (2.16). Let 𝑏𝑗
be defined as in (4.1) and (4.2), then

𝑈𝑗+1(𝑧) = 𝑈𝑗(𝑧)𝑏𝑗+1(𝑧), 𝑧 ∈ ℂ, 1 ≤ 𝑗 ≤ 𝑛− 1. (4.7)

Proof. Using (2.16), (4.3), (4.4), (4.5) and (4.6), equation (4.7) can be written in
the equivalent form:(

𝑈11,𝑗+1(𝑧) 𝑈12,𝑗+1(𝑧)
𝑈21,𝑗+1(𝑧) 𝑈22,𝑗+1(𝑧)

)
(4.8)

−
(

𝑈11,𝑗(𝑧) 𝑈12,𝑗(𝑧)
𝑈21,𝑗(𝑧) 𝑈22,𝑗(𝑧)

)(
𝐼𝑞 − 𝑧−𝑎

𝑏−𝑎𝐵11,𝑗+1(𝑎)
𝑏−𝑧

(𝑏−𝑎)2 𝐵12,𝑗+1(𝑎)

−(𝑧 − 𝑎)𝐵21,𝑗+1(𝑎) 𝐼𝑞 − 𝑧−𝑎
𝑏−𝑎𝐵22,𝑗+1(𝑎)

)
= 0.
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The left-hand side of (4.8) is equivalent to the following four equalities:

Υ11,𝑗 := 𝑈11,𝑗+1(𝑧)− 𝑈11,𝑗(𝑧)

[
𝐼𝑞 − 𝑧 − 𝑎

𝑏 − 𝑎
𝐵11,𝑗+1(𝑎)

]
+ (𝑧 − 𝑎)𝑈12,𝑗(𝑧)𝐵21,𝑗+1(𝑎),

Υ12,𝑗 := 𝑈12,𝑗+1(𝑧)− 𝑏 − 𝑧

(𝑏− 𝑎)2
𝑈11,𝑗(𝑧)𝐵12,𝑗+1(𝑎)

− 𝑈12,𝑗(𝑧)

[
𝐼𝑞 − 𝑧 − 𝑎

𝑏− 𝑎
𝐵22,𝑗+1(𝑎)

]
,

Υ21,𝑗 := 𝑈21,𝑗+1(𝑧)− 𝑈21,𝑗(𝑧)

[
𝐼𝑞 − 𝑧 − 𝑎

𝑏 − 𝑎
𝐵11,𝑗+1(𝑎)

]
+ (𝑧 − 𝑎)𝑈22,𝑗(𝑧)𝐵21,𝑗+1(𝑎)

and

Υ22,𝑗 := 𝑈22,𝑗+1(𝑧)− 𝑏− 𝑧

(𝑏 − 𝑎)2
𝑈21,𝑗(𝑧)𝐵12,𝑗+1(𝑎)− 𝑈22,𝑗(𝑧)

⋅
[
𝐼𝑞 − 𝑧 − 𝑎

𝑏− 𝑎
𝐵22,𝑗+1(𝑎)

]
.

Taking into account (4.3) and (4.5), we have

Υ11,𝑗 = − [(𝑏− 𝑎)𝑤∗
1,𝑗+1(𝑧)− 𝑈11,𝑗(𝑧)𝑤

∗
2,𝑗+1(𝑎)

− (𝑏− 𝑎)𝑈12,𝑗(𝑧)𝑣
∗
2,𝑗+1(𝑎)

] 𝑧 − 𝑎

𝑏− 𝑎
𝐻̂−1

1,𝑗+1𝑣1,𝑗+1(𝑎),

Υ12,𝑗 =
[
(𝑏− 𝑎)𝑤∗

2,𝑗+1(𝑧)− (𝑏 − 𝑧)𝑈11,𝑗(𝑧)𝑤
∗
2,𝑗+1(𝑎)

+ (𝑏− 𝑎)(𝑧 − 𝑎)𝑈12,𝑗(𝑧)𝑣
∗
1,𝑗+1(𝑎)

]
(𝑏 − 𝑎)−2𝐻̂−1

1,𝑗+1𝑣1,𝑗+1(𝑎),

Υ21,𝑗 =
[
(𝑏− 𝑎)𝑣∗

1,𝑗+1(𝑧)− 𝑈21,𝑗(𝑧)𝑤
∗
2,𝑗+1(𝑎)

− (𝑏− 𝑎)𝑈22,𝑗(𝑧)𝑣
∗
1,𝑗+1(𝑎)

] 𝑧 − 𝑎

𝑏− 𝑎
𝐻̂−1

1,𝑗+1𝑣1,𝑗+1(𝑎)

and

Υ22,𝑗 =
[
(𝑏− 𝑎)(𝑏 − 𝑧)(𝑧 − 𝑎)𝑣∗

2,𝑗+1(𝑧)− (𝑏− 𝑧)𝑈21,𝑗(𝑧)𝑤
∗
2,𝑗+1(𝑎)

+ (𝑏 − 𝑎)(𝑧 − 𝑎)𝑈22,𝑗(𝑧)𝑣
∗
1,𝑗+1(𝑎)

]
(𝑏− 𝑎)−2𝐻̂−1

1,𝑗+1𝑣1,𝑗+1(𝑎).

We will demonstrate that the factors in the square brackets, denoted by

Υ̃11,𝑗 := (𝑏− 𝑎)𝑤∗
1,𝑗+1(𝑧)− 𝑈11,𝑗(𝑧)𝑤

∗
2,𝑗+1(𝑎)− (𝑏 − 𝑎)𝑈12,𝑗(𝑧)𝑣

∗
2,𝑗+1(𝑧),

Υ̃12,𝑗 := (𝑏− 𝑎)𝑤∗
2,𝑗+1(𝑧)− (𝑏− 𝑧)𝑈11,𝑗(𝑧)𝑤

∗
2,𝑗+1(𝑎)

+ (𝑏− 𝑎)(𝑧 − 𝑎)𝑈12,𝑗(𝑧)𝑣
∗
1,𝑗+1(𝑎),

Υ̃21,𝑗 := (𝑏− 𝑎)𝑣∗
1,𝑗+1(𝑧)− 𝑈21,𝑗(𝑧)𝑤

∗
2,𝑗+1(𝑎)− (𝑏 − 𝑎)𝑈22,𝑗(𝑧)𝑣

∗
1,𝑗+1(𝑎)
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and

Υ̃22,𝑗 := (𝑏− 𝑎)(𝑏 − 𝑧)(𝑧 − 𝑎)𝑣∗
2,𝑗+1(𝑧)− (𝑏− 𝑧)𝑈21,𝑗(𝑧)𝑤

∗
2,𝑗+1(𝑎)

+ (𝑏 − 𝑎)(𝑧 − 𝑎)𝑈22,𝑗(𝑧)𝑣
∗
1,𝑗+1(𝑎)

are equal to zero, i.e.,

Υ̃ℓ 𝑘,𝑗 = 0, ℓ, 𝑘 ∈ {1, 2}, 1 ≤ 𝑗 ≤ 𝑛− 1. (4.9)

Using (2.17), (2.18), (2.28), (2.29) and (2.26), we have

Υ̃11,𝑗 := − (𝑏− 𝑎)𝑠𝑗 − 𝑠𝑗−1 − 𝑎𝑗+1𝑠0 − (𝑏 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

+ (𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1 + 𝑧(𝑏− 𝑎)𝑢∗

1,𝑗(𝑅1,𝑗(𝑧))
∗𝜆𝑗+1

− 𝑏(𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1 +
(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1

− 𝑎
(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝜆𝑗 + 𝑠0𝑣∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− (𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐻
−1
2,𝑗 𝑌2,𝑗+1

+
(
𝑢∗

2,𝑗 + 𝑧𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− (𝑢∗
2,𝑗 + 𝑧𝑠0𝑣∗

2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1

− 𝑎
(
𝑢∗

2,𝑗 + 𝑧𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

= − (𝑏− 𝑎)𝑠𝑗 − 𝑠𝑗−1 − 𝑎𝑗+1𝑠0 − 𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ [(𝑏− 𝑧)𝐼(𝑗+1)𝑞

+(𝑧 − 𝑎) (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗]𝐻−1
1,𝑗 𝑌1,𝑗+1

+ 𝑎(𝑏− 𝑧)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1

− 𝑎𝑣∗
1,𝑗𝐻1,𝑗 (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿

∗
1,𝑗

[
𝐼(𝑗+1)𝑞 + (𝑅1,𝑗(𝑎))

∗]𝜆𝑗+1

+ 𝑣∗
1,𝑗𝐻1,𝑗 (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿

∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

+ 𝑠0𝑣∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

+ 𝑎(𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿
∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

= − (𝑏− 𝑎)𝑠𝑗 − 𝑠𝑗−1 − 𝑎𝑗+1𝑠0 + 𝑣∗
1,𝑗𝑌1,𝑗+1 − 𝑎𝑣∗

1,𝑗𝐻1,𝑗𝜆𝑗+1

+ 𝑎𝑠0𝑣∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1 − 𝑎𝑣∗
1,𝑗𝐻1,𝑗𝐿1,𝑗𝜆𝑗 + 𝑎𝑏𝑣∗

1,𝑗𝐻1,𝑗𝐿2,𝑗𝜆𝑗

= 0. (4.10)

In the second equality we used (3.2), (3.40), (3.43) and (3.45). In the third
equality we used (3.31), (3.32), (3.5) and (3.6). The last equality follows from
(3.33)–(3.35) and (3.9). This proves equation (4.9) for ℓ = 𝑘 = 1.

Using (2.17), (2.18), (2.29) and (2.26), we have

Υ̃12,𝑗 = (𝑧 − 𝑎)𝑠0𝑣∗
1,𝑗+1(𝑎)− (𝑏− 𝑎)𝑠𝑗−1 + (𝑏 − 𝑧)𝑠𝑗−1

+ (𝑏− 𝑧)(𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

+ (𝑧 − 𝑏)
(
𝑢∗

2,𝑗 + 𝑧𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1

+ 𝑧(𝑏− 𝑎)
(
𝑢∗

2,𝑗 + 𝑧𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝜆𝑗
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+ (𝑧 − 𝑎)
(
𝑢∗

2,𝑗 + 𝑧𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗ (−𝐻−1
1,𝑗 𝑌1,𝑗+1 + 𝑎𝜆𝑗+1

)
+ (𝑏− 𝑧)

(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1

− 𝑎(𝑏− 𝑧)
(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝜆𝑗

+ (𝑏− 𝑧)(𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ [− (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐻
−1
2,𝑗 𝑌2,𝑗+1 − 𝑏𝜆𝑗+1

]
= (𝑧 − 𝑎)

[
𝑠0𝑣∗

1,𝑗+1(𝑎)− 𝑠𝑗−1 + (𝑏 − 𝑧)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

+ (𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐼(𝑗+1)𝑞 − 𝑏𝑇 ∗
𝑗

)
(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− 𝑎(𝑧 − 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐼(𝑗+1)𝑞 − 𝑏𝑇 ∗
𝑗

)
(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

− 𝑧(𝑏− 𝑎)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐼(𝑗+1)𝑞 − 𝑏𝑇 ∗
𝑗

)
𝜆𝑗+1

− 𝑏(𝑏− 𝑧)𝑢∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1 + 𝑏
(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝜆𝑗

+ 𝑎
(
𝑢∗

2,𝑗 + 𝑎𝑠0𝑣∗
2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

− (𝑢∗
2,𝑗 + 𝑎𝑠0𝑣∗

2,𝑗

)
(𝑅2,𝑗(𝑎))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

]
= (𝑧 − 𝑎)

[
𝑎𝑗+1𝑠0 − 𝑠𝑗−1 − 𝑣∗

1,𝑗𝐻1,𝑗

(
𝐼(𝑗+1)𝑞 − 𝑇𝑗𝑇

∗
𝑗

)
(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− (𝑏− 𝑎)𝑣∗
1,𝑗𝐻1,𝑗𝑇

∗
𝑗 (𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− 𝑣∗
1,𝑗𝐻1,𝑗 (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿

∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− 𝑎2𝑣∗
1,𝑗𝐻1,𝑗𝑇

∗
𝑗

(
𝐼(𝑗+1)𝑞 − 𝑏𝑇 ∗

𝑗

)
(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

+ 𝑏2𝑣∗
1,𝑗𝐻1,𝑗𝑇

∗
𝑗 𝜆𝑗+1 + 𝑏𝑣∗

1,𝑗𝐻1,𝑗 (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿
∗
1,𝑗𝜆𝑗+1

+𝑎𝑣∗
1,𝑗𝐻1,𝑗 (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐿

∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

]
= (𝑧 − 𝑎)

[
𝑎𝑗+1𝑠0 − 𝑠𝑗−1 − 𝑣∗

1,𝑗𝑌1,𝑗+1 + 𝑏𝑣∗
1,𝑗𝐻1,𝑗𝐿1,𝑗𝐿

∗
1,𝑗𝜆𝑗+1

+ 𝑎𝑣∗
1,𝑗𝐻1,𝑗

(−𝐼(𝑗+1)𝑞 + 𝑇𝑗𝑇
∗
𝑗

)
(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1 + 𝑎𝑣∗
1,𝑗𝐻1,𝑗𝜆𝑗+1

−𝑎𝑏𝑣∗
1,𝑗𝐻1,𝑗𝑇

∗
𝑗 𝜆𝑗+1

]
= 0. (4.11)

In the second equality we used (3.45) (3.40) and (3.2). In the third equality we
used (2.26), (3.43) and (3.31). In the fourth equality we used (3.32), (3.5) and
(3.6). The last equality follows from (3.33)–(3.35) and (3.32).

Using (2.26), (2.19), (2.29), (2.20) and (2.26), we have

Υ̃21,𝑗 = (𝑏− 𝑎)𝑧𝑗+1𝐼𝑞 − (𝑏 − 𝑧)𝑎𝑗+1𝐼𝑞 + (𝑏− 𝑧)𝑣∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− (𝑏 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1 + (𝑧 − 𝑎)𝑣∗

1,𝑗(𝑅1,𝑗(𝑧))
∗𝐻−1

1,𝑗 𝑌1,𝑗+1

− (𝑧 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐿1,𝑗 − 𝑏𝐿2,𝑗)𝐻
−1
2,𝑗 𝑌2,𝑗+1

− 𝑏(𝑧 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1

+ (𝑧 − 𝑎)(𝑏 − 𝑧)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝐻−1
1,𝑗 𝑌1,𝑗+1

− 𝑎(𝑧 − 𝑎)(𝑏 − 𝑧)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

− (𝑧 − 𝑎)(𝑏 − 𝑧)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1
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= (𝑏− 𝑎)𝑧𝑗+1𝐼𝑞 − (𝑏 − 𝑧)𝑎𝑗+1𝐼𝑞

− (𝑧 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝐿1,𝑗 − 𝑧𝐿1,𝑗𝑇
∗
𝑗−1 − 𝑧𝐿2,𝑗 + 𝑧𝑗𝑇 ∗

𝑗 𝐿2,𝑗

)
× (𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗 𝑌2,𝑗+1

− (𝑧 − 𝑎)𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗ (𝑏𝐼(𝑗+1)𝑞 − 𝑎𝑧𝑇 ∗
𝑗

)
(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

= 0. (4.12)

In the second equality we used (3.10), (3.4), (3.17) and (3.7). In the third equality
we used (3.16), (3.3), (3.13) and (3.14).

Now we consider Υ̃22,𝑗. Using (2.19) and (2.20), we have

Υ̃22,𝑗=(𝑏−𝑧)(𝑧−𝑎)
[
(𝑏−𝑎)𝑣∗

2,𝑗+1(𝑧)+𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗𝑅1,𝑗(𝑎)𝑣1,𝑗𝑤

∗
2,𝑗+1(𝑎)

+𝑣∗
1,𝑗+1(𝑎)+(𝑧−𝑎)𝑣∗

2,𝑗(𝑅2,𝑗(𝑧))
∗𝐻−1

2,𝑗𝑅2,𝑗(𝑎)(𝑢2,𝑗+𝑎𝑠0𝑣2,𝑗)𝑣
∗
1,𝑗+1(𝑎)

]
=(𝑏−𝑧)(𝑧−𝑎)

[
(𝑏−𝑎)𝑧𝑗−(𝑏−𝑎)𝑣∗

2,𝑗(𝑅2,𝑗(𝑧))
∗𝐻−1

2,𝑗 𝑌2,𝑗+1

+𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝐻−1
1,𝑗

(
𝐻1,𝑗

[−(𝐿1,𝑗−𝑏𝐿2,𝑗)𝐻
−1
2,𝑗 𝑌2,𝑗+1−𝑏𝜆𝑗+1

]
+𝑌1,𝑗+1

)
+𝑎𝑗+1−𝑣∗

1,𝑗(𝑅1,𝑗(𝑎))
∗𝐻−1

1,𝑗 𝑌1,𝑗+1+(𝑧−𝑎)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐻−1
2,𝑗

⋅(𝐻2,𝑗𝐿
∗
1,𝑗(𝑅1,𝑗(𝑎))

∗(−𝐻−1
1,𝑗 𝑌1,𝑗+1+𝑎𝜆𝑗+1

)
+𝑌2,𝑗+1

)]
=(𝑏−𝑧)(𝑧−𝑎)

(
(𝑏−𝑎)𝑧𝑗+𝑎𝑗+1−𝑏𝑣∗

1,𝑗(𝑅1,𝑗(𝑧))
∗𝜆𝑗+1

+𝑣∗
1,𝑗 [−(𝑅1,𝑗(𝑧))

∗(𝐿1,𝑗−𝑏𝐿2,𝑗)+(𝑧−𝑏)𝐿2,𝑗(𝑅2,𝑗(𝑧))
∗]𝐻−1

2,𝑗 𝑌2,𝑗+1

+𝑎(𝑧−𝑎)𝑣∗
2,𝑗(𝑅2,𝑗(𝑧))

∗𝐿∗
1,𝑗(𝑅1,𝑗(𝑎))

∗𝜆𝑗+1

)
=(𝑏−𝑧)(𝑧−𝑎)

[
(𝑏−𝑎)𝑧𝑗+𝑎𝑗+1+𝑎(𝑧−𝑎)𝑣∗

2,𝑗(𝑅2,𝑗(𝑧))
∗𝐿∗

1,𝑗(𝑅1,𝑗(𝑎))
∗𝜆𝑗+1

−𝑏𝑣∗
1,𝑗(𝑅1,𝑗(𝑧))

∗𝜆𝑗+1

]
=0. (4.13)

In the second equality we used (2.27), (2.29), (3.50) and (3.49). In the third equality
we used (3.4) and (3.17). In the fourth equality we used (3.7) and (3.16). In the
last equality we used (3.9) and (3.15). This proves the equality (4.9) for ℓ = 𝑘 = 2.

By (4.10), (4.11), (4.12) and (4.13) the equality (4.8) and consequently (4.7)
is proved. The theorem is proved. □
Corollary 4.3. Let the elementary factors of the Blaschke–Potapov product be given
by (4.1) and (4.2). Then the resolvent matrix of the HMM problem (2.16) admits
a Blaschke–Potapov multiplicative representation of the form

𝑈𝑛 = 𝑏1 × ⋅ ⋅ ⋅ × 𝑏𝑛. (4.14)

The proof follows immediately from Theorem 4.2.
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Appendix A. Blaschke–Potapov representation of the resolvent
matrix, the case of an even number of moments

In this appendix we reproduce the Blaschke–Potapov representation of the RM for
the case of an even number of moments (𝑠𝑗)

2𝑛+1
𝑗=0 , given in [12].

We assume, in this section, that 0 ≤ 𝑗 ≤ 𝑛. Let

𝐻𝑗 := {𝑠𝑘+𝑙}𝑗𝑘,𝑙=0,

𝐾𝑗 := {𝑠𝑘+𝑙+1}𝑗𝑘,𝑙=0,

𝐻1,𝑗 := −𝑎𝐻𝑗 +𝐾𝑗 ,

𝐻2,𝑗 := 𝑏𝐻𝑗 −𝐾𝑗, (A.1)

and set

𝑢1,0 := −𝑠0, 𝑢2,0 = 𝑠0, (A.2)

𝑣0 := 𝐼𝑞. (A.3)

For every 1 ≤ 𝑗 ≤ 𝑛− 1, let

𝑢1,𝑗 := −

⎛⎜⎜⎜⎝
𝑠0

𝑠1

...
𝑠𝑗

⎞⎟⎟⎟⎠+ 𝑎

⎛⎜⎜⎜⎝
0𝑞×𝑞
𝑠0

...
𝑠𝑗−1

⎞⎟⎟⎟⎠ , 𝑢2,𝑗 :=

⎛⎜⎜⎜⎝
𝑠0

𝑠1

...
𝑠𝑗

⎞⎟⎟⎟⎠− 𝑏

⎛⎜⎜⎜⎝
0𝑞×𝑞
𝑠0

...
𝑠𝑗−1

⎞⎟⎟⎟⎠ , (A.4)

𝑣𝑗 := 𝑣1,𝑗 , 𝑅𝑗(𝑧) := 𝑅1,𝑗(𝑧). (A.5)

Assume that the block matrices 𝐻1,𝑗 and 𝐻2,𝑗 are positive definite. The RM
in the case of an even number of moments is a 2𝑞 × 2𝑞 matrix polynomial,

𝑈𝑗(𝑧) :=

(
𝑈11,𝑗(𝑧) 𝑈12,𝑗(𝑧)
𝑈21,𝑗(𝑧) 𝑈22,𝑗(𝑧)

)
, 𝑧 ∈ ℂ 0 ≤ 𝑗 ≤ 𝑛 (A.6)

with

𝑈11,𝑗(𝑧) := 𝐼𝑞 − (𝑧 − 𝑎)𝑢∗
2,𝑗(𝑅𝑗(𝑧))

∗𝐻−1
2,𝑗𝑅𝑗(𝑎)𝑣𝑗 ,

𝑈12,𝑗(𝑧) := 𝑢∗
1,𝑗(𝑅𝑗(𝑧))

∗𝐻−1
1,𝑗𝑅𝑗(𝑎)𝑢1,𝑗,

𝑈21,𝑗(𝑧) := − (𝑏 − 𝑧)(𝑧 − 𝑎)𝑣∗
𝑗 (𝑅𝑗(𝑧))

∗𝐻−1
2,𝑗𝑅𝑗(𝑎)𝑣𝑗

and

𝑈22,𝑗(𝑧) := 𝐼𝑞 + (𝑧 − 𝑎)𝑣∗
𝑗 (𝑅𝑗(𝑧))

∗𝐻−1
1,𝑗𝑅𝑗(𝑎)𝑢1,𝑗 . (A.7)
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Further, for 1 ≤ 𝑗 ≤ 𝑛, we write

𝑌1,𝑗 := −𝑎

⎛⎜⎜⎜⎝
𝑠𝑗

𝑠𝑗+1

...
𝑠2𝑗−1

⎞⎟⎟⎟⎠+
⎛⎜⎜⎜⎝

𝑠𝑗+1

𝑠𝑗+2

...
𝑠2𝑗

⎞⎟⎟⎟⎠ , 𝑌2,𝑗 := 𝑏

⎛⎜⎜⎜⎝
𝑠𝑗

𝑠𝑗+1

...
𝑠2𝑗−1

⎞⎟⎟⎟⎠−
⎛⎜⎜⎜⎝

𝑠𝑗+1

𝑠𝑗+2

...
𝑠2𝑗

⎞⎟⎟⎟⎠ , (A.8)

𝐷1,𝑗 := −𝑎𝑠2𝑗 + 𝑠2𝑗+1, 𝐷2,𝑗 := 𝑏𝑠2𝑗 − 𝑠2𝑗+1, (A.9)

𝑤1,𝑗(𝑎) := −𝑠𝑗 − 𝑌 ∗
1,𝑗𝐻

−1
1,𝑗−1𝑅𝑗−1(𝑎)𝑢1,𝑗−1, (A.10)

𝑤2,𝑗(𝑎) := −𝑤1,𝑗(𝑎), (A.11)

𝑣𝑗(𝑎) := 𝑎𝑗𝐼𝑞 − 𝑌 ∗
2,𝑗𝐻

−1
2,𝑗−1𝑅𝑗−1(𝑎)𝑣𝑗−1, (A.12)

and

𝐻̂𝑘,𝑗 := 𝐷𝑘,𝑗 − 𝑌 ∗
𝑘,𝑗𝐻

−1
𝑘,𝑗−1𝑌𝑘,𝑗 , 𝑘 ∈ {1, 2},

for 1 ≤ 𝑗 ≤ 𝑛.

Note that 𝐻̂𝑘,𝑗 > 0 since 𝐻𝑘,𝑗 > 0.

Definition A.1. Define

𝑏0(𝑧) := 𝑈0(𝑧), (A.13)

and

𝑏𝑗(𝑧) :=

(
𝐼𝑞 − (𝑧 − 𝑎)𝑤∗

2,𝑗(𝑎)𝐻̂
−1
2,𝑗 𝑣𝑗(𝑎) 𝑤∗

1,𝑗(𝑎)𝐻̂
−1
1,𝑗𝑤1,𝑗(𝑎)

(𝑧 − 𝑎)(𝑧 − 𝑏)𝑣∗
𝑗 (𝑎)𝐻̂

−1
2,𝑗 𝑣𝑗(𝑎) 𝐼𝑞 + (𝑧 − 𝑎)𝑣∗

𝑗 (𝑎)𝐻̂
−1
1,𝑗𝑤1,𝑗(𝑎)

)
(A.14)

for all 𝑧 ∈ ℂ and all 1 ≤ 𝑗 ≤ 𝑛.

The matrix function 𝑏𝑗 is called the Blaschke–Potapov factor of the HMM
problem with an even number of moments.

Remark A.2. In [12] the matrix function 𝑏0 was erroneously defined through the
formula (A.14).

Theorem A.3 (Corollary of Theorem 2, [12]). Let the elementary factors of the
Blaschke–Potapov product be given by (A.13) and (A.14). Then the resolvent ma-
trix (A.6) of the HMM problem in the case of an even number of moments admits
a Blaschke–Potapov multiplicative representation of the form

𝑈𝑛(𝑧) = 𝑏0 × ⋅ ⋅ ⋅ × 𝑏𝑛. (A.15)
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On a Special Parametrization of
Matricial 𝜶-Stieltjes One-sided
Non-negative Definite Sequences

Bernd Fritzsche, Bernd Kirstein and Conrad Mädler

Abstract. The characterization of the solvability of matrix versions of trun-
cated Stieltjes-type moment problems led to the class of one-sided 𝛼-Stieltjes
non-negative definite sequences of complex 𝑞 × 𝑞 matrices. The study of this
class and some of its important subclasses is the central theme of this paper.
We introduce an inner parametrization for sequences of complex matrices,
which is particularly well-suited to the class of sequences under considera-
tion. Furthermore, several interrelations between this parametrization and
the canonical Hankel parametrization are indicated.

Mathematics Subject Classification (2010). Primary 44A60; Secondary 47A57.

Keywords. Truncated matricial Stieltjes moment problem, one-sided Stieltjes
non-negative definite sequences, one-sided Stieltjes non-negative definite ex-
tendable sequences, one-sided 𝛼-Stieltjes parametrization, canonical Hankel
parametrization.

1. Introduction

This paper is a direct continuation of work done in the paper [12], where two
truncated matricial generalized Stieltjes power moment problems made up one of
the main topics. In order to properly formulate these problems, we first review
some notation. Let ℂ, ℝ, ℕ0, and ℕ be the set of all complex numbers, the set
of all real numbers, the set of all non-negative integers, and the set of all positive
integers, respectively. Further, for every choice of 𝛼 ∈ ℝ∪{−∞} and 𝛽 ∈ ℝ∪{+∞},
let ℤ𝛼,𝛽 be the set of all integers 𝑘 for which 𝛼 ≤ 𝑘 ≤ 𝛽 holds. Throughout this
paper, let 𝑝 ∈ ℕ and let 𝑞 ∈ ℕ. If 𝒳 is a non-empty set, then 𝒳 𝑝×𝑞 stands for
the set of all 𝑝× 𝑞 matrices each entry of which belongs to 𝒳 , and 𝒳 𝑝 is short
for 𝒳 𝑝×1. If (𝒳 ,𝔄) is a measurable space, then each countably additive mapping

whose domain is 𝔄 and whose values belong to the set ℂ𝑞×𝑞≥ of all non-negative
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Hermitian complex 𝑞 × 𝑞 matrices is called a non-negative Hermitian 𝑞 × 𝑞 measure
on (𝒳 ,𝔄).

Let 𝔅ℝ be the 𝜎-algebra of all Borel subsets of ℝ. For all Ω ∈ 𝔅ℝ ∖ {∅},
let 𝔅Ω be the 𝜎-algebra of all Borel subsets of Ω, let ℳ𝑞

≥(Ω) be the set of all
non-negative Hermitian 𝑞 × 𝑞 measures on (Ω,𝔅Ω) and, for all 𝜅 ∈ ℕ0 ∪ {+∞},
letℳ𝑞

≥,𝜅(Ω) be the set of all 𝜎 ∈ ℳ𝑞
≥(Ω) such that the integral

𝑠
(𝜎)
𝑗 :=

∫
Ω

𝑡𝑗𝜎(d𝑡) (1.1)

exists for all 𝑗 ∈ ℤ0,𝜅.
We now come to the formulation of two matricial power moment problems,

which lie in the background of our considerations:

M[Ω; (𝑠𝑗)
𝜅
𝑗=0,=]: Let Ω ∈ 𝔅ℝ ∖ {∅}, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a

sequence from ℂ𝑞×𝑞. Describe the setℳ𝑞
≥[Ω; (𝑠𝑗)

𝜅
𝑗=0,=] of all 𝜎 ∈ ℳ𝑞

≥,𝜅(Ω)

for which 𝑠
(𝜎)
𝑗 = 𝑠𝑗 is fulfilled for each 𝑗 ∈ ℤ0,𝜅.

The second matricial moment problem under consideration is a truncated one:

M[Ω; (𝑠𝑗)
𝑚
𝑗=0,≤]: Let Ω ∈ 𝔅ℝ ∖ {∅}, let 𝑚 ∈ ℕ0, and let (𝑠𝑗)

𝑚
𝑗=0 be a sequence

from ℂ𝑞×𝑞. Describe the setℳ𝑞
≥[Ω; (𝑠𝑗)

𝑚
𝑗=0,≤] of all 𝜎 ∈ℳ𝑞

≥,𝑚(Ω) for which

𝑠𝑚−𝑠
(𝜎)
𝑚 is non-negative Hermitian and, in the case𝑚 > 0, moreover 𝑠

(𝜎)
𝑗 = 𝑠𝑗

is fulfilled for each 𝑗 ∈ ℤ0,𝑚−1.

The considerations of this paper are mostly concentrated on the case that the
set Ω is a one-sided closed infinite interval of the real axis. To get deeper insight
into this situation, we start with some observations on the case Ω = ℝ, which is
connected with matricial versions of the classical Hamburger moment problem. In
this case, the above formulated matricial moment problems have been intensively
investigated since the 1980’s (see, e.g., Bolotnikov [4], Chen/Hu [5, 6], Dym [10],
Kovalishina [20, 21], and [13]).

To explain some criteria of solvability in the case Ω = ℝ, we introduce certain
sets of sequences from ℂ𝑞×𝑞, which are determined by the properties of particular
Hankel matrices built of them. For each 𝑛 ∈ ℕ0, let ℋ≥

𝑞,2𝑛 (respectively, ℋ>𝑞,2𝑛) be
the set of all sequences (𝑠𝑗)

2𝑛
𝑗=0 from ℂ𝑞×𝑞 such that the block Hankel matrix

𝐻𝑛 := [𝑠𝑗+𝑘]
𝑛
𝑗,𝑘=0 (1.2)

is non-negative Hermitian (resp. positive Hermitian). Furthermore, let ℋ≥
𝑞,∞ (resp.

ℋ>𝑞,∞) be the set of all sequences (𝑠𝑗)∞𝑗=0 from ℂ𝑞×𝑞 such that, for all 𝑛 ∈ ℕ0, the

sequence (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛 (resp. ℋ>𝑞,2𝑛). For each 𝑛 ∈ ℕ0, the elements of

the set ℋ≥
𝑞,2𝑛 (resp. ℋ>𝑞,2𝑛) are called Hankel non-negative definite (resp. Hankel

positive definite) sequences. For each 𝑛 ∈ ℕ0, let ℋ≥,e
𝑞,2𝑛 be the set of all sequences

(𝑠𝑗)
2𝑛
𝑗=0 from ℂ

𝑞×𝑞 for which there are matrices 𝑠2𝑛+1 ∈ ℂ
𝑞×𝑞 and 𝑠2𝑛+2 ∈ ℂ

𝑞×𝑞

such that (𝑠𝑗)
2(𝑛+1)
𝑗=0 belongs to ℋ≥

𝑞,2(𝑛+1). Furthermore, for each 𝑛 ∈ ℕ0, we will

use ℋ≥,e
𝑞,2𝑛+1 to denote the set of sequences (𝑠𝑗)

2𝑛+1
𝑗=0 from ℂ𝑞×𝑞 for which there is
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some 𝑠2𝑛+2 ∈ ℂ𝑞×𝑞 such that (𝑠𝑗)
2(𝑛+1)
𝑗=0 belongs to ℋ≥

𝑞,2(𝑛+1). For each 𝑚 ∈ ℕ0,

the elements of the set ℋ≥,e
𝑞,𝑚 are called Hankel non-negative definite extendable

sequences. For technical reasons, we set ℋ≥,e
𝑞,∞ := ℋ≥

𝑞,∞. The solvability of the
Hamburger moment problems under consideration can be characterized as follows.

Theorem 1.1 (see [13, Theorem 4.17], [15, Theorem 6.6]). Let 𝜅 ∈ ℕ0 ∪{+∞} and
let (𝑠𝑗)

𝜅
𝑗=0 be a sequence from ℂ

𝑞×𝑞. Then ℳ𝑞
≥[ℝ; (𝑠𝑗)

𝜅
𝑗=0,=] ∕= ∅ if and only if

(𝑠𝑗)
𝜅
𝑗=0 ∈ ℋ≥,e

𝑞,𝜅 .

Theorem 1.2. Let 𝑛 ∈ ℕ0 and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ𝑞×𝑞. Then the set

ℳ𝑞
≥[ℝ; (𝑠𝑗)

2𝑛
𝑗=0,≤] is non-empty if and only if (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛.

For different proofs of Theorem 1.2, we refer to [5, Theorem 3.2], [13, Theo-
rem 4.16] and [23, Satz 9.20].

Now let Ω ∈ 𝔅ℝ ∖ {∅}, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝜎 ∈ ℳ𝑞
≥,𝜅(Ω). If the mapping

𝜇 : 𝔅ℝ → ℂ𝑞×𝑞 is defined by 𝜇(𝐵) := 𝜎(𝐵 ∩ Ω), then clearly 𝜇 ∈ ℳ𝑞
≥,𝜅(ℝ), and

taking (1.1) into account, we see that, for each 𝑘 ∈ ℤ0,𝜅, the equation

𝑠
(𝜇)
𝑘 = 𝑠

(𝜎)
𝑘

holds. Thus, we see that if 𝜎 ∈ ℳ𝑞
≥[Ω; (𝑠𝑗)

𝜅
𝑗=0,=] (resp. 𝜎 ∈ ℳ𝑞

≥[Ω; (𝑠𝑗)
2𝑛
𝑗=0,≤]),

then 𝜇 ∈ ℳ𝑞
≥[ℝ; (𝑠𝑗)

𝜅
𝑗=0,=] (resp. 𝜇 ∈ ℳ𝑞

≥[ℝ; (𝑠𝑗)
2𝑛
𝑗=0,≤]). Consequently, if the

setℳ𝑞
≥[Ω; (𝑠𝑗)

𝜅
𝑗=0,=] (resp.ℳ𝑞

≥[Ω; (𝑠𝑗)
2𝑛
𝑗=0,≤]) is non-empty, then (𝑠𝑗)𝜅𝑗=0 ∈ ℋ≥,e

𝑞,𝜅

(resp. (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛). The choice of Ω ∈ 𝔅ℝ∖{∅} in the problemsM[Ω; (𝑠𝑗)𝜅𝑗=0,=]

andM[Ω; (𝑠𝑗)
𝑚
𝑗=0,≤] leads us consequently to special subclasses of the classesℋ≥

𝑞,2𝑛

andℋ≥,e
𝑞,𝜅 . In this paper, we continue the investigations in [12], where the case of an

interval [𝛼,+∞) with arbitrarily given 𝛼 ∈ ℝ was considered. For the convenience
of the reader, we are going to recall the characterizations of solvability of our
moment problems which were obtained in [12]. First we introduce corresponding

subclasses of the classes ℋ≥
𝑞,2𝑛 and ℋ≥,e

𝑞,𝜅 , which depend on a given real number 𝛼.

Definition 1.3.

(a) For each 𝛼 ∈ ℝ, let 𝒦≥
𝑞,0,𝛼 := ℋ≥

𝑞,0, and, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ, let

𝒦≥
𝑞,2𝑛,𝛼 :=

{
(𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 : (−𝛼𝑠𝑗 + 𝑠𝑗+1)
2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1)

}
and, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ0, furthermore, let 𝒦≥

𝑞,2𝑛+1,𝛼 be the set

of all sequences (𝑠𝑗)
2𝑛+1
𝑗=0 from ℂ

𝑞×𝑞 such that {(𝑠𝑗)2𝑛𝑗=0, (−𝛼𝑠𝑗 + 𝑠𝑗+1)
2𝑛
𝑗=0} ⊆

ℋ≥
𝑞,2𝑛. Furthermore, for each 𝛼 ∈ ℝ and each 𝑚 ∈ ℕ0, let 𝒦≥,e

𝑞,𝑚,𝛼 be the

set of all sequences (𝑠𝑗)
𝑚
𝑗=0 from ℂ𝑞×𝑞 for which there is some 𝑠𝑚+1 ∈ ℂ𝑞×𝑞

such that (𝑠𝑗)
𝑚+1
𝑗=0 belongs to 𝒦≥

𝑞,𝑚+1,𝛼. For each 𝛼 ∈ ℝ and each 𝑚 ∈ ℕ0,

we call a sequence (𝑠𝑗)
𝑚
𝑗=0 𝛼-Stieltjes right-sided non-negative definite (resp.

𝛼-Stieltjes right-sided non-negative definite extendable) if it belongs to 𝒦≥
𝑞,𝑚,𝛼

(resp. to𝒦≥,e
𝑞,𝑚,𝛼). In the case 𝛼 = 0, the sequence (𝑠𝑗)

𝑚
𝑗=0 is also called Stieltjes

non-negative definite (resp. Stieltjes non-negative definite extendable).



214 B. Fritzsche, B. Kirstein and C. Mädler

(b) For each 𝛼 ∈ ℝ, let ℒ≥
𝑞,0,𝛼 := ℋ≥

𝑞,0, and, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ, let

ℒ≥
𝑞,2𝑛,𝛼 :=

{
(𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 : (𝛼𝑠𝑗 − 𝑠𝑗+1)
2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1)

}
and, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ0, furthermore, let ℒ≥

𝑞,2𝑛+1,𝛼 be the set

of all sequences (𝑠𝑗)
2𝑛+1
𝑗=0 from ℂ

𝑞×𝑞 such that {(𝑠𝑗)2𝑛𝑗=0, (𝛼𝑠𝑗 − 𝑠𝑗+1)
2𝑛
𝑗=0} ⊆

ℋ≥
𝑞,2𝑛. Furthermore, for each 𝛼 ∈ ℝ and each 𝑚 ∈ ℕ0, let ℒ≥,e

𝑞,𝑚,𝛼 be the set

of all sequences (𝑠𝑗)
𝑚
𝑗=0 from ℂ𝑞×𝑞 for which there is some 𝑠𝑚+1 ∈ ℂ𝑞×𝑞 such

that (𝑠𝑗)
𝑚+1
𝑗=0 belongs to ℒ≥

𝑞,𝑚+1,𝛼. For each 𝛼 ∈ ℝ and each 𝑚 ∈ ℕ0, we call a

sequence (𝑠𝑗)
𝑚
𝑗=0 𝛼-Stieltjes left-sided non-negative definite (resp. 𝛼-Stieltjes

left-sided non-negative definite extendable) if it belongs to ℒ≥
𝑞,𝑚,𝛼 (resp. to

ℒ≥,e
𝑞,𝑚,𝛼).

The classes of sequences introduced in part (b) of Definition 1.3 do not appear
in [12]. We will see soon that these classes are convenient tools to handle the
corresponding moment problems for intervals of the type (−∞, 𝛼], where 𝛼 ∈ ℝ.

Remark 1.4. Let 𝛼 ∈ ℝ, 𝑛 ∈ ℕ0, and (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒦≥

𝑞,𝑛,𝛼 (resp. 𝒦≥,e
𝑞,𝑛,𝛼). Then we

easily see that (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥

𝑞,𝑚,𝛼 (resp. 𝒦≥,e
𝑞,𝑚,𝛼) for each 𝑚 ∈ ℤ0,𝑛.

In view of Remark 1.4, for each 𝛼 ∈ ℝ, let 𝒦≥
𝑞,∞,𝛼 be the set of all sequences

(𝑠𝑗)
∞
𝑗=0 fromℂ𝑞×𝑞 such that (𝑠𝑗)𝑚𝑗=0 ∈ 𝒦≥

𝑞,𝑚,𝛼 for all𝑚 ∈ ℕ0. Further, let𝒦≥,e
𝑞,∞,𝛼 :=

𝒦≥
𝑞,∞,𝛼. The notation 𝐼𝑞 stands for the identity matrix in ℂ𝑞×𝑞.

The following result describes the interrelations between the classes of se-
quences from ℂ𝑞×𝑞, which were introduced in parts (a) and (b) of Definition 1.3.

Lemma 1.5. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)
𝜅
𝑗=0 be a sequence from

ℂ𝑞×𝑞. For 𝑗 ∈ ℤ0,𝜅, let 𝑢𝑗 := (−1)𝑗𝑠𝑗.
(a) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼 if and only if (𝑢𝑗)
𝜅
𝑗=0 ∈ ℒ≥

𝑞,𝜅,−𝛼.
(b) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥,e

𝑞,𝜅,𝛼 if and only if (𝑢𝑗)
𝜅
𝑗=0 ∈ ℒ≥,e

𝑞,𝜅,−𝛼.

Proof. For all 𝑛 ∈ ℕ0, the matrix 𝑉𝑛 := diag[(−1)𝑗𝐼𝑞 ]𝑛𝑗=0 is obviously unitary. For

all 𝑛 ∈ ℕ0 with 2𝑛 ≤ 𝜅, the equation 𝐻
⟨𝑢⟩
𝑛 = 𝑉 ∗

𝑛𝐻𝑛𝑉𝑛 holds and, for all 𝑛 ∈ ℕ0

with 2𝑛+ 1 ≤ 𝜅, we have (−𝛼)𝐻
⟨𝑢⟩
𝑛 −𝐾

⟨𝑢⟩
𝑛 = 𝑉 ∗

𝑛 (−𝛼𝐻𝑛 +𝐾𝑛)𝑉𝑛. □
Lemma 1.5 shows that it is justified for us to concentrate our further consid-

erations mainly on the right-sided case.
Using the just introduced sets of sequences fromℂ𝑞×𝑞, we recall the solvability

criteria of the problems M[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,=] and M[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,≤]:
Theorem 1.6. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)

𝜅
𝑗=0 be a sequence from

ℂ
𝑞×𝑞. Then ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)𝜅𝑗=0,=] ∕= ∅ if and only if (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥,e

𝑞,𝜅,𝛼.

In the case 𝜅 ∈ ℕ0, a proof of Theorem 1.6 is given in [12, Theorem 1.3].
In the case 𝜅 = +∞, the asserted equivalence can be proved using the equation
ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)∞𝑗=0,=] =
∩∞
𝑚=0ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,=] and the matricial ver-
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sion of the Helly-Prohorov theorem (see [14, Satz 9]). We omit the details of the
proof, the essential idea of which originated in [1].

For Problem M[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,≤], the solvability criterion is the following:
Theorem 1.7 ([12, Theorem 1.4]). Let 𝛼 ∈ ℝ, let 𝑚 ∈ ℕ0, and let (𝑠𝑗)

𝑚
𝑗=0 be a

sequence from ℂ𝑞×𝑞. Then ℳ𝑞
≥[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,≤] ∕= ∅ if and only if (𝑠𝑗)

𝑚
𝑗=0 ∈

𝒦≥
𝑞,𝑚,𝛼.

Now we turn our attention to the interval (−∞, 𝛼], where 𝛼 ∈ ℝ is arbitrarily
given.

Theorem 1.8. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)
𝜅
𝑗=0 be a sequence from

ℂ𝑞×𝑞. Then ℳ𝑞
≥[(−∞, 𝛼]; (𝑠𝑗)

𝜅
𝑗=0,=] ∕= ∅ if and only if (𝑠𝑗)

𝜅
𝑗=0 ∈ ℒ≥,e

𝑞,𝜅,𝛼.

Proof. Combine Theorem 1.6, part (b) of Lemma 1.5 and Lemma B.3. □
Theorem 1.9. Let 𝛼 ∈ ℝ, let 𝑛 ∈ ℕ0, and let (𝑠𝑗)

2𝑛
𝑗=0 be a sequence from ℂ𝑞×𝑞.

Then ℳ𝑞
≥[(−∞, 𝛼]; (𝑠𝑗)

2𝑛
𝑗=0,≤] ∕= ∅ if and only if (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℒ≥

𝑞,2𝑛,𝛼.

Proof. Combine Lemma B.3, part (a) of Lemma 1.5, and Theorem 1.7. □
A characterization of the caseℳ𝑞

≥[(−∞, 𝛼]; (𝑠𝑗)
2𝑛+1
𝑗=0 ,≤] ∕= ∅, where 𝛼 ∈ ℝ,

𝑛 ∈ ℕ0, and a sequence (𝑠𝑗)
2𝑛+1
𝑗=0 from ℂ𝑞×𝑞 are given, is more difficult, so that we

want to discuss a necessary and sufficient condition for that somewhere else.
In the scalar situation, the particular case of the interval [0,+∞) played an

important role in the history of the power moment problem. Namely, the classical
investigations of Stieltjes [25, 26] are considered now as a cornerstone in the early
period of moment problems. For a modern summary of the state of affairs on the
Stieltjes moment problem and its relations to operator theory, we refer to the
paper by Simon [24].

In the matrix case, several authors treated the power moment problem for the
interval [0,+∞). Parametrizations of the set ℳ𝑞

≥[[0,+∞); (𝑠𝑗)𝑚𝑗=0,≤] are given,
under a certain nondegeneracy condition, by Dyukarev [11]. In the general case, de-
scriptions ofℳ𝑞

≥[[0,+∞); (𝑠𝑗)𝑚𝑗=0,≤] are stated by Bolotnikov [2], [3, Theorem 1.5]
and by Chen/Hu in [7, Theorem 2.4], whereas in the case 𝑚 ∈ ℕ0 descriptions of
the setℳ𝑞

≥[[0,+∞); (𝑠𝑗)𝑚𝑗=0,=] are given by Hu/Chen in [19, Theorem 4.1, Lem-

mas 2.3 and 2.4]. Moreover, for each 𝑚 ∈ ℕ0 and arbitrary real numbers 𝛼, the
cases ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,=] ∕= ∅ and ℳ𝑞
≥[[𝛼,+∞); (𝑠𝑗)𝑚𝑗=0,≤] ∕= ∅ are charac-

terized in [12, Theorems 1.3 and 1.4].
The importance of Theorems 1.6 and 1.7 led us in [12] to a closer look

at the properties of sequences from ℂ𝑞×𝑞, which are 𝛼-Stieltjes right-sided non-
negative definite or 𝛼-Stieltjes right-sided non-negative definite extendable. Guided
by our former investigations on Hankel non-negative definite sequences and Han-
kel non-negative definite extendable sequences, which were done in [13], we started
in [12, Section 4] a thorough study of the structure of 𝛼-Stieltjes right-sided non-
negative definite sequences and 𝛼-Stieltjes right-sided non-negative definite extend-
able sequences. The central theme of this paper is to continue these investigations
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in order to gain deeper insights into the structure of the elements of the set of Han-
kel non-negative definite sequences and distinguished subsets, of which we system-
atically used the canonical Hankel parametrization of sequences (see [13, 15, 18]).
The first main goal of this paper is to find a convenient parametrization of se-
quences from ℂ𝑞×𝑞, which is particularly well adapted to the class of 𝛼-Stieltjes
right-sided non-negative definite sequences and its important subclasses. In or-
der to realize this aim, we introduce the right-sided 𝛼-Stieltjes parametrization of
sequences from ℂ𝑝×𝑞 (see Section 4).

This paper is organized as follows.
In Section 2, we summarize some basic facts on 𝛼-Stieltjes right-sided non-

negative definite sequences and 𝛼-Stieltjes right-sided non-negative definite ex-
tendable sequences. This material is mostly taken from [12].

In Section 3, we recall the canonical Hankel parametrization of sequences of
matrices from ℂ

𝑝×𝑞.
In Section 4, we introduce the right-sided 𝛼-Stieltjes parametrization of se-

quences from ℂ𝑝×𝑞. The main result of Section 4 is Theorem 4.12 which contains
characterizations of the class of 𝛼-Stieltjes right-sided non-negative definite se-
quences and their interesting subclasses in terms of the right-sided 𝛼-Stieltjes
parametrization. As an example the right-sided 𝛼-Stieltjes parametrization of the
sequence of Catalan numbers is computed.

In Section 5, we continue our former investigations on completely degenerate
Hankel non-negative definite sequences. For arbitrarily given 𝛼 ∈ ℝ, we study the
subclass of this class of sequences which consists of 𝛼-Stieltjes right-sided non-
negative definite sequences.

In Section 6, we present some interrelations between the right-sided 𝛼-Stieltjes
parametrization and the canonical Hankel parametrization of 𝛼-Stieltjes right-
sided non-negative definite sequences. The main results are Theorems 6.8 and 6.20.

In Section 7, we fix numbers 𝛼 ∈ ℝ and 𝛽 ∈ [𝛼,+∞). It is shown that a
𝛽-Stieltjes right-sided non-negative definite sequence is also 𝛼-Stieltjes right-sided
non-negative definite (see Remark 7.1). Furthermore, some interrelations between
the 𝛼- and right-sided 𝛽-Stieltjes parametrization of this sequence are indicated
(see Propositions 7.2, 7.5, and 7.6).

Inspired by investigations of Chen/Hu [5], we constructed in [18] a Schur-type
algorithm for sequences of matrices from ℂ𝑝×𝑞. This algorithm turned out to be
intimately connected with the canonical Hankel parametrization. More precisely,
it was shown in [18, Theorem 9.15] that the canonical Hankel parametrization
of a Hankel non-negative definite extendable sequence can be generated by the
Schur-type algorithm under consideration. In a forthcoming paper, we will develop
an 𝛼-Stieltjes version of a Schur-type algorithm for sequences of matrices from
ℂ𝑝×𝑞. An important feature of this algorithm will be the fact that the right-
sided 𝛼-Stieltjes parametrization of an 𝛼-Stieltjes right-sided non-negative definite
extendable sequence can be generated by it.
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2. Some facts on the classes of 𝜶-Stieltjes one-sided non-negative
definite sequences and some of its subclasses

The central theme of this section is to study the classes of sequences of complex
matrices which were given in Definition 1.3. It should be mentioned that the classes
introduced in part (a) of Definition 1.3 have been discussed already in [12]. Since
Lemma 1.5 shows that the left-sided classes are connected with the corresponding
right-sided classes by a simple reflection principle, we will mainly concentrate on
the right case.

Definition 2.1. For each 𝛼 ∈ ℂ, each 𝜅 ∈ ℕ ∪ {+∞}, and each sequence (𝑠𝑗)𝜅𝑗=0

from ℂ𝑝×𝑞, let the sequences (𝑠𝛼⊳𝑗)𝜅−1
𝑗=0 and (𝑠𝛼⊲𝑗)

𝜅−1
𝑗=0 be given by

𝑠𝛼⊳𝑗 := −𝛼𝑠𝑗 + 𝑠𝑗+1 and 𝑠𝛼⊲𝑗 := 𝛼𝑠𝑗 − 𝑠𝑗+1 (2.1)

for each 𝑗 ∈ ℤ0,𝜅−1. Then (𝑠𝛼⊳𝑗)
𝜅−1
𝑗=0 (resp. (𝑠𝛼⊲𝑗)

𝜅−1
𝑗=0 ) is called the sequence gen-

erated from (𝑠𝑗)
𝜅
𝑗=0 by right-sided (resp. left-sided) 𝛼-shifting.

Remark 2.2. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ𝑝×𝑞. In view of Definition 2.1, then 𝑠𝛼⊲𝑗 = −𝑠𝛼⊳𝑗 for all 𝑗 ∈ ℤ0,𝜅−1.

In view of Lemma 1.5, we add the following:

Remark 2.3. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞.
Let 𝛽 := −𝛼 and (𝑢𝑗)

𝜅
𝑗=0 be defined by 𝑢𝑗 := (−1)𝑗𝑠𝑗. It can be easily checked

that 𝑢𝛽⊲𝑗 = (−1)𝑗𝑠𝛼⊳𝑗 for each 𝑗 ∈ ℤ0,𝜅−1.

Remarks 2.2 and 2.3 allow us to concentrate mainly on the right-sided case.
Theorems 1.6, 1.7, and 1.8 show that both sequences (𝑠𝑗)

𝜅
𝑗=0 and (𝑠𝛼⊳𝑗)

𝜅−1
𝑗=0

(resp. (𝑠𝛼⊲𝑗)
𝜅−1
𝑗=0 ) together contain essential information about the considered mo-

ment problems connected with the interval [𝛼,+∞) (resp. (−∞, 𝛼]).
It should be mentioned that the construction in Definition 2.1 was introduced

for 𝛼 ∈ ℂ and rectangular matrices, though the generic case in this paper will be
connected with real numbers 𝛼 and square matrices.

Remark 2.4. Let 𝜅 ∈ ℕ ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. In view of
(2.1), then 𝑠0⊳𝑗 = 𝑠𝑗+1 for all 𝑗 ∈ ℤ0,𝜅−1.

Obviously, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ, we have

𝒦≥
𝑞,2𝑛,𝛼 =

{
(𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 : (𝑠𝛼⊳𝑗)
2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1)

}
,

𝒦≥,e
𝑞,2𝑛,𝛼 =

{
(𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 : (𝑠𝛼⊳𝑗)
2𝑛−1
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛−1

}
,

and, for each 𝛼 ∈ ℝ and each 𝑛 ∈ ℕ0, we see that 𝒦≥
𝑞,2𝑛+1,𝛼 is the set of all

sequences (𝑠𝑗)
2𝑛+1
𝑗=0 from ℂ𝑞×𝑞 such that {(𝑠𝑗)2𝑛𝑗=0, (𝑠𝛼⊳𝑗)

2𝑛
𝑗=0} ⊆ ℋ≥

𝑞,2𝑛 and that

𝒦≥,e
𝑞,2𝑛+1,𝛼 =

{
(𝑠𝑗)

2𝑛+1
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛+1 : (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛

}
.
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It seems to be useful to state some simple, but useful interrelations between the
sequences (𝑠𝑗)

𝜅
𝑗=0 and (𝑠𝛼⊳𝑗)

𝜅−1
𝑗=0 . Here and in the following, for each 𝐴 ∈ ℂ𝑝×𝑞, let

𝒩 (𝐴) be the null space of 𝐴 and let ℛ(𝐴) be the column space of 𝐴.

Remark 2.5. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞 and
𝑚 ∈ ℤ1,𝜅. Then it is readily checked that

𝑠𝑚 = 𝛼𝑚𝑠0 +

𝑚−1∑
𝑗=0

𝛼𝑚−1−𝑗𝑠𝛼⊳𝑗 .

In particular, the inclusions 𝒩 (𝑠0) ∩ [
∩𝑚−1
𝑗=0 𝒩 (𝑠𝛼⊳𝑗)] ⊆ 𝒩 (𝑠𝑚) and ℛ(𝑠𝑚) ⊆

ℛ(𝑠0) +
∑𝑚−1
𝑗=0 ℛ(𝑠𝛼⊳𝑗) hold true.

Now we give some more or less simple observations on the arithmetics of
several sets introduced in Definition 1.3.

Remark 2.6. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑟 ∈ ℕ. For all 𝑣 ∈ ℤ1,𝑟, let

(𝑠
(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼 (resp. 𝒦≥,e
𝑞,𝜅,𝛼). Then we easily see that (

∑𝑟
𝑣=1 𝑠

(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼

(resp. 𝒦≥,e
𝑞,𝜅,𝛼).

Remark 2.7. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥
𝑞,𝜅,𝛼 (resp. 𝒦≥,e

𝑞,𝜅,𝛼), and

𝐴 ∈ ℂ
𝑞×𝑝. Then it is readily checked that (𝐴∗𝑠𝑗𝐴)

𝜅
𝑗=0 ∈ 𝒦≥

𝑝,𝜅,𝛼 (resp. 𝒦≥,e
𝑝,𝜅,𝛼).

Remark 2.8. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑛 ∈ ℕ. For all 𝑙 ∈ ℤ1,𝑛, let 𝑞𝑙 ∈ ℕ

and (𝑠
(𝑙)
𝑗 )

𝜅
𝑗=0 be a sequence from ℂ𝑞𝑙×𝑞𝑙 . Then it is readily checked that (𝑠(𝑙)

𝑗 )
𝜅
𝑗=0 ∈

𝒦≥
𝑞𝑙,𝜅,𝛼

(resp. 𝒦≥,e
𝑞𝑙,𝜅,𝛼

) for all 𝑙 ∈ ℤ1,𝑛 if and only if (diag[𝑠
(𝑙)
𝑗 ]
𝑛
𝑙=1)

𝜅
𝑗=0 ∈ 𝒦≥∑

𝑛
𝑙=1 𝑞𝑙,𝜅,𝛼

(resp. 𝒦≥,e∑
𝑛
𝑙=1 𝑞𝑙,𝜅,𝛼

).

We will write ℂ𝑞×𝑞H for the set of all Hermitian complex 𝑞 × 𝑞 matrices. We will

use the Löwner semi-odering in ℂ
𝑞×𝑞
H , i.e., we write 𝐴 ≥ 𝐵 (resp. 𝐴 > 𝐵) in order

to indicate that 𝐴 and 𝐵 are Hermitian complex matrices such that 𝐴−𝐵 is non-
negative (resp. positive) Hermitian. For each 𝛽 ∈ ℝ, let ⌊𝛽⌋ := max{𝑘 ∈ ℤ : 𝑘 ≤ 𝛽},
i.e., ⌊𝛽⌋ is the integer part of 𝛽.

Lemma 2.9. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. Then:

(a) 𝑠𝑗 ∈ ℂ
𝑞×𝑞
H for all 𝑗 ∈ ℤ0,𝜅 and 𝑠𝛼⊳𝑗 ∈ ℂ

𝑞×𝑞
H for all 𝑗 ∈ ℤ0,𝜅−1.

(b) 𝑠2𝑘 ∈ ℂ
𝑞×𝑞
≥ for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and 𝑠𝛼⊳2𝑘 ∈ ℂ

𝑞×𝑞
≥ for all 𝑘 ∈ ℕ0 with

2𝑘 + 1 ≤ 𝜅.
(c) 𝒩 (𝑠2𝑘) ⊆ 𝒩 (𝑠𝑗) and ℛ(𝑠𝑗) ⊆ ℛ(𝑠2𝑘) for each 𝑘 ∈ ℤ0, 𝜅2

and each 𝑗 ∈
ℤ2𝑘,2⌊ 𝜅

2 ⌋−1.

(d) 𝒩 (𝑠𝛼⊳2𝑘) ⊆ 𝒩 (𝑠𝛼⊳𝑗) and ℛ(𝑠𝛼⊳𝑗) ⊆ ℛ(𝑠𝛼⊳2𝑘) for each 𝑘 ∈ ℤ0, 𝜅−1
2

and each

𝑗 ∈ ℤ2𝑘,2⌊ 𝜅−1
2 ⌋−1.

Proof. Combine Definition 1.3 with [18, Lemma 3.2]. □
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To obtain similar statements analogous to parts (c) and (d) for the class
𝒦≥,e
𝑞,𝑚,𝛼, we recall the following result:

Lemma 2.10 ([12, Lemma 4.7, Lemma 4.11]). Let 𝛼 ∈ ℝ and 𝑛 ∈ ℕ0. Then

𝒦≥,e
𝑞,2𝑛,𝛼 ⊆ ℋ≥,e

𝑞,2𝑛. Furthermore, if (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛+1,𝛼, then (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛.

Lemma 2.11. Let 𝛼 ∈ ℝ, 𝑚 ∈ ℕ0 and (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,e

𝑞,𝑚,𝛼. Then:

(a) 𝒩 (𝑠2𝑘) ⊆ 𝒩 (𝑠𝑗) and ℛ(𝑠𝑗) ⊆ ℛ(𝑠2𝑘) for each 𝑘 ∈ ℤ0,𝑚2
and each 𝑗 ∈ ℤ2𝑘,𝑚.

(b) 𝒩 (𝑠𝛼⊳2𝑘) ⊆ 𝒩 (𝑠𝛼⊳𝑗) and ℛ(𝑠𝛼⊳𝑗) ⊆ ℛ(𝑠𝛼⊳2𝑘) for each 𝑘 ∈ ℤ0,𝑚−1
2

and each

𝑗 ∈ ℤ2𝑘,𝑚−1.

Proof. Combine Definition 1.3, Lemma 2.10 and [18, Lemma 3.1]. □

At the end of this section, we turn our attention to some subclass of 𝒦≥
𝑞,𝜅,𝛼,

which is characterized by stronger positivity properties. For each 𝑛 ∈ ℕ0, let ℋ>𝑞,2𝑛
be the set of sequences from ℂ𝑞×𝑞 such that the block Hankel matrix 𝐻𝑛 given by
(1.2) is positive Hermitian. If 𝛼 ∈ ℝ, then we set 𝒦>𝑞,0,𝛼 := ℋ>𝑞,0. For each 𝛼 ∈ ℝ

and each 𝑛 ∈ ℕ, let

𝒦>𝑞,2𝑛,𝛼 :=
{
(𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ>𝑞,2𝑛 : (𝑠𝛼⊳𝑗)2𝑛−2

𝑗=0 ∈ ℋ>𝑞,2𝑛−2

}
.

Furthermore, if 𝛼 ∈ ℝ and if 𝑛 ∈ ℕ0, then let 𝒦>𝑞,2𝑛+1,𝛼 be the set of all sequences

(𝑠𝑗)
2𝑛+1
𝑗=0 from ℂ

𝑞×𝑞 such that {(𝑠𝑗)2𝑛𝑗=0, (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0} ⊆ ℋ>𝑞,2𝑛.

Remark 2.12. Let 𝑞 ∈ ℕ, 𝛼 ∈ ℝ, 𝑛 ∈ ℕ0, and (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒦>𝑞,𝑛,𝛼. For each 𝑚 ∈ ℤ0,𝑛,

then, (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦>𝑞,𝑚,𝛼.

In view of Remark 2.12, it is natural to denote by 𝒦>𝑞,∞,𝛼 the set of all
sequences (𝑠𝑗)

∞
𝑗=0 from ℂ𝑞×𝑞 such that (𝑠𝑗)𝑚𝑗=0 ∈ 𝒦>𝑞,𝑚,𝛼 holds for all 𝑚 ∈ ℕ0.

For each 𝛼 ∈ ℝ and each 𝜅 ∈ ℕ0 ∪ {+∞}, a sequence (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼 is called
𝛼-Stieltjes right-sided positive definite. In the special case 𝛼 = 0, it is also called
Stieltjes positive definite. We state some first obvious observations on 𝛼-Stieltjes
right-sided positive definite sequences.

Remark 2.13. Let 𝛼 ∈ ℝ and 𝜅 ∈ ℕ0 ∪ {+∞}. Then 𝒦>𝑞,𝜅,𝛼 ⊆ 𝒦≥
𝑞,𝜅,𝛼.

Remark 2.14. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑟 ∈ ℕ. For all 𝑣 ∈ ℤ1,𝑟, let

(𝑠
(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. If there is some 𝑣0 ∈ ℤ1,𝑟 such that (𝑠
(𝑣0)
𝑗 )𝜅𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼, then

(
∑𝑟
𝑣=1 𝑠

(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼.

Remark 2.15. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼 and 𝐴 ∈ ℂ𝑞×𝑞. If 𝐴 is

non-singular, then (𝐴∗𝑠𝑗𝐴)
𝜅
𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼, and if 𝐴 is singular, then (𝐴∗𝑠𝑗𝐴)

𝜅
𝑗=0 ∈

𝒦≥
𝑞,𝜅,𝛼 ∖ 𝒦>𝑞,𝜅,𝛼.

Remark 2.16. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑛 ∈ ℕ. For all 𝑙 ∈ ℤ1,𝑛, let 𝑞𝑙 ∈ ℕ

and (𝑠
(𝑙)
𝑗 )

𝜅
𝑗=0 be a sequence from ℂ𝑞𝑙×𝑞𝑙 . Then (𝑠(𝑙)

𝑗 )
𝜅
𝑗=0 ∈ 𝒦>𝑞𝑙,𝜅,𝛼 for all 𝑙 ∈ ℤ1,𝑛 if

and only if (diag[𝑠
(𝑙)
𝑗 ]

𝑛
𝑙=1)

𝜅
𝑗=0 ∈ 𝒦>∑𝑛

𝑙=1 𝑞𝑙,𝜅,𝛼
.
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In the sequel, we will need the Moore-Penrose inverse 𝐴† of a complex
𝑝× 𝑞 matrix 𝐴 (see Appendix A).

In order to formulate some essential observations on the above introduced
sets, it is useful to introduce now some further constructions of matrices notation,
which will play a central role in the following.

Let 𝜅 ∈ ℕ0 ∪ {+∞} and a sequence (𝑠𝑗)𝜅𝑗=0 from ℂ𝑝×𝑞 be given. Then, for
every choice of 𝑗, 𝑘 ∈ ℕ0 with 𝑗 ≤ 𝑘 ≤ 𝜅, let

𝑦
⟨𝑠⟩
𝑗,𝑘 :=

⎡⎢⎢⎢⎣
𝑠𝑗

𝑠𝑗+1

...
𝑠𝑘

⎤⎥⎥⎥⎦ and 𝑧
⟨𝑠⟩
𝑗,𝑘 := [𝑠𝑗 , 𝑠𝑗+1, . . . , 𝑠𝑘]. (2.2)

For each 𝑛 ∈ ℕ0 with 2𝑛 ≤ 𝜅, let 𝐻
⟨𝑠⟩
𝑛 := [𝑠𝑗+𝑘]

𝑛
𝑗,𝑘=0. If 𝑛 ∈ ℕ0 is such that

2𝑛+ 1 ≤ 𝜅, then let

𝐾⟨𝑠⟩
𝑛 := [𝑠𝑗+𝑘+1]

𝑛
𝑗,𝑘=0, (2.3)

and for each 𝑛 ∈ ℕ0 with 2𝑛+ 2 ≤ 𝜅, let

𝐺⟨𝑠⟩
𝑛 := [𝑠𝑗+𝑘+2]

𝑛
𝑗,𝑘=0. (2.4)

We use the notation 𝐿
⟨𝑠⟩
0 := 𝑠0, and, for each 𝑛 ∈ ℕ with 2𝑛 ≤ 𝜅, let

𝐿⟨𝑠⟩
𝑛 := 𝑠2𝑛 − 𝑧

⟨𝑠⟩
𝑛,2𝑛−1(𝐻

⟨𝑠⟩
𝑛−1)

†𝑦⟨𝑠⟩
𝑛,2𝑛−1. (2.5)

In situations in which it is clear which sequence (𝑠𝑗)
𝜅
𝑗=0 of complex matrices is

meant, we will write 𝑦𝑗,𝑘, 𝑧𝑗,𝑘, 𝐻𝑛, 𝐾𝑛, 𝐺𝑛, and 𝐿𝑛 instead of 𝑦
⟨𝑠⟩
𝑗,𝑘 , 𝑧

⟨𝑠⟩
𝑗,𝑘 , 𝐻

⟨𝑠⟩
𝑛 ,

𝐾
⟨𝑠⟩
𝑛 , 𝐺

⟨𝑠⟩
𝑛 , and 𝐿

⟨𝑠⟩
𝑛 , respectively. Furthermore, if 𝛼 ∈ ℂ, 𝜅 ∈ ℕ ∪ {+∞}, and a

sequence (𝑠𝑗)
𝜅
𝑗=0 from ℂ𝑝×𝑞 are given, then let (𝑡𝑗)𝜅−1

𝑗=0 be defined by 𝑡𝑗 := 𝑠𝛼⊳𝑗
and (2.1) for each 𝑗 ∈ ℤ0,𝜅−1, and let

𝐻𝛼⊳𝑛 := 𝐻⟨𝑡⟩
𝑛 and 𝐿𝛼⊳𝑛 := 𝐿⟨𝑡⟩

𝑛 (2.6)

for each 𝑛 ∈ ℕ0 with 2𝑛+1 ≤ 𝜅, let 𝐾𝛼⊳𝑛 := 𝐾
⟨𝑡⟩
𝑛 for each 𝑛 ∈ ℕ0 with 2𝑛+2 ≤ 𝜅,

and, for every choice of integers 𝑗, 𝑘 with 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝜅− 1, let
𝑦𝛼⊳𝑗,𝑘 := 𝑦

⟨𝑡⟩
𝑗,𝑘 and 𝑧𝛼⊳𝑗,𝑘 := 𝑧

⟨𝑡⟩
𝑗,𝑘. (2.7)

Now we recall important characterizations of the set 𝒦≥,e
𝑞,𝑚,𝛼.

Lemma 2.17 ([12, Lemma 4.15]). Let 𝛼 ∈ ℝ, 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛+1,𝛼.

Then (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛+1,𝛼 if and only if 𝒩 (𝐿𝑛) ⊆ 𝒩 (𝐿𝛼⊳𝑛).

Lemma 2.18 ([12, Lemma 4.16]). Let 𝛼 ∈ ℝ, 𝑛 ∈ ℕ and (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛,𝛼. Then

(𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛,𝛼 if and only if 𝒩 (𝐿𝛼⊳𝑛−1) ⊆ 𝒩 (𝐿𝑛).
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Lemmas 2.17 and 2.18 have the following important consequences:

Proposition 2.19. Let 𝛼 ∈ ℝ.

(a) Let 𝑛 ∈ ℕ0 and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛+1,𝛼. Then

𝒩 (𝐿0) ⊆ 𝒩 (𝐿𝛼⊳0) ⊆ 𝒩 (𝐿1) ⊆ ⋅ ⋅ ⋅ ⊆ 𝒩 (𝐿𝛼⊳𝑛−1) ⊆ 𝒩 (𝐿𝑛) ⊆ 𝒩 (𝐿𝛼⊳𝑛)
and

ℛ(𝐿0) ⊇ ℛ(𝐿𝛼⊳0) ⊇ ℛ(𝐿1) ⊇ ⋅ ⋅ ⋅ ⊇ ℛ(𝐿𝛼⊳𝑛−1) ⊇ ℛ(𝐿𝑛) ⊇ ℛ(𝐿𝛼⊳𝑛).
(b) Let 𝑛 ∈ ℕ and (𝑠𝑗)

2𝑛
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛,𝛼. Then

𝒩 (𝐿0) ⊆ 𝒩 (𝐿𝛼⊳0) ⊆ 𝒩 (𝐿1) ⊆ ⋅ ⋅ ⋅ ⊆ 𝒩 (𝐿𝛼⊳𝑛−1) ⊆ 𝒩 (𝐿𝑛)
and

ℛ(𝐿0) ⊇ ℛ(𝐿𝛼⊳0) ⊇ ℛ(𝐿1) ⊇ ⋅ ⋅ ⋅ ⊇ ℛ(𝐿𝛼⊳𝑛−1) ⊇ ℛ(𝐿𝑛).
Proof. Use Remark 1.4 and Lemmas 2.17 and 2.18. □

Now we verify that 𝛼-Stieltjes right-sided positive definite sequences are
𝛼-Stieltjes right-sided non-negative definite extendable.

Proposition 2.20. Let 𝛼 ∈ ℝ and 𝜅 ∈ ℕ0 ∪ {+∞}. Then 𝒦>𝑞,𝜅,𝛼 ⊆ 𝒦≥,e
𝑞,𝜅,𝛼.

Proof. Because of the definition of the sets in question, the cases 𝜅 = 0 and
𝜅 = +∞ are trivial. Suppose now that 𝜅 = 2𝑛+1 with some 𝑛 ∈ ℕ0. We consider
an arbitrary sequence (𝑠𝑗)

2𝑛+1
𝑗=0 ∈ 𝒦>𝑞,2𝑛+1,𝛼. Then (𝑠𝑗)

2𝑛+1
𝑗=0 belongs to 𝒦≥

𝑞,2𝑛+1,𝛼

and (𝑠𝑗)
2𝑛
𝑗=0 belongs to ℋ>𝑞,2𝑛. Thus, [13, Remark 2.1] shows in particular that

rank𝐿𝑛 = 𝑞, i.e., 𝒩 (𝐿𝑛) = {0𝑞×1}. Lemma 2.17 yields then (𝑠𝑗)2𝑛+1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛+1,𝛼.

It remains to prove the case that 𝜅 = 2𝑛 with some 𝑛 ∈ ℕ. Let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦>𝑞,2𝑛,𝛼.

Then (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛,𝛼 and (𝑠𝛼⊳𝑗)
2𝑛−2
𝑗=0 ∈ ℋ>𝑞,2𝑛−2. Consequently, [13, Remark 2.1]

implies rank𝐿𝛼⊳𝑛−1 = 𝑞, i.e., 𝒩 (𝐿𝛼⊳𝑛−1) = {0𝑞×1}. Using Lemma 2.18, we get
(𝑠𝑗)

2𝑛
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛,𝛼. The proof is complete. □

3. Canonical Hankel parametrization

With later applications to the matrix version of the Hamburger moment problem in
mind, a particular inner parametrization, called canonical Hankel parametrization,
for sequences of complex matrices was developed in [13, 15, 18]. We recall the
definition of the canonical Hankel parametrization of a sequence from ℂ𝑝×𝑞. To
explain this notion, we need some further matrices built from the given data.
Let 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. For all 𝑘 ∈ ℕ with
2𝑘 − 1 ≤ 𝜅, let

Θ
⟨𝑠⟩
𝑘 := 𝑧

⟨𝑠⟩
𝑘,2𝑘−1(𝐻

⟨𝑠⟩
𝑘−1)

†𝑦⟨𝑠⟩
𝑘,2𝑘−1,

Σ
⟨𝑠⟩
𝑘 := 𝑧

⟨𝑠⟩
𝑘,2𝑘−1(𝐻

⟨𝑠⟩
𝑘−1)

†𝐾⟨𝑠⟩
𝑘−1(𝐻

⟨𝑠⟩
𝑘−1)

†𝑦⟨𝑠⟩
𝑘,2𝑘−1

(3.1)



222 B. Fritzsche, B. Kirstein and C. Mädler

and, for all 𝑘 ∈ ℕ with 2𝑘 ≤ 𝜅, let

𝑀
⟨𝑠⟩
𝑘 := 𝑧

⟨𝑠⟩
𝑘,2𝑘−1(𝐻

⟨𝑠⟩
𝑘−1)

†𝑦⟨𝑠⟩
𝑘+1,2𝑘, 𝑁

⟨𝑠⟩
𝑘 := 𝑧

⟨𝑠⟩
𝑘+1,2𝑘(𝐻

⟨𝑠⟩
𝑘−1)

†𝑦⟨𝑠⟩
𝑘,2𝑘−1, (3.2)

and let
Λ
⟨𝑠⟩
𝑘 := 𝑀

⟨𝑠⟩
𝑘 +𝑁

⟨𝑠⟩
𝑘 − Σ⟨𝑠⟩

𝑘 . (3.3)

Moreover, let 0𝑝×𝑞 be the null matrix in ℂ𝑝×𝑞 and let

Θ
⟨𝑠⟩
0 := 0𝑝×𝑞, Σ

⟨𝑠⟩
0 := 0𝑝×𝑞, 𝑀

⟨𝑠⟩
0 := 0𝑝×𝑞, 𝑁

⟨𝑠⟩
0 := 0𝑝×𝑞, and Λ

⟨𝑠⟩
0 := 0𝑝×𝑞.

(3.4)

If a sequence (𝑠𝑗)
𝜅
𝑗=0 from ℂ𝑝×𝑞 is given, then we will write Θ𝑘, Σ𝑘, 𝑀𝑘, 𝑁𝑘

and Λ𝑘 for Θ
⟨𝑠⟩
𝑘 , Σ

⟨𝑠⟩
𝑘 , 𝑀

⟨𝑠⟩
𝑘 , 𝑁

⟨𝑠⟩
𝑘 and Λ

⟨𝑠⟩
𝑘 , respectively. Furthermore, if 𝛼 ∈ ℂ,

𝜅 ∈ ℕ ∪ {+∞}, and a sequence (𝑠𝑗)𝜅𝑗=0 from ℂ𝑝×𝑞 are given, then let

Θ𝛼⊳𝑘 := Θ
⟨𝑡⟩
𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 (3.5)

and let

𝑀𝛼⊳𝑘 := 𝑀
⟨𝑡⟩
𝑘 and Λ𝛼⊳𝑘 := Λ

⟨𝑡⟩
𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅− 1, (3.6)

where (𝑡𝑗)
𝜅−1
𝑗=0 is defined by 𝑡𝑗 := 𝑠𝛼⊳𝑗 and (2.1) for all 𝑗 ∈ ℤ0,𝜅−1.

Remark 3.1. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)2𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. Then
one can easily see that there are unique sequences (𝐶𝑘)

𝜅
𝑘=1 and (𝐷𝑘)

𝜅
𝑘=0 from ℂ𝑝×𝑞

such that 𝑠2𝑘 = Θ𝑘 +𝐷𝑘 for all 𝑘 ∈ ℤ0,𝜅 and 𝑠2𝑘−1 = Λ𝑘−1 + 𝐶𝑘 for all 𝑘 ∈ ℤ1,𝜅,
where Θ𝑘 and Λ𝑘−1 are given by (3.1) and (3.3), respectively. In particular, we see
that 𝐶𝑘 = 𝑠2𝑘−1 − Λ𝑘−1 for all 𝑘 ∈ ℤ1,𝜅 and moreover 𝐷𝑘 = 𝐿𝑘 for all 𝑘 ∈ ℤ0,𝜅.

Remark 3.1 leads to the notion of canonical Hankel parametrization, which
was introduced in [13, Definition 2.28] and [18, Definition 2.3].

Definition 3.2. Let 𝜅 ∈ ℕ∪{+∞} and let (𝑠𝑗)2𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. For all
𝑘 ∈ ℤ1,𝜅, let 𝐶𝑘 := 𝑠2𝑘−1 − Λ𝑘−1, where Λ𝑘−1 was introduced in (3.4) and (3.3),
and, for all 𝑘 ∈ ℤ0,𝜅, let 𝐷𝑘 := 𝐿𝑘, where 𝐿𝑘 was introduced in (2.5). Then the
pair [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] is called the canonical Hankel parametrization of (𝑠𝑗)

2𝜅
𝑗=0.

Remark 3.3. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝐶𝑘)𝜅𝑘=1 and (𝐷𝑘)
𝜅
𝑘=0 be sequences from

ℂ𝑝×𝑞. Then it can be immediately checked by induction that there is a unique
sequence (𝑠𝑗)

2𝜅
𝑗=0 from ℂ

𝑝×𝑞 such that [(𝐶𝑘)𝜅𝑘=1, (𝐷𝑘)
𝜅
𝑘=0] is the canonical Hankel

parametrization of (𝑠𝑗)
2𝜅
𝑗=0, namely the sequence (𝑠𝑗)

2𝜅
𝑗=0 recursively given by 𝑠2𝑘 =

Θ𝑘 +𝐷𝑘 for all 𝑘 ∈ ℤ0,𝜅 and 𝑠2𝑘+1 = Λ𝑘 + 𝐶𝑘+1 for all 𝑘 ∈ ℤ0,𝜅−1.

In view of Definition 3.2, [15, Proposition 2.10 (b)] admits the following
reformulation:

Proposition 3.4. Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ𝑞×𝑞 with canonical

Hankel parametrization [(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0]. Then (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 if and only if
the following three conditions hold:

(I) (𝐶𝑘)
𝑛
𝑘=1 is a sequence of Hermitian matrices.

(II) (𝐷𝑘)
𝑛
𝑘=0 is a sequence of non-negative Hermitian matrices.
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(III) All the inclusions

𝒩 (𝐷0) ⊆ 𝒩 (𝐷1) ⊆ ⋅ ⋅ ⋅ ⊆ 𝒩 (𝐷𝑛−2) ⊆ 𝒩 (𝐷𝑛−1)
∣∩ ∣∩ ∣∩ ∣∩

𝒩 (𝐶1) 𝒩 (𝐶2) 𝒩 (𝐶𝑛−1) 𝒩 (𝐶𝑛)
hold true.

Proposition 3.4 shows that the membership of a sequence to ℋ≥
𝑞,2𝑛 can be

nicely expressed in terms of its canonical Hankel parametrization. Taking Re-
mark 3.3 into account, we see from Proposition 3.4 that Hankel non-negative
definite sequences with prescribed canonical Hankel parametrization can be con-
structed. In the next section, we will introduce a particular parametrization for
sequences from ℂ𝑝×𝑞 which plays a similar role concerning the membership of a
sequence to the set 𝒦≥

𝑞,𝜅,𝛼 where 𝛼 ∈ ℝ.
At the end of this section, we express the rank and the determinant of the

matrix 𝐻𝑛 built from a sequence (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 in terms of its canonical Hankel
parametrization.

Lemma 3.5. Let 𝜅 ∈ ℕ ∪ {+∞} and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ ℋ≥

𝑞,2𝜅 with canonical Hankel

parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0]. Then rank𝐻𝑛 =

∑𝑛
𝑘=0 rank𝐷𝑘 and det𝐻𝑛 =∏𝑛

𝑘=0 det𝐷𝑘 for all 𝑛 ∈ ℤ0,𝜅.

Proof. According to [15, Proposition 4.17], for all 𝑛 ∈ ℕ, there exists a complex
(𝑛+ 1)𝑞 × (𝑛+ 1)𝑞 matrix 𝔽𝑛 with det𝔽𝑛 = 1 such that 𝔽

∗
𝑛𝐻𝑛𝔽𝑛 = diag[𝐿𝑘]

𝑛
𝑘=0.

In view of the definition of the set ℋ≥
𝑞,2𝜅 and Definition 3.2, this implies the

assertions. □

4. One-sided 𝜶-Stieltjes parametrizations

Our current focus on matricial moment problems for intervals of the type [𝛼,+∞)
or (−∞, 𝛼], where 𝛼 is an arbitrary real number, motivates us to look for corre-
sponding one-sided 𝛼-analogues of the canonical Hankel parametrization of seqe-
unces from ℂ𝑝×𝑞. Our above considerations show that, for reasons of symmetry, we
can mainly concentrate on the right-sided case. In this case, we use the matrices
defined in (3.1), (2.5) and (2.6) to introduce the following notion which will turn
out to be one of the central objects of this paper.

Remark 4.1. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ𝑝×𝑞. Then one can easily see that there is a unique sequence (𝑄𝑗)𝜅𝑗=0 from ℂ𝑝×𝑞

such that 𝑠2𝑘 = Θ𝑘 +𝑄2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and 𝑠2𝑘+1 = 𝛼𝑠2𝑘 +Θ𝛼⊳𝑘 +
𝑄2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅. In particular, we see that 𝑄2𝑘 = 𝐿𝑘 for all
𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and moreover 𝑄2𝑘+1 = 𝐿𝛼⊳𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Remark 4.1 leads us to the following notion.

Definition 4.2. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ
𝑝×𝑞. Then the sequence (𝑄𝑗)𝜅𝑗=0 given by 𝑄2𝑘 := 𝐿𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅
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and by 𝑄2𝑘+1 := 𝐿𝛼⊳𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅 is called the right-sided
𝛼-Stieltjes parametrization of (𝑠𝑗)

𝜅
𝑗=0. In the case 𝛼 = 0 the sequence (𝑄𝑗)

𝜅
𝑗=0 is

simply called the right-sided Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0.

Remark 4.3. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑄𝑗)𝜅𝑗=0 be a sequence from

ℂ𝑝×𝑞. Then it can be immediately checked by induction that there is a unique
sequence (𝑠𝑗)

𝜅
𝑗=0 from ℂ𝑝×𝑞 such that (𝑄𝑗)𝜅𝑗=0 is the right-sided 𝛼-Stieltjes para-

metrization of (𝑠𝑗)
𝜅
𝑗=0, namely the sequence (𝑠𝑗)

𝜅
𝑗=0 recursively given by 𝑠2𝑘 =

Θ𝑘 + 𝑄2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and 𝑠2𝑘+1 = 𝛼𝑠2𝑘 + Θ𝛼⊳𝑘 + 𝑄2𝑘+1 for all
𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Let us add the left-sided analogue of Definition 4.2.

Remark 4.4. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ𝑝×𝑞. Then there is a unique sequence (𝑄̃𝑗)𝜅𝑗=0 from ℂ𝑝×𝑞 such that 𝑠2𝑘 = Θ𝑘+𝑄̃2𝑘

for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and in the case 𝜅 ≥ 1 moreover 𝑠2𝑘+1 = 𝛼𝑠2𝑘 −Θ⟨𝑡⟩
𝑘 −

𝑄̃2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, where the sequence (𝑡𝑗)
𝜅−1
𝑗=0 is given by

𝑡𝑗 := 𝑠𝛼⊲𝑗 and (2.1) for all 𝑗 ∈ ℤ0,𝜅−1. In particular, we see that 𝑄2𝑘 = 𝐿𝑘 for all

𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and 𝑄2𝑘+1 = 𝐿
⟨𝑡⟩
𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Definition 4.5. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪ {+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ
𝑝×𝑞. Let (𝑡𝑗)𝜅−1

𝑗=0 be defined by 𝑡𝑗 := 𝑠𝛼⊲𝑗 and (2.1) for all 𝑗 ∈ ℤ0,𝜅−1. Using

(2.5), let 𝑄̃2𝑘 := 𝐿𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and 𝑄̃2𝑘+1 := 𝐿
⟨𝑡⟩
𝑘 for all 𝑘 ∈ ℕ0

with 2𝑘 + 1 ≤ 𝜅. Then the sequence (𝑄̃𝑗)
𝜅
𝑗=0 is called the left-sided 𝛼-Stieltjes

parametrization of (𝑠𝑗)
𝜅
𝑗=0. In the particular case 𝛼 = 0, the sequence (𝑄̃𝑗)

𝜅
𝑗=0 is

simply called the left-sided Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0.

Remark 4.6. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑄̃𝑗)𝜅𝑗=0 be a sequence

from ℂ𝑝×𝑞. Then it can be immediately checked by induction that there is a
unique sequence (𝑠𝑗)

𝜅
𝑗=0 from ℂ𝑝×𝑞 such that (𝑄̃𝑗)𝜅𝑗=0 is the left-sided 𝛼-Stieltjes

parametrization of (𝑠𝑗)
𝜅
𝑗=0, namely the sequence (𝑠𝑗)

𝜅
𝑗=0 given by 𝑠2𝑘 = Θ𝑘 + 𝑄̃2𝑘

for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and, in the case 𝜅 ≥ 1, moreover by 𝑠2𝑘+1 = 𝛼𝑠2𝑘 −
Θ

⟨𝑡⟩
𝑘 − 𝑄̃2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, where the sequence (𝑡𝑗)

𝜅−1
𝑗=0 is given

by 𝑡𝑗 := 𝑠𝛼⊲𝑗 and (2.1) for all 𝑗 ∈ ℤ0,𝜅−1.

Remark 4.7. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪{+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞.
Denote by (𝑄𝑗)

𝜅
𝑗=0 and (𝑄̃𝑗)

𝜅
𝑗=0 the right and left-sided 𝛼-Stieltjes parametrization

of (𝑠𝑗)
𝜅
𝑗=0, respectively. Then from the definition of the corresponding matrices it

is clear that 𝑄̃𝑗 = (−1)𝑗𝑄𝑗 for each 𝑗 ∈ ℤ0,𝜅.

In view of Remark 4.7, we can mainly concentrate on the investigation of the
right-sided 𝛼-Stieltjes parametrization.

Remark 4.8. Let 𝛼 ∈ ℂ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)𝜅𝑗=0 be a sequence from

ℂ
𝑝×𝑞. Further, let (𝑄𝑗)𝜅𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)

𝜅
𝑗=0.



𝛼-Stieltjes Non-negative Definite Sequences 225

Keeping in mind Definition 4.2 and the definition of the matrices 𝐿𝑘, 𝑘 ∈ ℤ0, 𝜅
2
,

and 𝐿𝛼⊳𝑘, 𝑘 ∈ ℤ0, 𝜅−1
2
, it is readily checked that, for each 𝑚 ∈ ℤ0,𝜅, the sequence

(𝑄𝑗)
𝑚
𝑗=0 is the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)

𝑚
𝑗=0.

We list now some properties of the right-sided 𝛼-Stieltjes parametrization,
which can be easily proved using basic results on Moore-Penrose inverse of complex
matrices, which are especially summarized in [17, Remark A.2, Lemma A.3]. We
omit the details of the proofs.

Remark 4.9. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞 and
(𝑄𝑗)

𝜅
𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)

𝜅
𝑗=0. Then:

(a) (𝑄T
𝑗 )
𝜅
𝑗=0 is the right-sided 𝛼-Stieltjes parametrization of (𝑠T

𝑗 )
𝜅
𝑗=0.

(b) (𝑄∗
𝑗 )
𝜅
𝑗=0 is the right-sided 𝛼-Stieltjes parametrization of (𝑠∗𝑗 )

𝜅
𝑗=0.

(c) For each choice of 𝑚, 𝑛 ∈ ℕ, 𝑈 ∈ ℂ𝑚×𝑝 with 𝑈∗𝑈 = 𝐼𝑝 and 𝑉 ∈ ℂ𝑞×𝑛 with
𝑉 𝑉 ∗ = 𝐼𝑞, the sequence (𝑈𝑄𝑗𝑉 )

𝜅
𝑗=0 is the right-sided 𝛼-Stieltjes parametri-

zation of (𝑈𝑠𝑗𝑉 )
𝜅
𝑗=0.

Remark 4.10. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑛 ∈ ℕ. For all 𝑚 ∈ ℤ1,𝑛, let

𝑝𝑚, 𝑞𝑚 ∈ ℕ, (𝑠
(𝑚)
𝑗 )𝜅𝑗=0 be a sequence from ℂ𝑝𝑚×𝑞𝑚 , and (𝑄(𝑚)

𝑗 )𝜅𝑗=0 be the right-

sided 𝛼-Stieltjes parametrization of (𝑠
(𝑚)
𝑗 )𝜅𝑗=0. Then it is readily checked that

(diag[𝑄
(𝑚)
𝑗 ]𝑛𝑚=1)

𝜅
𝑗=0 is the right-sided 𝛼-Stieltjes parametrization of

(diag[𝑠
(𝑚)
𝑗 ]𝑛𝑚=1)

𝜅
𝑗=0.

Lemma 4.11. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, and let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼 with right-

sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0. Then:

(a) rank𝐻𝑛 =
∑𝑛
𝑘=0 rank𝑄2𝑘 and det𝐻𝑛 =

∏𝑛
𝑘=0 det𝑄2𝑘 for all 𝑛 ∈ ℕ0 with

2𝑛 ≤ 𝜅.
(b) If 𝜅 ≥ 1, then rank𝐻𝛼⊳𝑛=

∑𝑛
𝑘=0rank𝑄2𝑘+1 and det𝐻𝛼⊳𝑛=

∏𝑛
𝑘=0det𝑄2𝑘+1

for all 𝑛 ∈ ℕ0 with 2𝑛+ 1 ≤ 𝜅

Proof. Combine the Definition of 𝒦≥
𝑞,𝜅,𝛼 with Definition 4.2 and Lemma 3.5. □

Guided by Proposition 3.4, now we are looking for characterizations of par-
ticular classes of sequences from ℂ𝑞×𝑞 in terms of their canonical right-sided
𝛼-Stieltjes parametrization.

Theorem 4.12. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑞×𝑞 and
(𝑄𝑗)

𝜅
𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)

𝜅
𝑗=0. Then:

(a) (𝑠𝑗)
𝜅
𝑗=0 is a sequence from ℂ

𝑞×𝑞
H if and only if (𝑄𝑗)

𝜅
𝑗=0 is a sequence from

ℂ
𝑞×𝑞
H .

(b) The following statements are equivalent:
(i) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼.

(ii) 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝜅 and, in the case 𝜅 ≥ 2, the inclusion

𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) holds for each 𝑗 ∈ ℤ0,𝜅−2.
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(iii) 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝜅 and, in the case 𝜅 ≥ 2, the equations

𝑄𝑗+1𝑄†
𝑗𝑄𝑗 = 𝑄𝑗+1 holds for each 𝑗 ∈ ℤ0,𝜅−2.

(c) The following statements are equivalent:
(iv) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥,e

𝑞,𝜅,𝛼.

(v) 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝜅 and, in the case 𝜅 ≥ 1, furthermore

𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) for all 𝑗 ∈ ℤ0,𝜅−1.

(vi) 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝜅 and, in the case 𝜅 ≥ 1, furthermore

𝑄𝑗+1𝑄†
𝑗𝑄𝑗 = 𝑄𝑗+1 for all 𝑗 ∈ ℤ0,𝜅−1.

(d) The following statements are equivalent:
(vii) (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦>𝑞,𝜅,𝛼.

(viii) 𝑄𝑗 ∈ ℂ
𝑞×𝑞
> for each 𝑗 ∈ ℤ0,𝜅.

Proof. (a) This equivalence is readily checked by induction.

(b) “(i)⇒(ii)”: Since (i) is supposed, (𝑄𝑗)𝜅𝑗=0 is a sequence of Schur comple-

ments of non-negative Hermitian block Hankel matrices. Hence, 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for

each 𝑗 ∈ ℤ0,𝜅 (see also [12, Propositions 4.9 and 4.13]). Obviously, if 𝜅 ≥ 2, then
(𝑠𝑗)

𝜅−1
𝑗=0 belongs to 𝒦≥,e

𝑞,𝜅−1,𝛼, and, thus, Remark 4.8, Definition 4.2, and Proposi-

tion 2.19 yield 𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) for each 𝑗 ∈ ℤ0,𝜅−2.

“(ii)⇒(i)”: Because of 𝑄0 ∈ ℂ
𝑞×𝑞
≥ , we have (𝑠𝑗)

0
𝑗=0 ∈ ℋ≥

𝑞,0 = 𝒦≥,e
𝑞,0,𝛼. If 𝜅 = 0,

thus (i) holds. If 𝜅 ≥ 1, then 𝑄0, 𝑄1 ∈ ℂ
𝑞×𝑞
≥ imply immediately (𝑠𝑗)

1
𝑗=0 ∈ 𝒦≥

𝑞,1,𝛼.

Now let 𝜅 ≥ 2. We know that there is an 𝑚 ∈ ℤ1,𝜅−1 such that (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥

𝑞,𝑚,𝛼.

Because of 𝒩 (𝑄𝑚−1) ⊆ 𝒩 (𝑄𝑚), Lemmas 2.17 and 2.18 yield (𝑠𝑗)𝑚𝑗=0 ∈ 𝒦≥,e
𝑞,𝑚,𝛼.

Thus, from 𝑄𝑚 ∈ ℂ
𝑞×𝑞
≥ and [12, Proposition 4.9 and Proposition 4.13] we see that

(𝑠𝑗)
𝑚
𝑗=0 belongs to 𝒦≥

𝑞,𝑚,𝛼. Consequently, (i) is inductively proved.

“(ii)⇔(iii)”: Use Lemma A.1.
(c) “(iv)⇒(v)”: If 𝜅 = +∞, then (v) follows from part (b). The case 𝜅 = 0 is

trivial. Suppose that 𝜅 ∈ ℕ. According to (iv), there is an 𝑠𝜅+1 ∈ ℂ𝑞×𝑞 such that
(𝑠𝑗)

𝜅+1
𝑗=0 ∈ 𝒦≥

𝑞,𝜅+1,𝛼. Thus, (v) follows from part (b).

“(v)⇒(iv)”: If 𝜅 = +∞, then this implication is true because of (b). If 𝜅 =

2𝑛 with some 𝑛 ∈ ℕ0, then, setting 𝑠2𝑛+1 := 𝛼𝑠2𝑛 + 𝑧𝛼⊳𝑛,2𝑛−1𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1,

Definition 4.2 shows 𝑄2𝑛+1 = 0𝑞×𝑞, so that part (b) implies (𝑠𝑗)2𝑛+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛+1,𝛼.

If 𝜅 = 2𝑛 − 1 with some 𝑛 ∈ ℕ, then with 𝑠2𝑛 := 𝑧𝑛,2𝑛−1𝐻†
𝑛−1𝑦𝑛,2𝑛−1 we have

𝑄2𝑛 = 0𝑞×𝑞 and part (b) yields (𝑠𝑗)2𝑛𝑗=0 ∈ 𝒦≥
𝑞,2𝑛,𝛼. In each case, (iv) holds true.

“(v)⇔(vi)”: Use Lemma A.1.
(d) “(vii)⇒(viii)”: Because of (vii), the sequence (𝑠𝑗)𝜅𝑗=0 belongs to 𝒦≥

𝑞,𝜅,𝛼.

Thus, from (b) it follows that 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝜅. Since (vii) holds, we

know that

rank𝐻𝑛 = (𝑛+ 1)𝑞 for each 𝑛 ∈ ℕ0 with 2𝑛 ≤ 𝜅 (4.1)
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and that

rank𝐻𝛼⊳𝑛 = (𝑛+ 1)𝑞 for each 𝑛 ∈ ℕ0 with 2𝑛+ 1 ≤ 𝜅. (4.2)

Consequently, Lemma 4.11 yields (viii).

“(viii)⇒(vii)”: Part (b) shows that (vii) implies (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥
𝑞,𝜅,𝛼. Because of

Lemma 4.11, we get then (4.1) and (4.2). Thus, (vii) holds true. □

Taking Remark 4.3 into account, the application of Theorem 4.12 provides
us the possibility to construct, for arbitrarily given 𝛼 ∈ ℝ, sequences from ℂ𝑞×𝑞

with prescribed right 𝛼-Stieltjes properties.

As a first application of Theorem 4.12 we present now a complete answer to
the completion problem for 𝛼-Stieltjes right-sided positive definite sequences.

Proposition 4.13. Let 𝛼 ∈ ℝ, let 𝑛 ∈ ℕ0, and let (𝑠𝑗)
2𝑛+1
𝑗=0 be a sequence from

ℂ𝑞×𝑞. Then (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦>𝑞,2𝑛+1,𝛼 if and only if (𝑠𝑗)

2𝑛
𝑗=0 ∈ 𝒦>𝑞,2𝑛,𝛼 and 𝑠2𝑛+1 >

𝛼𝑠2𝑛 +Θ𝛼⊳𝑛, where Θ𝛼⊳𝑛 is given by (3.5).

Proof. Use part (d) of Theorem 4.12, Definition 4.2, (2.6), (2.5), and (2.1). □

Proposition 4.14. Let 𝛼 ∈ ℝ, let 𝑛 ∈ ℕ, and let (𝑠𝑗)
2𝑛
𝑗=0 be a sequence from ℂ𝑞×𝑞.

Then (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦>𝑞,2𝑛,𝛼 if and only if (𝑠𝑗)

2𝑛−1
𝑗=0 ∈ 𝒦>𝑞,2𝑛−1,𝛼 and 𝑠2𝑛 > Θ𝑛, where

Θ𝑛 is given by (3.1).

Proof. Use part (d) of Theorem 4.12, Definition 4.2, and (2.5). □

It should be mentioned, that Propositions 4.13 and 4.14 allow us an alter-
nate approach to Proposition 2.20. The combination of Propositions 4.13 and 4.14
even produces an improvement of Proposition 2.20. Namely, we see now that an
𝛼-Stieltjes right-sided positive definite sequence admits always an 𝛼-Stieltjes right-
sided positive definite extension.

Example 4.15 (Catalan numbers). Let 𝑠𝑗 :=
1
𝑗+1

(
2𝑗
𝑗

)
for all 𝑗 ∈ ℕ0 and let (𝑄𝑗)

∞
𝑗=0

be the right-sided 0-Stieltjes parametrization of (𝑠𝑗)
∞
𝑗=0. Then (𝑠𝑗)

∞
𝑗=0 ∈ 𝒦>1,∞,0

and 𝑄𝑗 = 1 for all 𝑗 ∈ ℕ0. Indeed, det𝐻𝑛 = 1 for all 𝑛 ∈ ℕ0 (see, e.g., [22]).
Thus, from [15, Remark 3.1 (a)] we see that 𝐷𝑘 = 1 for all 𝑘 ∈ ℕ0, where
[(𝐶𝑘)

∞
𝑘=1, (𝐷𝑘)

∞
𝑘=0] is the canonical Hankel parametrization of (𝑠𝑗)

∞
𝑗=0. In view

of Definitions 4.2 and 3.2 we get that 𝑄2𝑘 = 𝐿𝑘 = 𝐷𝑘 = 1 for all 𝑘 ∈ ℕ0. For

all 𝑗 ∈ ℕ0, let 𝑡𝑗 := 𝑠𝑗+1. Then det𝐻
⟨𝑡⟩
𝑛 = 1 for all 𝑛 ∈ ℕ0 (see, e.g., [22]).

Thus, from [15, Remark 3.1 (a)] we see that 𝐹𝑘 = 1 for all 𝑘 ∈ ℕ0, where
[(𝐸𝑘)

∞
𝑘=1, (𝐹𝑘)

∞
𝑘=0] is the canonical Hankel parametrization of (𝑡𝑗)

∞
𝑗=0. In view

of Definition 4.2, (2.6), Remark 2.4 and Definition 3.2, we get that 𝑄2𝑘+1 =

𝐿0⊳𝑘 = 𝐿
⟨𝑡⟩
𝑘 = 𝐹𝑘 = 1 for all 𝑘 ∈ ℕ0. Finally, part (d) of Theorem 4.12 yields

(𝑠𝑗)
∞
𝑗=0 ∈ 𝒦>1,∞,0.
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5. Completely degenerate 𝜶-Stieltjes non-negative definite
sequences

In this section, we continue our former investigations on completely degenerate
Hankel non-negative definite sequences, which were done in [12, 13, 15, 18]. First
we recall the corresponding notions. Based on the matrices defined via (2.5), we

now introduce an important subclass of ℋ≥
𝑞,2𝑛. If 𝑛 ∈ ℕ0 and if (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛,

then (𝑠𝑗)
2𝑛
𝑗=0 is called completely degenerate if 𝐿𝑛 = 0. For each 𝑛 ∈ ℕ0, the set

ℋ≥,cd
𝑞,2𝑛 of all completely degenerate sequences belonging to ℋ≥

𝑞,2𝑛 is a subset of

ℋ≥,e
𝑞,2𝑛 (see [13, Corollary 2.14]). If 𝑚 ∈ ℕ0 and (𝑠𝑗)

2𝑚
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑚 are given, then

from [13, Proposition 2.13] one can easily see that (𝑠𝑗)
2𝑚
𝑗=0 belongs to ℋ≥,cd

𝑞,2𝑚 if and
only if there is some 𝑛 ∈ ℤ0,𝑚 such that 𝐿𝑛 = 0𝑞×𝑞. A Hankel non-negative definite
sequence (𝑠𝑗)

∞
𝑗=0 from ℂ

𝑞×𝑞 is said to be completely degenerate if there is some

non-negative integer 𝑛 such that (𝑠𝑗)
2𝑛
𝑗=0 is a completely degenerate Hankel non-

negative definite sequence. Byℋ≥,cd
𝑞,∞ we denote the set of all completely degenerate

Hankel non-negative definite sequences (𝑠𝑗)
∞
𝑗=0 from ℂ𝑞×𝑞. A Hankel non-negative

definite sequence (𝑠𝑗)
∞
𝑗=0 from ℂ

𝑞×𝑞 is called completely degenerate of order 𝑛 if

the sequence (𝑠𝑗)
2𝑛
𝑗=0 is completely degenerate. By ℋ≥,cd,𝑛

𝑞,∞ we denote the set of all

Hankel non-negative definite sequences (𝑠𝑗)
∞
𝑗=0 from ℂ

𝑞×𝑞 which are completely
degenerate of order 𝑛. If 𝑛 ∈ ℕ0 and (𝑠𝑗)

∞
𝑗=0 ∈ ℋ≥,cd,𝑛

𝑞,∞ , then (𝑠𝑗)
2𝑚
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑚 for
each 𝑚 ∈ ℤ𝑛,∞.

Given a fixed number 𝛼 ∈ ℝ, now we introduce important subclasses of the
class of completely degenerate Hankel non-negative definite sequences. Let 𝑛 ∈ ℕ0.
Then we define

𝒦≥,cd
𝑞,2𝑛,𝛼 := 𝒦≥

𝑞,2𝑛,𝛼 ∩ℋ≥,cd
𝑞,2𝑛 , ℒ≥,cd

𝑞,2𝑛,𝛼 := ℒ≥
𝑞,2𝑛,𝛼 ∩ℋ≥,cd

𝑞,2𝑛 ,

𝒦≥,cd
𝑞,2𝑛+1,𝛼 :=

{
(𝑠𝑗)

2𝑛+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛+1,𝛼 : (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛

}
,

and

ℒ≥,cd
𝑞,2𝑛+1,𝛼 :=

{
(𝑠𝑗)

2𝑛+1
𝑗=0 ∈ ℒ≥

𝑞,2𝑛+1,𝛼 : (𝑠𝛼⊲𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛

}
.

Furthermore, let 𝒦≥,cd
𝑞,∞,𝛼 be the set of all sequences (𝑠𝑗)∞𝑗=0 ∈ 𝒦≥

𝑞,∞,𝛼 for which
there exists some 𝑚 ∈ ℕ0 such that (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼 and let ℒ≥,cd
𝑞,∞,𝛼 be the set

of all sequences (𝑠𝑗)
∞
𝑗=0 ∈ ℒ≥

𝑞,∞,𝛼 for which there exists some 𝑚 ∈ ℕ0 such that

(𝑠𝑗)
𝑚
𝑗=0 ∈ ℒ≥,cd

𝑞,𝑚,𝛼.

Example 5.1. Let 𝑚 ∈ ℕ, let (𝜉𝑙)
𝑚
𝑙=1 be a sequence from ℝ, and let (𝐴𝑙)

𝑚
𝑙=1 be a

sequence from ℂ
𝑞×𝑞
≥ . For all 𝑗 ∈ ℕ0, let 𝑠𝑗 :=

∑𝑚
𝑙=1 𝜉𝑗𝑙𝐴𝑙. Let 𝛼, 𝛽 ∈ ℝ with 𝛼 ≤

min{𝜉1, 𝜉2, . . . , 𝜉𝑚} and max{𝜉1, 𝜉2, . . . , 𝜉𝑚} ≤ 𝛽. Then (𝑠𝑗)
∞
𝑗=0 ∈ ℒ≥,cd

𝑞,∞,𝛽 ∩𝒦≥,cd
𝑞,∞,𝛼.

Indeed, [13, Lemma 2.40 (b)] yields (𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥,cd,𝑢

𝑞,∞ for some 𝑢 ∈ ℕ. Hence,

(𝑠𝑗)
∞
𝑗=0 ∈ ℋ≥

𝑞,∞ and (𝑠𝑗)
2𝑢
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑢 . For all 𝑛 ∈ ℕ0, we have, in view of (2.1),
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furthermore

𝑈∗
𝑛 (diag[𝐴𝑙]

𝑚
𝑙=1)𝑈𝑛 =

[
𝑚∑
𝑙=1

(𝜉𝑗𝑙
√

𝜉𝑙 − 𝛼𝐼𝑞)𝐴𝑙(𝜉
𝑘
𝑙

√
𝜉𝑙 − 𝛼𝐼𝑞)

]𝑛
𝑗,𝑘=0

=

[
𝑚∑
𝑙=1

(𝜉𝑙 − 𝛼)𝜉𝑗+𝑘𝑙 𝐴𝑙

]𝑛
𝑗,𝑘=0

=

[
−𝛼

𝑚∑
𝑙=1

𝜉𝑗+𝑘𝑙 𝐴𝑙 +

𝑚∑
𝑙=1

𝜉𝑗+𝑘+1
𝑙 𝐴𝑙

]𝑛
𝑗,𝑘=0

= [−𝛼𝑠𝑗+𝑘 + 𝑠𝑗+𝑘+1]
𝑛
𝑗,𝑘=0 = [𝑠𝛼⊳𝑗+𝑘]

𝑛
𝑗,𝑘=0,

where 𝑈𝑛 := [𝜉
𝑘
𝑙

√
𝜉𝑙 − 𝛼𝐼𝑞]𝑙=1,...,𝑚

𝑘=0,...,𝑛
, and

𝑉 ∗
𝑛 (diag[𝐴𝑙]

𝑚
𝑙=1) 𝑉𝑛 =

[
𝑚∑
𝑙=1

(𝜉𝑗𝑙
√

𝛽 − 𝜉𝑙𝐼𝑞)𝐴𝑙(𝜉
𝑘
𝑙

√
𝛽 − 𝜉𝑙𝐼𝑞)

]𝑛
𝑗,𝑘=0

=

[
𝑚∑
𝑙=1

(𝛽 − 𝜉𝑙)𝜉
𝑗+𝑘
𝑙 𝐴𝑙

]𝑛
𝑗,𝑘=0

=

[
𝛽

𝑚∑
𝑙=1

𝜉𝑗+𝑘𝑙 𝐴𝑙 −
𝑚∑
𝑙=1

𝜉𝑗+𝑘+1
𝑙 𝐴𝑙

]𝑛
𝑗,𝑘=0

= [𝛽𝑠𝑗+𝑘 − 𝑠𝑗+𝑘+1]
𝑛
𝑗,𝑘=0 = [𝑠𝛽⊲𝑗+𝑘]

𝑛
𝑗,𝑘=0,

where 𝑉𝑛 := [𝜉𝑘𝑙
√

𝛽 − 𝜉𝑙𝐼𝑞]𝑙=1,...,𝑚
𝑘=0,...,𝑛

. Hence, since (𝐴𝑙)
𝑚
𝑙=1 is a sequence of non-

negative Hermitian matrices, we have {(𝑠𝛼⊳𝑗)∞𝑗=0, (𝑠𝛽⊲𝑗)
∞
𝑗=0} ⊆ ℋ≥

𝑞,∞, which, in
view of (𝑠𝑗)

∞
𝑗=0 ∈ ℋ≥

𝑞,∞ and (𝑠𝑗)
2𝑢
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑢 , yields the assertion.

The membership of a sequence to ℋ≥,cd
𝑞,2𝑛 can be characterized in the following

way.

Remark 5.2. Let 𝑛 ∈ ℕ and (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛 with canonical Hankel parametriza-

tion [(𝐶𝑘)
𝑛
𝑘=1, (𝐷𝑘)

𝑛
𝑘=0]. Then (𝑠𝑗)

2𝑛
𝑗=0 ∈ ℋ≥,cd

𝑞,2𝑛 if and only if 𝐷𝑛 = 0𝑞×𝑞 (see
Definition 3.2).

The right 𝛼-analogue of Remark 5.2 looks as follows.

Proposition 5.3. Let 𝛼 ∈ ℝ, 𝑚 ∈ ℕ0 and (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥

𝑞,𝑚,𝛼 with right-sided

𝛼-Stieltjes parametrization (𝑄𝑗)
𝑚
𝑗=0. Then (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼 if and only if 𝑄𝑚 =
0𝑞×𝑞.

Proof. Taking the definition of the set 𝒦≥,cd
𝑞,𝑚,𝛼 into account, the assertion follows

immediately by combining Definition 4.2 and Remark 5.2. □
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Corollary 5.4. Let 𝛼 ∈ ℝ and (𝑠𝑗)
∞
𝑗=0 ∈ 𝒦≥

𝑞,∞,𝛼 with right-sided 𝛼-Stieltjes para-

metrization (𝑄𝑗)
∞
𝑗=0. Then (𝑠𝑗)

∞
𝑗=0 ∈ 𝒦≥,cd

𝑞,∞,𝛼 if and only if there exists some 𝑚 ∈
ℕ0 with 𝑄𝑚 = 0𝑞×𝑞.

Proof. Use Proposition 5.3. □

Lemma 5.5. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥,e
𝑞,𝜅,𝛼, and let 𝑚 ∈ ℤ0,𝜅

be such that (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼. Then (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑛,𝛼 for all 𝑛 ∈ ℤ𝑚,𝜅.

Proof. Use Proposition 5.3 and part (c) of Theorem 4.12. □

Lemma 5.6. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0∪{+∞} and 𝑟 ∈ ℕ. For all 𝑣 ∈ ℤ1,𝑟, let (𝑠
(𝑣)
𝑗 )𝜅𝑗=0 ∈

𝒦≥
𝑞,𝜅,𝛼. Let 𝑚 ∈ ℤ0,𝜅 and (

∑𝑟
𝑣=1 𝑠

(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥,cd

𝑞,𝜅,𝛼. Then (𝑠
(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥,cd

𝑞,𝜅,𝛼 for all
𝑣 ∈ ℤ1,𝑟.

Proof. For each 𝑗 ∈ ℤ0,𝜅, let 𝑡𝑗 :=
∑𝑟
𝑣=1 𝑠

(𝑣)
𝑗 . By assumption, then (𝑡𝑗)

𝜅
𝑗=0 belongs

to 𝒦≥,cd
𝑞,𝜅,𝛼 and, in particular, to 𝒦≥

𝑞,𝜅,𝛼. Remark 1.4 shows that (𝑡𝑗)
𝑛
𝑗=0 ∈ 𝒦≥

𝑞,𝑛,𝛼

for each 𝑛 ∈ ℤ0,𝜅. Let (𝑅𝑗)
𝜅
𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of

(𝑡𝑗)
𝜅
𝑗=0. Furthermore, for each 𝑣 ∈ ℤ1,𝑟, let (𝑄

(𝑣)
𝑗 )𝜅𝑗=0 be the right-sided 𝛼-Stieltjes

parametrization of (𝑠
(𝑣)
𝑗 )𝜅𝑗=0.

(I) First we consider the case 𝜅 ∈ ℕ0. Since (𝑠
(𝑣)
𝑗 )𝜅𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼 is supposed

for each 𝑣 ∈ ℤ1,𝑟, from part (b) of Theorem 4.12 we see that

𝑄(𝑣)
𝜅 ∈ ℂ

𝑞×𝑞
≥ (5.1)

holds true for each 𝑣 ∈ ℤ1,𝑟. Because of the assumption (𝑡𝑗)
𝜅
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝜅,𝛼, we
have 𝑅𝜅 = 0𝑞×𝑞. Using a result on Schur complements of sums of non-negative
Hermitian block matrices (see [15, Lemma 4.21]), we conclude that

−
𝑟∑
𝑣=1

𝑄(𝑣)
𝜅 = 𝑅𝜅 −

𝑟∑
𝑣=1

𝑄(𝑣)
𝜅 ∈ ℂ

𝑞×𝑞
≥ .

Consequently, because of (5.1), for each 𝑣 ∈ ℤ1,𝑟, we get −𝑄
(𝑣)
𝜅 ∈ ℂ

𝑞×𝑞
≥ and, using

(5.1) again, then 𝑄
(𝑣)
𝜅 = 0𝑞×𝑞. Thus, in the case 𝜅 ∈ ℕ0, the proof is complete.

(II) Now let 𝜅 = +∞. Then there is an 𝑚 ∈ ℕ0 such that (𝑡𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼.

Part (I) of this proof yields that (𝑠
(𝑣)
𝑗 )𝑚𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼 for each 𝑣 ∈ ℤ1,𝑟. This implies

(𝑠
(𝑣)
𝑗 )∞𝑗=0 ∈ 𝒦≥,cd

𝑞,∞,𝛼 for each 𝑣 ∈ ℤ1,𝑟. □

Lemma 5.7. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞}, (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥,cd
𝑞,𝜅,𝛼, 𝑝 ∈ ℕ and 𝐴 ∈ ℂ𝑝×𝑞.

If 𝜅 ≥ 1, then suppose that

𝒩 (𝐴) ⊆
𝜅−1∩
𝑗=0

𝒩 (𝑠𝑗). (5.2)

Then (𝐴𝑠𝑗𝐴
∗)𝜅𝑗=0 ∈ 𝒦≥,cd

𝑝,𝜅,𝛼.
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Proof. Remark 2.7 shows that (𝑡𝑗)
𝜅
𝑗=0 defined by 𝑡𝑗 := 𝐴𝑠𝑗𝐴

∗, 𝑗 ∈ ℤ0,𝜅, belongs

to 𝒦≥
𝑝,𝜅,𝛼. Let (𝑅𝑗)

𝜅
𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of (𝑡𝑗)

𝜅
𝑗=0.

(I) The case 𝜅 = 0 is trivial.

(II) Now we consider the case 𝜅 ∈ ℕ. If 𝜅 ≥ 2, then we see from (2.1) and
(5.2) that

𝜅−1∩
𝑗=0

𝒩 (𝑠𝑗) ⊆
𝜅−2∩
𝑗=0

𝒩 (𝑠𝛼⊳𝑗). (5.3)

Because of (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝜅,𝛼, we have 𝑄𝜅 = 0𝑞×𝑞. From a result on Schur comple-

ments of non-negative Hermitian block Hankel matrices (see [18, Proposition 3.11]),
and the inclusions (5.2) and (5.3) we get that 𝑅𝜅 = 𝐴𝑄𝜅𝐴

∗ = 𝐴 ⋅0𝑞×𝑞 ⋅𝐴∗ = 0𝑝×𝑝.
Thus, (𝑡𝑗)

𝜅
𝑗=0 belongs to 𝒦≥,cd

𝑝,𝜅,𝛼.

(III) Now let 𝜅 = +∞. Then there is an 𝑚 ∈ ℕ0 such that (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼.

Parts (I) and (II) yield that (𝑡𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑝,𝑚,𝛼. Thus, (𝑡𝑗)
∞
𝑗=0 belongs to 𝒦≥,cd

𝑝,∞,𝛼. □

Remark 5.8. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞} and 𝑛 ∈ ℕ. For all 𝑙 ∈ ℤ1,𝑛, let 𝑞𝑙 ∈
ℕ and (𝑠

(𝑙)
𝑗 )

𝜅
𝑗=0 be a sequence from ℂ𝑞𝑙×𝑞𝑙 . Further, let 𝑚 ∈ ℤ0,𝜅. In view of

Remark 2.16 and elementary properties of the Moore-Penrose inverse of block

diagonal matrices, we easily see then that (𝑠
(𝑙)
𝑗 )

𝜅
𝑗=0 ∈ 𝒦≥,cd,𝑚

𝑞𝑙,𝜅,𝛼 for all 𝑙 ∈ ℤ1,𝑛 if

and only if (diag[𝑠
(𝑙)
𝑗 ]

𝑛
𝑙=1)

𝜅
𝑗=0 ∈ 𝒦≥,cd,𝑚∑𝑛

𝑙=1 𝑞𝑙,𝜅,𝛼
.

Proposition 5.9. Let 𝛼 ∈ ℝ and let 𝜅 ∈ ℕ0 ∪ {+∞}. Then 𝒦≥,cd
𝑞,𝜅,𝛼 ⊆ 𝒦≥,e

𝑞,𝜅,𝛼.

Proof. Let (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝜅,𝛼. Then (𝑠𝑗)
𝜅
𝑗=0 belongs in particular to 𝒦≥

𝑞,𝜅,𝛼. Since
the cases 𝜅 = 0 and 𝜅 = +∞ are trivial, it remains to consider the case 𝜅 ∈ ℕ.
Then 𝑄𝜅 = 0𝑞×𝑞, which implies 𝒩 (𝑄𝜅−1) ⊆ ℂ𝑞 = 𝒩 (𝑄𝜅). Thus Lemmas 2.17
and 2.18 yield (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥,e

𝑞,𝜅,𝛼. □

Proposition 5.10. Let 𝛼 ∈ ℝ, let 𝑚 ∈ ℕ0, let (𝑠𝑗)
𝑚
𝑗=0 be a sequence from ℂ𝑞×𝑞,

and let (𝑄𝑗)
𝑚
𝑗=0 be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)

𝑚
𝑗=0. Then the

following statements are equivalent:

(i) (𝑠𝑗)
𝑚
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑚,𝛼.
(ii) The following three conditions are fulfilled:
(ii-1) 𝑄𝑚 = 0𝑞×𝑞.
(ii-2) If 𝑚 ≥ 1, then 𝑄𝑗 ∈ ℂ

𝑞×𝑞
≥ for each 𝑗 ∈ ℤ0,𝑚−1.

(ii-3) If 𝑚 ≥ 2, then 𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) for each 𝑗 ∈ ℤ0,𝑚−2.

Proof. “(i)⇒(ii)”: Because of (i), we have (𝑠𝑗)𝑚𝑗=0 ∈ 𝒦≥
𝑞,𝑚,𝛼 and (ii-1). Proposi-

tion 5.9 shows that (𝑠𝑗)
𝑚
𝑗=0 belongs to 𝒦≥,e

𝑞,𝑚,𝛼. Thus, part (c) of Theorem 4.12

yields (ii-2) and (ii-3).

“(ii)⇒(i)”: In view of (ii), from part (c) of Theorem 4.12, we obtain (𝑠𝑗)𝑚𝑗=0 ∈
𝒦≥,e
𝑞,𝑚,𝛼 and, hence, (𝑠𝑗)

𝑚
𝑗=0 ∈ 𝒦≥

𝑞,𝑚,𝛼. Thus, (ii-1) implies (i). □
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Proposition 5.11. Let 𝛼 ∈ ℝ, let (𝑠𝑗)
∞
𝑗=0 be a sequence from ℂ𝑞×𝑞, and let (𝑄𝑗)

∞
𝑗=0

be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
∞
𝑗=0. Then (𝑠𝑗)

∞
𝑗=0 belongs to

𝒦≥,cd
𝑞,∞,𝛼 if and only if there is an 𝑚 ∈ ℕ0 such that the following statements hold

true:

(i) 𝑄𝑘 = 0𝑞×𝑞 for each 𝑘 ∈ ℤ𝑚,∞.

(ii) If 𝑚 ≥ 1, then 𝑄𝑙 ∈ ℂ
𝑞×𝑞
≥ for each 𝑙 ∈ ℤ0,𝑚−1.

(iii) If 𝑚 ≥ 2, then 𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) for each 𝑗 ∈ ℤ0,𝑚−2.

Proof. First suppose (𝑠𝑗)
∞
𝑗=0 ∈ 𝒦≥,cd

𝑞,∞,𝛼. Then (𝑠𝑗)
∞
𝑗=0 ∈ 𝒦≥

𝑞,∞,𝛼 = 𝒦≥,e
𝑞,∞,𝛼 and there

is an 𝑚 ∈ ℕ0 such that 𝑄𝑚 = 0𝑞×𝑞. Thus, part (c) of Theorem 4.12 yields that

𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ and 𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) hold true for each 𝑗 ∈ ℕ0. Since 𝒩 (𝑄𝑚) =

𝒩 (0𝑞×𝑞) = ℂ𝑞, the conditions (i), (ii), and (iii) are fulfilled.
Conversely, now suppose that (i), (ii), and (iii) are true. Then part (b) of

Theorem 4.12 provides us (𝑠𝑗)
∞
𝑗=0 ∈ 𝒦≥

𝑞,∞,𝛼 and, consequently, (i) implies (𝑠𝑗)
∞
𝑗=0 ∈

𝒦≥,cd
𝑞,∞,𝛼. □

The structure of the completely degenerate Hankel non-negative definite se-
quences was completely described in [13, Proposition 4.9 (c)]. A closer look at this
result yields the following observation on the structure of the elements of the set
𝒦≥,cd
𝑞,∞,𝛼.

Proposition 5.12. Let 𝛼 ∈ ℝ, let (𝑠𝑗)
∞
𝑗=0 ∈ 𝒦≥,cd

𝑞,∞,𝛼, and let 𝑛 ∈ ℕ be such that

𝑠0 ∕= 0𝑞×𝑞 and (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑛,𝛼. Then there exist a number 𝑚 ∈ ℤ1,⌊𝑛+1
2 ⌋𝑞, a

sequence (𝜉𝑙)
𝑚
𝑙=1 of pairwise different numbers from [𝛼,+∞) and a sequence (𝐴𝑙)

𝑚
𝑙=1

from ℂ
𝑞×𝑞
≥ ∖ {0𝑞×𝑞} such that for all 𝑗 ∈ ℕ0 the representation

𝑠𝑗 =

𝑚∑
𝑙=1

𝜉𝑗𝑙𝐴𝑙

holds true.

Proof. We first consider the case 𝑛 = 2𝑘 with some 𝑘 ∈ ℕ. We have then (𝑠𝑗)
∞
𝑗=0 ∈

ℋ≥,cd,𝑘
𝑞,∞ . Hence, from [13, Proposition 4.9 (a), (b)] we obtain the existence of

a number 𝑚 ∈ ℤ1,𝑘𝑞, a sequence (𝜉𝑙)
𝑚
𝑙=1 of pairwise different numbers from ℝ

and a sequence (𝐴𝑙)
𝑚
𝑙=1 from ℂ

𝑞×𝑞
≥ such that ℳ𝑞

≥[ℝ; (𝑠𝑗)
∞
𝑗=0,=] = {∑𝑚

𝑙=1 𝛿𝜉𝑙𝐴𝑙},
where 𝛿𝜉𝑙 : 𝔅ℝ → [0,+∞) is the Dirac measure with unit mass in 𝜉𝑙 for all
𝑙 ∈ ℤ1,𝑚. In view of 𝑠0 ∕= 0𝑞×𝑞, we assume without loss of generality that
𝐴𝑙 ∕= 0𝑞×𝑞 for all 𝑙 ∈ ℤ1,𝑚. Because of (𝑠𝑗)

∞
𝑗=0 ∈ 𝒦≥,cd

𝑞,∞,𝛼, we have (𝑠𝑗)
∞
𝑗=0 ∈

𝒦≥,e
𝑞,∞,𝛼, which in view of Theorem 1.6 implies ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)∞𝑗=0,=] ∕= ∅. Let
𝜇 ∈ℳ𝑞

≥[[𝛼,+∞); (𝑠𝑗)∞𝑗=0,=] and let 𝜈 : 𝔅ℝ → ℂ𝑞×𝑞 be defined by 𝜈(𝐵) := 𝜇(𝐵 ∩
[𝛼,+∞)). According to [12, Remark 2.25 (b)], we have then 𝜈 ∈ℳ𝑞

≥[ℝ; (𝑠𝑗)
∞
𝑗=0,=].

Thus, 𝜈 =
∑𝑚
𝑙=1 𝛿𝜉𝑙𝐴𝑙. For all 𝑗 ∈ ℕ0, we have then 𝑠𝑗 = 𝑠

(𝜈)
𝑗 =

∑𝑚
𝑙=1 𝜉𝑗𝑙𝐴𝑙 and for

all 𝑙 ∈ ℤ1,𝑚 furthermore 0𝑞×𝑞 ∕= 𝐴𝑙 = 𝜈({𝜉𝑙}) = 𝜇({𝜉𝑙} ∩ [𝛼,+∞)), which implies
𝜉𝑙 ∈ [𝛼,+∞).
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Now we consider the case 𝑛 = 2𝑘+1 with some 𝑘 ∈ ℕ0. Because of (𝑠𝑗)
∞
𝑗=0 ∈

𝒦≥,cd
𝑞,∞,𝛼 we have (𝑠𝑗)

∞
𝑗=0 ∈ 𝒦≥,e

𝑞,∞,𝛼. In view of (𝑠𝑗)
𝑛
𝑗=0 ∈ 𝒦≥,cd

𝑞,𝑛,𝛼, Lemma 5.5 yields

then (𝑠𝑗)
2(𝑘+1)
𝑗=0 ∈ 𝒦≥,cd

𝑞,2(𝑘+1),𝛼. Hence, the assertion follows in this case from the

already proved assertion for the case of an even number 𝑛. □

6. Connection between 𝜶-Stieltjes and canonical Hankel
parametrization

The central theme in this section is to investigate, in the case of given 𝛼-Stieltjes
right-sided non-negative definite sequences, certain interrelations between the
right-sided 𝛼-Stieltjes parametrization introduced in Definition 4.2 and the canon-
ical Hankel parametrization introduced in Definition 3.2.

Remark 6.1. Let 𝛼 ∈ ℂ, 𝜅 ∈ ℤ2,+∞ ∪{+∞} and (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞

with right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0. Then we easily see that:

(a) 𝑄2𝑘 = 𝐷𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅,where [(𝐶𝑘)
⌊ 𝜅

2 ⌋
𝑘=1, (𝐷𝑘)

⌊ 𝜅
2 ⌋
𝑘=0] is the canon-

ical Hankel parametrization of (𝑠𝑗)
2⌊𝜅

2 ⌋
𝑗=0 .

(b) If 𝜅 ≥ 3, then 𝑄2𝑘+1 = 𝐹𝑘 for every choice of 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤
𝜅, where [(𝐸𝑘)

⌊𝜅−1
2 ⌋

𝑘=1 , (𝐹𝑘)
⌊ 𝜅−1

2 ⌋
𝑘=0 ] is the canonical Hankel parametrization of

(𝑠𝛼⊳𝑗)
2⌊ 𝜅−1

2 ⌋
𝑗=0 .

Remark 6.2. Let 𝜅 ∈ ℤ2,+∞∪{+∞} and let (𝑠𝑗)𝜅𝑗=0 be a sequence from ℂ𝑝×𝑞. For
each 𝑘 ∈ ℕ with 2𝑘 ≤ 𝜅, then:

(a) Taking (2.1), (2.2), (2.3) and (2.4) into account the matrix 𝐻𝑘 admits the
block representations

𝐻𝑘 =

[
𝐻𝑘−1 𝑦𝑘,2𝑘−1

𝑧𝑘,2𝑘−1 𝑠2𝑘

]
, 𝐻𝑘 =

[
𝑦0,𝑘−1 𝐾𝑘−1

𝑠𝑘 𝑧𝑘+1,2𝑘

]
, (6.1)

and

𝐻𝑘 =

[
𝑧0,𝑘−1 𝑠𝑘
𝐾𝑘−1 𝑦𝑘+1,2𝑘

]
, 𝐻𝑘 =

[
𝑠0 𝑧1,𝑘

𝑦1,𝑘 𝐺𝑘−1

]
.

(b) Taking the block decompositions (6.1) into account, from [13, Remark 2.1]

and [17, Lemma A.3] we see that (𝑠𝑗)
2𝑘
𝑗=0 belongs to ℋ≥

𝑞,2𝑘 if and only if the

four conditions (𝑠𝑗)
2(𝑘−1)
𝑗=0 ∈ ℋ≥

𝑞,𝑘−1, 𝐻𝑘−1𝐻†
𝑘−1𝑦𝑘,2𝑘−1 = 𝑦𝑘,2𝑘−1, 𝑧𝑘,2𝑘−1 =

𝑦∗
𝑘,2𝑘−1 and 𝐿𝑘 ∈ ℂ

𝑞×𝑞
≥ hold true. Furthermore, if (𝑠𝑗)

2𝑘
𝑗=1 ∈ ℋ≥

𝑞,2𝑘, then

𝑠∗𝑗 = 𝑠𝑗 for each 𝑗 ∈ ℤ0,2𝑘 and the equations 𝑧𝑘,2𝑘−1𝐻†
𝑘−1𝐻𝑘−1 = 𝑧𝑘,2𝑘−1 and

rank𝐻𝑘 =
∑𝑘
𝑗=0 rank𝐿𝑗 are true.

(c) From [13, Proposition 2.13] and [17, Lemma A.3] we know that (𝑠𝑗)
2𝑘
𝑗=0 ∈

ℋ≥,e
𝑞,2𝑘 if and only if (𝑠𝑗)

2𝑘
𝑗=0 ∈ ℋ≥

𝑞,2𝑘 and 𝐿𝑘𝐿
†
𝑘−1𝐿𝑘−1 = 𝐿𝑘 hold true. If

(𝑠𝑗)
2𝑘
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑘, then 𝐿𝑘−1𝐿†
𝑘−1𝐿𝑘 = 𝐿𝑘.
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Remark 6.3 ([13, Lemma 3.14]). Let 𝑛 ∈ ℕ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑛. Then the

matrices introduced in (3.2), (3.3), (3.4) and (2.5) satisfy

Λ𝑛 = 𝑀𝑛 + 𝐿𝑛𝐿†
𝑛−1(𝑠2𝑛−1 −𝑀𝑛−1).

For fixed 𝛼 ∈ ℝ, we indicate now some interrelations between the matrices in-
troduced in (2.5) and (3.6). To describe these connections, we will use the matrices
given via (3.2), (3.4), and (3.6).

Proposition 6.4. Let 𝑛 ∈ ℕ, let 𝛼 ∈ ℝ and let (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛,𝛼. Then

𝐿𝑛 = (𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1)− 𝐿𝛼⊳𝑛−1𝐿†
𝑛−1(𝑠2𝑛−1 −𝑀𝑛−1). (6.2)

Proof. Since (𝑠𝑗)
2𝑛
𝑗=0 belongs to 𝒦≥

𝑞,2𝑛,𝛼, we see that

(𝑠𝑗)
2𝑛
𝑗=0 ∈ ℋ≥

𝑞,2𝑛, (6.3){
(𝑠𝑗)

2(𝑛−1)
𝑗=0 , (𝑠𝛼⊳𝑗)

2(𝑛−1)
𝑗=0

}
⊆ ℋ≥

𝑞,2(𝑛−1) (6.4)

and

(𝑠𝑗)
2𝑛−1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛−1,𝛼. (6.5)

Since, in view of (6.3), (1.2), and (2.2), part (b) of Remark 6.2 shows that

𝑠0𝑠†0𝑠1 = 𝑠1 is valid. Thus, in the case 𝑛 = 1, equation (6.2) obviously holds true.
Now we consider the case 𝑛 ≥ 2. We have then

𝑠2𝑛−1 −𝑀𝑛−1 = 𝑠2𝑛−1 − 𝑧𝑛−1,2𝑛−3𝐻†
𝑛−2𝑦𝑛,2𝑛−2 = [−𝑧𝑛−1,2𝑛−3𝐻†

𝑛−2, 𝐼𝑞]𝑦𝑛,2𝑛−1

= [−𝑧𝑛−1,2𝑛−3𝐻†
𝑛−2, 𝐼𝑞]𝐻𝑛−1𝐻†

𝑛−1𝑦𝑛,2𝑛−1

= [−𝑧𝑛−1,2𝑛−3𝐻†
𝑛−2, 𝐼𝑞]

[
𝐻𝑛−2 𝑦𝑛−1,2𝑛−3

𝑧𝑛−1,2𝑛−3 𝑠2𝑛−2

]
𝐻†
𝑛−1𝑦𝑛,2𝑛−1

= [0𝑞×(𝑛−1)𝑞, 𝐿𝑛−1]𝐻
†
𝑛−1𝑦𝑛,2𝑛−1, (6.6)

where the 1st equation is due to (3.2), the 2nd equation is due to (2.2), the
3rd equation is due to (6.3) and part (b) of Remark 6.2, the 4th equation is due
to 𝑛− 1 ≥ 1 and part (a) of Remark 6.2 and the 5th equation is due to 𝑛− 1 ≥ 1,
(6.4), part (b) of Remark 6.2 and (2.5). Moreover, we conclude

𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1 = 𝑠𝛼⊳2𝑛−1 − 𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2𝑦𝛼⊳𝑛,2𝑛−2

= [−𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2, 𝐼𝑞]𝑦𝛼⊳𝑛,2𝑛−1,

(6.7)

where the 1st equation is due to (3.2) and the 2nd equation is due to (2.2). Because
of (6.5), Lemma 2.17 yields 𝒩 (𝐿𝑛−1) ⊆ 𝒩 (𝐿𝛼⊳𝑛−1), which, in view of part (b) of
Lemma A.1, implies

𝐿𝛼⊳𝑛−1𝐿†
𝑛−1𝐿𝑛−1 = 𝐿𝛼⊳𝑛−1. (6.8)

In view of 𝑛− 1 ≥ 1, (6.4) and part (b) of Remark 6.2, we have
𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†

𝛼⊳𝑛−2𝐻𝛼⊳𝑛−2 = 𝑧𝛼⊳𝑛−1,2𝑛−3.
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Taking additionally into account (2.5), we get

[−𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2, 𝐼𝑞]

[
𝐻𝛼⊳𝑛−2 𝑦𝛼⊳𝑛−1,2𝑛−3

𝑧𝛼⊳𝑛−1,2𝑛−3 𝑠𝛼⊳2𝑛−2

]
= [0𝑞×(𝑛−1)𝑞, 𝐿𝛼⊳𝑛−1].

(6.9)
We have then

𝐿𝛼⊳𝑛−1𝐿†
𝑛−1(𝑠2𝑛−1 −𝑀𝑛−1) = [0𝑞×(𝑛−1)𝑞, 𝐿𝛼⊳𝑛−1𝐿†

𝑛−1𝐿𝑛−1]𝐻
†
𝑛−1𝑦𝑛,2𝑛−1

= [0𝑞×(𝑛−1)𝑞, 𝐿𝛼⊳𝑛−1]𝐻
†
𝑛−1𝑦𝑛,2𝑛−1

= [−𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2, 𝐼𝑞 ]

[
𝐻𝛼⊳𝑛−2 𝑦𝛼⊳𝑛−1,2𝑛−3

𝑧𝛼⊳𝑛−1,2𝑛−3 𝑠𝛼⊳2𝑛−2

]
𝐻†
𝑛−1𝑦𝑛,2𝑛−1

= [−𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2, 𝐼𝑞 ]𝐻𝛼⊳𝑛−1𝐻†

𝑛−1𝑦𝑛,2𝑛−1, (6.10)

where the 1st equation is due to (6.6), the 2nd equation is due to (6.8), the
3rd equation is due to (6.9) and the 4th equation is due to (2.6), (2.7), 𝑛− 1 ≥ 1
and part (a) of Remark 6.2. Taking (6.7) and (6.10) into account, we see that

(𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1)− 𝐿𝛼⊳𝑛−1𝐿†
𝑛−1(𝑠2𝑛−1 −𝑀𝑛−1)

= [−𝑧𝛼⊳𝑛−1,2𝑛−3𝐻†
𝛼⊳𝑛−2, 𝐼𝑞](𝑦𝛼⊳𝑛,2𝑛−1 −𝐻𝛼⊳𝑛−1𝐻†

𝑛−1𝑦𝑛,2𝑛−1). (6.11)

We also obtain from (2.6), (1.2), (2.1), (2.3), (2.7), (2.2) and part (a) of Remark 6.2
that

[𝐻𝛼⊳𝑛−1, 𝑦𝛼⊳𝑛,2𝑛−1] = [−𝛼𝐻𝑛−1 +𝐾𝑛−1,−𝛼𝑦𝑛,2𝑛−1 + 𝑦𝑛+1,2𝑛]

=

(
−𝛼[𝐼𝑛𝑞, 0𝑛𝑞×𝑞]

[
𝐻𝑛−1 𝑦𝑛,2𝑛−1

𝑧𝑛,2𝑛−1 𝑠2𝑛

]
+ [0𝑛𝑞×𝑞, 𝐼𝑛𝑞]

[
𝑧0,𝑛−1 𝑠𝑛
𝐾𝑛−1 𝑦𝑛+1,2𝑛

])
= (−𝛼[𝐼𝑛𝑞, 0𝑛𝑞×𝑞]𝐻𝑛 + [0𝑛𝑞×𝑞, 𝐼𝑛𝑞]𝐻𝑛) = (−𝛼[𝐼𝑛𝑞, 0𝑛𝑞×𝑞] + [0𝑛𝑞×𝑞, 𝐼𝑛𝑞])𝐻𝑛

and, due to part (a) of Remark 6.2, (6.3), part (b) of Remark 6.2, and (2.5),
consequently,

𝑦𝛼⊳𝑛,2𝑛−1 −𝐻𝛼⊳𝑛−1𝐻†
𝑛−1𝑦𝑛,2𝑛−1 = [𝐻𝛼⊳𝑛−1, 𝑦𝛼⊳𝑛,2𝑛−1]

[−𝐻†
𝑛−1𝑦𝑛,2𝑛−1

𝐼𝑞

]
= (−𝛼[𝐼𝑛𝑞 , 0𝑛𝑞×𝑞] + [0𝑛𝑞×𝑞, 𝐼𝑛𝑞 ])

[
𝐻𝑛−1 𝑦𝑛,2𝑛−1

𝑧𝑛,2𝑛−1 𝑠2𝑛

] [−𝐻†
𝑛−1𝑦𝑛,2𝑛−1

𝐼𝑞

]
= (−𝛼[𝐼𝑛𝑞 , 0𝑛𝑞×𝑞] + [0𝑛𝑞×𝑞, 𝐼𝑛𝑞 ])

[
0𝑛𝑞×𝑞

𝐿𝑛

]
=

[
0(𝑛−1)𝑞×𝑞

𝐿𝑛

]
.

(6.12)

From (6.11) and (6.12) then (6.2) follows. □

Proposition 6.5. Let 𝛼 ∈ ℝ, 𝑛 ∈ ℕ and (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛+1,𝛼. Then

𝐿𝛼⊳𝑛 = (𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑛−1(𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1)
]

. (6.13)
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Proof. Because (𝑠𝑗)
2𝑛+1
𝑗=0 belongs to 𝒦≥

𝑞,2𝑛+1,𝛼, we have {(𝑠𝑗)2𝑛𝑗=0, (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0} ⊆

ℋ≥
𝑞,2𝑛, (𝑠𝛼⊳𝑗)

2(𝑛−1)
𝑗=0 ∈ ℋ≥

𝑞,2(𝑛−1), and (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑛,𝛼. If 𝑛 ≥ 2, then, similar

to (6.6), from Remark 6.2 we get

𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1 = [0𝑞×(𝑛−1)𝑞, 𝐿𝛼⊳𝑛−1]𝐻
†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1. (6.14)

Thus, if 𝑛 ≥ 2, then using (6.14), Proposition 2.19, and part (b) of Lemma A.1,
we conclude

𝐿𝑛𝐿†
𝛼⊳𝑛−1(𝑠𝛼⊳2𝑛−1 −𝑀𝛼⊳𝑛−1) = [0𝑞×(𝑛−1)𝑞, 𝐿𝑛]𝐻

†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1

and, consequently,

(𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑛−1(𝑠𝛼⊳𝑛−1 −𝑀𝛼⊳𝑛−1)
]

= (𝑠2𝑛+1 −𝑀𝑛)− 𝛼𝐿𝑛 − [0𝑞×(𝑛−1)𝑞, 𝐿𝑛]𝐻
†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1. (6.15)

If 𝑛 = 1, then it is similarly checked that

(𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑛−1(𝑠𝛼⊳𝑛−1 −𝑀𝛼⊳𝑛−1)
]

= (𝑠2𝑛+1 −𝑀𝑛)− 𝛼𝐿𝑛 − 𝐿𝑛𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1 (6.16)

holds true. Hence, in the case 𝑛 = 1 as well as in the case 𝑛 ≥ 2, from (6.15) and
(6.16) it follows that

(𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑛−1(𝑠𝛼⊳𝑛−1 −𝑀𝛼⊳𝑛−1)
]

(6.17)

= [0𝑞×𝑛𝑞, 𝐿𝑛, 𝑠2𝑛+1 −𝑀𝑛]

([−𝛼𝐼(𝑛+1)𝑞

0𝑞×(𝑛+1)𝑞

]
+

[
0𝑞×(𝑛+1)𝑞

𝐼(𝑛+1)𝑞

])[−𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1

𝐼𝑞

]
.

Taking into account (2.5), (3.2), and part (b) of Remark 6.2, we have

[0𝑞×𝑛𝑞, 𝐿𝑛, 𝑠2𝑛+1 −𝑀𝑛]

= [0𝑞×𝑛𝑞, 𝑠2𝑛 − 𝑧𝑛,2𝑛−1𝐻†
𝑛−1𝑦𝑛,2𝑛−1, 𝑠2𝑛+1 − 𝑧𝑛,2𝑛−1𝐻†

𝑛−1𝑦𝑛+1,2𝑛]

= [−𝑧𝑛,2𝑛−1𝐻†
𝑛−1, 𝐼𝑞]

[
𝐻𝑛−1 𝑦𝑛,2𝑛−1 𝑦𝑛+1,2𝑛

𝑧𝑛,2𝑛−1 𝑠2𝑛 𝑠2𝑛+1

]
.

(6.18)

Thus, from (6.17), (6.18) and part (a) of Remark 6.2 we obtain

(𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑛−1(𝑠𝛼⊳𝑛−1 −𝑀𝛼⊳𝑛−1)
]

= [−𝑧𝑛,2𝑛−1𝐻†
𝑛−1, 𝐼𝑞](−𝛼𝐻𝑛 +𝐾𝑛)

[−𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1

𝐼𝑞

]
. (6.19)
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Since (𝑠𝛼⊳𝑗)
2𝑛
𝑗=0 belongs to ℋ≥

𝑞,2𝑛, part (b) of Remark 6.2 yields

(−𝛼𝐻𝑛 +𝐾𝑛)

[−𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1

𝐼𝑞

]
=

[
𝐻𝛼⊳𝑛−1 𝑦𝛼⊳𝑛,2𝑛−1

𝑧𝛼⊳𝑛,2𝑛−1 𝑠𝛼⊳2𝑛

] [−𝐻†
𝛼⊳𝑛−1𝑦𝛼⊳𝑛,2𝑛−1

𝐼𝑞

]
=

[
0𝑛𝑞×𝑞
𝐿𝛼⊳𝑛

]
. (6.20)

Finally, (6.19) and (6.20) imply (6.13). □

Corollary 6.6. Let 𝑛 ∈ ℕ.

(a) If (𝑠𝑗)
2𝑛
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛,0, then

𝐿𝑛 = (𝑠2𝑛 −𝑀0⊳𝑛−1)− 𝐿0⊳𝑛−1𝐿†
𝑛−1(𝑠2𝑛−1 −𝑀𝑛−1).

(b) If (𝑠𝑗)
2𝑛+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑛+1,0, then

𝐿0⊳𝑛 = (𝑠2𝑛+1 −𝑀𝑛)− 𝐿𝑛𝐿†
0⊳𝑛−1(𝑠2𝑛 −𝑀0⊳𝑛−1).

Proof. (a) Use Proposition 6.4 and Remark 2.4.
(b) This follows from Proposition 6.5 and Remark 2.4. □

Lemma 6.7. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. Further, let (𝑄𝑗)
𝜅
𝑗=0

be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0. Then

𝑠2𝑘+1 − Λ𝑘 = 𝑄2𝑘+1 + (𝛼𝐼𝑞 +𝑄2𝑘𝑄
†
2𝑘−1)𝑄2𝑘

for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, where Λ𝑘 is given via (3.3), where 𝑄−1 := 0𝑞×𝑞.

Proof. Obviously, from Definition 4.2 we see that

𝑠1 − Λ0 = 𝑠1 = −𝛼𝑠0 + 𝑠1 + 𝛼𝑠0 = 𝐿𝛼⊳0 + 𝛼𝐿0 = 𝑄1 + 𝛼𝑄0.

Now let 𝜅 ≥ 3 and 𝑘 ∈ ℕ be such that 2𝑘+1 ≤ 𝜅. Since (𝑠𝑗)
𝜅
𝑗=0 belongs to 𝒦≥

𝑞,𝜅,𝛼,

we have then (𝑠𝑗)
2𝑘+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+1,𝛼 and hence (𝑠𝑗)
2𝑘
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑘 ∩ 𝒦≥,e
𝑞,2𝑘,𝛼 ∩ 𝒦≥

𝑞,2𝑘,𝛼.
Consequently, we get

𝑠2𝑘+1 − Λ𝑘 = (𝑠2𝑘+1 −𝑀𝑘)− (Λ𝑘 −𝑀𝑘)

= (𝑠2𝑘+1 −𝑀𝑘)− 𝐿𝑘𝐿
†
𝑘−1(𝑠2𝑘−1 −𝑀𝑘−1)

= (𝑠2𝑘+1 −𝑀𝑘)− 𝐿𝑘𝐿
†
𝛼⊳𝑘−1𝐿𝛼⊳𝑘−1𝐿†

𝑘−1(𝑠2𝑘−1 −𝑀𝑘−1)

= (𝑠2𝑘+1 −𝑀𝑘) + 𝐿𝑘𝐿
†
𝛼⊳𝑘−1 [𝐿𝑘 − (𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1)]

= (𝑠2𝑘+1 −𝑀𝑘)− 𝐿𝑘𝐿
†
𝛼⊳𝑘−1(𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1) + 𝐿𝑘𝐿

†
𝛼⊳𝑘−1𝐿𝑘

= 𝐿𝛼⊳𝑘 + 𝛼𝐿𝑘 + 𝐿𝑘𝐿
†
𝛼⊳𝑘−1𝐿𝑘 = 𝐿𝛼⊳𝑘 + (𝛼𝐼𝑞 + 𝐿𝑘𝐿

†
𝛼⊳𝑘−1)𝐿𝑘

= 𝑄2𝑘+1 + (𝛼𝐼𝑞 +𝑄2𝑘𝑄
†
2𝑘−1)𝑄2𝑘,

where the 2nd equation is due to (𝑠𝑗)
2𝑘
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑘 and Remark 6.3, the 3rd equation

is due to (𝑠𝑗)
2𝑘
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑘,𝛼, part (b) of Proposition 2.19 and part (b) of Lemma A.1,

the 4th equation is due to (𝑠𝑗)
2𝑘
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘,𝛼 and Proposition 6.4, the 6th equation
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is due to (𝑠𝑗)
2𝑘+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+1,𝛼 and Proposition 6.5, and the 8th equation is due to
Definition 4.2. The proof is complete. □

Now we are able to state the interrelation between right 𝛼-Stieltjes parametri-
zation and canonical Hankel parametrization for sequences of the class 𝒦≥

𝑞,𝜅,𝛼.

Theorem 6.8. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℤ2,+∞ ∪ {+∞}, and (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥
𝑞,𝜅,𝛼. Let (𝑄𝑗)

𝜅
𝑗=0

be the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0 and let [(𝐶𝑘)

⌊𝜅
2 ⌋
𝑘=1, (𝐷𝑘)

⌊ 𝜅
2 ⌋
𝑘=0]

be the canonical Hankel parametrization of (𝑠𝑗)
2⌊ 𝜅

2 ⌋
𝑗=0 . Let 𝑄−1 := 0𝑞×𝑞. Then

𝐶𝑘 = 𝑄2𝑘−1 + (𝛼𝐼𝑞 +𝑄2𝑘−2𝑄†
2𝑘−3)𝑄2𝑘−2

for all 𝑘 ∈ ℕ with 2𝑘 ≤ 𝜅 and 𝐷𝑘 = 𝑄2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅.

Proof. Use Definition 3.2, Lemma 6.7, and Remark 6.1. □

If the canonical Hankel parametrization of (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 is given, then,

we are going to show that the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
2𝜅
𝑗=0

can be computed recursively. To derive this we still need the following auxiliary
result.

Lemma 6.9. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ ∪ {+∞}, and (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥
𝑞,𝜅,𝛼. Let (𝑄𝑗)

𝜅
𝑗=0 be the

right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0. Let 𝑄−1 := 0𝑞×𝑞. For all 𝑘 ∈ ℕ0

with 2𝑘 + 1 ≤ 𝜅, then

𝑄2𝑘+1 = 𝑠2𝑘+1 − Λ𝑘 − (𝛼𝐼𝑞 + 𝐿𝑘𝑄
†
2𝑘−1)𝐿𝑘. (6.21)

Proof. Use Lemma 6.7 and Definition 4.2. □

Proposition 6.10. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼.

Let [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of (𝑠𝑗)

2𝜅
𝑗=0 and let

𝑄−1 := 0𝑞×𝑞. Then the right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
2𝜅
𝑗=0 of (𝑠𝑗)

2𝜅
𝑗=0

is given by 𝑄2𝑘 = 𝐷𝑘 for all 𝑘 ∈ ℤ0,𝜅 and by the recurrence formulas

𝑄2𝑘+1 = 𝐶𝑘+1 − (𝛼𝐼𝑞 +𝐷𝑘𝑄
†
2𝑘−1)𝐷𝑘

for all 𝑘 ∈ ℤ0,𝜅−1.

Proof. Use Remark 6.1, Lemma 6.9 and Definition 3.2. □

Corollary 6.11. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 with

canonical Hankel parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] and right-sided 𝛼-Stieltjes

parametrization (𝑄𝑗)
2𝜅
𝑗=0. Then (𝐶𝑘)

𝜅
𝑘=1 and (𝐷𝑘)

𝜅
𝑘=0 are sequences of Hermitian

matrices. Then:

(a) 𝐶𝑘 − 𝛼𝐷𝑘−1 ≥ 𝑄2𝑘−1 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℤ1,𝜅.
(b) 𝒩 (𝐶𝑘 − 𝛼𝐷𝑘−1) ⊆ 𝒩 (𝑄2𝑘−1) and ℛ(𝑄2𝑘−1) ⊆ ℛ(𝐶𝑘 − 𝛼𝐷𝑘−1) for all 𝑘 ∈

ℤ1,𝜅.
(c) 0 ≤ det𝑄2𝑘−1 ≤ det(𝐶𝑘 − 𝛼𝐷𝑘−1) and rank𝑄2𝑘−1 ≤ rank(𝐶𝑘 − 𝛼𝐷𝑘−1) for

all 𝑘 ∈ ℤ1,𝜅.
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(d) For all 𝑛 ∈ ℤ0,𝜅−1 the inequalities 0 ≤ det𝐻𝛼⊳𝑛 ≤
∏𝑛+1
𝑘=1 det(𝐶𝑘 − 𝛼𝐷𝑘−1)

and rank𝐻𝛼⊳𝑛 ≤
∑𝑛+1
𝑘=1 rank(𝐶𝑘 − 𝛼𝐷𝑘−1) hold.

Proof. From [13, Proposition 2.30] and [15, Proposition 2.15] we know that (𝐶𝑘)
𝜅
𝑘=1

and (𝐷𝑘)
𝜅
𝑘=0 are sequences of Hermitian matrices.

(a) According to part (b) of Theorem 4.12, we have 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for all 𝑗 ∈

ℤ0,2𝜅, which, in view of Proposition 6.10, implies

𝐶𝑘 − 𝛼𝐷𝑘−1 = 𝑄2𝑘−1 +𝐷𝑘−1𝑄†
2𝑘−3𝐷𝑘−1 = 𝑄2𝑘−1 +𝑄2𝑘−2𝑄†

2𝑘−3𝑄2𝑘−2

= 𝑄2𝑘−1 +𝑄∗
2𝑘−2𝑄†

2𝑘−3𝑄2𝑘−2 ≥ 𝑄2𝑘−1 ≥ 0𝑞×𝑞
for all 𝑘 ∈ ℤ1,𝜅, where 𝑄−1 := 0𝑞×𝑞.

(b), (c) Use (a).
(d) This follows from Lemma 4.11 and (c). □

Corollary 6.12. Let 𝛼 ∈ [0,+∞), let 𝜅 ∈ ℕ∪{+∞}, and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 with

canonical Hankel parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] and right-sided 𝛼-Stieltjes

parametrization (𝑄𝑗)
2𝜅
𝑗=0. Then:

(a) 𝐶𝑘 ≥ 𝑄2𝑘−1 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℤ1,𝜅.
(b) 𝒩 (𝐶𝑘) ⊆ 𝒩 (𝑄2𝑘−1) and ℛ(𝑄2𝑘−1) ⊆ ℛ(𝐶𝑘) for all 𝑘 ∈ ℤ1,𝜅.
(c) 0 ≤ det𝑄2𝑘−1 ≤ det𝐶𝑘 and rank𝑄2𝑘−1 ≤ rank𝐶𝑘 for all 𝑘 ∈ ℤ1,𝜅.

(d) 0 ≤ det𝐻𝛼⊳𝑛 ≤
∏𝑛+1
𝑘=1 det𝐶𝑘 and rank𝐻𝛼⊳𝑛 ≤

∑𝑛+1
𝑘=1 rank𝐶𝑘 for all 𝑛 ∈

ℤ0,𝜅−1.

Proof. (a) According to part (b) of Theorem 4.12, we have 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for all

𝑗 ∈ ℤ0,2𝜅, which, in view of Proposition 6.10 and 𝛼 ∈ [0,+∞), implies
𝐶𝑘 = 𝑄2𝑘−1 + (𝛼𝐼𝑞 +𝐷𝑘−1𝑄†

2𝑘−3)𝐷𝑘−1

= 𝑄2𝑘−1 + 𝛼𝑄2𝑘−2 +𝑄∗
2𝑘−2𝑄†

2𝑘−3𝑄2𝑘−2 ≥ 𝑄2𝑘−1 ≥ 0𝑞×𝑞
for all 𝑘 ∈ ℤ1,𝜅, where 𝑄−1 := 0𝑞×𝑞.

(b), (c) Use (a).
(d) This follows from Lemma 4.11 and (c). □
The next result contains interesting monotonicity results for the canonical

Hankel parameters of a sequence belonging to 𝒦≥
𝑞,2𝜅,𝛼.

Corollary 6.13. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 with

canonical Hankel parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0]. Then:

(a) 𝐶𝑘 ≥ 𝛼𝐷𝑘−1 for all 𝑘 ∈ ℤ1,𝜅.
(b) If 𝜅 ≥ 2, then 𝒩 (𝐶𝑘 − 𝛼𝐷𝑘−1) ⊆ 𝒩 (𝐷𝑘) and ℛ(𝐷𝑘) ⊆ ℛ(𝐶𝑘 − 𝛼𝐷𝑘−1) for

all 𝑘 ∈ ℤ1,𝜅−1.

Proof. (a) Use part (a) of Corollary 6.11.
(b) According to part (b) of Corollary 6.11, we have 𝒩 (𝐶𝑘 − 𝛼𝐷𝑘−1) ⊆

𝒩 (𝑄2𝑘−1) and ℛ(𝑄2𝑘−1) ⊆ ℛ(𝐶𝑘 − 𝛼𝐷𝑘−1) for all 𝑘 ∈ ℤ1,𝜅. Part (b) of The-

orem 4.12 yields 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for all 𝑗 ∈ ℤ0,2𝜅 and 𝒩 (𝑄𝑗) ⊆ 𝒩 (𝑄𝑗+1) for all
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𝑗 ∈ ℤ0,2𝜅−2. From Proposition 6.10 we obtain 𝑄2𝑘 = 𝐷𝑘 for all 𝑘 ∈ ℤ0,𝜅. Thus,
we get

𝒩 (𝐶𝑘 − 𝛼𝐷𝑘−1) ⊆ 𝒩 (𝑄2𝑘−1) ⊆ 𝒩 (𝑄2𝑘) = 𝒩 (𝐷𝑘)

and hence ℛ(𝐷𝑘) ⊆ ℛ(𝐶𝑘 − 𝛼𝐷𝑘−1) for all 𝑘 ∈ ℤ1,𝜅−1. □
The following result should be compared with Proposition 3.4.

Corollary 6.14. Let 𝛼 ∈ [0,+∞), let 𝜅 ∈ ℕ∪{+∞}, and let (𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 with

canonical Hankel parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0]. Then (𝐶𝑘)

𝜅
𝑘=1 and (𝐷𝑘)

𝜅
𝑘=0

are sequences of non-negative Hermitian matrices. Further, 𝒩 (𝐷𝑘−1) ⊆ 𝒩 (𝐶𝑘) for
all 𝑘 ∈ ℤ1,𝜅 and, in the case 𝜅 ≥ 2, moreover 𝒩 (𝐶𝑘) ⊆ 𝒩 (𝐷𝑘) for all 𝑘 ∈ ℤ1,𝜅−1.

Proof. Because of [15, Propositions 2.10 and 2.15], we know that 𝐷𝑘 ∈ ℂ
𝑞×𝑞
≥ for all

𝑘 ∈ ℤ0,𝜅 and 𝒩 (𝐷𝑘−1) ⊆ 𝒩 (𝐶𝑘) for all 𝑘 ∈ ℤ1,𝜅. Since 𝛼 ∈ [0,+∞) is assumed,
part (a) of Corollary 6.13 yields then 𝐶𝑘 ∈ ℂ

𝑞×𝑞
≥ for all 𝑘 ∈ ℤ1,𝜅 and, furthermore,

𝒩 (𝐶𝑘) ⊆ 𝒩 (𝛼𝐷𝑘−1), which implies 𝒩 (𝐶𝑘) ⊆ 𝒩 (𝐶𝑘 − 𝛼𝐷𝑘−1) for all 𝑘 ∈ ℤ1,𝜅.
Thus, in view of part (b) of Corollary 6.13, the proof is complete. □

The following example shows that the converse statement to the first part
of Corollary 6.14 is false. More precisely, we will construct a sequence (𝑠𝑗)

4
𝑗=0 ∈

ℋ≥
1,4 ∖ 𝒦≥

1,4,0 the canonical Hankel parametrization of which consists of positive
real numbers.

Example 6.15. Let 𝑠0 := 2, let 𝑠1 := 2, let 𝑠2 := 6, let 𝑠3 := 12, and let 𝑠4 :=
29. Let (𝑄𝑗)

4
𝑗=0 be the right-sided 0-Stieltjes parametrization of (𝑠𝑗)

4
𝑗=0 and let

[(𝐶𝑘)
2
𝑘=1, (𝐷𝑘)

2
𝑘=0] be the canonical Hankel parametrization of (𝑠𝑗)

4
𝑗=0. Then 𝐷0 =

𝐶1 = 2, 𝐷1 = 4, and 𝐶2 = 𝐷2 = 2, which in view of Proposition 3.4 implies

(𝑠𝑗)
4
𝑗=0 ∈ ℋ≥

1,4. Furthermore, 𝑄0 = 𝑄1 = 2, 𝑄2 = 4, 𝑄3 = −6, and 𝑄4 = 2, which

in view of part (b) of Theorem 4.12 implies (𝑠𝑗)
4
𝑗=0 /∈ 𝒦≥

1,4,0 although 𝐶1 = 𝐶2 =
2 > 0.

Example 6.16. Let 𝛼 ∈ (−∞, 0) and let 𝜅 ∈ ℤ2,+∞ ∪ {+∞}. Let 𝑄0 := 𝐼3, let

𝑄1 := −𝛼
[

2 0 0
0 1 0
0 0 0

]
, let 𝑄2 :=

[
0 0 0
0 1 0
0 0 0

]
, and let 𝑄𝑗 := 03×3 for all 𝑗 ∈ ℤ3,2𝜅. Let

(𝑠𝑗)
2𝜅
𝑗=0 be the sequence from ℂ

3×3 with right-sided 𝛼-Stieltjes parametrization

(𝑄𝑗)
2𝜅
𝑗=0 and let [(𝐶𝑘)

𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of

(𝑠𝑗)
2𝜅
𝑗=0. In view of −𝛼 ∈ (0,+∞) and part (b) of Theorem 4.12, then (𝑠𝑗)

2𝜅
𝑗=0 ∈

𝒦≥
3,2𝜅,𝛼. According to Theorem 6.8, furthermore, 𝐶1 = 𝑄1 + 𝛼𝑄0 = −𝛼

[
1 0 0
0 0 0
0 0 −1

]
and 𝐷1 = 𝑄2 =

[
0 0 0
0 1 0
0 0 0

]
, which implies {−𝐶1, 𝐶1}∩ℂ

3×3
≥ = ∅, 𝒩 (𝐶1) ∖𝒩 (𝐷1) ∕= ∅

and 𝒩 (𝐷1) ∖ 𝒩 (𝐶1) ∕= ∅.
Corollary 6.17. Let 𝛼 ∈ (0,+∞), let 𝜅 ∈ ℕ∪{+∞}, and let (𝑠𝑗)

2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼 with

canonical Hankel parametrization [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0]. Then (𝐶𝑘)

𝜅
𝑘=1 and (𝐷𝑘)

𝜅
𝑘=0

are sequences of non-negative Hermitian matrices. Further, 𝒩 (𝐷𝑘−1) = 𝒩 (𝐶𝑘)
for all 𝑘 ∈ ℤ1,𝜅 and, in the case 𝜅 ≥ 2, moreover 𝒩 (𝐷𝑘−1) ⊆ 𝒩 (𝐷𝑘) for all
𝑘 ∈ ℤ1,𝜅−1.
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Proof. Because of Corollary 6.14, we know that 𝐷𝑘 ∈ ℂ
𝑞×𝑞
≥ for all 𝑘 ∈ ℤ0,𝜅.

Since 𝛼 ∈ (0,+∞) is assumed, part (a) of Corollary 6.13 yields then 𝒩 (𝐶𝑘) ⊆
𝒩 (𝛼𝐷𝑘−1) = 𝒩 (𝐷𝑘−1) for all 𝑘 ∈ ℤ1,𝜅. Thus, in view of Corollary 6.14, the proof
is complete. □
Example 6.18. Let 𝛼 ∈ (−∞, 0] and let 𝜅 ∈ ℕ ∪ {+∞}. Let 𝑄0 ∈ ℂ

𝑞×𝑞
≥ ∖ {0𝑞×𝑞},

let 𝑄1 := −𝛼𝑄0, and let 𝑄𝑗 := 0𝑞×𝑞 for all 𝑗 ∈ ℤ2,2𝜅. Let (𝑠𝑗)
2𝜅
𝑗=0 be the

unique sequence from ℂ𝑞×𝑞 with right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
2𝜅
𝑗=0

(see Remark 4.3) and let [(𝐶𝑘)
𝜅
𝑘=1, (𝐷𝑘)

𝜅
𝑘=0] be the canonical Hankel parametriza-

tion of (𝑠𝑗)
2𝜅
𝑗=0. In view of −𝛼 ∈ [0,+∞) and part (b) of Theorem 4.12, then

(𝑠𝑗)
2𝜅
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅,𝛼. According to Theorem 6.8, furthermore, 𝐷0 = 𝑄0 ∕= 0𝑞×𝑞 and
𝐶1 = 𝑄1 + 𝛼𝑄0 = 0𝑞×𝑞, which in particular implies 𝒩 (𝐷0) ∕= 𝒩 (𝐶1).

Now we derive a further interrelation between right-sided 𝛼-Stieltjes para-
metrization and canonical Hankel parametrization. For this reason, we still need
the following auxiliary result.

Lemma 6.19. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℤ2,+∞ ∪{+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼 with right-sided
𝛼-Stieltjes parametrization (𝑄𝑗)

𝜅
𝑗=0. For all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅− 1,

𝑠𝛼⊳2𝑘+1 − Λ𝛼⊳𝑘 = 𝑄2𝑘+2 + (𝛼𝐼𝑞 +𝑄2𝑘+1𝑄†
2𝑘)𝑄2𝑘+1.

Proof. We have

𝑄2 + (𝛼𝐼𝑞 +𝑄1𝑄†
0)𝑄1 = 𝐿1 + (𝛼𝐼𝑞 + 𝐿𝛼⊳0𝐿†

0)𝐿𝛼⊳0

= (𝑠2 − 𝑧1,1𝐻†
0𝑦1,1) + (𝛼𝐼𝑞 + 𝑠𝛼⊳0𝑠†0)𝑠𝛼⊳0

= (𝑠2 − 𝑠1𝑠†0𝑠1) +
[
𝛼𝐼𝑞 + (−𝛼𝑠0 + 𝑠1)𝑠

†
0

]
(−𝛼𝑠0 + 𝑠1)

= 𝑠2 − 𝑠1𝑠†0𝑠1 − 𝛼2𝑠0 + 𝛼𝑠1 + 𝛼2𝑠0𝑠†0𝑠0 − 𝛼𝑠0𝑠†0𝑠1 − 𝛼𝑠1𝑠†0𝑠0 + 𝑠1𝑠†0𝑠1

= 𝑠2 − 𝑠1𝑠†0𝑠1 − 𝛼2𝑠0 + 𝛼𝑠1 + 𝛼2𝑠0 − 𝛼𝑠1 − 𝛼𝑠1 + 𝑠1𝑠†0𝑠1 = −𝛼𝑠1 + 𝑠2 = 𝑠𝛼⊳1

= 𝑠𝛼⊳1 − Λ𝛼⊳0,

where the 1st equation is due to Definition 4.2, the 2nd equation is due to (2.5), the
3rd equation is due to (2.2), (1.2) and (2.1), the 6th equation is due to (𝑠𝑗)

𝜅
𝑗=0 ∈

𝒦≥
𝑞,𝜅,𝛼, 𝜅 ≥ 2, part (c) of Lemma 2.9 and parts (c) and (b) of Lemma A.1, the

7th equation is due to (2.1), and the 8th equation is due to (3.4). Now suppose 𝜅 ≥
4 and let 𝑘 ∈ ℕ with 2𝑘+2 ≤ 𝜅. Since (𝑠𝑗)

𝜅
𝑗=0 belongs to 𝒦≥

𝑞,𝜅,𝛼, we have (𝑠𝑗)
2𝑘+2
𝑗=0 ∈

𝒦≥
𝑞,2𝑘+2,𝛼 and hence (𝑠𝑗)

2𝑘+1
𝑗=0 ∈ 𝒦≥,e

𝑞,2𝑘+1,𝛼, which, because of Lemma 2.10, implies

(𝑠𝛼⊳𝑗)
2𝑘
𝑗=0 ∈ ℋ≥,e

𝑞,2𝑘. From Remark 6.3 we obtain then

Λ𝛼⊳𝑘 = 𝑀𝛼⊳𝑘 + 𝐿𝛼⊳𝑘𝐿
†
𝛼⊳𝑘−1(𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1). (6.22)

Because of (𝑠𝑗)
2𝑘+2
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+2,𝛼 we have (𝑠𝑗)
2𝑘+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+1,𝛼 ∩ 𝒦≥,e
𝑞,2𝑘+1,𝛼. From

Lemma 2.17 we obtain that 𝒩 (𝐿𝑘) ⊆ 𝒩 (𝐿𝛼⊳𝑘), which, in view of part (b) of
Lemma A.1, implies

𝐿𝛼⊳𝑘𝐿
†
𝑘𝐿𝑘 = 𝐿𝛼⊳𝑘. (6.23)
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Because of (𝑠𝑗)
2𝑘+2
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+2,𝛼, we have (𝑠𝑗)
2𝑘+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+1,𝛼, which, because of
Proposition 6.5, implies

𝐿𝛼⊳𝑘 = (𝑠2𝑘+1 −𝑀𝑘)− 𝐿𝑘

[
𝛼𝐼𝑞 + 𝐿†

𝛼⊳𝑘−1(𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1)
]

. (6.24)

Since (𝑠𝑗)
2𝑘+2
𝑗=0 belongs to 𝒦≥

𝑞,2𝑘+2,𝛼, from Proposition 6.4 we have

𝐿𝑘+1 = (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘)− 𝐿𝛼⊳𝑘𝐿
†
𝑘(𝑠2𝑘+1 −𝑀𝑘). (6.25)

Finally, we obtain

𝑠𝛼⊳2𝑘+1 − Λ𝛼⊳𝑘 = (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘)− (Λ𝛼⊳𝑘 −𝑀𝛼⊳𝑘)

= (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘)− 𝐿𝛼⊳𝑘𝐿
†
𝛼⊳𝑘−1(𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1)

= (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘)− 𝐿𝛼⊳𝑘𝐿
†
𝑘𝐿𝑘𝐿

†
𝛼⊳𝑘−1(𝑠𝛼⊳2𝑘−1 −𝑀𝛼⊳𝑘−1)

= (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘) + 𝐿𝛼⊳𝑘𝐿
†
𝑘 [𝐿𝛼⊳𝑘 − (𝑠2𝑘+1 −𝑀𝑘) + 𝛼𝐿𝑘]

= (𝑠𝛼⊳2𝑘+1 −𝑀𝛼⊳𝑘)− 𝐿𝛼⊳𝑘𝐿
†
𝑘(𝑠2𝑘+1 −𝑀𝑘) + 𝛼𝐿𝛼⊳𝑘𝐿

†
𝑘𝐿𝑘 + 𝐿𝛼⊳𝑘𝐿

†
𝑘𝐿𝛼⊳𝑘

= 𝐿𝑘+1 + 𝛼𝐿𝛼⊳𝑘 + 𝐿𝛼⊳𝑘𝐿
†
𝑘𝐿𝛼⊳𝑘 = 𝐿𝑘+1 + (𝛼𝐼𝑞 + 𝐿𝛼⊳𝑘𝐿

†
𝑘)𝐿𝛼⊳𝑘

= 𝑄2𝑘+2 + (𝛼𝐼𝑞 +𝑄2𝑘+1𝑄†
2𝑘)𝑄2𝑘+1,

where the 2nd equation is due to (6.22), the 3rd equation is due to (6.23), the
4th equation is due to (6.24), the 6th equation is due to (6.25) and (6.23), and the
8th equation is due to Definition 4.2. □
Theorem 6.20. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℤ3,+∞∪{+∞}, and (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. Let (𝑄𝑗)
𝜅
𝑗=0 be

the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0 and let [(𝐸𝑘)

⌊𝜅−1
2 ⌋

𝑘=1 , (𝐹𝑘)
⌊ 𝜅−1

2 ⌋
𝑘=0 ]

be the canonical Hankel parametrization of (𝑠𝛼⊳𝑗)
2⌊ 𝜅−1

2 ⌋
𝑗=0 . Then

𝐸𝑘 = 𝑄2𝑘 + (𝛼𝐼𝑞 +𝑄2𝑘−1𝑄†
2𝑘−2)𝑄2𝑘−1

for all 𝑘 ∈ ℕ with 2𝑘 + 1 ≤ 𝜅 and 𝐹𝑘 = 𝑄2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Proof. Use Definition 3.2, Lemma 6.19, and Definition 4.2. □
Let 𝑠0 and the canonical Hankel parametrization of (𝑠𝛼⊳𝑗)

2𝜅
𝑗=0 be given, then

we will show that the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
2𝜅+1
𝑗=0 ∈𝒦≥

𝑞,2𝜅+1,𝛼

can be computed recursively. To realize this aim, we need the following auxiliary
result.

Lemma 6.21. Let 𝛼 ∈ ℝ, 𝜅 ∈ ℕ0 ∪ {+∞}, and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. Let (𝑄𝑗)
𝜅
𝑗=0 be

the right-sided 𝛼-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0. Then

𝑄2𝑘 =

{
𝑠0 if 𝑘 = 0

𝑠𝛼⊳2𝑘−1 − Λ𝛼⊳𝑘−1 − (𝛼𝐼𝑞 + 𝐿𝛼⊳𝑘−1𝑄†
2𝑘−2)𝐿𝛼⊳𝑘−1 if 𝑘 ≥ 1

for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅.

Proof. Use Definition 4.2 and Lemma 6.19. □
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Proposition 6.22. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)
2𝜅+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅+1,𝛼, and

let [(𝐸𝑘)
𝜅
𝑘=1, (𝐹𝑘)

𝜅
𝑘=0] be the canonical Hankel parametrization of (𝑠𝛼⊳𝑗)

2𝜅
𝑗=0. Then

the right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
2𝜅+1
𝑗=0 of (𝑠𝑗)

2𝜅+1
𝑗=0 is given by the

recurrence formulas

𝑄2𝑘 =

{
𝑠0 if 𝑘 = 0

𝐸𝑘 − (𝛼𝐼𝑞 + 𝐹𝑘−1𝑄†
2𝑘−2)𝐹𝑘−1 if 𝑘 ≥ 1

for all 𝑘 ∈ ℤ0,𝜅 and by 𝑄2𝑘+1 = 𝐹𝑘 for all 𝑘 ∈ ℤ0,𝜅.

Proof. Use Lemma 6.21, Definition 3.2 and Remark 6.1. □

Corollary 6.23. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, and let (𝑠𝑗)
2𝜅+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝜅+1,𝛼

with right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
2𝜅+1
𝑗=0 . Let [(𝐸𝑘)

𝜅
𝑘=1, (𝐹𝑘)

𝜅
𝑘=0] be

the canonical Hankel parametrization of (𝑠𝛼⊳𝑗)
2𝜅
𝑗=0. Then:

(a) 𝐸𝑘 − 𝛼𝐹𝑘−1 ≥ 𝑄2𝑘 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℤ1,𝜅.
(b) 𝒩 (𝐸𝑘 − 𝛼𝐹𝑘−1) ⊆ 𝒩 (𝑄2𝑘) and ℛ(𝑄2𝑘) ⊆ ℛ(𝐸𝑘 − 𝛼𝐹𝑘−1) for all 𝑘 ∈ ℤ1,𝜅.
(c) 0 ≤ det𝑄2𝑘 ≤ det(𝐸𝑘 − 𝛼𝐹𝑘−1) and rank𝑄2𝑘 ≤ rank(𝐸𝑘 − 𝛼𝐹𝑘−1) for all

𝑘 ∈ ℤ1,𝜅.
(d) 0 ≤ det𝐻𝑛 ≤ (det 𝑠0)

∏𝑛
𝑘=1 det(𝐸𝑘 − 𝛼𝐹𝑘−1) and rank𝐻𝑛 ≤ rank 𝑠0 +∑𝑛

𝑘=1 rank(𝐸𝑘 − 𝛼𝐹𝑘−1) for all 𝑛 ∈ ℤ1,𝜅.

Proof. From [13, Proposition 2.30] and [15, Proposition 2.15] we know that (𝐸𝑘)
𝜅
𝑘=1

and (𝐹𝑘)
𝜅
𝑘=0 are sequences of Hermitian matrices.

(a) According to part (b) of Theorem 4.12, we have 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for all 𝑗 ∈

ℤ0,2𝜅+1, which, in view of Proposition 6.22, for all 𝑘 ∈ ℤ1,𝜅, implies

𝐸𝑘 − 𝛼𝐹𝑘−1 = 𝑄2𝑘 + 𝐹𝑘−1𝑄†
2𝑘−2𝐹𝑘−1

= 𝑄2𝑘 +𝑄2𝑘−1𝑄†
2𝑘−2𝑄2𝑘−1

= 𝑄2𝑘 +𝑄∗
2𝑘−1𝑄†

2𝑘−2𝑄2𝑘−1 ≥ 𝑄2𝑘 ≥ 0𝑞×𝑞.
(b), (c) Use (a).

(d) Use Lemma 4.11, Definition 4.2, and (c). □

Corollary 6.24. Let 𝛼∈ [0,+∞), let 𝜅∈ℕ∪{+∞}, and let (𝑠𝑗)
2𝜅+1
𝑗=0 ∈𝒦≥

𝑞,2𝜅+1,𝛼 with

right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
2𝜅+1
𝑗=0 . Further, let [(𝐸𝑘)

𝜅
𝑘=1,(𝐹𝑘)

𝜅
𝑘=0] be

the canonical Hankel parametrization of (𝑠𝛼⊳𝑗)
2𝜅
𝑗=0. Then:

(a) 𝐸𝑘 ≥ 𝑄2𝑘 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℤ1,𝜅.
(b) 𝒩 (𝐸𝑘) ⊆ 𝒩 (𝑄2𝑘) and ℛ(𝑄2𝑘) ⊆ ℛ(𝐸𝑘) for all 𝑘 ∈ ℤ1,𝜅.
(c) 0 ≤ det𝑄2𝑘 ≤ det𝐸𝑘 and rank𝑄2𝑘 ≤ rank𝐸𝑘 for all 𝑘 ∈ ℤ1,𝜅.
(d) 0 ≤ det𝐻𝑛 ≤ (det 𝑠0)

∏𝑛
𝑘=1 det𝐸𝑘 and rank𝐻𝑛 ≤ rank 𝑠0 +

∑𝑛
𝑘=1 rank𝐸𝑘

for all 𝑛 ∈ ℤ1,𝜅.
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Proof. (a) According to part (b) of Theorem 4.12, we have 𝑄𝑗 ∈ ℂ
𝑞×𝑞
≥ for all

𝑗 ∈ ℤ0,2𝜅+1, which, in view of Proposition 6.22 and 𝛼 ∈ [0,+∞), implies
𝐸𝑘 = 𝑄2𝑘 + (𝛼𝐼𝑞 + 𝐹𝑘−1𝑄†

2𝑘−2)𝐹𝑘−1

= 𝑄2𝑘 + 𝛼𝑄2𝑘−1 +𝑄∗
2𝑘−1𝑄†

2𝑘−2𝑄2𝑘−1 ≥ 𝑄2𝑘 ≥ 0𝑞×𝑞
for all 𝑘 ∈ ℤ1,𝜅.

(b), (c) Use (a).
(d) Use Lemma 4.11, Definition 4.2, and (c). □

7. Connection between right 𝜶- and right 𝜷-Stieltjes
parametrizations

In this section, we consider a fixed 𝛼 ∈ ℝ, a fixed 𝛽 ∈ [𝛼,+∞) and a sequence
(𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 . First we will verify that (𝑠𝑗)
𝜅
𝑗=0 belongs to 𝒦≥

𝑞,𝜅,𝛼, too. After-
wards, we will study interrelations between the right-sided 𝛼-Stieltjes parametri-
zation and the right-sided 𝛽-Stieltjes parametrization of (𝑠𝑗)

𝜅
𝑗=0.

Remark 7.1. Let 𝛼 ∈ ℝ, 𝛽 ∈ [𝛼,+∞), and 𝜅 ∈ ℕ0 ∪ {+∞}. Then by inspection of
the corresponding block Hankel matrices it is readily checked that 𝒦≥

𝑞,𝜅,𝛽 ⊆ 𝒦≥
𝑞,𝜅,𝛼.

If the given real numbers 𝛼 and 𝛽 fulfill 𝛼 ≤ 𝛽 and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 , then the

right-sided 𝛽-Stieltjes parametrization of (𝑠𝑗)
𝜅
𝑗=0 and the right-sided 𝛼-Stieltjes

parametrization of (𝑠𝑗)
𝜅
𝑗=0 are connected recursively.

Proposition 7.2. Let 𝛼 ∈ ℝ, 𝛽 ∈ [𝛼,+∞), 𝜅 ∈ ℕ0∪{+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 with

right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0 and right-sided 𝛽-Stieltjes para-

metrization (𝑅𝑗)
𝜅
𝑗=0. Then 𝑄2𝑘 = 𝑅2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and

𝑄2𝑘+1 ≥ (𝛽 − 𝛼)𝑅2𝑘 +𝑅2𝑘+1

for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

Proof. From Definition 4.2 we get 𝑄2𝑘 = 𝐿𝑘 = 𝑅2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅.
Now suppose 𝜅 ≥ 1 and let 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅. For all 𝑗 ∈ ℤ0,2𝑘, let
𝑡𝑗 := (𝛽 − 𝛼)𝑠𝑗 . According to (2.1), we get for all 𝑗 ∈ ℤ0,2𝑘 that

𝑠𝛼⊳𝑗 = −𝛼𝑠𝑗 + 𝑠𝑗+1 = (𝛽 − 𝛼)𝑠𝑗 + (−𝛽𝑠𝑗 + 𝑠𝑗+1) = 𝑡𝑗 + 𝑠𝛽⊳𝑗 ,

which in view of (1.2) implies

𝐻𝛼⊳𝑘 = 𝐻
⟨𝑡⟩
𝑘 +𝐻𝛽⊳𝑘. (7.1)

Because of (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 and 2𝑘 + 1 ≤ 𝜅, we have (𝑠𝑗)
2𝑘+1
𝑗=0 ∈ 𝒦≥

𝑞,2𝑘+1,𝛽 and

hence {(𝑠𝑗)2𝑘𝑗=0, (𝑠𝛽⊳𝑗)
2𝑘
𝑗=0} ⊆ ℋ≥

𝑞,2𝑘, i.e., 𝐻𝑘 ∈ ℂ
(𝑘+1)𝑞×(𝑘+1)𝑞
≥ and

𝐻𝛽⊳𝑘 ∈ ℂ
(𝑘+1)𝑞×(𝑘+1)𝑞
≥ . (7.2)
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According to (1.2), we get 𝐻
⟨𝑡⟩
𝑘 = (𝛽 − 𝛼)𝐻𝑘, which, in view of 𝛽 − 𝛼 ∈ [0,+∞)

and 𝐻𝑘 ∈ ℂ
(𝑘+1)𝑞×(𝑘+1)𝑞
≥ , implies

𝐻
⟨𝑡⟩
𝑘 ∈ ℂ

(𝑘+1)𝑞×(𝑘+1)𝑞
≥ . (7.3)

In view of (7.3), (7.2), and (7.1), the application of [15, Lemma 4.21 (b)] yields

𝐿𝛼⊳𝑘 ≥ 𝐿
⟨𝑡⟩
𝑘 +𝐿𝛽⊳𝑘. Moreover, from (7.3) we know 𝐿

⟨𝑡⟩
𝑘 ∈ ℂ

𝑞×𝑞
≥ , and from (2.5) we

get 𝐿
⟨𝑡⟩
𝑘 = (𝛽−𝛼)𝐿𝑘. Finally, we obtain 𝐿𝛼⊳𝑘 ≥ 𝐿

⟨𝑡⟩
𝑘 +𝐿𝛽⊳𝑘 = (𝛽−𝛼)𝐿𝑘+𝐿𝛽⊳𝑘 ≥

𝐿𝛽⊳𝑘, which in view of Definition 4.2 implies the asserted inequalities. □

Corollary 7.3. Let 𝛼 ∈ ℝ, 𝛽 ∈ (𝛼,+∞), 𝜅 ∈ ℕ ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 with

right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0 and right-sided 𝛽-Stieltjes para-

metrization (𝑅𝑗)
𝜅
𝑗=0. Then:

(a) 𝑄2𝑘+1 ≥ (𝛽 − 𝛼)𝑅2𝑘 ≥ 0𝑞×𝑞 and 𝑄2𝑘+1 ≥ 𝑅2𝑘+1 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℕ0 with
2𝑘 + 1 ≤ 𝜅.

(b) 𝒩 (𝑄2𝑘+1) ⊆ 𝒩 (𝑅2𝑘) ∩ 𝒩 (𝑅2𝑘+1) and ℛ(𝑅2𝑘1) ∪ℛ(𝑅2𝑘+1) ⊆ ℛ(𝑄2𝑘+1) for
all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

(c) 0 ≤ (𝛽 − 𝛼)𝑞 det𝑅2𝑘 ≤ det𝑄2𝑘+1, 0 ≤ det𝑅2𝑘+1 ≤ det𝑄2𝑘+1, rank𝑅2𝑘 ≤
rank𝑄2𝑘+1, and rank𝑅2𝑘+1 ≤ rank𝑄2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.

(d) 𝐻𝛼⊳𝑛 ≥ (𝛽 − 𝛼)𝐻𝑛 ≥ 0𝑞×𝑞 and 𝐻𝛼⊳𝑛 ≥ 𝐻𝛽⊳𝑛 ≥ 0𝑞×𝑞 for all 𝑛 ∈ ℕ0 with
2𝑛+ 1 ≤ 𝜅.

Proof. (a) According to part (b) of Theorem 4.12, we have 𝑅𝑗 ∈ ℂ
𝑞×𝑞
≥ for all

𝑗 ∈ ℤ0,𝜅, which, in view of Proposition 7.2 and 𝛽 − 𝛼 ∈ (0,+∞), implies (a).
Parts (b) and (c) follow from (a). Part (d) is obvious. □

Corollary 7.4. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ ∪ {+∞}, let (𝑠𝑗)𝜅𝑗=0 ∈ 𝒦≥
𝑞,𝜅,𝛼 with right-sided

𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0, and let 𝜖 ∈ (0,+∞) be such that (𝑠𝑗)

𝜅
𝑗=0 ∈

𝒦≥
𝑞,𝜅,𝛼+𝜖. Then:

(a) 𝑄2𝑘+1 ≥ 𝜖𝑄2𝑘 ≥ 0𝑞×𝑞 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.
(b) 𝒩 (𝑄2𝑘) = 𝒩 (𝑄2𝑘+1) and ℛ(𝑄2𝑘+1) = ℛ(𝑄2𝑘) for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤

𝜅− 1.
(c) 0 ≤ det𝑄2𝑘 ≤ 𝜖−𝑞 det𝑄2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅.
(d) rank𝑄2𝑘 = rank𝑄2𝑘+1 for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅− 1.
(e) 0 ≤ det𝐻𝑛 ≤ 𝜖

−(𝑛+1)(𝑛+2)𝑞
2 det𝐻𝛼⊳𝑛 for all 𝑛 ∈ ℕ0 with 2𝑛+ 1 ≤ 𝜅.

(f) rank𝐻𝑛 = rank𝐻𝛼⊳𝑛 for all 𝑛 ∈ ℕ0 with 2𝑛+ 1 ≤ 𝜅− 1.
Proof. (a) Let 𝛽 := 𝛼 + 𝜖. From Proposition 7.2 (with the notation used there)
we get that 𝑄2𝑘 = 𝑅2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅, which, in view of part (a) of
Corollary 7.3, implies (a).

(b) Since 𝜖 ∈ (0,+∞) is assumed, (a) yields 𝒩 (𝑄2𝑘+1) ⊆ 𝒩 (𝜖𝑄2𝑘) = 𝒩 (𝑄2𝑘)
for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, which, in view of part (b) of Theorem 4.12,
implies (b).

(c) Use (a).
(d) This follows from (b).
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(e) Use Lemma 4.11 and (c).

(f) This is a consequence of Lemma 4.11 and (d). □

Proposition 7.5. Let 𝛼 ∈ ℝ, 𝛽 ∈ [𝛼,+∞), 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽.

Then the right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0 of (𝑠𝑗)

𝜅
𝑗=0 is given in

terms of the right-sided 𝛽-Stieltjes parametrization (𝑅𝑗)
𝜅
𝑗=0 of (𝑠𝑗)

𝜅
𝑗=0 by 𝑄2𝑘 =

𝑅2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and, in the case 𝜅 ≥ 1, by the recurrence formulas

𝑄2𝑘+1 = 𝑅2𝑘+1 +
[
(𝛽 − 𝛼)𝐼𝑞 +𝑅2𝑘(𝑅

†
2𝑘−1 −𝑄†

2𝑘−1)
]

𝑅2𝑘 (7.4)

for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, where 𝑄−1 := 0𝑞×𝑞 and 𝑅−1 := 0𝑞×𝑞.

Proof. From Definition 4.2 we get 𝑄2𝑘 = 𝐿𝑘 = 𝑅2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅.
Now suppose 𝜅 ≥ 1 and let 𝑘 ∈ ℕ0 be such that 2𝑘 + 1 ≤ 𝜅. From Remark 7.1
we get (𝑠𝑗)

𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛼. Because of Lemma 6.9, we have then (6.21). According

to (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽 and Lemma 6.7, we get 𝑠1 − Λ0 = 𝑅1 + 𝛽𝑅0 and, if 𝑘 ≥ 1,

furthermore, 𝑠2𝑘+1 − Λ𝑘 = 𝑅2𝑘+1 + (𝛽𝐼𝑞 + 𝑅2𝑘𝑅
†
2𝑘−1)𝑅2𝑘. Definition 4.2 yields

𝑅2𝑘 = 𝐿𝑘. Thus, (7.4) is obtained by substituting the last equations into (6.21).
□

Proposition 7.6. Let 𝛼 ∈ ℝ, 𝛽 ∈ [𝛼,+∞), 𝜅 ∈ ℕ0 ∪ {+∞} and (𝑠𝑗)
𝜅
𝑗=0 ∈ 𝒦≥

𝑞,𝜅,𝛽.

Then the right-sided 𝛽-Stieltjes parametrization (𝑅𝑗)
𝜅
𝑗=0 of (𝑠𝑗)

𝜅
𝑗=0 is given in

terms of the right-sided 𝛼-Stieltjes parametrization (𝑄𝑗)
𝜅
𝑗=0 of (𝑠𝑗)

𝜅
𝑗=0 by 𝑅2𝑘 =

𝑄2𝑘 for all 𝑘 ∈ ℕ0 with 2𝑘 ≤ 𝜅 and in the case 𝜅 ≥ 1 by the recurrence formulas

𝑅2𝑘+1 = 𝑄2𝑘+1 −
[
(𝛽 − 𝛼)𝐼𝑞 +𝑄2𝑘(𝑅

†
2𝑘−1 −𝑄†

2𝑘−1)
]

𝑄2𝑘

for all 𝑘 ∈ ℕ0 with 2𝑘 + 1 ≤ 𝜅, where 𝑄−1 := 0𝑞×𝑞 and 𝑅−1 := 0𝑞×𝑞.

Proof. Use Proposition 7.5. □

Appendix A. Moore-Penrose inverse

If 𝐴 ∈ ℂ𝑝×𝑞, then the Moore-Penrose inverse 𝐴† of 𝐴 is the unique complex
𝑞 × 𝑝 matrix 𝐺 which fulfills the four equations 𝐴𝐺𝐴 = 𝐴, 𝐺𝐴𝐺 = 𝐺, (𝐴𝐺)∗ =
𝐴𝐺, and (𝐺𝐴)∗ = 𝐺𝐴.

Lemma A.1. Let 𝐴 ∈ ℂ𝑝×𝑞 and 𝑟, 𝑠 ∈ ℕ. Then:

(a) (𝐴†)† = 𝐴, (𝐴†)∗ = (𝐴∗)†, ℛ(𝐴†) = ℛ(𝐴∗) and 𝒩 (𝐴†) = 𝒩 (𝐴∗).
(b) Let 𝐵 ∈ ℂ𝑟×𝑞. Then 𝒩 (𝐴) ⊆ 𝒩 (𝐵) if and only if 𝐵𝐴†𝐴 = 𝐵.
(c) Let 𝐶 ∈ ℂ

𝑝×𝑠. Then ℛ(𝐶) ⊆ ℛ(𝐴) if and only if 𝐴𝐴†𝐶 = 𝐶.
(d) If 𝑈 ∈ ℂ𝑟×𝑝 with 𝑈∗𝑈 = 𝐼𝑝 and if 𝑉 ∈ ℂ𝑞×𝑠 with 𝑉 𝑉 ∗ = 𝐼𝑞, then (𝑈𝐴𝑉 )† =

𝑉 ∗𝐴†𝑈∗.

Lemma A.1 is well known and the corresponding proof is straightforward.
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Appendix B. Some considerations on non-negative Hermitian
measures

Let 𝔅ℂ be the set of all Borel subsets of ℂ. If (Ω,𝔄) is a measurable space, then
letℳ𝑞

≥(Ω,𝔄) be the set of all non-negative Hermitian 𝑞 × 𝑞 measures on (Ω,𝔄).

Proposition B.1. Let (Ω,𝔄) and (Ω̃, 𝔄̃) be measurable spaces and 𝜇 ∈ ℳ𝑞
≥(Ω,𝔄).

Furthermore, let 𝑇 : Ω → Ω̃ be an 𝔄-𝔄̃-measurable mapping. Then 𝑇 (𝜇) : 𝔄̃ →
ℂ𝑞×𝑞 defined by [𝑇 (𝜇)](𝐴) := 𝜇(𝑇−1(𝐴)) is a non-negative Hermitian measure

which belongs to ℳ𝑞
≥(Ω̃, 𝔄̃). Furthermore, if 𝑓 : Ω̃ → ℂ is an 𝔄̃-𝔅ℂ-measurable

mapping, then

𝑓 ∈ ℒ1
(
Ω̃, 𝔄̃, 𝑇 (𝜇);ℂ

)
(B.1)

if and only if

𝑓 ∘ 𝑇 ∈ ℒ1(Ω,𝔄, 𝜇;ℂ). (B.2)

If 𝑓 belongs to ℒ1(Ω̃, 𝔄̃, 𝑇 (𝜇);ℂ), then∫
𝐴

𝑓d [𝑇 (𝜇)] =

∫
𝑇−1(𝐴)

(𝑓 ∘ 𝑇 )d𝜇 for all 𝐴 ∈ 𝔄̃. (B.3)

Proof. Obviously, 𝜇̃ := 𝑇 (𝜇) belongs to ℳ𝑞
≥(Ω̃, 𝔄̃). Let 𝑓 : Ω̃ → ℂ be an

𝔄̃-𝔅ℂ-measurable mapping. According to [16, Lemma B.1], condition (B.1) holds
true if and only if the following statement is fulfilled:

(I) For each 𝑣 ∈ ℂ𝑞, the function 𝑓 belongs to ℒ1(Ω̃, 𝔄̃, 𝑣∗[𝑇 (𝜇)]𝑣;ℂ).

Since

𝑇 (𝑣∗𝜇𝑣) = 𝑣∗ [𝑇 (𝜇)] 𝑣 (B.4)

holds true for each 𝑣 ∈ ℂ𝑞, from [8, Proposition 2.6.5] we see that (I) is equivalent
to:

(II) For each 𝑣 ∈ ℂ𝑞, the function 𝑓 ∘ 𝑇 belongs to ℒ1(Ω,𝔄, 𝑣∗𝜇𝑣;ℂ).

Using [16, Lemma B.1], we get that (II) is fulfilled if and only if (B.2) is true.

For each 𝑗 ∈ ℤ1,𝑞, let 𝑒𝑗 := [𝛿𝑗1, 𝛿𝑗2, . . . , 𝛿𝑗𝑞], where 𝛿𝑗𝑘 := 1 for 𝑗 = 𝑘
and 𝛿𝑗𝑘 := 0 for 𝑗 ∕= 𝑘. Furthermore, for each 𝑗 ∈ ℤ1,𝑞 and each 𝑘 ∈ ℤ1,𝑞, let

𝑣
(0)
𝑗𝑘 :=

1
2 (𝑒𝑗 + 𝑒𝑘), 𝑣

(1)
𝑗𝑘 :=

1
2 (𝑒𝑗 − i𝑒𝑘), 𝑣

(2)
𝑗𝑘 :=

1
2 (𝑒𝑗 − 𝑒𝑘), and 𝑣

(3)
𝑗𝑘 :=

1
2 (𝑒𝑗 + i𝑒𝑘).

We consider an arbitrary 𝑓 ∈ ℒ1(Ω̃, 𝔄̃, 𝑇 (𝜇);ℂ) and an arbitrary 𝐴 ∈ 𝔄̃. For
every choice of 𝑗 and 𝑘 in ℤ1,𝑞, from [9, Remark 1.1.1], [16, Lemma B.3], (B.4),



248 B. Fritzsche, B. Kirstein and C. Mädler

and [8, Proposition 2.6.5] we then get

𝑒∗𝑗

(∫
𝑇−1(𝐴)

𝑓d [𝑇 (𝜇)]

)
𝑒𝑘 =

3∑
𝑙=0

i𝑙(𝑣
(𝑙)
𝑗𝑘 )

∗
(∫

𝑇−1(𝐴)

𝑓d [𝑇 (𝜇)]

)
𝑣

(𝑙)
𝑗𝑘

=

3∑
𝑙=0

i𝑙
∫
𝑇−1(𝐴)

𝑓d
(
(𝑣

(𝑙)
𝑗𝑘 )

∗ [𝑇 (𝜇)] 𝑣(𝑙)
𝑗𝑘

)
=

3∑
𝑙=0

i𝑙
∫
𝑇−1(𝐴)

𝑓d
[
𝑇
(
(𝑣

(𝑙)
𝑗𝑘 )

∗𝜇𝑣
(𝑙)
𝑗𝑘

)]
=

3∑
𝑙=0

i𝑙
∫
𝐴

(𝑓 ∘ 𝑇 )d
[
(𝑣

(𝑙)
𝑗𝑘 )

∗𝜇𝑣
(𝑙)
𝑗𝑘

]
=

3∑
𝑙=0

i𝑙(𝑣
(𝑙)
𝑗𝑘 )

∗
[∫
𝐴

(𝑓 ∘ 𝑇 )d𝜇

]
𝑣

(𝑙)
𝑗𝑘

= 𝑒∗𝑗

[∫
𝐴

(𝑓 ∘ 𝑇 )d𝜇

]
𝑒𝑘.

Consequently, (B.3) is also proved. □
For all subsets Ω of ℂ, let Ω̌ := {−𝜔 : 𝜔 ∈ Ω}. Furthermore for all Ω ∈ 𝔅ℝ∖{∅}

and all 𝜇 ∈ℳ𝑞
≥(Ω), let 𝜇̌ be the image measure of 𝜇 under the mapping 𝑟 : Ω→ Ω̌

defined by 𝑟(𝑡) := −𝑡.

Lemma B.2. Let Ω be a non-empty subset of ℝ, let 𝜇 ∈ ℳ𝑞
≥(Ω), and let 𝜅 ∈

ℕ0 ∪ {+∞}. Then 𝜇 ∈ ℳ𝑞
≥,𝜅(Ω) if and only if 𝜇̌ ∈ ℳ𝑞

≥,𝜅(Ω̌) and, in this case,

𝑠
(𝜇̌)
𝑗 = (−1)𝑗𝑠(𝜇)

𝑗 for all 𝑗 ∈ ℤ0,𝜅.

Proof. Use Proposition B.1. □
Lemma B.3. Let 𝛼 ∈ ℝ, let 𝜅 ∈ ℕ0 ∪ {+∞}, let (𝑡𝑗)𝜅𝑗=0 be a sequence from ℂ𝑞×𝑞,
and let 𝜏 ∈ℳ𝑞

≥[(−∞, 𝛼]; (𝑡𝑗)
𝜅
𝑗=0,=]. Then 𝜏 ∈ ℳ𝑞

≥[[−𝛼,+∞); ((−1)𝑗𝑡𝑗)𝜅𝑗=0,=].

Proof. The proof consists of an application of Lemma B.2. □

References

[1] N.I. Akhiezer, Klassicheskaya problema momentov i nekotorye voprosy analiza,
svyazannye s neyu, Gosudarstv. Izdat. Fiz.-Mat. Lit., Moscow, 1961 (Russian); Eng-
lish transl., The classical moment problem and some related questions in analysis,
Translated by N. Kemmer, Hafner Publishing Co., New York, 1965. MR0154069 (27
#4028)

[2] V.A. Bolotnikov, Descriptions of solutions of a degenerate moment problem on the
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Stieltjes type moment problems, Complex Anal. Oper. Theory 4 (2010), no. 4, 905–
951, DOI 10.1007/s11785-009-0002-8. MR2735313 (2011i:44009)

[13] Yu.M. Dyukarev, B. Fritzsche, B. Kirstein, C. Mädler, and H.C. Thiele, On dis-
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Mathematisches Institut
Universität Leipzig
Augustusplatz 10/11
D-04109 Leipzig, Germany
e-mail: fritzsche@math.uni-leipzig.de

kirstein@math.uni-leipzig.de

maedler@math.uni-leipzig.de

http://oeis.org/A000108


Operator Theory:
Advances and Applications, Vol. 226, 251–300
c⃝ 2012 Springer Basel

On Maximal Weight Solutions of a Moment
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Abstract. We study some special solutions of a finite moment problem for
rational matrix functions. Roughly speaking, we discuss a family of molecular
non-negative Hermitian matrix-valued Borel measures on the unit circle with
a special structure. As one of the main results, we will see that each member
of this family offers an extremal property in the solution set of the moment
problem concerning the weight assigned to some point of the open unit disk.
Our approach uses the theory of orthogonal rational matrix functions.
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0. Introduction

The study of a moment problem for rational matrix functions, called Problem (R),
underlies the present paper. This problem can be regarded as a generalization of
the truncated trigonometric matrix moment problem (see Section 2 for the exact
formulation). In a certain way, we continue in this paper the investigations of [23]
and [24], where we began to explore some extremal questions within the solution
set of Problem (R) in the nondegenerate case. For an introduction to Problem (R)
and related topics we refer the reader to [17]–[19].

The considerations on Problem (R) are motivated by an extension of the
theory of orthogonal rational functions on the unit circle drawn up by Bultheel,
González-Vera, Hendriksen, and Nj̊astad in [8] (see also [5]–[7]) for the matrix case.
Thus, the investigations here are connected with those in [20], [21], and [34] as well.

As explained in [5], para-orthogonal rational (complex-valued) functions can
be used to obtain quadrature formulas on the unit circle. This can be done quite
similar to the classical case of polynomials pointed out by Jones, Nj̊astad, and

The third author’s research for this paper was supported by the German Research Foundation
(Deutsche Forschungsgemeinschaft) on badge LA 1386/3–1.

and
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Thron in [30]. In a sense, the treatments in [25] can be regarded as a first step
toward an implementation of this method to the case of rational matrix-valued
functions and the present work continues to build on this approach.

One of the central aims in [23] was to extend the construction of a particular
solution of Problem (R) stated in [17, Theorem 31] to a whole family of solutions.
In doing so, we have focussed on the nondegenerate case. Roughly speaking, this
means that the given moment matrixG in Problem (R) has to satisfy an additional
condition of regularity. In the present paper we will mostly assume that condition
as well. The set of particular solutions studied here features then formal structural
similarities to the family introduced in [23].

The family of solutions in [23] is parametrized by points 𝑤 of the open unit
disk of the complex plane which are not poles of the underlying rational matrix

functions. In [23] and [24] we have shown that each member 𝐹
(𝛼)
𝑛,𝑤 of this family

is extremal in several directions with respect to that point 𝑤 which plays the role
of the parameter. Moreover, in [24, Section 6] we have verified that the associ-
ated Riesz–Herglotz transform of the non-negative Hermitian matrix-valued Borel
measure 𝐹

(𝛼)
𝑛,𝑤 is a rational matrix function which can be expressed in terms of

orthogonal rational matrix functions on the unit circle. The paper on hand ties
directly in with this insight in a certain way. In fact, for the nondegenerate case,
the particular solutions analyzed below form a family of solutions of Problem (R),
where the elements of the associated family of Riesz–Herglotz transforms admit
similar representations. In contrast to [24, Section 6], instead of strictly contractive
matrices, now some special unitary matrices appear in these descriptions as pa-
rameters. In particular, we will determine which extremal properties these special
solutions of Problem (R) comprise.

An application of the theory of orthogonal rational matrix functions with
respect to a non-negative Hermitian matrix Borel measure on the unit circle will
be the basic strategy. The considerations below can be regarded as a generaliza-
tion of the investigations in [22, Section 9], where the Szegő theory of orthogonal
matrix polynomials is used to explore some extremal solutions of the matricial
Carathéodory problem. Effectively, we will see that larger parts of the results pre-
sented there can be extended to the studied moment problem for rational matrix
functions here. Beyond that, inspired by some thoughts in [12] and [35], we get
somewhat more insight on the extremality as in [22, Section 9].

Concerning the truncated trigonometric moment problem in the scalar case,
a result closely related to the extremal feature studied here was obtained by Gero-
nimus (see [27, Theorem 20.1]). From today’s point of view, these treatments of
Geronimus are connected with those of para-orthogonal polynomials on the unit
circle (see, e.g., [9], [28], [30], [40], and [41]). For a comprehensive exposition of
the discussion of extremal questions (similar to [27, Theorem 20.1]) associated
with several scalar power moment problems we refer to Krĕın [32, Section 2 in
Chapter I] as well as to Krĕın and Nudelman [33, Section 3 in Chapter III].

With a view to former considerations of extremal questions in the matrix case
like those in the present paper we turn to Arov [2], where underlying sets given by
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some specific linear fractional transformations were analyzed in this regard (see
also Sakhnovich [39], where another method is applied).

In comparison with the classical investigations, the matrix case is somewhat
more complicated. One of the main difficulties is as follows. The extremal prob-
lems in question offer in the scalar case solutions which are uniquely determined
(see, e.g., [22, Proposition 9.17]). This fact can be deduced, for instance, from ele-
mentary results on para-orthogonal polynomials on the unit circle. In the matrix
case, it is not that simple to see whether this uniqueness is available or not. In
fact, this matter is not discussed in [2] (or in [39] and [12]) and in [22] only some
special situations are mentioned, where uniqueness can be met. However, in [35]
it is shown that the uniqueness relating to this kind of extremal questions within
the solution set of the truncated trigonometric matrix moment problem for the
nondegenerate case applies. In keeping with that, in the present paper we will
verify a similar condition for uniqueness with respect to Problem (R).

The paper is organized as follows. For the reader’s convenience we recall
in Section 1 some notation which we have already used in previous papers on
rational matrix functions and which we will use in the following as well. We will
also review a characterization of the nondegenerate case from our former work (see
Theorem 1.1) which is fundamental for that which follows.

In Section 2 we turn to canonical solutions of Problem (R) which were in-
troduced in [25]. We first give in Section 2 the exact formulation of Problem (R)
and then we recall the notion of canonical solutions of Problem (R). Here, we will
concentrate on the nondegenerate case. In this case (cf. Theorem 2.1), the cano-
nical solutions of Problem (R) can be parametrized by the set of unitary matrices
(of appropriate size). The solutions 𝐹

(𝛼)
𝑛,𝑢 of Problem (R) which are of particular

interest in the present paper form a subclass of this parametrized family, where
points 𝑢 of the unit circle come into consideration as parameters.

The special solutions 𝐹
(𝛼)
𝑛,𝑢 concerning points 𝑢 of the unit circle will be in-

troduced in Section 3. By definition we will see that the family of these matrix
measures have formal structural similarities to the family of extremal solutions of
Problem (R) discussed in [24] and complete this family to a certain extent. We will

present some basic facts on 𝐹
(𝛼)
𝑛,𝑢 which are closely related to some on the extremal

solutions in [23] and [24]. However, there are also some essential contrasts (see,
e.g., Theorem 3.9 and Proposition 3.13).

In Section 4, we single out some features of 𝐹
(𝛼)
𝑛,𝑢 given by the exceptional

position in the whole family of canonical solutions of Problem (R). The main result

here (see Theorem 4.1) reveals conditions which can be used to characterize 𝐹
(𝛼)
𝑛,𝑢 .

We will also point out (cf. Proposition 4.15) that the solution 𝐹
(𝛼)
𝑛,𝑢 can be repre-

sented as the limit with respect to weak convergence of non-negative Hermitian
matrix measures and the family of extremal solutions studied in [23] and [24].

Finally, for the nondegenerate case, we explain in Sections 5 and 6 that cano-
nical solutions of Problem (R) comprise an extremal property within the solution
set concerning the values of singletons. In this context, we will verify that the
measure 𝐹

(𝛼)
𝑛,𝑢 has an exceptional position with respect to the point 𝑢 which plays
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the role of the parameter. More precisely, we will see that for each point 𝑢 of the
unit circle the measure 𝐹

(𝛼)
𝑛,𝑢 maximizes the value of the matrix 𝐹 ({𝑢}) with respect

to the Löwner semiordering of Hermitian matrices when 𝐹 varies over the solution
set of Problem (R) for the nondegenerate case. In the process, we will also realize
that 𝐹

(𝛼)
𝑛,𝑢 is the unique solution of this extremal question (see Theorem 5.5).
Since an application of results on orthogonal rational matrix functions is the

basic strategy, in keeping with [20] and [21] (see also [24]), we mostly focus on the
situation that the poles of the underlying rational matrix functions must be in a
sense in good position with respect to the unit circle. In particular, the measure
𝐹

(𝛼)
𝑛,𝑢 is exclusively well defined under this assumption. However, in Section 6 we
will also discuss the somewhat more general case, where it is only assumed that
the poles are not located on the unit circle. In fact, we will see that the maximal
weight task is essentially the same (see, e.g., Theorem 6.1 and Proposition 6.3).
We will also derive some conclusions from the above-mentioned extremal property
of canonical solutions of Problem (R). For instance, we will obtain a result which
shows some kind of universality concerning the pole location of the underlying
rational matrix functions (see Proposition 6.6).

1. Preliminaries

Let ℕ0 and ℕ be the set of all non-negative integers and the set of all positive
integers, respectively. For each 𝑘 ∈ ℕ0 and each 𝜏 ∈ ℕ0 or 𝜏 = +∞, let ℕ𝑘,𝜏 be
the set of all integers 𝑛 for which 𝑘 ≤ 𝑛 ≤ 𝜏 holds. Furthermore, let

𝔻 := {𝑤 ∈ ℂ : ∣𝑤∣ < 1} and 𝕋 := {𝑧 ∈ ℂ : ∣𝑧∣ = 1}
be the unit disk and the unit circle of the complex plane ℂ. The extended complex
plane ℂ ∪ {∞} will be designated by ℂ0.

Throughout this paper, let 𝑝 and 𝑞 be positive integers. If 𝔛 is a nonempty
set, then 𝔛𝑝×𝑞 stands for the set of all 𝑝× 𝑞 matrices each entry of which belongs
to 𝔛. If A ∈ ℂ𝑝×𝑞, then the null space (resp., the range) of a A will be designated
by 𝒩 (A) (resp., ℛ(A)), the notation A∗ means the adjoint matrix of A, and A+

stands for the Moore–Penrose inverse of A. For the null matrix which belongs
to ℂ

𝑝×𝑞 we will write 0𝑝×𝑞. The identity matrix that belongs to ℂ
𝑞×𝑞 will be

denoted by I𝑞. If A ∈ ℂ𝑞×𝑞, then detA is the determinant of A and ReA (resp.,
ImA) stands for the real (resp., imaginary) part of A, i.e., ReA := 1

2 (A +A∗)
(resp., ImA := 1

2i (A − A∗)). We will write A ≥ B (resp., A > B) when A
and B are Hermitian matrices (square and of the same size) such that A − B
is a non-negative (resp., positive) Hermitian matrix. Recall that a complex 𝑝 × 𝑞
matrix A is contractive (resp., strictly contractive) in the case of I𝑞 ≥ A∗A (resp.,

I𝑞 > A∗A). If A is a non-negative Hermitian matrix, then
√
A stands for the

(unique) non-negative Hermitian matrix B given by B2 = A.
Let 𝜏 ∈ ℕ or 𝜏 = +∞. Suppose that (𝛼𝑗)𝜏𝑗=1 is a sequence of numbers be-

longing to ℂ ∖ 𝕋 and 𝑛 ∈ ℕ0,𝜏 . For 𝑛 = 0, let 𝜋𝛼,0 be the constant function on ℂ0

with value 1 and ℛ𝛼,0 be the set of all constant complex-valued functions defined
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on ℂ0. Let ℙ𝛼,0 := ∅ and ℤ𝛼,0 := ∅. If 𝑛 ∈ ℕ, then let 𝜋𝛼,𝑛 : ℂ→ ℂ be defined by

𝜋𝛼,𝑛(𝑢) :=

𝑛∏
𝑗=1

(1− 𝛼𝑗𝑢)

and letℛ𝛼,𝑛 denote the set of all rational functions 𝑓 which admit a representation

𝑓 =
𝑝𝑛

𝜋𝛼,𝑛

with some polynomial 𝑝𝑛 : ℂ → ℂ of degree not greater than 𝑛. Furthermore
(using the convention 1

0
:=∞), let

ℙ𝛼,𝑛 :=

𝑛∪
𝑗=1

{
1

𝛼𝑗

}
and ℤ𝛼,𝑛 :=

𝑛∪
𝑗=1

{𝛼𝑗} .

Let 𝐹 ∈ℳ𝑞
≥(𝕋,𝔅𝕋), whereℳ𝑞

≥(𝕋,𝔅𝕋) stands for the set of all non-negative
Hermitian 𝑞 × 𝑞 measures defined on the 𝜎-algebra 𝔅𝕋 of all Borel subsets of 𝕋.
As already in [17], the right (resp., left) ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 will be equipped by(

𝑋, 𝑌
)
𝐹,𝑟
:=

∫
𝕋

(
𝑋(𝑧)
)∗

𝐹 (d𝑧)𝑌 (𝑧)(
resp.,

(
𝑋, 𝑌
)
𝐹,𝑙
:=

∫
𝕋

𝑋(𝑧)𝐹 (d𝑧)
(
𝑌 (𝑧)
)∗ )

for all 𝑋, 𝑌 ∈ ℛ𝑞×𝑞𝛼,𝑛 with a matrix-valued inner product. (For details on the inte-
gration theory with respect to non-negative Hermitian 𝑞× 𝑞 measures, we refer to
Kats [31] and Rosenberg [36]–[38].) Moreover, if (𝑋𝑘)

𝑛
𝑘=0 is a sequence of matrix-

valued functions which belong to the right (resp., left) ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 , then
we associate the non-negative Hermitian matrix

G
(𝐹 )
𝑋,𝑛 :=

(∫
𝕋

(
𝑋𝑗(𝑧)

)∗
𝐹 (d𝑧)𝑋𝑘(𝑧)

)𝑛
𝑗,𝑘=0(

resp., H
(𝐹 )
𝑋,𝑛 :=

(∫
𝕋

𝑋𝑗(𝑧)𝐹 (d𝑧)
(
𝑋𝑘(𝑧)

)∗)𝑛
𝑗,𝑘=0

)
.

Particular attention will be payed to the situation that some nondegeneracy
condition holds. Recall that a matrix measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) is called nonde-
generate of order 𝑛 if the block Toeplitz matrix

T(𝐹 )
𝑛 :=

(
c

(𝐹 )
𝑗−𝑘
)𝑛
𝑗,𝑘=0

is non-singular, where
c

(𝐹 )
ℓ :=

∫
𝕋

𝑧−ℓ𝐹 (d𝑧)

for some integer ℓ. We will write ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋) for the set of all 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋)
which are nondegenerate of order 𝑛.

The condition that 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) belongs to ℳ𝑞,𝑛

≥ (𝕋,𝔅𝕋) can be also

expressed in terms of G
(𝛼,𝐹 )
𝑋,𝑛 (resp., H

(𝛼,𝐹 )
𝑋,𝑛 ) for some 𝑋0, 𝑋1, . . . , 𝑋𝑛 ∈ ℛ𝑞×𝑞𝛼,𝑛 . In

this regard, we recall now a result which is taken from [18] (there, Theorem 5.6).
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Theorem 1.1. Let 𝐹 ∈ℳ𝑞
≥(𝕋,𝔅𝕋) and let 𝑛 ∈ ℕ0. Then the following statements

are equivalent:

(i) 𝐹 ∈ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋).

(ii) There exist a sequence (𝛼𝑗)
∞
𝑗=1 with 𝛼𝑗 ∈ ℂ ∖ 𝕋, 𝑗 ∈ ℕ, and a basis (𝑋𝑘)

𝑛
𝑘=0

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 such that the matrix G
(𝛼,𝐹 )
𝑋,𝑛 is non-singular.

(iii) There exist a sequence (𝛼𝑗)
∞
𝑗=1 with 𝛼𝑗 ∈ ℂ ∖ 𝕋, 𝑗 ∈ ℕ, and a basis (𝑌𝑘)

𝑛
𝑘=0

of the left ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 such that the matrix H
(𝛼,𝐹 )
𝑌,𝑛 is non-singular.

(iv) For each sequence (𝛼𝑗)
∞
𝑗=1 with 𝛼𝑗 ∈ ℂ∖𝕋, 𝑗 ∈ ℕ, every basis (𝑋𝑘)

𝑛
𝑘=0 of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 , and every basis (𝑌𝑘)
𝑛
𝑘=0 of the left ℂ𝑞×𝑞-module

ℛ𝑞×𝑞𝛼,𝑛 , the complex matrices G
(𝛼,𝐹 )
𝑋,𝑛 and H

(𝛼,𝐹 )
𝑌,𝑛 is positive Hermitian.

Let 𝐹 ∈ ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋). In view of Theorem 1.1 (cf. [18, Theorem 5.8]) and [17,

Theorem 10] one can see that by (ℛ𝑞×𝑞𝛼,𝑛 , (⋅, ⋅)𝐹,𝑟) a right (resp., by (ℛ𝑞×𝑞𝛼,𝑛 , (⋅, ⋅)𝐹,𝑙) a
left) ℂ𝑞×𝑞-Hilbert module with reproducing kernel 𝐾(𝛼,𝐹 )

𝑛;𝑟 (resp., 𝐾
(𝛼,𝐹 )
𝑛;𝑙 ) is given.

In doing so, along the lines of the classical theory of reproducing kernels which goes
back to the landmark paper [1] by Aronszajn, the machinery happens here in the
context of matrix functions (cf., e.g., [3], [4], [14], and [29]). The reproducing kernels
with respect to rational matrix functions under consideration were intensively
studied in [17], [19], and [20] (see also [23]). The relevant kernel is a mapping from
(ℂ0 ∖ℙ𝛼,𝑛)× (ℂ0 ∖ℙ𝛼,𝑛) into ℂ𝑞×𝑞. For each 𝑤 ∈ ℂ0 ∖ℙ𝛼,𝑛, let the matrix function
𝐴

(𝛼,𝐹 )
𝑛,𝑤 : ℂ0 ∖ ℙ𝛼,𝑛 → ℂ

𝑞×𝑞 (resp., 𝐶
(𝛼,𝐹 )
𝑛,𝑤 : ℂ0 ∖ ℙ𝛼,𝑛 → ℂ

𝑞×𝑞) be defined by

𝐴(𝛼,𝐹 )
𝑛,𝑤 (𝑣) := 𝐾(𝛼,𝐹 )

𝑛;𝑟 (𝑣, 𝑤)
(
resp., 𝐶(𝛼,𝐹 )

𝑛,𝑤 (𝑣) := 𝐾
(𝛼,𝐹 )
𝑛;𝑙 (𝑤, 𝑣)

)
. (1.1)

Here, 𝐾
(𝛼,𝐹 )
𝑛;𝑟 (resp., 𝐾

(𝛼,𝐹 )
𝑛;𝑙 ) is the reproducing kernel relating to (ℛ𝑞×𝑞𝛼,𝑛 , (⋅, ⋅)𝐹,𝑟)

(resp., (ℛ𝑞×𝑞𝛼,𝑛 , (⋅, ⋅)𝐹,𝑙)) means that 𝐴
(𝛼,𝐹 )
𝑛,𝑤 ∈ℛ𝑞×𝑞𝛼,𝑛 (resp., 𝐶

(𝛼,𝐹 )
𝑛,𝑤 ∈ℛ𝑞×𝑞𝛼,𝑛 ) and that(

𝐴(𝛼,𝐹 )
𝑛,𝑤 , 𝑋

)
𝐹,𝑟
= 𝑋(𝑤)

(
resp.,

(
𝑋, 𝐶(𝛼,𝐹 )

𝑛,𝑤

)
𝐹,𝑙
= 𝑋(𝑤)

)
, 𝑋 ∈ ℛ𝑞×𝑞𝛼,𝑛 ,

for each 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. Note that (cf. [17, Remark 12]), if 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a
basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 (resp., 𝑌0, 𝑌1, . . . , 𝑌𝑛 is a basis of the left

ℂ
𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 ), then this kernel can be represented via

𝐾(𝛼,𝐹 )
𝑛;𝑟 (𝑣, 𝑤) = Ξ𝑛(𝑣)

(
G

(𝐹 )
𝑋,𝑛

)−1(
Ξ𝑛(𝑤)

)∗(
resp., 𝐾

(𝛼,𝐹 )
𝑛;𝑙 (𝑤, 𝑣) =

(
Υ𝑛(𝑤)

)∗(
H

(𝐹 )
𝑌,𝑛

)−1
Υ𝑛(𝑣)

)
for all 𝑣, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛, where

Ξ𝑛 :=
(
𝑋0, 𝑋1, . . . , 𝑋𝑛

) ⎛⎜⎜⎝resp., Υ𝑛 :=
⎛⎜⎜⎝

𝑌0

𝑌1
...

𝑌𝑛

⎞⎟⎟⎠
⎞⎟⎟⎠ .
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In keeping with the studies in [24], we mostly focus the considerations below
on the situation that the elements of the underlying sequence (𝛼𝑗)

𝑛
𝑗=1 must be in

a sense in good position with respect to 𝕋. In doing so, the notation 𝒯1 stands
for the set of all sequences (𝛼𝑗)

∞
𝑗=1 of complex numbers which satisfy 𝛼𝑗𝛼𝑘 ∕= 1

for all 𝑗, 𝑘 ∈ ℕ. For example, if (𝛼𝑗)
∞
𝑗=1 is a sequence of numbers belonging to 𝔻,

then (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1. Moreover, if (𝛼𝑗)

∞
𝑗=1 ∈ 𝒯1, then obviously 𝛼𝑗 ∕∈ 𝕋 for all 𝑗 ∈ ℕ.

Effectively, we choose (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 in the following to angle for applying some

results of [20] and [21] on orthogonal rational matrix functions on 𝕋.

Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1. Furthermore, for each 𝑗 ∈ ℕ, let

𝜂𝑗 :=

⎧⎨⎩
−1 if 𝛼𝑗 = 0

𝛼𝑗
∣𝛼𝑗 ∣ if 𝛼𝑗 ∕= 0

and let the function 𝑏𝛼𝑗 : ℂ0 ∖
{

1
𝛼𝑗

}→ ℂ be given by

𝑏𝛼𝑗 (𝑢) :=

⎧⎨⎩
𝜂𝑗

𝛼𝑗 − 𝑢

1− 𝛼𝑗𝑢
if 𝑢 ∈ ℂ ∖ { 1

𝛼𝑗

}
1

∣𝛼𝑗 ∣ if 𝑢 =∞ .

Observe that, if 𝐵
(𝑞)
𝛼,0 stands for the constant function on ℂ0 with value I𝑞 and if

𝐵
(𝑞)
𝛼,𝑘 :=

( 𝑘∏
𝑗=1

𝑏𝛼𝑗

)
I𝑞, 𝑘 ∈ ℕ1,𝑛,

then the system 𝐵
(𝑞)
𝛼,0, 𝐵

(𝑞)
𝛼,1, . . . , 𝐵

(𝑞)
𝛼,𝑛 forms a basis of the right (resp., left) ℂ𝑞×𝑞-

moduleℛ𝑞×𝑞𝛼,𝑛 (see, e.g., [18, Section 2]). Thus, if𝑋 ∈ ℛ𝑞×𝑞𝛼,𝑛 , then there are uniquely

determined matrices A0,A1, . . . ,A𝑛 belonging to ℂ
𝑞×𝑞 such that

𝑋 =
𝑛∑
𝑗=0

A𝑗𝐵
(𝑞)
𝛼,𝑗 .

The reciprocal rational (matrix-valued ) function 𝑋 [𝛼,𝑛] of 𝑋 with respect to (𝛼𝑗)
∞
𝑗=1

and 𝑛 is given by

𝑋 [𝛼,𝑛] :=

𝑛∑
𝑗=0

A∗
𝑛−𝑗𝐵

(𝑞)
𝛽,𝑗,

where (𝛽𝑗)
∞
𝑗=1 is defined by 𝛽𝑗 := 𝛼𝑛+1−𝑗 for each 𝑗 ∈ ℕ1,𝑛 and 𝛽𝑗 := 𝛼𝑗 otherwise

(cf. [20, Section 2]). This transform of a function 𝑋 belonging to ℛ𝑞×𝑞𝛼,𝑛 into another

𝑋 [𝛼,𝑛] belonging to ℛ𝑞×𝑞𝛼,𝑛 is an essential tool in the theory of orthogonal rational
matrix functions on 𝕋 (see, e.g., [20] and [21]). With respect to the preceding case
of orthogonal matrix polynomials on 𝕋, we refer to [10] (see also [11, Section 3.6]).
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2. Some basics on canonical solutions of Problem (R)

As a continuation of the studies in [17] (see also [19], [23], [24], and [25]), we
consider the following rational matrix moment problem, called Problem (R).

Problem (R): Let 𝑛 ∈ ℕ and 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋. Let G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 and
suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 . Describe the

set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] of all measures 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) such that G
(𝐹 )
𝑋,𝑛 =G.

The case 𝑛 = 0 which includes only a condition on the weight 𝐹 (𝕋) of some
𝐹 ∈ℳ𝑞

≥(𝕋,𝔅𝕋) does not enter into Problem (R). However, the considerations in
previous papers and below are intrinsically practicable for that case as well.

If 𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛, then ℛ𝑞×𝑞𝛼,𝑛 is the set of all complex 𝑞 × 𝑞 matrix
polynomials of degree not greater than 𝑛. Thus (cf. [17, Section 2]), Problem (R)
leads to the truncated trigonometric matrix moment problem choosing 𝑋𝑘 as the
complex 𝑞 × 𝑞 matrix polynomial 𝐸𝑘,𝑞 given, for each 𝑘 ∈ ℕ0,𝑛, by

𝐸𝑘,𝑞(𝑢) := 𝑢𝑘I𝑞, 𝑢 ∈ ℂ.

To single out this case, if 𝐹 ∈ℳ𝑞
≥(𝕋,𝔅𝕋), then we will use the notationℳ[T

(𝐹 )
𝑛 ]

instead ofℳ[(𝛼𝑗)
𝑛
𝑗=1,T

(𝐹 )
𝑛 ; (𝐸𝑘,𝑞)

𝑛
𝑘=0].

Unless otherwise indicated, let 𝑛 ∈ ℕ and let 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 in the
following. Also, in view of Problem (R), let G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 and suppose
that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ

𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 . We call a measure
𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] a canonical solution (cf. [15, Section 5] and [25]) when

rankT
(𝐹 )
𝑛+1 = rankG. (2.1)

(Note that the size of the matrix T
(𝐹 )
𝑛+1 in (2.1) is (𝑛 + 2)𝑞 × (𝑛 + 2)𝑞, whereas

the size of G is (𝑛 + 1)𝑞 × (𝑛 + 1)𝑞.) In the case that ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is

nonempty, such special solution always exists (cf. [25, Theorem 2.6]). Moreover (cf.
[25, Theorem 2.10]), a solution 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

if and only if there is a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐹 ({𝑧}) = rankG. (2.2)

We now turn our consideration to the nondegenerate case, i.e., we presume
thatℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty, where G is some non-singular matrix.

In this case, the canonical solutions of Problem (R) form a family which can be
parametrized by the set of unitary 𝑞 × 𝑞 matrices. In doing so, the investigations
in the subsequent section are based on the concrete formulas in [25, Theorem 3.6].
These are expressed in terms of orthogonal rational matrix functions on 𝕋. For a
better grasp, we recall in the following the relevant objects and [25, Theorem 3.6].

Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and 𝐹 ∈ℳ𝑞

≥(𝕋,𝔅𝕋). Furthermore, let 𝜏 ∈ ℕ0 or 𝜏 = +∞.
A sequence (𝑌𝑘)

𝜏
𝑘=0 of functions with 𝑌𝑘 ∈ ℛ𝑞×𝑞𝛼,𝑘 for each 𝑘 ∈ ℕ0,𝜏 is called a left
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(resp., right) orthonormal system corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 in the case of(

𝑌𝑚, 𝑌𝑠

)
𝐹,𝑙
= 𝛿𝑚,𝑠I𝑞

(
resp.,

(
𝑌𝑚, 𝑌𝑠

)
𝐹,𝑟
= 𝛿𝑚,𝑠I𝑞

)
, 𝑚, 𝑠 ∈ ℕ0,𝜏 ,

where 𝛿𝑚,𝑠 := 1 if 𝑚 = 𝑠 and 𝛿𝑚,𝑠 := 0 otherwise (cf. [20, Definition 3.3]). If
(𝐿𝑘)

𝜏
𝑘=0 is a left orthonormal system and if (𝑅𝑘)

𝜏
𝑘=0 is a right orthonormal system,

respectively, corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 , then we call [(𝐿𝑘)

𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] a pair

of orthonormal systems corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 .

In what follows, let L0 andR0 be non-singular complex 𝑞×𝑞 matrices fulfilling

L∗
0L0 = R0R

∗
0 (2.3)

and (with 𝜏 ≥ 1) let (U𝑗)𝜏𝑗=1 be a sequence of complex 2𝑞× 2𝑞 matrices such that

U∗
𝑗 j𝑞𝑞U𝑗 =

{
j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) > 0

−j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) < 0
(2.4)

for each 𝑗 ∈ ℕ1,𝜏 , where j𝑞𝑞 is the 2𝑞 × 2𝑞 signature matrix given by

j𝑞𝑞 :=

(
I𝑞 0𝑞×𝑞
0𝑞×𝑞 −I𝑞

)
and where we use for technical reasons the setting 𝛼0 := 0. Besides, we set

𝜌𝑗 :=

⎧⎨⎩

√
1− ∣𝛼𝑗 ∣2
1− ∣𝛼𝑗−1∣2 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) > 0

−
√

∣𝛼𝑗 ∣2 − 1
1− ∣𝛼𝑗−1∣2 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) < 0

for each 𝑗 ∈ ℕ1,𝜏 . As in [21, Section 3], we define sequences of rational matrix
functions (𝐿𝑘)

𝜏
𝑘=0 and (𝑅𝑘)

𝜏
𝑘=0 by the initial conditions

𝐿0(𝑢) = L0 and 𝑅0(𝑢) = R0 (2.5)

for each 𝑢 ∈ ℂ and recursively by(
𝐿𝑗(𝑢)

𝑅
[𝛼,𝑗]
𝑗 (𝑢)

)
= 𝜌𝑗

1− 𝛼𝑗−1𝑢

1− 𝛼𝑗𝑢
U𝑗

(
𝑏𝛼𝑗−1(𝑢)I𝑞 0𝑞×𝑞
0𝑞×𝑞 I𝑞

)(
𝐿𝑗−1(𝑢)

𝑅
[𝛼,𝑗−1]
𝑗−1 (𝑢)

)
for each 𝑗 ∈ ℕ1,𝜏 and each 𝑢 ∈ ℂ∖ℙ𝛼,𝑗 . The pair [(𝐿𝑘)𝜏𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] of rational ma-

trix functions is called the pair which is left-generated by [(𝛼𝑗)
𝜏
𝑗=1; (U𝑗)

𝜏
𝑗=1;L0,R0].

Based on this concept and the bijective correspondence between such kind of pairs
and pairs of orthonormal systems of rational matrix functions stated in [21] we
will use the notation dual pair of orthonormal systems as explained below.

Let 𝐹 ∈ ℳ𝑞,𝜏
≥ (𝕋,𝔅𝕋) and let [(𝐿𝑘)

𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] be a pair of orthonormal

systems corresponding to (𝛼𝑗)
𝜏
𝑗=1 and 𝐹 . Obviously (cf. [20, Remark 5.3]), there

are non-singular complex 𝑞 × 𝑞 matrices L0 and R0 satisfying (2.3) and (2.5).
Recalling that (2.3) implies the identity

(L−∗
0 )∗L−∗

0 = R−∗
0 (R−∗

0 )∗, (2.6)
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the pair [(𝐿#
𝑘 )

0
𝑘=0, (𝑅#

𝑘 )
0
𝑘=0] which is given, for each 𝑢 ∈ ℂ, by the formulas

𝐿#
0 (𝑢) = L−∗

0 and 𝑅#
0 (𝑢) = R−∗

0

is called the dual pair of orthonormal systems corresponding to [(𝐿𝑘)
0
𝑘=0, (𝑅𝑘)

0
𝑘=0].

Now, let 𝜏 ≥ 1 and (by virtue of [21, Remark 3.5, Definition 3.6, Proposition 3.14,
and Theorem 4.12]) let (U𝑗)

𝜏
𝑗=1 be the unique sequence of complex 2𝑞×2𝑞 matrices

fulfilling (2.4) for each 𝑗 ∈ ℕ1,𝜏 such that [(𝐿𝑘)
𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] is the pair which is

left-generated by [(𝛼𝑗)
𝜏
𝑗=1; (U𝑗)

𝜏
𝑗=1;L0,R0] with some non-singular complex 𝑞× 𝑞

matrices L0 and R0 satisfying (2.3) and (2.5). Taking (2.6) into account and that,
by setting V𝑗 := j𝑞𝑞U𝑗 j𝑞𝑞 for each 𝑗 ∈ ℕ1,𝜏 , (2.4) yields

V∗
𝑗 j𝑞𝑞V𝑗 =

{
j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) > 0

−j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) < 0 ,

the pair [(𝐿#
𝑘 )
𝜏
𝑘=0, (𝑅#

𝑘 )
𝜏
𝑘=0] which is left-generated by [(𝛼𝑗)

𝜏
𝑗=1; (V𝑗)

𝜏
𝑗=1;L

−∗
0 ,R−∗

0 ]

is called the dual pair of orthonormal systems corresponding to [(𝐿𝑘)
𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0].

Recalling [24, Remark 4.1], a pair of orthonormal systems [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]

corresponding to (𝛼𝑗)
∞
𝑗=1 and some 𝐹∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is called a pair of

orthonormal systems corresponding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. We also speak of

the dual pair of orthonormal systems corresponding to that pair [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0].

Suppose that [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] is a pair of orthonormal systems correspon-

ding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let [(𝐿

#
𝑘 )
𝑛
𝑘=0, (𝑅#

𝑘 )
𝑛
𝑘=0] be the dual pair of

orthonormal systems corresponding to [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]. The matrix functions

𝑃
(𝛼)
𝑛;U := 𝑅[𝛼,𝑛]

𝑛 + 𝑏𝛼𝑛U𝐿𝑛 and 𝑃
(𝛼,#)
𝑛;U :=(𝑅#

𝑛 )
[𝛼,𝑛] − 𝑏𝛼𝑛U𝐿#

𝑛(
resp., 𝑄

(𝛼)
𝑛;U := 𝐿[𝛼,𝑛]

𝑛 + 𝑏𝛼𝑛𝑅𝑛U and 𝑄
(𝛼,#)
𝑛;U :=(𝐿#

𝑛 )
[𝛼,𝑛] − 𝑏𝛼𝑛𝑅#

𝑛U
) (2.7)

with some unitary 𝑞 × 𝑞 matrix U will be of particular interest in the following.
Because of (2.7) and the unitarity of the matrix U it follows that the rational

matrix function Ψ
(𝛼)
𝑛;U :=

(
𝑃

(𝛼)
𝑛;U

)−1
𝑃

(𝛼,#)
𝑛;U admits also the representation

Ψ
(𝛼)
𝑛;U =

( 1

𝑏𝛼𝑛

U∗𝑅[𝛼,𝑛]
𝑛 + 𝐿𝑛

)−1( 1
𝑏𝛼𝑛

U∗(𝑅#
𝑛 )

[𝛼,𝑛] − 𝐿#
𝑛

)
.

Thus, [24, Lemma 6.7] implies that Ψ
(𝛼)
𝑛;U is given by Ψ

(𝛼)
𝑛;U = 𝑄

(𝛼,#)
𝑛;U

(
𝑄

(𝛼)
𝑛;U

)−1
and

Ψ
(𝛼)
𝑛;U =

( 1
𝑏𝛼𝑛

(𝐿#
𝑛 )

[𝛼,𝑛]U∗ −𝑅#
𝑛

)( 1

𝑏𝛼𝑛

𝐿[𝛼,𝑛]
𝑛 U∗ +𝑅𝑛

)−1

as well, where the complex 𝑞 × 𝑞 matrices 𝑃
(𝛼)
𝑛;U(𝑣),

1
𝑏𝛼𝑛 (𝑣)U

∗𝑅
[𝛼,𝑛]
𝑛 (𝑣) + 𝐿𝑛(𝑣),

𝑄
(𝛼)
𝑛;U(𝑣), and

1
𝑏𝛼𝑛 (𝑣)𝐿

[𝛼,𝑛]
𝑛 (𝑣)U∗ +𝑅𝑛(𝑣) are non-singular for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛.

A function Ω : 𝔻 → ℂ𝑞×𝑞 which is holomorphic in 𝔻 and for which ReΩ(𝑤)
is non-negative Hermitian for all 𝑤 ∈ 𝔻 is a 𝑞 × 𝑞 Carathéodory function (in 𝔻).
In particular, if 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋), then Ω : 𝔻→ ℂ𝑞×𝑞 defined by

Ω(𝑤) :=

∫
𝕋

𝑧 + 𝑤

𝑧 − 𝑤
𝐹 (d𝑧)
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is a 𝑞× 𝑞 Carathéodory function (see, e.g., [11, Theorem 2.2.2]). We call this Ω the
Riesz–Herglotz transform of (the non-negative Hermitian 𝑞 × 𝑞 Borel measure) 𝐹 .

With a view to the rational matrix function Ψ
(𝛼)
𝑛;U for some unitary 𝑞 × 𝑞

matrix U, the following characterization of canonical solutions of Problem (R) for
the nondegenerate case is proven in [25, Theorem 3.6].

Theorem 2.1. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ holds. Furthermore, let 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) and let Ω be
the Riesz–Herglotz transform of 𝐹 . Then the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) There is a unitary 𝑞× 𝑞 matrix U such that Ω(𝑣) = Ψ
(𝛼)
𝑛;U(𝑣) for 𝑣 ∈ 𝔻∖ℙ𝛼,𝑛.

Moreover, if (i) holds, then the unitary 𝑞×𝑞 matrix U in (ii) is uniquely determined.

In view of Theorem 2.1 and [11, Theorem 2.2.2], if U is a unitary 𝑞 × 𝑞

matrix, then we will use the notation 𝐹
(𝛼)
𝑛;U and Ω

(𝛼)
𝑛;U. Here, 𝐹

(𝛼)
𝑛;U stands for the uni-

quely determined measure belonging toℳ𝑞
≥(𝕋,𝔅𝕋) such that its Riesz–Herglotz

transform Ω
(𝛼)
𝑛;U satisfies Ω

(𝛼)
𝑛;U(𝑣) = Ψ

(𝛼)
𝑛;U(𝑣) for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛.

The representation of Ω
(𝛼)
𝑛;U which appears in Theorem 2.1 depends on the

concrete choice of the pair of orthonormal systems [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] correspon-

ding to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. However, by [24, Lemma 6.6]

one can see that this is not so essential. If we choose another pair of orthonor-
mal systems [(𝐿̃𝑘)

𝑛
𝑘=0, (𝑅̃𝑘)

𝑛
𝑘=0] corresponding to ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] (with

associated dual pair [(𝐿̃#
𝑘 )
𝑛
𝑘=0, (𝑅̃#

𝑘 )
𝑛
𝑘=0]), then the only possible difference is that

another unitary 𝑞 × 𝑞 matrix Ũ occurs in that representation of Ω
(𝛼)
𝑛;U.

At the end of the present section is a brief statement concerning the elemen-
tary case 𝑛 = 0, based on a constant function 𝑋0 defined on ℂ0 with a non-singular
𝑞 × 𝑞 matrix X0 as value and a positive Hermitian 𝑞 × 𝑞 matrix G. Then (cf. [23,
Remark 2.2]) there is a measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) such that the equality∫
𝕋

(
𝑋0(𝑧)

)∗
𝐹 (d𝑧)𝑋0(𝑧) = G (2.8)

holds. In analogy to Problem (R) and (2.1) with some 𝑛 ∈ ℕ, we call a measure
𝐹 ∈ℳ𝑞

≥(𝕋,𝔅𝕋) fulfilling (2.8) a canonical solution of that problem when

rankT
(𝐹 )
1 = rankG. (2.9)

(If X0 = I𝑞, then we will also speak of a canonical solution inℳ[G].)

Suppose that 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). Similar to Theorem 2.1 (cf. [22, Remark 6.8

and Example 9.11]), one can find that 𝐹 is a canonical solution with respect to
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(2.8) and (2.9) if and only if the Riesz–Herglotz transform Ω of 𝐹 admits

Ω(𝑣) =
√

X0G−1X∗
0

−1
V

⎛⎜⎜⎜⎜⎝
𝑧1+𝑣
𝑧1−𝑣 0 ⋅ ⋅ ⋅ 0

0 𝑧2+𝑣
𝑧2−𝑣

. . .
...

...
. . .

. . . 0

0 ⋅ ⋅ ⋅ 0
𝑧𝑞+𝑣
𝑧𝑞−𝑣

⎞⎟⎟⎟⎟⎠V∗√X0G−1X∗
0

−1

for each 𝑣 ∈ 𝔻 with some unitary 𝑞 × 𝑞 matrix V and (not necessarily pairwise
different) points 𝑧1, 𝑧2, . . . , 𝑧𝑞 belonging to 𝕋.

Having fixed a 𝑧 ∈ 𝕋, the notation 𝜀𝑧 stands for the Dirac measure defined
on the 𝜎-algebra 𝔅𝕋 with unit mass located at 𝑧. Furthermore, 𝔬 denotes the zero
measure inℳ1

≥(𝕋,𝔅𝕋). Thus, it follows that 𝐹 is a canonical solution with respect

to (2.8) and (2.9) if and only if 𝐹 admits the representation

𝐹 =
√

X0G−1X∗
0

−1
V

⎛⎜⎜⎜⎝
𝜀𝑧1 𝔬 ⋅ ⋅ ⋅ 𝔬

𝔬 𝜀𝑧2
. . .

...
...

. . .
. . . 𝔬

𝔬 ⋅ ⋅ ⋅ 𝔬 𝜀𝑧𝑞

⎞⎟⎟⎟⎠V∗√X0G−1X∗
0

−1
(2.10)

with a unitary 𝑞× 𝑞 matrix V and 𝑧1, 𝑧2, . . . , 𝑧𝑞 ∈ 𝕋. So, one can see that for a ca-
nonical solution in this context each case of 𝑟 mass points with 𝑟 ∈ ℕ1,𝑞 is possible.

3. A special family of solutions of Problem (R)

In a certain way, the studies in this paper can be regarded as a continuation of
those in [23] and [24] on a class of extremal solutions of Problem (R). In particular,
for the nondegenerate case, the set of special solutions which plays a key role in
this paper features formal structural similarities to the family introduced in [23].

Unless otherwise indicated, let 𝑛 ∈ ℕ and let 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 in the
following. Furthermore, in view of Problem (R), let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis
of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular complex
(𝑛+1)𝑞× (𝑛+1)𝑞 matrix such thatℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty. By [23,

Theorem 3.4] we know that, if 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛, then 𝐹
(𝛼)
𝑛,𝑤 : 𝔅𝕋 → ℂ𝑞×𝑞 defined by

𝐹 (𝛼)
𝑛,𝑤(𝐵) :=

1

2𝜋

∫
𝐵

1− ∣𝑤∣2
∣𝑧 − 𝑤∣2

(
𝐴(𝛼)
𝑛,𝑤(𝑧)

)−∗
𝐴(𝛼)
𝑛,𝑤(𝑤)

(
𝐴(𝛼)
𝑛,𝑤(𝑧)

)−1
𝜆(d𝑧)

belongs to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], where 𝜆 stands for the linear Lebesgue mea-

sure defined on 𝔅𝕋 and where

𝐴(𝛼)
𝑛,𝑤 :=

(
𝑋0, 𝑋1, . . . , 𝑋𝑛

)
G−1
(
𝑋0(𝑤), 𝑋1(𝑤), . . . , 𝑋𝑛(𝑤)

)∗
. (3.1)

We also use the setting given by (3.1) in the general case that 𝑤 ∈ ℂ0 ∖ℙ𝛼,𝑛. Note
that, due to (1.1) and (3.1), if 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then it follows that

𝐴(𝛼,𝐹 )
𝑛,𝑤 = 𝐴(𝛼)

𝑛,𝑤, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. (3.2)
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In particular (cf. [17, Remark 14]), ifℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅, then

𝐴(𝛼)
𝑛,𝑤(𝑤) > 0𝑞×𝑞, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. (3.3)

In this paper, the value 𝐴
(𝛼)
𝑛,𝑢(𝑢) with 𝑢 ∈ 𝕋 will be a matter of particular interest.

By using the above settings for 𝑛 = 0 with 𝑤 ∈ 𝔻 as well, 𝐴
(𝛼)
0,𝑤 is the constant

function with value X0G
−1X∗

0 and the matrix measure 𝐹
(𝛼)
0,𝑤 is given by

𝐹
(𝛼)
0,𝑤 (𝐵) =

1

2𝜋

∫
𝐵

1− ∣𝑤∣2
∣𝑧 − 𝑤∣2X

−∗
0 GX−1

0 𝜆(d𝑧), 𝐵 ∈ 𝔅𝕋,

whereby (2.8) holds by choosing 𝐹 as 𝐹
(𝛼)
0,𝑤 (cf. [23, Remark 2.2 and Remark 3.5]).

Below, let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and 𝑛 ∈ ℕ. As in Section 2, let [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]

be a pair of orthonormal systems corresponding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and

let [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅#

𝑘 )
𝑛
𝑘=0] be the dual pair of orthonormal systems corresponding to

[(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]. Following [24, Lemma 3.11], special attention will be come up

to the rational matrix function Θ𝑛 which is defined by

Θ𝑛 :=

⎧⎨⎩
𝑏𝛼𝑛

(
𝐿

[𝛼,𝑛]
𝑛

)−1
𝑅𝑛 if 𝛼𝑛 ∈ 𝔻

1

𝑏𝛼𝑛

𝑅−1
𝑛 𝐿

[𝛼,𝑛]
𝑛 if 𝛼𝑛 ∈ ℂ ∖ 𝔻 .

(3.4)

Suppose that 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛. Because of [24, Lemma 5.7 and Theorem 5.8] one can

see that the Riesz–Herglotz transform Ω
(𝛼)
𝑛,𝑤 of the matrix measure 𝐹

(𝛼)
𝑛,𝑤 admits,

for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, the representations

Ω(𝛼)
𝑛,𝑤(𝑣) =

(
(𝐿#
𝑛 )

[𝛼,𝑛](𝑣)− 𝑏𝛼𝑛(𝑣)𝑅
#
𝑛 (𝑣)W

)(
𝐿[𝛼,𝑛]
𝑛 (𝑣) + 𝑏𝛼𝑛(𝑣)𝑅𝑛(𝑣)W

)−1

,

Ω(𝛼)
𝑛,𝑤(𝑣) =

(
𝑅[𝛼,𝑛]
𝑛 (𝑣) + 𝑏𝛼𝑛(𝑣)W𝐿𝑛(𝑣)

)−1(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑣)− 𝑏𝛼𝑛(𝑣)W𝐿#
𝑛 (𝑣)
)

in the case of 𝛼𝑛 ∈ 𝔻 and otherwise

Ω(𝛼)
𝑛,𝑤(𝑣) =

( 1

𝑏𝛼𝑛(𝑣)
(𝐿#
𝑛 )

[𝛼,𝑛](𝑣)W −𝑅#
𝑛 (𝑣)
)( 1

𝑏𝛼𝑛(𝑣)
𝐿[𝛼,𝑛]
𝑛 (𝑣)W +𝑅𝑛(𝑣)

)−1

,

Ω(𝛼)
𝑛,𝑤(𝑣) =

( 1

𝑏𝛼𝑛(𝑣)
W𝑅[𝛼,𝑛]

𝑛 (𝑣) + 𝐿𝑛(𝑣)
)−1( 1

𝑏𝛼𝑛(𝑣)
W(𝑅#

𝑛 )
[𝛼,𝑛](𝑣) − 𝐿#

𝑛 (𝑣)
)

withW := −(Θ𝑛(𝑤))∗, wherein the involved inverses exist. Furthermore, for some
𝑢 ∈ 𝕋, from [24, Lemma 3.11] we know that the matrices 𝐿𝑛(𝑢), 𝑅𝑛(𝑢), 𝐿

[𝛼,𝑛]
𝑛 (𝑢),

and 𝑅
[𝛼,𝑛]
𝑛 (𝑢) are non-singular and that Θ𝑛(𝑢) is a unitary 𝑞 × 𝑞 matrix, where

Θ𝑛 =

⎧⎨⎩
𝑏𝛼𝑛𝐿𝑛

(
𝑅

[𝛼,𝑛]
𝑛

)−1
if 𝛼𝑛 ∈ 𝔻

1

𝑏𝛼𝑛

𝑅
[𝛼,𝑛]
𝑛 𝐿−1

𝑛 if 𝛼𝑛 ∈ ℂ ∖ 𝔻 .

This fact along with a comparison of the formulas of Ω
(𝛼)
𝑛,𝑤 for some 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛

mentioned above and the representations of the Riesz–Herglotz transform of a



264

canonical solution of Problem (R) which are the result of Theorem 2.1 forms the
starting point for the further considerations in the paper on hand.

In the following, the notation 𝐹
(𝛼)
𝑛,𝑢 stands for the uniquely determined mea-

sure belonging toℳ𝑞
≥(𝕋,𝔅𝕋) such that its Riesz–Herglotz transform Ω

(𝛼)
𝑛,𝑢 satisfies

Ω
(𝛼)
𝑛,𝑢(𝑣) = Ψ

(𝛼)
𝑛;U(𝑣) for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, where

Ψ
(𝛼)
𝑛;U :=

(
𝑃

(𝛼)
𝑛;U

)−1
𝑃

(𝛼,#)
𝑛;U , U := −(Θ𝑛(𝑢))∗, (3.5)

is the rational matrix function defined based on (2.7) and some 𝑢 ∈ 𝕋. In particular,
by Theorem 2.1 and [24, Lemma 3.11] we get the following.

Remark 3.1. If 𝑢 ∈ 𝕋, then 𝐹
(𝛼)
𝑛,𝑢 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0]

(for the nondegenerate case with (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1).

Remark 3.2. Let 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛 and let 𝑢 ∈ 𝕋. Recalling [20, Remark 2.6], in view

of (3.2) and [17, Theorem 25] one can realize that
(
𝐴

(𝛼)
𝑛,𝑤

)[𝛼,𝑛]
(𝑢) ∕= 0𝑞×𝑞. This

implies Θ𝑛(𝑤) ∕= Θ𝑛(𝑢) because of (3.4) and [24, Lemma 3.11]. Thus, by using

[24, Theorem 5.8] it follows that 𝐹
(𝛼)
𝑛,𝑤 ∕= 𝐹

(𝛼)
𝑛,𝑢 (see also [24, Proposition 3.12]).

The family
(
𝐹

(𝛼)
𝑛,𝑢

)
𝑢∈𝕋

of canonical solutions will play a key role in what
follows. Because of (3.5) and (3.4) there are structural similarities between the
solutions 𝐹

(𝛼)
𝑛,𝑢 and 𝐹

(𝛼)
𝑛,𝑤 with 𝑢 ∈ 𝕋 and 𝑤 ∈ 𝔻∖ℙ𝛼,𝑛. In this regard, the following

results are quite similar to some in [24] concerning 𝐹
(𝛼)
𝑛,𝑤 with 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛.

Remark 3.3. Let 𝑢1, 𝑢2 ∈ 𝕋. Recalling Theorem 2.1 and [24, Lemma 3.11], because
of (3.5) and (3.4) one can see that 𝐹

(𝛼)
𝑛,𝑢1 = 𝐹

(𝛼)
𝑛,𝑢2 is satisfied if and only if the

equality Θ𝑛(𝑢1) = Θ𝑛(𝑢2) holds (cf. [24, Proposition 3.12]).

From now on, for some 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛, starting from the given data in Prob-

lem (R) we use, besides the notation 𝐴
(𝛼)
𝑛,𝑤 given by (3.1), also

𝐶(𝛼)
𝑛,𝑤 :=

⎛⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑤)

𝑋
[𝛼,𝑛]
1 (𝑤)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑤)

⎞⎟⎟⎟⎠
∗

G−1

⎛⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0

𝑋
[𝛼,𝑛]
1
...

𝑋
[𝛼,𝑛]
𝑛

⎞⎟⎟⎟⎠ . (3.6)

Comparing now (3.6) with (1.1), by using [24, Remark 2.1] one can realize that,
if 𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then

𝐶(𝛼,𝐹 )
𝑛,𝑤 = 𝐶(𝛼)

𝑛,𝑤, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. (3.7)

In particular (cf. (3.3) and [19, Proposition 11]), we have

𝐶(𝛼)
𝑛,𝑤(𝑤) > 0𝑞×𝑞, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. (3.8)

Note also that (3.2) and (3.7) imply (cf. [19, Lemma 5]) the relation

𝐶(𝛼)
𝑛,𝑤(𝑣) =

(
𝐵(𝑞)
𝛼,𝑛(𝑤)

)∗
𝐴

(𝛼)

𝑛, 1
𝑣

(
1
𝑤

)
𝐵(𝑞)
𝛼,𝑛(𝑣), 𝑣, 𝑤 ∈ ℂ0 ∖ (ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛). (3.9)
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Remark 3.4. Let 𝑢1, 𝑢2 ∈ 𝕋. Recalling (3.2) and (3.7), from Remark 3.3 and [24,

Lemma 3.11] it follows that 𝐹
(𝛼)
𝑛,𝑢1 = 𝐹

(𝛼)
𝑛,𝑢2 holds (cf. [23, Proposition 6.4]) if and

only if 𝑢1 = 𝑢2 or
(
𝐴

(𝛼)
𝑛,𝑢1

)[𝛼,𝑛]
(𝑢2) = 0𝑞×𝑞 (resp.,

(
𝐶

(𝛼)
𝑛,𝑢1

)[𝛼,𝑛]
(𝑢2) = 0𝑞×𝑞). Hence,

in view of 𝑢1, 𝑢2 ∈ 𝕋 and [20, Remark 2.6], we get that 𝐹
(𝛼)
𝑛,𝑢1 = 𝐹

(𝛼)
𝑛,𝑢2 is satisfied

if and only if 𝑢1 = 𝑢2 or 𝐴
(𝛼)
𝑛,𝑢1(𝑢2) = 0𝑞×𝑞 (resp., 𝐶

(𝛼)
𝑛,𝑢1(𝑢2) = 0𝑞×𝑞).

Remark 3.5. By Remark 3.4 and the fundamental theorem of algebra we get that,
for every sequence (𝑢𝑘)

𝑛+1
𝑘=0 of pairwise different points belonging to 𝕋, the sequence

(𝐹
(𝛼)
𝑛,𝑢𝑘)

𝑛+1
𝑘=0 contains at least two different measures (cf. [23, Corollary 6.5]).

In a certain way, having fixed some 𝑢 ∈ 𝕋, the values of the 𝑞×𝑞 Carathéodory

function Ω
(𝛼)
𝑛,𝑢 are unique within the possible values of any Riesz–Herglotz trans-

form associated with a solution of Problem (R). In fact, we get the following cha-
racterization (which is somewhat stronger than the corresponding result in [24,

Corollary 5.9] with respect to 𝐹
(𝛼)
𝑛,𝑤 for some 𝑤 ∈ 𝔻 ∖ ℙ𝛼,𝑛). In doing so, for some

holomorphic function Ω : 𝔻→ ℂ
𝑞×𝑞, the function Ω̂ : ℂ ∖ 𝕋→ ℂ

𝑞×𝑞 is defined by

Ω̂(𝑣) :=

⎧⎨⎩ Ω(𝑣) if 𝑣 ∈ 𝔻

−
(
Ω
(

1
𝑣

))∗
if 𝑣 ∈ ℂ ∖ (𝔻 ∪ 𝕋)

and Ω̂(𝑡)(𝑣) means the value of the 𝑡th derivative of Ω̂ at 𝑣 ∈ ℂ ∖ 𝕋 with 𝑡 ∈ ℕ0.

Proposition 3.6. Let 𝑢 ∈ 𝕋 and suppose that Ω is the Riesz–Herglotz transform of
some 𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Furthermore, let 𝑚 be the number of pairwise

different points amongst (𝛼𝑗)
𝑛
𝑗=0 with 𝛼0 := 0 and let 𝛾1, 𝛾2, . . . , 𝛾𝑚 denote these

points, where 𝑙𝑘 stands for the number of occurrences of 𝛾𝑘 in (𝛼𝑗)
𝑛
𝑗=0 for each

𝑘 ∈ ℕ1,𝑚. Then the following statements are equivalent:

(i) 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 .

(ii) There exists some 𝑣 ∈ ℂ ∖ (𝕋 ∪ ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛) such that Ω̂(𝑣) = Ω̂
(𝛼)
𝑛,𝑢(𝑣).

(iii) There exists some 𝑘 ∈ ℕ1,𝑚 such that Ω̂(𝑙𝑘)(𝛾𝑘) =
(
Ω̂

(𝛼)
𝑛,𝑢

)(𝑙𝑘)
(𝛾𝑘).

(iv) For each 𝑘 ∈ ℕ1,𝑚, the equality Ω̂(𝑙𝑘)(𝛾𝑘) =
(
Ω̂

(𝛼)
𝑛,𝑢

)(𝑙𝑘)
(𝛾𝑘) holds.

Proof. Taking Remark 3.1 into account, the assertion is an immediate consequence
of [25, Proposition 2.8]. □
Remark 3.7. Let 𝑢 ∈ 𝕋. Taking Theorem 2.1 and [24, Lemma 3.11] into account,
because of (3.5) and (3.4) we obtain, for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, that

Ω(𝛼)
𝑛,𝑢(𝑣) =

((
𝑅[𝛼,𝑛]
𝑛 (𝑢)

)∗
𝑅[𝛼,𝑛]
𝑛 (𝑣)− 𝑏𝛼𝑛(𝑢)𝑏𝛼𝑛(𝑣)

(
𝐿𝑛(𝑢)

)∗
𝐿𝑛(𝑣)

)−1

⋅
((

𝑅[𝛼,𝑛]
𝑛 (𝑢)

)∗
(𝑅#
𝑛 )

[𝛼,𝑛](𝑣) + 𝑏𝛼𝑛(𝑢)𝑏𝛼𝑛(𝑣)
(
𝐿𝑛(𝑢)

)∗
𝐿#
𝑛 (𝑣)
)

,

Ω(𝛼)
𝑛,𝑢(𝑣) =

(
(𝐿#
𝑛 )

[𝛼,𝑛](𝑣)
(
𝐿[𝛼,𝑛]
𝑛 (𝑢)

)∗
+ 𝑏𝛼𝑛(𝑣)𝑏𝛼𝑛(𝑢)𝑅

#
𝑛 (𝑣)
(
𝑅𝑛(𝑢)

)∗ )
⋅
(
𝐿[𝛼,𝑛]
𝑛 (𝑣)

(
𝐿[𝛼,𝑛]
𝑛 (𝑢)

)∗ − 𝑏𝛼𝑛(𝑣)𝑏𝛼𝑛(𝑢)𝑅𝑛(𝑣)
(
𝑅𝑛(𝑢)

)∗ )−1

,
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wherein the involved inverse matrices exist. So, applying the Christoffel–Darboux
formulas for orthogonal rational matrix functions (use [20, Corollary 5.5] and [34,
Proposition 3.1]) yields, for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, the identities

Ω(𝛼)
𝑛,𝑢(𝑣) =

( 𝑛∑
𝑘=0

(
𝐿𝑘(𝑢)

)∗
𝐿𝑘(𝑣)

)−1(
2

1− 𝑢𝑣
I𝑞 −

𝑛∑
𝑘=0

(
𝐿𝑘(𝑢)

)∗
𝐿#
𝑘 (𝑣)

)
,

Ω(𝛼)
𝑛,𝑢(𝑣) =

(
2

1− 𝑣𝑢
I𝑞 −

𝑛∑
𝑘=0

𝑅#
𝑘 (𝑣)
(
𝑅𝑘(𝑢)

)∗)( 𝑛∑
𝑘=0

𝑅𝑘(𝑣)
(
𝑅𝑘(𝑢)

)∗)−1

.

In contrast to a (general) canonical solution of Problem (R) in the nonde-
generate case, by [24, Lemma 6.6] one can see that the representations due to
Theorem 2.1 and Remark 3.7 of the Riesz–Herglotz transform Ω

(𝛼)
𝑛,𝑢 of a measure

𝐹
(𝛼)
𝑛,𝑢 with some 𝑢 ∈ 𝕋 do not depend on the concrete choice of the pair of or-
thonormal systems [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] corresponding toℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

We are going now to give some information on the structure of 𝐹
(𝛼)
𝑛,𝑢 with

some 𝑢 ∈ 𝕋. But first, we present an auxiliary result (in a more general context)
on the nondegeneracy of molecular non-negative Hermitian 𝑞× 𝑞 matrix measures
on 𝔅𝕋. In doing so, we will recall that, having fixed a 𝑧 ∈ 𝕋, we use 𝜀𝑧 to denote
the Dirac measure defined on the 𝜎-algebra 𝔅𝕋 with unit mass located at 𝑧.

Lemma 3.8. Let 𝑚, 𝑟 ∈ ℕ. Suppose that 𝑢0, 𝑢1, . . . , 𝑢𝑟 ∈ 𝕋 are pairwise different
and let (A𝑠)

𝑟
𝑠=0 be a sequence of non-negative Hermitian 𝑞× 𝑞 matrices, where A0

is non-singular. Furthermore, let 𝐹 and 𝐹 be the matrix measures fulfilling

𝐹 =
𝑟∑
𝑠=0

𝜀𝑢𝑠A𝑠 and 𝐹 =
𝑟∑
𝑠=1

𝜀𝑢𝑠A𝑠.

Then the following statements are equivalent:

(i) G
(𝐹 )
𝑋,𝑚 (resp., H

(𝐹 )
𝑋,𝑚) is non-singular for some (𝛼𝑗)

∞
𝑗=1 with 𝛼𝑗 ∈ ℂ ∖ 𝕋 and

basis 𝑋0, 𝑋1, . . . , 𝑋𝑚 of the right (resp., left) ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑚.

(ii) G
(𝐹 )
𝑌,𝑚−1 (resp., H

(𝐹 )
𝑌,𝑚−1) is non-singular for some (𝛼𝑗)

∞
𝑗=1 with 𝛼𝑗 ∈ℂ∖𝕋 and

basis 𝑌0, 𝑌1, . . . , 𝑌𝑚−1 of the right (resp., left) ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑚−1.

Proof. Because of Theorem 1.1 one can see that (i) is equivalent to

detT(𝐹 )
𝑚 ∕= 0, (3.10)

whereas (ii) is satisfied if and only if

detT
(𝐹 )
𝑚−1 ∕= 0 (3.11)

holds. Therefore, if we have shown that (3.10) is equivalent to (3.11), then the
assertion follows. However, that (3.10) implies (3.11) is already proven with [35,
Lemma 3.1]. It remains to be shown that (3.11) leads to (3.10) as well. Thus, we
suppose now that (3.11) holds. Furthermore, we assume that

detT(𝐹 )
𝑚 = 0

A. LasarowB. Fritzsche, B. Kirstein and



Maximal Weight Solutions of a Rational Matrix Moment Problem 267

is fulfilled. Hence (see, e.g., [18, Theorem 5.8]), we find a complex 𝑞 × 𝑞 matrix
polynomial 𝑃 of degree not greater than 𝑚 such that 𝑃 (𝑣0) is not equal to the
zero matrix 0𝑞×𝑞 for some 𝑣0 ∈ ℂ, but∫

𝕋

(
𝑃 (𝑧)
)∗

𝐹 (d𝑧)𝑃 (𝑧) = 0𝑞×𝑞.

By the choice of the matrix measure 𝐹 , the outcome of this is
𝑟∑
𝑠=0

(
𝑃 (𝑢𝑠)

)∗
A𝑠𝑃 (𝑢𝑠) = 0𝑞×𝑞.

Since the matrices A0,A1, . . . ,A𝑟 are non-negative Hermitian, one can conclude(
𝑃 (𝑢𝑠)

)∗
A𝑠𝑃 (𝑢𝑠) = 0𝑞×𝑞

for each 𝑠 ∈ ℕ0,𝑟. Consequently, taking into account that the matrix A0 is non-
singular, it follows that 𝑃 (𝑢0) = 0𝑞×𝑞. This yields that there is a complex 𝑞 × 𝑞
matrix polynomial 𝑄 of degree not greater than 𝑚−1 such that 𝑄(𝑣0) ∕= 0𝑞×𝑞 and

𝑃 (𝑣) = (𝑣 − 𝑢0)𝑄(𝑣), 𝑣 ∈ ℂ.

So, recalling that the points 𝑢0, 𝑢1, . . . , 𝑢𝑟 ∈ 𝕋 are pairwise different, we obtain∫
𝕋

(
𝑄(𝑧)
)∗

𝐹 (d𝑧)𝑄(𝑧) =

𝑟∑
𝑠=1

(
𝑄(𝑢𝑠)

)∗
A𝑠𝑄(𝑢𝑠)

=
𝑟∑
𝑠=1

1

∣𝑢𝑠 − 𝑢0∣2
(
𝑃 (𝑢𝑠)

)∗
A𝑠𝑃 (𝑢𝑠) = 0𝑞×𝑞.

Admittedly (see again [18, Theorem 5.8]), this is contrary to (3.11). Hence, (3.11)
implicates also (3.10). □

Recall that, for some 𝑢 ∈ 𝕋, from (3.3) we know that 𝐴
(𝛼)
𝑛,𝑢(𝑢) is a positive

Hermitian 𝑞 × 𝑞 matrix, where the equality

𝐴(𝛼)
𝑛,𝑢(𝑢) = 𝐶(𝛼)

𝑛,𝑢(𝑢) (3.12)

(which follows from (3.1) and (3.6) along with 𝑢 ∈ 𝕋; see also (3.9)) is satisfied.

Theorem 3.9. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑢 ∈ 𝕋 and U := −(Θ𝑛(𝑢))∗, where Θ𝑛(𝑢) is defi-

ned by (3.4). Furthermore, let 𝑃
(𝛼)
𝑛;U and 𝑄

(𝛼)
𝑛;U be the functions given by (2.7). Then:

(a) There exist some 𝑟 ∈ ℕ𝑛,𝑛𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋 ∖ {𝑢},
and a sequence (A𝑠)

𝑟
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices each of

which is not equal to the zero matrix such that

𝐹 (𝛼)
𝑛,𝑢 = 𝜀𝑢

(
𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
+

𝑟∑
𝑠=1

𝜀𝑧𝑠A𝑠 and

𝑟∑
𝑠=1

rankA𝑠 = 𝑛𝑞. (3.13)

In particular, 𝐹
(𝛼)
𝑛,𝑢 ({𝑢}) =

(
𝐴

(𝛼)
𝑛,𝑢(𝑢)

)−1
and 𝐹

(𝛼)
𝑛,𝑢 ({𝑧𝑠}) = A𝑠 for all 𝑠 ∈ ℕ1,𝑟.
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(b) If 𝑧 ∈ 𝕋, then the relations

𝒩 (𝑃 (𝛼)
𝑛;U(𝑧)

)
= 𝒩 ((𝑄(𝛼)

𝑛;U(𝑧))
∗) = ℛ(𝐹 (𝛼)

𝑛,𝑢 ({𝑧})
)

(3.14)

and
𝐹 (𝛼)
𝑛,𝑢 ({𝑧})𝐴(𝛼)

𝑛,𝑧(𝑧)x = x, x ∈ ℛ(𝐹 (𝛼)
𝑛,𝑢 ({𝑧})

)
(3.15)

hold, where 𝐴
(𝛼)
𝑛,𝑧(𝑧) = 𝐶

(𝛼)
𝑛,𝑧 (𝑧) and where 𝐴

(𝛼)
𝑛,𝑧 and 𝐶

(𝛼)
𝑛,𝑧 are the rational

matrix functions given by (3.1) and (3.6) with 𝑤 = 𝑧.

(c) For 𝑧 ∈ ℂ0 ∖ ℙ𝛼,𝑛, det𝑃 (𝛼)
𝑛;U(𝑧) = 0 holds if and only if 𝑧∈ {𝑢, 𝑧1, 𝑧2, . . . , 𝑧𝑟}.

(d) Let 𝐹𝑢 := 𝐹
(𝛼)
𝑛,𝑢 − 𝜀𝑢

(
𝐴

(𝛼)
𝑛,𝑢(𝑢)

)−1
. Then 𝐹𝑢 belongs to ℳ𝑞,𝑛−1

≥ (𝕋,𝔅𝕋) and is

a canonical solution in the set ℳ[T
(𝐹𝑢)
𝑛−1 ], i.e.,

rankT(𝐹𝑢)
𝑛 = rankT

(𝐹𝑢)
𝑛−1 = 𝑛𝑞.

Proof. Taking Theorem 2.1 and Remark 3.1 into account, [25, parts (b) of Theo-
rem 4.3] immediately imply the assertion of (b). Because of [25, part (a) of The-
orem 4.3] a similar argumentation shows that there are some ℓ ∈ ℕ𝑛+1,(𝑛+1)𝑞,
pairwise different points 𝑧1, 𝑧2, . . . , 𝑧ℓ ∈ 𝕋, and a sequence (A𝑠)

ℓ
𝑠=1 of non-nega-

tive Hermitian 𝑞 × 𝑞 matrices each of which is not equal to the zero matrix such
that

𝐹 (𝛼)
𝑛,𝑢 =

ℓ∑
𝑠=1

𝜀𝑧𝑠A𝑠 and
ℓ∑
𝑠=1

rankA𝑠 = (𝑛+ 1)𝑞. (3.16)

Hence, the Riesz–Herglotz transform Ω
(𝛼)
𝑛,𝑢 of 𝐹

(𝛼)
𝑛,𝑢 admits the representation

Ω(𝛼)
𝑛,𝑢(𝑣) =

ℓ∑
𝑠=1

𝑧𝑠 + 𝑣

𝑧𝑠 − 𝑣
A𝑠, 𝑣 ∈ 𝔻.

This gives rise to

lim
𝑡→1−0

1− 𝑡

2
Ω(𝛼)
𝑛,𝑢(𝑡𝑧) = 𝐹 (𝛼)

𝑛,𝑢 ({𝑧})
for each 𝑧 ∈ 𝕋 (see also [13, Lemma 8.1]). Consequently, recalling (3.2) and (3.3),
by using Remark 3.7 and [20, Lemma 5.1] we get

𝐹 (𝛼)
𝑛,𝑢 ({𝑢}) = lim

𝑡→1−0

1−𝑡

2

(
2

1−𝑡𝑢𝑢
I𝑞−

𝑛∑
𝑘=0

𝑅#
𝑘 (𝑡𝑢)

(
𝑅𝑘(𝑢)

)∗)( 𝑛∑
𝑘=0

𝑅𝑘(𝑡𝑢)
(
𝑅𝑘(𝑢)

)∗)−1

=

( 𝑛∑
𝑘=0

𝑅𝑘(𝑢)
(
𝑅𝑘(𝑢)

)∗)−1

=
(
𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
.

Apparently (note (3.14) and the fundamental theorem of algebra), (3.16) leads
to (3.13) with some integer 𝑟 ∈ ℕ𝑛,𝑛𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 be-
longing to 𝕋, and a sequence (A𝑠)

𝑟
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices

each of which is not equal to 0𝑞×𝑞 Thus, we have verified (a). Based on that and
Remark 3.1, the assertion of (c) is a consequence of [25, parts (c) of Theorem 4.3]
and Theorem 2.1. Finally, it remains to be shown (d). In view of (3.13) we get

𝐹𝑢 =
𝑟∑
𝑠=1

𝜀𝑧𝑠A𝑠.
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Therefore, 𝐹𝑢 belongs obviously toℳ𝑞
≥(𝕋,𝔅𝕋), where (3.13) in combination with

[18, Remark 3.9 and Theorem 6.6] as well as [11, Lemmas 1.1.7 and 1.1.9] yields

rankT
(𝐹𝑢)
𝑛−1 ≤ rankT(𝐹𝑢)

𝑛 ≤
𝑟∑
𝑠=1

rankA𝑠 = 𝑛𝑞.

Hence, recalling Theorem 1.1 and (2.1), part (d) follows from (a) and Lemma 3.8
along with detG ∕= 0 and 𝐹

(𝛼)
𝑛,𝑢 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] (see Remark 3.1). □

Corollary 3.10. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that the set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty. Furthermore, let 𝐹 be a solution

in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which admits the representation

𝐹 =

𝑟∑
𝑠=1

𝜀𝑢𝑠A𝑠 (3.17)

for some 𝑟 ∈ ℕ, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of non-negative

Hermitian 𝑞 × 𝑞 matrices. Then 𝑟 ≥ 𝑛+ 1, where the points 𝑢1, 𝑢2, . . . , 𝑢𝑟 can be
chosen as pairwise different and the sequence (A𝑠)

𝑟
𝑠=1 such that each element is

not equal to the zero matrix. Moreover (in that context), if 𝑟 ≥ 𝑛𝑞 + 2, then the
matrix measure 𝐹 does not coincide with 𝐹

(𝛼)
𝑛,𝑢 for certain 𝑢 ∈ 𝕋.

Proof. Since 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that (3.17) holds and since the

matrixG is non-singular, Theorem 1.1 and [18, Theorem 6.11] imply that 𝑟 ≥ 𝑛+1,
where the points 𝑢1, 𝑢2, . . . , 𝑢𝑟 can be chosen as pairwise different and the sequence
(A𝑠)

𝑟
𝑠=1 such that A𝑠 ∕= 0𝑞×𝑞 for each 𝑠 ∈ ℕ1,𝑟. Based on such representation, by

using Theorem 3.9 one can see that, if 𝑟 ≥ 𝑛𝑞+2 and if 𝑢 ∈ 𝕋, then 𝐹 ∕= 𝐹
(𝛼)
𝑛,𝑢 . □

The matrix functions 𝐿𝑛, 𝑅𝑛, 𝐿#
𝑛 , and 𝑅#

𝑛 (which are the basis for (3.4)
and (3.5)) can be constructed from the given data in different ways. In view of
the recurrence relations for orthogonal rational matrix functions one needs to
determine the corresponding matrices, which realize those. Following this way,
one can apply the formulas in [21]. Moreover, because of [24, Remark 6.4] one can
use Szegő parameters to obtain representations of Ω

(𝛼)
𝑛;𝑢. The functions 𝐿#

𝑛 and 𝑅#
𝑛

can be also extracted from 𝐿𝑛 and 𝑅𝑛 using the integral formulas in [34, Section 5].

In the following, we present a further alternative to get descriptions of the
𝑞× 𝑞 Carathéodory function Ω

(𝛼)
𝑛,𝑢 with 𝑢 ∈ 𝕋. In other words, we will reformulate

the above representations in terms of reproducing kernels based on the procedure
already used in [24, Section 6] (see also [25, Remark 3.9 and Theorem 3.10]).

If 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) is such that the weight 𝐹 (𝕋) is a non-singular matrix and

if Ω stands for the Riesz–Herglotz transform of 𝐹 , then Ω(𝑤) is a non-singular
matrix for each 𝑤 ∈ 𝔻 and Ω−1 is a 𝑞 × 𝑞 Carathéodory function, where

(
Ω(0)
)−1

is a positive Hermitian 𝑞× 𝑞 matrix (see, e.g., [11, Proposition 3.6.8]). Taking this
and the matricial version of the Riesz–Herglotz theorem (see [11, Theorem 2.2.2])
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into account, we call the unique measure 𝐹 # ∈ℳ𝑞
≥(𝕋,𝔅𝕋) fulfilling(

Ω(𝑤)
)−1

=

∫
𝕋

𝑧 + 𝑤

𝑧 − 𝑤
𝐹 #(d𝑧), 𝑤 ∈ 𝔻,

the reciprocal measure corresponding to 𝐹 (cf. [11, Definition 3.6.10] and [26]).
Based on [24, Remarks 6.1 and 6.2], similar to (3.1) and (3.6), we set

𝐴(𝛼,#)
𝑛,𝑤 :=

(
𝑋0, 𝑋1, . . . , 𝑋𝑛

)(
G#
)−1
(

𝑋0(𝑤), 𝑋1(𝑤), . . . , 𝑋𝑛(𝑤)
)∗

and

𝐶(𝛼,#)
𝑛,𝑤 :=

⎛⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑤)

𝑋
[𝛼,𝑛]
1 (𝑤)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑤)

⎞⎟⎟⎟⎠
∗

(
G#
)−1

⎛⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0

𝑋
[𝛼,𝑛]
1...

𝑋
[𝛼,𝑛]
𝑛

⎞⎟⎟⎟⎠ ,

whereG# stands for the (𝑛+1)𝑞×(𝑛+1)𝑞 matrixG(𝐹#)
𝑋,𝑛 which is (uniquely) given

by the reciprocal measure 𝐹 # corresponding to some 𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Let V be a unitary 𝑞 × 𝑞 matrix. In view of [25, Theorem 3.10] the function

Φ
(𝛼)
𝑛;V :=

(
𝐴(𝛼,#)
𝑛,𝛼𝑛

Ω−∗
𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

− 𝑏𝛼𝑛(𝐶
(𝛼,#)
𝑛,𝛼𝑛

)[𝛼,𝑛] Ω−1
𝑛

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V
)

⋅
(

𝐴(𝛼)
𝑛,𝛼𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

+ 𝑏𝛼𝑛(𝐶
(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛]

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V
)−1

,

where Ω𝑛 = (𝐿
#
𝑛 )

[𝛼,𝑛](𝛼𝑛)
(
𝐿

[𝛼,𝑛]
𝑛 (𝛼𝑛)

)−1
, is of particular interest. (We marginally

comment that [24, Lemma 6.4] points out some other possibilities to calculate the
non-singular 𝑞 × 𝑞 matrix Ω𝑛.) Thus, recalling the represenations of Ψ

(𝛼)
𝑛;U stated

in Section 2, by using [24, Lemma 6.4] (note (3.3) and (3.8)) one can realize that

Φ
(𝛼)
𝑛;V =

(√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

𝐶(𝛼)
𝑛,𝛼𝑛

+ 𝑏𝛼𝑛V

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

(𝐴(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛]
)−1

⋅
(√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−∗
𝑛 𝐶(𝛼,#)

𝑛,𝛼𝑛
− 𝑏𝛼𝑛V

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−1
𝑛 (𝐴

(𝛼,#)
𝑛,𝛼𝑛

)[𝛼,𝑛]
)

,

Φ
(𝛼)
𝑛;V =

( 1
𝑏𝛼𝑛

𝐴(𝛼,#)
𝑛,𝛼𝑛

Ω−∗
𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V∗ − (𝐶(𝛼,#)
𝑛,𝛼𝑛

)[𝛼,𝑛] Ω−1
𝑛

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1)
⋅
( 1

𝑏𝛼𝑛

𝐴(𝛼)
𝑛,𝛼𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V∗ + (𝐶(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛]

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1)−1

,

Φ
(𝛼)
𝑛;V =

( 1
𝑏𝛼𝑛

V∗
√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

𝐶(𝛼)
𝑛,𝛼𝑛

+

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

(𝐴(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛]
)−1

⋅
( 1

𝑏𝛼𝑛

V∗
√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−∗
𝑛 𝐶(𝛼,#)

𝑛,𝛼𝑛
−
√

𝐴
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−1
𝑛 (𝐴

(𝛼,#)
𝑛,𝛼𝑛

)[𝛼,𝑛]
)
.

Remark 3.11. If 𝑢 ∈ 𝕋 and if (note (3.3) and (3.8))

Θ̃𝑛(𝑢) := 𝑏𝛼𝑛(𝑢)

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

(
𝐴(𝛼)
𝑛,𝛼𝑛

(𝑢)
)−1
(𝐶(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛](𝑢)

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

,

A. LasarowB. Fritzsche, B. Kirstein and
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then by [24, Lemma 6.4] one can find that Θ̃𝑛(𝑢) is a unitary 𝑞× 𝑞 matrix, where

Θ̃𝑛(𝑢) = 𝑏𝛼𝑛(𝑢)

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

(𝐴(𝛼)
𝑛,𝛼𝑛

)[𝛼,𝑛](𝑢)
(
𝐶(𝛼)
𝑛,𝛼𝑛

(𝑢)
)−1
√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛).

Moreover, [24, Lemma 6.4] along with (3.5) and (3.4) implies that 𝐹
(𝛼)
𝑛,𝑢 is the uni-

quely determined measure belonging toℳ𝑞
≥(𝕋,𝔅𝕋) such that its Riesz–Herglotz

transform Ω
(𝛼)
𝑛,𝑢 satisfies Ω

(𝛼)
𝑛,𝑢(𝑣) = Φ

(𝛼)
𝑛;V(𝑣) for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, where Φ(𝛼)

𝑛;V is

given as above with V := −(Θ̃𝑛(𝑢))∗ (cf. [24, part (c) of Theorem 6.5]).

Due to [25, Remark 2.5] one can see that, roughly speaking, the concept of
reciprocal measures harmonizes with the notion of a canonical solution (see also
[26]). As the next proposition emphasized (cf. [24, Proposition 6.3]), having fixed

some 𝑢 ∈ 𝕋, the situation concerning the solution 𝐹
(𝛼)
𝑛,𝑢 is not that simple. However,

we get at least the following statement (which is similar to Theorem 3.9).

Remark 3.12. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑢 ∈ 𝕋 and U := −(Θ𝑛(𝑢))∗, where the value

Θ𝑛(𝑢) is defined by (3.4). Furthermore, let the rational matrix functions 𝑃
(𝛼,#)
𝑛;U

and 𝑄
(𝛼,#)
𝑛;U be given by (2.7). Denote by 𝐹

(𝛼,#)
𝑛,𝑢 the reciprocal measure correspon-

ding to 𝐹
(𝛼)
𝑛,𝑢 . Then, recalling Theorem 2.1 and Remark 3.1, as a consequence of

[25, Corollary 4.4] one can conclude the following:

(a) There exist some ℓ ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑢1, 𝑢2, . . . , 𝑢ℓ ∈ 𝕋,

and a sequence (A#
𝑠 )
ℓ
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices each of

which is not equal to the zero matrix such that

𝐹 (𝛼,#)
𝑛,𝑢 =

ℓ∑
𝑠=1

𝜀𝑢𝑠A
#
𝑠 and

ℓ∑
𝑠=1

rankA#
𝑠 = (𝑛+ 1)𝑞.

In particular, 𝐹
(𝛼,#)
𝑛,𝑢 ({𝑢𝑠}) = A#

𝑠 for each 𝑠 ∈ ℕ1,ℓ.
(b) If 𝑧 ∈ 𝕋, then the relations

𝒩 (𝑃 (𝛼,#)
𝑛;U (𝑧)

)
= 𝒩 ((𝑄(𝛼,#)

𝑛;U (𝑧))∗
)
= ℛ(𝐹 (𝛼,#)

𝑛,𝑢 ({𝑧}))
and

𝐹 (𝛼,#)
𝑛,𝑢 ({𝑧})𝐴(𝛼,#)

𝑛,𝑧 (𝑧)x = x, x ∈ ℛ(𝐹 (𝛼,#)
𝑛,𝑢 ({𝑧})),

are satisfied, where 𝐴
(𝛼,#)
𝑛,𝑧 (𝑧) = 𝐶

(𝛼,#)
𝑛,𝑧 (𝑧) holds.

(c) For 𝑧 ∈ ℂ0 ∖ ℙ𝛼,𝑛, det𝑃 (𝛼,#)
𝑛;U (𝑧) = 0 holds if and only if 𝑧∈ {𝑢1, 𝑢2, . . . , 𝑢ℓ}.

A comparison of Theorem 3.9 with Remark 3.12 shows that the reciprocal

measure 𝐹
(𝛼,#)
𝑛,𝑢 corresponding to 𝐹

(𝛼)
𝑛,𝑢 with some 𝑢 ∈ 𝕋 has a similar structure as

the underlying measure 𝐹
(𝛼)
𝑛,𝑢 , but not at all points. The following result contains

some thought in this regard (see also (3.19) and Example 4.13). Here again, G#

stands for the complex (𝑛+1)𝑞× (𝑛+1)𝑞 matrix G
(𝐹#)
𝑋,𝑛 which is (uniquely) given

by the reciprocal measure 𝐹 # corresponding to some 𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].
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Proposition 3.13. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such

that ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝑢 ∈ 𝕋 and let 𝐹

(𝛼,#)
𝑛,𝑢 be the

reciprocal measure corresponding to the canonical solution 𝐹
(𝛼)
𝑛,𝑢 . Then, for some

𝑧 ∈ 𝕋, the following statements are equivalent:

(i) 𝐹
(𝛼,#)
𝑛,𝑢 coincides with the (special ) canonical solution (𝐹 #)

(𝛼)
𝑛,𝑧 which is given

relating to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0] and the point 𝑧.

(ii) 𝑏𝛼𝑛(𝑢)(𝐿
#
𝑛 )

[𝛼,𝑛](𝑧)𝐿𝑛(𝑢) + 𝑏𝛼𝑛(𝑧)𝑅
#
𝑛 (𝑧)𝑅

[𝛼,𝑛]
𝑛 (𝑢) = 0𝑞×𝑞.

(iii) 𝑏𝛼𝑛(𝑧)𝐿
[𝛼,𝑛]
𝑛 (𝑢)𝐿#

𝑛 (𝑧) + 𝑏𝛼𝑛(𝑢)𝑅𝑛(𝑢)(𝑅
#
𝑛 )

[𝛼,𝑛](𝑧) = 0𝑞×𝑞.

(iv) (1− 𝑢𝑧)

𝑛∑
𝑘=0

(
𝐿𝑘(𝑢)

)∗
𝐿#
𝑘 (𝑧) = 2I𝑞.

(v) (1− 𝑧𝑢)

𝑛∑
𝑘=0

𝑅#
𝑘 (𝑧)
(
𝑅𝑘(𝑢)

)∗
= 2I𝑞.

In particular, the measure 𝐹
(𝛼,#)
𝑛,𝑢 does not coincide with the measure (𝐹 #)

(𝛼)
𝑛,𝑢.

Proof. Let 𝑧 ∈ 𝕋. The reciprocal measure 𝐹
(𝛼,#)
𝑛,𝑢 is well defined because of [24,

Remark 6.2] and the fact that Remark 3.1 implies 𝐹
(𝛼)
𝑛,𝑢 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Moreover, in consequence of [24, Remarks 6.1 and 6.2] and the choice of G#, the

matrix measure (𝐹 #)
(𝛼)
𝑛,𝑧 is also well defined. Let Ω𝑢 and Ω̃𝑧 be the Riesz–Herglotz

transform of 𝐹
(𝛼,#)
𝑛,𝑢 and (𝐹 #)

(𝛼)
𝑛,𝑧 , respectively. Furthermore, let Θ𝑛(𝑢) be defined

by (3.4). Thus, in view of (3.5) and (2.7), the representation

Ω𝑢(𝑣) =
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑣)+𝑏𝛼𝑛(𝑣)
(
Θ𝑛(𝑢)

)∗
𝐿#
𝑛 (𝑣)
)−1(

𝑅[𝛼,𝑛]
𝑛 (𝑣)−𝑏𝛼𝑛(𝑣)

(
Θ𝑛(𝑢)

)∗
𝐿𝑛(𝑣)

)
holds for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛. Similarly, since [25, Remark 3.4] (see also [34, Theo-
rem 4.6]) tells us that [(𝐿#

𝑘 )
𝑛
𝑘=0, (𝑅#

𝑘 )
𝑛
𝑘=0] is a pair of orthonormal systems corre-

sponding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0], where [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] is obviously the

dual pair of orthonormal systems corresponding to [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅#

𝑘 )
𝑛
𝑘=0], we get

Ω̃𝑧(𝑣) =
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑣)−𝑏𝛼𝑛(𝑣)
(
Θ#
𝑛 (𝑧)
)∗

𝐿#
𝑛 (𝑣)
)−1(

𝑅[𝛼,𝑛]
𝑛 (𝑣)+𝑏𝛼𝑛(𝑣)

(
Θ#
𝑛 (𝑧)
)∗

𝐿𝑛(𝑣)
)

for each 𝑣 ∈ 𝔻∖ℙ𝛼,𝑛, where Θ#
𝑛 (𝑧) := 𝑏𝛼𝑛(𝑧)

(
(𝐿#
𝑛 )

[𝛼,𝑛](𝑧)
)−1

𝑅#
𝑛 (𝑧). Consequently,

taking the matricial version of the Riesz–Herglotz theorem (see, e.g., [11, Theo-
rem 2.2.2]) and (3.5) into account, by Theorem 2.1 and [24, Lemma 3.11] one can
see that (i) is equivalent to (ii) (resp., to (iii)). Furthermore (note 𝑢, 𝑧 ∈ 𝕋 and
the definition of 𝑏𝛼𝑛), an application of the Christoffel–Darboux formulas for or-
thogonal rational matrix functions stated in [34, Proposition 3.1] (cf. Remark 3.7)
along with [20, Remark 2.5] yields that (ii) holds if and only if (iv) (resp., (v)) is
satisfied. Thus, (i)–(v) are equivalent. Based on this fact (i.e., that the statements
(i) and (v) are equivalent) and 𝑢 ∈ 𝕋 one can realize that 𝐹

(𝛼,#)
𝑛,𝑢 ∕= (𝐹 #)

(𝛼)
𝑛,𝑢. □
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Let 𝑢 ∈ 𝕋 and let us consider the settings (3.5) and (3.4) in the elemen-
tary case 𝑛 = 0 (see also [22, Remark 6.8]). Applying a similar reasoning as in
Remark 3.7 one can find that the Riesz–Herglotz transform Ω

(𝛼)
0,𝑢 of 𝐹

(𝛼)
0,𝑢 admits

Ω
(𝛼)
0,𝑢(𝑣) =

𝑢+ 𝑣

𝑢− 𝑣
X−∗

0 GX−1
0 , 𝑣 ∈ 𝔻.

From here one can read in a straightforward manner that appropriate statements
are satisfied for that case as presented in this section for 𝑛 ∈ ℕ. In particular (cf.
(2.10)), in view of the matricial version of the Riesz–Herglotz theorem we see that

𝐹
(𝛼)
0,𝑢 = 𝜀𝑢X

−∗
0 GX−1

0 . (3.18)

Moreover, by using the notation of Proposition 3.13 for 𝑛 = 0 as well it follows that

𝐹
(𝛼,#)
0,𝑢 = (𝐹 #)

(𝛼)
0,−𝑢. (3.19)

However, this relationship is in some contrast to the case 𝑛 ∈ ℕ (see Example 4.13).

4. Characterizations of 𝑭 (𝜶)
𝒏,𝒖 in the set of canonical solutions

The considerations in this section are attached to those in the previous one. In
doing so, we will still use the notation fixed there. In particular, in view of (3.5)
and (3.4), we will analyze the rational matrix functions given by (2.7) based on
a point 𝑢 ∈ 𝕋 and a pair [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] of orthonormal systems correspon-

ding toℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] with dual pair [(𝐿

#
𝑘 )
𝑛
𝑘=0, (𝑅#

𝑘 )
𝑛
𝑘=0] of orthonormal

systems corresponding to [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]. Furthermore, the values 𝐴

(𝛼)
𝑛,𝑢(𝑢) and

𝐶
(𝛼)
𝑛,𝑢(𝑢) for 𝑢 ∈ 𝕋 will play a crucial part as well, where 𝐴

(𝛼)
𝑛,𝑢 and 𝐶

(𝛼)
𝑛,𝑢 are the

rational matrix functions defined by (3.1) and (3.6) with 𝑤 = 𝑢, respectively.

Let 𝑢 ∈ 𝕋. By the choice of the matrix measure 𝐹
(𝛼)
𝑛,𝑢 it is clear that this is

a canonical solution of Problem (R) for the nondegenerate case (cf. Remark 3.1).
Roughly speaking, recalling Theorems 2.1 and 3.9 (see also [25, Theorem 4.3]), we
discuss below special features of the matrix measure 𝐹

(𝛼)
𝑛,𝑢 concerning its excep-

tional position in the whole family of canonical solutions of Problem (R).
We begin directly with the main result of this section.

Theorem 4.1. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑢 ∈ 𝕋 and let U be a unitary 𝑞 × 𝑞 matrix. Let

𝑃
(𝛼)
𝑛;U and 𝑃

(𝛼,#)
𝑛;U (resp., 𝑄

(𝛼)
𝑛;U and 𝑄

(𝛼,#)
𝑛;U ) as well as Θ𝑛 be the matrix functions

given by (2.7) and (3.4). Furthermore, let Ω
(𝛼)
𝑛,𝑢 and Ω

(𝛼)
𝑛;U be the Riesz–Herglotz

transform of 𝐹
(𝛼)
𝑛,𝑢 and 𝐹

(𝛼)
𝑛;U, respectively. Let

𝐹𝑢 := 𝐹
(𝛼)
𝑛;U − 𝜀𝑢𝐹

(𝛼)
𝑛;U({𝑢}).

Then the following statements are equivalent:

(i) 𝐹
(𝛼)
𝑛;U = 𝐹

(𝛼)
𝑛,𝑢 .

(ii) 𝐹
(𝛼)
𝑛;U({𝑢}) =

(
𝐴

(𝛼)
𝑛,𝑢(𝑢)

)−1
(resp., 𝐹

(𝛼)
𝑛;U({𝑢}) =

(
𝐶

(𝛼)
𝑛,𝑢(𝑢)

)−1
).
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(iii) 𝐹
(𝛼)
𝑛;U({𝑢}) is non-singular.

(iv) 𝑃
(𝛼)
𝑛;U(𝑢) = 0𝑞×𝑞 (resp., 𝑄

(𝛼)
𝑛;U(𝑢) = 0𝑞×𝑞).

(v) U = −(Θ𝑛(𝑢))∗.
(vi) There is some 𝑣 ∈ ℂ ∖ (𝕋 ∪ ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛) such that Ω̂

(𝛼)
𝑛;U(𝑣) = Ω̂

(𝛼)
𝑛,𝑢(𝑣).

(vii) There is some 𝑘 ∈ ℕ1,𝑚 such that
(
Ω̂

(𝛼)
𝑛;U

)(𝑙𝑘)
(𝛾𝑘) =

(
Ω̂

(𝛼)
𝑛,𝑢

)(𝑙𝑘)
(𝛾𝑘).

(viii) For each 𝑘 ∈ ℕ1,𝑚, the equality
(
Ω̂

(𝛼)
𝑛;U

)(𝑙𝑘)
(𝛾𝑘) =

(
Ω̂

(𝛼)
𝑛,𝑢

)(𝑙𝑘)
(𝛾𝑘) holds.

(ix) 𝐹𝑢 is a canonical solution in the set ℳ[T
(𝐹𝑢)
𝑛−1 ].

(x) rankT
(𝐹𝑢)
𝑛 = 𝑛𝑞.

(xi) The set ℳ[T
(𝐹𝑢)
𝑛 ] is a singleton.

In particular, if (i) holds, then det𝑃
(𝛼,#)
𝑛;U (𝑢) ∕= 0 (resp., det𝑄

(𝛼,#)
𝑛;U (𝑢) ∕= 0) and

𝐹
(𝛼,#)
𝑛;U ({𝑢}) = 0𝑞×𝑞, where 𝐹

(𝛼,#)
𝑛;U is the reciprocal measure corresponding to 𝐹

(𝛼)
𝑛;U.

Proof. In view of the definition of 𝐹
(𝛼)
𝑛;U and Theorem 2.1 one can conclude the

equivalence of (i), (vi), (vii), and (viii) directly from Proposition 3.6. Taking [24,
Lemma 3.11] and (3.5) into account, the equivalence of (i) and (v) is a consequence

of Theorem 2.1 and the special choice of 𝐹
(𝛼)
𝑛,𝑢 . Recalling again [24, Lemma 3.11],

because of (2.7) and (3.4) one can find that (v) holds if and only if (iv) is satisfied
(cf. [22, part (b) of Proposition 9.8]). Since from [25, Theorem 4.3] we know that

𝒩 (𝑃 (𝛼)
𝑛;U(𝑧)

)
𝐹𝑢 = 𝒩 ((𝑄(𝛼)

𝑛;U(𝑧))
∗) = ℛ(𝐹 (𝛼)

𝑛;U({𝑧})
)

holds for each 𝑧 ∈ 𝕋, one can see that (iii) is equivalent to (iv). Furthermore, from

(3.3) we know that 𝐴
(𝛼)
𝑛,𝑢(𝑢) is a positive Hermitian 𝑞 × 𝑞 matrix, where (3.12)

holds (see also (3.9)). In particular, one can realize that (ii) leads to (iii). applying
part (a) of Theorem 3.9 and (3.12), we get that (i) implies (ii). Keeping this in
mind, from part (d) of Theorem 3.9 one can derive that (i) yields also (ix). Taking
Theorem 2.1 into account and the fact that the matrix G is non-singular, by using
Theorem 1.1 we have on the one hand

rankT
(𝐹

(𝛼)
𝑛;U)

𝑛 = rankG = (𝑛+ 1)𝑞

and on the other hand (note [18, Example 3.11]) the choice of 𝐹𝑢 gives rise to

rankT
(𝐹

(𝛼)
𝑛;U)

𝑛 ≤ rankT(𝐹𝑢)
𝑛 +rankT

(𝜀𝑢𝐹
(𝛼)
𝑛;U({𝑢}))

𝑛 = rankT(𝐹𝑢)
𝑛 +rank𝐹

(𝛼)
𝑛;U({𝑢}).

Consequently, we obtain

(𝑛+ 1)𝑞 ≤ rankT(𝐹𝑢)
𝑛 + rank𝐹

(𝛼)
𝑛;U({𝑢}). (4.1)

In particular, because of (4.1) and rank𝐹
(𝛼)
𝑛;U({𝑢}) ≤ 𝑞 it follows that

𝑛𝑞 ≤ rankT(𝐹𝑢)
𝑛 . (4.2)
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We suppose now that (ix) is fulfilled. Thus, since the size of the matrix T
(𝐹𝑢)
𝑛−1 is

𝑛𝑞 × 𝑛𝑞 and since (4.2) in combination with (ix) leads to

𝑛𝑞 ≤ rankT(𝐹𝑢)
𝑛 = rankT

(𝐹𝑢)
𝑛−1 ,

one can see that (x) holds. Finally, we come from (x). By (4.1) along with (x) we get

(𝑛+ 1)𝑞 ≤ rankT(𝐹𝑢)
𝑛 + rank𝐹

(𝛼)
𝑛;U({𝑢}) = 𝑛𝑞 + rank𝐹

(𝛼)
𝑛;U({𝑢}).

Hence, the matrix 𝐹
(𝛼)
𝑛;U({𝑢}) is non-singular, i.e., (iii) holds. Finally, recalling a

fundamental result on non-negative definite sequences of matrices (see, e.g., [11,
Theorem 3.4.2]), the equivalence of (ix) and (xi) is an immediate consequence of
[25, Proposition 1.12]. So, we have shown that the statements (i)–(xi) are equiva-
lent. Based on that (more precisely, on the fact that (i) and (iii) are equivalent),
the remaining part of the assertion can be deduced from [25, Corollary 4.5]. □

Corollary 4.2. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. If 𝑢 ∈ 𝕋 and if 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then

the following statements are equivalent:

(i) 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 .

(ii) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and det𝐹 ({𝑢}) ∕= 0.

(iii) There is a finite subset Δ of 𝕋 such that 𝐹 (𝕋∖Δ)= 0𝑞×𝑞, det𝐹 ({𝑢}) ∕= 0, and∑
𝑧∈Δ∖{𝑢} rank𝐹 ({𝑧}) = 𝑛𝑞. (4.3)

(iv) There is a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ)= 0𝑞×𝑞 and (4.3) hold.

Proof. Use Theorem 4.1 in combination with Theorem 2.1 and (2.2) (see also
Remark 3.1 and [25, Remark 3.1]). □

Corollary 4.3. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of

the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑢 ∈ 𝕋. If 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and

if 𝐹 (𝛼,𝑛) : 𝔅𝕋 → ℂ𝑞×𝑞 is the matrix measure defined by

𝐹 (𝛼,𝑛)(𝐵) :=

∫
𝐵

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)∗
𝐹 (d𝑧)

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)
, (4.4)

then 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 holds if and only if 𝐹 (𝛼,𝑛) coincides with the (special ) canonical

solution 𝐹𝑛,𝑢 which is given relating to the set ℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ] and the point 𝑢.

Proof. In view of Theorem 1.1 and [18, Remark 5.10], if 𝐹 (𝛼,𝑛) : 𝔅𝕋 → ℂ𝑞×𝑞 is
defined by (4.4) based on a matrix measure 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then

𝐹 (𝛼,𝑛) belongs to ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋) since G is a non-singular matrix. Furthermore,

because of [25, Remark 2.4] we already know that 𝐹 is a canonical solution in
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if 𝐹 (𝛼,𝑛) is a canonical solution with respect

to the solution setℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ]. Thus, the assertion follows immediately from The-
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orem 4.1 along with Theorem 2.1 and the fact that the value 𝐹 ({𝑢}) is obviously
non-singular if and only if 𝐹 (𝛼,𝑛)({𝑢}) is non-singular. □

Corollary 4.4. Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). Furthermore, let 𝑛 ∈ ℕ and let 𝑢 ∈ 𝕋. Then

the following statements are equivalent:

(i) 𝐹 coincides with the canonical solution 𝐹𝑛,𝑢 given relating toℳ[T
(𝐹 )
𝑛 ] and 𝑢.

(ii) There exist a sequence (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and a basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the right

ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 such that 𝐹 coincides with the canonical solution 𝐹
(𝛼)
𝑛,𝑢

which is given relating to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0] and the point 𝑢.

(iii) 𝐹 coincides with the canonical solution 𝐹
(𝛼)
𝑛,𝑢 inℳ[(𝛼𝑗)

𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0] for

every (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 .

Proof. Applying a similar argumentation as in the proof of Corollary 4.3 (note
here Theorem 1.1 and Theorem 2.1), the assertion follows from Theorem 4.1 along
with a general result on the canonical solution stated in [25, Remark 2.3]. □

Corollary 4.5. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of

the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 be a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0]

such that the value 𝐹 ({𝑢𝑠}) is a non-singular 𝑞 × 𝑞 matrix for each 𝑠 ∈ ℕ1,ℓ with
some integer ℓ ∈ ℕ and pairwise different points 𝑢1, 𝑢2, . . . , 𝑢ℓ ∈ 𝕋.

(a) Then 𝐹 coincides with 𝐹
(𝛼)
𝑛,𝑢𝑠 and 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞 for all 𝑠 ∈ ℕ1,ℓ, where 𝐹 #

stands for the reciprocal measure corresponding to 𝐹 . In particular, ℓ≤ 𝑛+ 1.
(b) The matrix measure 𝐹 admits the representation

𝐹 =

𝑛+1∑
𝑠=1

𝜀𝑢𝑠

(
𝐴(𝛼)
𝑛,𝑢𝑠

(𝑢𝑠)
)−1

(4.5)

if ℓ = 𝑛 + 1 and otherwise there are some 𝑟 ∈ ℕ𝑛+1−ℓ,(𝑛+1−ℓ)𝑞, pairwise
different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)

𝑟
𝑠=1 of non-negative

Hermitian 𝑞 × 𝑞 matrices each of which is not equal to 0𝑞×𝑞 such that

𝐹 =

ℓ∑
𝑠=1

𝜀𝑢𝑠

(
𝐴(𝛼)
𝑛,𝑢𝑠

(𝑢𝑠)
)−1
+

𝑟∑
𝑠=1

𝜀𝑧𝑠A𝑠 and

𝑟∑
𝑠=1

rankA𝑠= (𝑛+ 1− ℓ)𝑞.

(c) Suppose that ℓ ∕= 𝑛+ 1 and let

𝐹 := 𝐹 −
ℓ∑
𝑠=1

𝜀𝑢𝑠

(
𝐴(𝛼)
𝑛,𝑢𝑠

(𝑢𝑠)
)−1

. (4.6)

Then 𝐹 ∈ ℳ𝑞,𝑛−ℓ
≥ (𝕋,𝔅𝕋) and 𝐹 is a canonical solution in ℳ[T

(𝐹 )
𝑛−ℓ], i.e.,

rankT
(𝐹 )
𝑛+1−ℓ = rankT

(𝐹 )
𝑛−ℓ = (𝑛+ 1− ℓ)𝑞.

In particular, for some 𝑢 ∈ 𝕋 ∖ {𝑢1, 𝑢2, . . . , 𝑢ℓ}, the equality 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 holds

if and only if 𝐹 coincides with the (special ) canonical solution 𝐹𝑛−ℓ,𝑢 which

is given relating to the set ℳ[T
(𝐹 )
𝑛−ℓ] and the point 𝑢.
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Proof. Taking Theorems 1.1 and 2.1 into account, this is a simple consequence of
Theorem 4.1 (note also Theorem 3.9). □

Corollary 4.6. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of

the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 be a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0]

and let 𝐹 # be the reciprocal measure corresponding to 𝐹 . Suppose that the value
𝐹 #({𝑧𝑠}) is a non-singular 𝑞× 𝑞 matrix for each 𝑠 ∈ ℕ1,ℓ with some integer ℓ ∈ ℕ

and pairwise different points 𝑧1, 𝑧2, . . . , 𝑧ℓ ∈ 𝕋.

(a) Then 𝐹 # coincides with (𝐹 #)
(𝛼)
𝑛,𝑧𝑠 and 𝐹 ({𝑧𝑠}) = 0𝑞×𝑞 for all 𝑠 ∈ ℕ1,ℓ, where

(𝐹 #)
(𝛼)
𝑛,𝑧𝑠 stands for the (special ) canonical solution which is given relating to

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0] and 𝑧𝑠. In particular, ℓ ≤ 𝑛+ 1.

(b) The matrix measure 𝐹 # admits the representation

𝐹 # =

𝑛+1∑
𝑠=1

𝜀𝑧𝑠
(
𝐴(𝛼,#)
𝑛,𝑧𝑠 (𝑧𝑠)

)−1
(4.7)

if ℓ = 𝑛 + 1 and otherwise there are some 𝑟 ∈ ℕ𝑛+1−ℓ,(𝑛+1−ℓ)𝑞, pairwise

different points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A#
𝑠 )
𝑟
𝑠=1 of non-negative

Hermitian 𝑞 × 𝑞 matrices each of which is not equal to 0𝑞×𝑞 such that

𝐹 #=

ℓ∑
𝑠=1

𝜀𝑧𝑠
(
𝐴(𝛼,#)
𝑛,𝑧𝑠 (𝑧𝑠)

)−1
+

𝑟∑
𝑠=1

𝜀𝑢𝑠A
#
𝑠 and

𝑟∑
𝑠=1

rankA#
𝑠 = (𝑛+ 1− ℓ)𝑞.

(c) Suppose that ℓ ∕= 𝑛+1 and let 𝐹 # := 𝐹 #−
ℓ∑
𝑠=1

𝜀𝑧𝑠
(
𝐴

(𝛼,#)
𝑛,𝑧𝑠 (𝑧𝑠)

)−1
. Then 𝐹 # be-

longs toℳ𝑞,𝑛−ℓ
≥ (𝕋,𝔅𝕋) and is a canonical solution in the set ℳ[T

(𝐹#)
𝑛−ℓ ], i.e.,

rankT
(𝐹#)
𝑛+1−ℓ = rankT

(𝐹#)
𝑛−ℓ = (𝑛+ 1− ℓ)𝑞.

In particular, for some 𝑧 ∈ 𝕋∖{𝑧1, 𝑧2, . . . , 𝑧ℓ}, the equality 𝐹 #= (𝐹 #)
(𝛼)
𝑛,𝑧 holds

if and only if the measure 𝐹 # coincides with the (special ) canonical solution

(𝐹 #)𝑛−ℓ,𝑢 given relating to the set ℳ[T
(𝐹#)
𝑛−ℓ ] and the point 𝑧.

Proof. Recalling that the matrix G is non-singular, by [24, Remarks 6.1 and 6.2]
and the choice of G# we see that the matrix G# is non-singular as well. Further-
more, in view of [25, Remark 2.5] and the fact that the matrix measure 𝐹 is a
canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] we get that 𝐹 # is a canonical solution

inℳ[(𝛼𝑗)
𝑛
𝑗=1,G#;(𝑋𝑘)

𝑛
𝑘=0]. Hence, the assertion follows from Corollary 4.5. □

In view of (4.5) we still comment as follows (see also [25, Remark 3.2]).

Proposition 4.7. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that the set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty. Furthermore, let 𝐹 be a solu-

tion in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which admits (3.17) for some integer 𝑟 ∈ ℕ1,𝑛+1,
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points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of non-negative Hermitian 𝑞× 𝑞

matrices. Then 𝑟 = 𝑛+ 1, the points 𝑢1, 𝑢2, . . . , 𝑢𝑟 are pairwise different, and

A𝑠 =
(
𝐴(𝛼)
𝑛,𝑢𝑠

(𝑢𝑠)
)−1

, 𝑠 ∈ ℕ1,𝑟.

In particular, 𝐹 admits (4.5) and 𝐹 = 𝐹
(𝛼)
𝑛,𝑢𝑠 as well as 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞 for each

𝑠 ∈ ℕ1,𝑛+1, where 𝐹 # stands for the reciprocal measure corresponding to 𝐹 .

Proof. Since 𝐹 belongs to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], where (3.17) is satisfied with

some 𝑟 ∈ ℕ1,𝑛+1, and since the matrix G is non-singular, an application of The-
orem 1.1 and [18, Theorem 6.11] implies that 𝑟 = 𝑛 + 1, that 𝑢1, 𝑢2, . . . , 𝑢𝑟 are
pairwise different points, and that A𝑠 is a non-singular matrix for each 𝑠 ∈ ℕ1,𝑟

(cf. Corollary 3.10). In particular, from (3.17) we see that there is a finite subset
Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑

𝑧∈Δ

rank𝐹 ({𝑧}) = (𝑛+ 1)𝑞 = rankG

hold. Therefore, in view of (2.2) one can conclude that the matrix measure 𝐹 is a
canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. The remaining part of the assertion

is then an easy consequence of Corollary 4.5 and the fact that the argumentation
above implies that 𝐹 ({𝑢𝑠}) is non-singular for each 𝑠 ∈ ℕ1,𝑛+1, where the points
𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 are pairwise different. □

Corollary 4.8. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that the
set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty. Furthermore, let the reciprocal measure

𝐹 # corresponding to some 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] admit the representation

𝐹 # =

𝑟∑
𝑠=1

𝜀𝑧𝑠A
#
𝑠 (4.8)

for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A#
𝑠 )
𝑟
𝑠=1 of non-

negative Hermitian 𝑞 × 𝑞 matrices. Then 𝑟 = 𝑛 + 1, the points 𝑧1, 𝑧2, . . . , 𝑧𝑟 are

pairwise different, and A𝑠 =
(
𝐴

(𝛼,#)
𝑛,𝑧𝑠 (𝑧𝑠)

)−1
for all 𝑠 ∈ ℕ1,𝑟. In particular, 𝐹 # ad-

mits (4.7) and 𝐹 # = (𝐹 #)𝑛,𝑧𝑠 as well as 𝐹 ({𝑧𝑠}) = 0𝑞×𝑞 for all 𝑠 ∈ ℕ1,𝑛+1, where
(𝐹 #)𝑛,𝑧𝑠 stands for the (special ) canonical solution which is given relating to the
solution set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0] and the point 𝑧𝑠.

Proof. Using a similar argumentation as in the proof of Corollary 4.6, the assertion
can be seen from Proposition 4.7. □

Corollary 4.9. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is

a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 . Furthermore, let 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 be

pairwise different, let (A𝑠)
𝑛+1
𝑠=1 be a sequence of positive Hermitian 𝑞× 𝑞 matrices,

and let 𝐹 be the measure fulfilling (3.17) with 𝑟 = 𝑛+ 1. Then 𝐹 ∈ ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋)

and G
(𝐹 )
𝑋,𝑛 is a non-singular matrix. Moreover, for each 𝑠 ∈ ℕ1,𝑛+1, the equality

𝐴(𝛼,𝐹 )
𝑛,𝑢𝑠

(𝑢𝑠) = A−1
𝑠
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holds, the matrix measure 𝐹 coincides with the (special ) canonical solution 𝐹
(𝛼)
𝑛,𝑢𝑠

relating to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0] and the point 𝑢𝑠 as well as

𝐹 #({𝑢𝑠}) = 0𝑞×𝑞, where 𝐹 # stands for the reciprocal measure corresponding to 𝐹 .

Proof. Because of the choice of 𝐹 and [18, part (c) of Theorem 6.11] one can see
that the measure 𝐹 belongs toℳ𝑞,𝑛

≥ (𝕋,𝔅𝕋). Therefore, Theorem 1.1 implies that

G
(𝐹 )
𝑋,𝑛 is a non-singular matrix. Taking this and 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0]

into account, for each 𝑠 ∈ ℕ1,𝑛+1, from Proposition 4.7 along with (3.2) it follows

that 𝐴
(𝛼,𝐹 )
𝑛,𝑢𝑠 (𝑢𝑠) = A−1

𝑠 and 𝐹 = 𝐹
(𝛼)
𝑛,𝑢𝑠 as well as 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞. □

In view of the special case already discussed in [25, Corollaries 4.6 and 4.9],
we can here conclude the following (note Theorem 2.1).

Corollary 4.10. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 be a canonical solution in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let

𝐹𝑢 := 𝐹 − 𝜀𝑢𝐹 ({𝑢})
for some 𝑢 ∈ 𝕋. Then the following statements are equivalent:

(i) For each 𝑧 ∈ 𝕋, the value 𝐹 ({𝑧}) is either a non-singular matrix or 0𝑞×𝑞.
(ii) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence

(A𝑠)
𝑟
𝑠=1 of positive Hermitian matrices.

(iii) 𝐹 admits (4.5) with some pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋.
(iv) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequen-

ce (A𝑠)
𝑟
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices.

(v) There is a solution 𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] fulfilling the representation

𝐹 =

𝑟∑
𝑠=1

𝜀𝑢𝑠A𝑠

for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of

non-negative Hermitian 𝑞 × 𝑞 matrices, where 𝐹 ({𝑢1}) = 𝐹 ({𝑢1}).
(vi) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the measure 𝐹𝑢 is a canonical solution

in the set ℳ[T
(𝐹𝑢)
𝑛−1 ].

(vii) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the identity rankT
(𝐹𝑢)
𝑛 = 𝑛𝑞 holds.

(viii) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the set ℳ[T
(𝐹𝑢)
𝑛 ] is a singleton.

Moreover, if (i) is satisfied and if 𝑢 ∈ 𝕋 is chosen such that 𝐹 ({𝑢}) ∕= 0𝑞×𝑞 holds,
then 𝐹 ({𝑢}) = (𝐴(𝛼)

𝑛,𝑢(𝑢)
)−1

and 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 .

Proof. Taking Theorem 2.1 into account and the fact that 𝐹 is a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], the equivalence of (i), (vi), (vii), and (viii) follows

immediately from the equivalence of (iii), (ix), (x), and (xi) in Theorem 4.1 (note
Corollary 4.4). Recalling that 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

and (2.2), one can see that the matrix measure 𝐹 admits (3.17) for some 𝑟 ∈ ℕ,
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pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of non-nega-

tive Hermitian 𝑞 × 𝑞 matrices. Thus, the equivalence of (i) and (ii) is clear as
well. Based on this reasoning and Corollary 4.5 one can also realize that (i) yields

(iii). Furthermore, (iii) implies obviously (ii) (resp., (iv)). By choosing 𝐹 := 𝐹 ,
from (iv) it follows immediately (v). To complete the proof of the equivalence of
(i)–(viii), it is enough to show that (v) leads to (iii). Certainly, this we get from
Proposition 4.7 in combination with Theorems 4.1 and 2.1. Finally, the rest of the
assertion we can conclude from Proposition 4.7. □

The line of argument of Corollary 4.10 includes that, if (v) holds under the

assumptions there, then the measure 𝐹 occurring in (v) coincides with 𝐹 . In doing

so, we will point out that the condition 𝐹 ({𝑢1}) = 𝐹 ({𝑢1}) in (v) of Corollary 4.10
can be also replaced by some constraint concerning the values of the associated
Riesz–Herglotz transforms (similar to (vi) and (vii) in Theorem 4.1).

The next result is attached to the equivalence of (i) and (ix) in Theorem 4.1.
Roughly speaking, we will add now some mass point to a solution of Problem (R)
instead of removing one. In particular, we will see that every canonical solution of
Problem (R) in the nondegenerate case can be extended to a special which is of
the form introduced in Section 3 (see also Corollary 6.11 below).

Proposition 4.11. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which admits

(3.17) for some 𝑟 ∈ ℕ, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of non-

negative Hermitian 𝑞 × 𝑞 matrices. Furthermore, let

𝐹𝑢,A := 𝐹 + 𝜀𝑢A,

where 𝑢 ∈ 𝕋 ∖ {𝑢1, 𝑢2, . . . , 𝑢𝑟} and where A > 0𝑞×𝑞. Suppose that 𝑌0, 𝑌1, . . . , 𝑌𝑛+1

is a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛+1. Then 𝐹𝑢,A belongs to ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋)

and the matrix G
(𝐹𝑢,A)
𝑌,𝑛+1 is non-singular. Moreover, 𝐹𝑢,A coincides with the measure

𝐹
(𝛼)
𝑛+1,𝑢 which is defined relating to the solution set ℳ[(𝛼𝑗)

𝑛+1
𝑗=1 ,G

(𝐹𝑢,A)
𝑌,𝑛+1 ; (𝑌𝑘)

𝑛+1
𝑘=0 ]

and the point 𝑢 if and only if 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

In particular, if 𝐹𝑢,A = 𝐹
(𝛼)
𝑛+1,𝑢, then

𝐴
(𝛼,𝐹𝑢,A)
𝑛+1,𝑢 (𝑢) = A−1.

Proof. The taken requirements imply along with Lemma 3.8 that 𝐹𝑢,A belongs to

ℳ𝑞
≥(𝕋,𝔅𝕋) and that the matrix G

(𝐹𝑢,A)
𝑌,𝑛+1 is non-singular. Thus, by Theorem 1.1

we get 𝐹𝑢,A ∈ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋). Recalling (2.2), the remaining part of the assertion

follows then from Theorem 4.1 in combination with Corollary 4.4. □

In view of part (d) of Theorem 3.9 we know that, roughly speaking, for
the (special) canonical solution 𝐹

(𝛼)
𝑛,𝑢 of Problem (R) in the nondegenerate case

(with some 𝑢 ∈ 𝕋) the order 𝑛 of the nondegeneracy will be reduced to 𝑛 − 1 by
substracting the measure 𝜀𝑢𝐹

(𝛼)
𝑛,𝑢 ({𝑢}) from 𝐹

(𝛼)
𝑛,𝑢 . In contrast to (x) in Theorem 4.1,
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this property cannot be used to characterize 𝐹
(𝛼)
𝑛,𝑢 in the whole set of canonical

solutions of Problem (R). This will be emphasized by the following example.

Example 4.12. Let 𝛼1 ∈ ℂ ∖ 𝕋 and suppose that 𝑋0, 𝑋1 is a basis of the right

ℂ𝑞×𝑞-module ℛ3×3
𝛼,1 . Let 𝐹 := 𝜀1A1 + 𝜀iA2, where

A1 :=

⎛⎝ 1 0 0
0 1 0
0 0 0

⎞⎠ and A2 :=

⎛⎝ 0 0 0
0 1 0
0 0 1

⎞⎠ .

Furthermore, let 𝐹 := 𝜀1A1 + 𝜀iA2 + 𝜀−iA3, where

A3 :=

⎛⎝ 1 0 0
0 0 0
0 0 1

⎞⎠ .

Then 𝐹 ∈ ℳ3,1
≥ (𝕋,𝔅𝕋) and 𝐹 ∈ ℳ3,0

≥ (𝕋,𝔅𝕋) hold, where 𝐹 = 𝐹 − 𝜀−iA3 and

detG
(𝐹 )
𝑋,1 ∕= 0. Moreover, 𝐹 is a canonical solution inℳ[(𝛼𝑗)

1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0],

but there does not exist a 𝑢 ∈ 𝕋 such that 𝐹 coincides with the measure 𝐹
(𝛼)
1,𝑢

which is defined relating to the setℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0] and the point 𝑢.

Proof. Clearly, the matrices A1, A2, and A3 are non-negative Hermitian and each

is singular, where rankA𝑗 = 2 for 𝑗 ∈ {1, 2, 3}. Thus, the choice of 𝐹 and 𝐹

implies 𝐹, 𝐹 ∈ ℳ3
≥(𝕋,𝔅𝕋), where 𝐹 = 𝐹 − 𝜀−iA3. Moreover, we have

c
(𝐹 )
0 =

⎛⎝ 2 0 0
0 2 0
0 0 2

⎞⎠ > 03×3 and c
(𝐹 )
1 =

⎛⎝ 1 + i 0 0
0 1− i 0
0 0 0

⎞⎠
which implies that the block Toeplitz matrix T

(𝐹 )
1 is positive Hermitian (for this

use, e.g., [11, Lemma 1.1.9]). In other words, 𝐹 belongs toℳ3,1
≥ (𝕋,𝔅𝕋). Therefore,

from Theorem 1.1 we obtain that detG
(𝐹 )
𝑋,1 ∕= 0. Consequently, in view of (2.2) we

get that 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0], whereas Corol-

lary 4.2 shows that there is no 𝑢 ∈ 𝕋 such that 𝐹 coincides with the special matrix

measure 𝐹
(𝛼)
1,𝑢 . Furthermore, we get

c
(𝐹 )
0 =

⎛⎝ 1 0 0
0 2 0
0 0 1

⎞⎠ > 03×3.

This yields that 𝐹 belongs toℳ3,0
≥ (𝕋,𝔅𝕋). □

Note that Example 4.12 along with Remark 3.1 shows that the set of canonical

solutions of Problem (R) in this context with respect toℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0]

(and the nondegenerate case) is more comprehensive as {𝐹 (𝛼)
1,𝑢 : 𝑢 ∈ 𝕋}.

With a view to Proposition 3.13 and (3.19) we give now an example which
clarifies that, if 𝑢 ∈ 𝕋, then there does not exist some 𝑧 ∈ 𝕋 in general such
that the reciprocal measure 𝐹

(𝛼,#)
𝑛,𝑢 corresponding to the canonical solution 𝐹

(𝛼)
𝑛,𝑢
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coincides with the measure (𝐹 #)
(𝛼)
𝑛,𝑧 which is given relating to the solution set

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0] and the point 𝑧 (not even under the strong specification

that 𝐹 := 𝐹
(𝛼)
𝑛,𝑢 admits (4.5) with pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋).

Example 4.13. Let 𝛼1 ∈ ℂ ∖𝕋 and let 𝑋0, 𝑋1 be a basis of the right ℂ
2×2-module

ℛ2×2
𝛼,1 . Furthermore, let 𝐹 := 𝜀1A1 + 𝜀−1A2, where

A1 :=

(
1 0
0 1

)
and A2 :=

(
1 1
1 2

)
.

(a) The measure 𝐹 belongs to ℳ2,1
≥ (𝕋,𝔅𝕋) and G

(𝐹 )
𝑋,1, A1, and A2 are non-

singular matrices, where 𝐴
(𝛼,𝐹 )
1,1 (1) = A1 as well as 𝐴

(𝛼,𝐹 )
1,−1 (−1) = A−1

2 and

A−1
2 =

(
2 −1
−1 1

)
.

Moreover, 𝐹 coincides with the measure 𝐹
(𝛼)
1,1 (resp., 𝐹

(𝛼)
1,−1) which is defined

relating to the setℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0] and the point 1 (resp., −1).

(b) The reciprocal measure 𝐹 # corresponding to 𝐹 is given by

𝐹 # = 𝜀𝑧1B1 + 𝜀𝑧1 B1 + 𝜀−𝑧1B2 + 𝜀−𝑧1 B2,

where 𝑧1 :=
1√
5
(1 + 2i) and where

B1 :=
1

20

(
3−√5 √

5− 1√
5− 1 2

)
and B2 :=

1

20

(
3 +

√
5 −√5− 1

−√5− 1 2

)
.

In particular, the matrix 𝐹 #({𝑢}) is singular for each 𝑢 ∈ 𝕋 and there is

no 𝑧 ∈ 𝕋 such that 𝐹 # coincides with the measure (𝐹 #)
(𝛼)
𝑛,𝑧 which is given

relating to the setℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹#)
𝑋,1 ; (𝑋𝑘)

1
𝑘=0] and the point 𝑧.

Proof. Since 1 and −1 are pairwise different point belonging to 𝕋 and since A1

and A2 are positive Hermitian 2× 2 matrices, where A−1
1 = A1 and where

A−1
2 =

(
2 −1
−1 1

)
,

in view of Corollary 4.9 we get the assertion of (a). Moreover, the choice of 𝐹
implies that the Riesz–Herglotz transform Ω of 𝐹 satisfies the representation

Ω(𝑣) =
1

(1 − 𝑣)(1 + 𝑣)

(
(1 + 𝑣)2 + (1− 𝑣)2 (1− 𝑣)2

(1− 𝑣)2 (1 + 𝑣)2 + 2(1− 𝑣)2

)
for each 𝑣 ∈ 𝔻. Thus, for each 𝑣 ∈ 𝔻, one can conclude that detΩ(𝑣) ∕= 0 and that(

Ω(𝑣)
)−1

=
(1− 𝑣)(1 + 𝑣)

5𝑣4 + 6𝑣2 + 5

(
(1 + 𝑣)2 + 2(1− 𝑣)2 −(1− 𝑣)2

−(1− 𝑣)2 (1 + 𝑣)2 + (1− 𝑣)2

)
.

Consequently, by a straightforward calculation one can see that the reciprocal
measure 𝐹 # corresponding to 𝐹 is given by

𝐹 # = 𝜀𝑧1B1 + 𝜀𝑧1B1 + 𝜀−𝑧1B2 + 𝜀−𝑧1B2.

A. LasarowB. Fritzsche, B. Kirstein and



Maximal Weight Solutions of a Rational Matrix Moment Problem 283

Since 𝑧1, 𝑧1, −𝑧1, and −𝑧1 are pairwise different and since B1 and B2 are singular
matrices, Corollary 4.2 (or Corollary 3.10) yields that 𝐹 #({𝑢}) is singular for each
𝑢 ∈ 𝕋 and that there is no 𝑧 ∈ 𝕋 such that 𝐹 # coincides with the measure (𝐹 #)

(𝛼)
𝑛,𝑧

which is given relating toℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹#)
𝑋,1 ; (𝑋𝑘)

1
𝑘=0] and 𝑧. □

In the scalar case 𝑞 = 1, the state of affairs is more straightforward. In par-
ticular, the set of canonical solutions of that rational (complex-valued) moment

problem for the nondegenerate case is already given via {𝐹 (𝛼)
𝑛,𝑢 : 𝑢 ∈ 𝕋}. Further-

more, the structure discussed in Proposition 4.7 and Corollary 4.10 is significant
for a canonical solution in this context. This will be emphasized by the following.

Remark 4.14. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is

a basis of the linear space ℛ𝛼,𝑛 and let G be a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let 𝐹 # be

the reciprocal measure corresponding to 𝐹 . By Theorem 4.1 and Proposition 4.7
along with Corollaries 4.2 and 4.6 (where 𝑞 = 1; see also [25, Remark 2.15]) one
can conclude that the following statements are equivalent:
(i) 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 for some 𝑢 ∈ 𝕋.

(iii) 𝐹 admits (4.5) with some pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋.
(iv) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence

(A𝑠)
𝑟
𝑠=1 of non-negative real numbers.

(v) 𝐹 # is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0].

(vi) 𝐹 # = (𝐹 #)
(𝛼)
𝑛,𝑧 for some 𝑧 ∈ 𝕋.

(vii) 𝐹 # admits (4.7) with some pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛+1 ∈ 𝕋.
(viii) 𝐹 # admits (4.8) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence

(A#
𝑠 )
𝑟
𝑠=1 of non-negative real numbers.

This reasoning yields also that, if (i) is satisfied and if 𝑢 ∈ 𝕋 is chosen such that
𝐹 ({𝑢}) ∕= 0 holds, then 𝐹 ({𝑢}) = (𝐴(𝛼)

𝑛,𝑢(𝑢)
)−1

and 𝐹= 𝐹
(𝛼)
𝑛,𝑢 , where 𝐹 #({𝑢}) = 0.

We will now slightly modify the statement of [23, Proposition 6.6]. The result
shows then that an element 𝐹

(𝛼)
𝑛,𝑢 with some 𝑢 ∈ 𝕋 can appear as the weak limit

of some sequence of solutions of Problem (R) discussed in [23] and [24].
Recall that, if (𝐹𝑗)

∞
𝑗=1 is a sequence with 𝐹𝑗 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) for 𝑗 ∈ ℕ and if

𝐹 ∈ℳ𝑞
≥(𝕋,𝔅𝕋), then we say that (𝐹𝑗)

∞
𝑗=1 converges weakly to 𝐹 when

lim
𝑗→+∞

∫
𝕋

𝑔(𝑧)𝐹𝑗(d𝑧) =

∫
𝕋

𝑔(𝑧)𝐹 (d𝑧)

holds for each real-valued, continuous, and bounded function 𝑔 on 𝕋 (see also [16]).

Proposition 4.15. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis

of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let (𝑤𝑗)

∞
𝑗=1 be a sequence of points

belonging to (𝔻 ∖ ℙ𝛼,𝑛) ∪ 𝕋 which converges to some point 𝑤0 ∈ (𝔻 ∖ ℙ𝛼,𝑛) ∪ 𝕋.

Then the sequence (𝐹
(𝛼)
𝑛,𝑤𝑗 )

∞
𝑗=1 converges weakly to the measure 𝐹

(𝛼)
𝑛,𝑤0 .
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Proof. Our strategy is based on an application of [22, Proposition 10.7]. In doing
so, for some 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], let 𝐹 (𝛼,𝑛) : 𝔅𝕋 → ℂ𝑞×𝑞 be the measure

given via (4.4). In view of the concrete form of the measures under consideration,

it is obvious that the sequence (𝐹
(𝛼)
𝑛,𝑤𝑗 )

∞
𝑗=1 converges weakly to 𝐹

(𝛼)
𝑛,𝑤0 if and only

if the sequence
(
(𝐹

(𝛼)
𝑛,𝑤𝑗 )

(𝛼,𝑛)
)∞
𝑗=1

converges weakly to (𝐹
(𝛼)
𝑛,𝑤0)

(𝛼,𝑛). Recalling the

matricial version of the Riesz–Herglotz theorem (see, e.g., [11, Theorem 2.2.2] and
note also [22, Lemma 3.3 and Remark 3.9]), a combination of [22, Proposition 10.7]

with Corollary 4.3 and [23, Lemma 4.3] shows that the sequence
(
(𝐹

(𝛼)
𝑛,𝑤𝑗 )

(𝛼,𝑛)
)∞
𝑗=1

converges weakly to the measure (𝐹
(𝛼)
𝑛,𝑤0)

(𝛼,𝑛). Thus, the proof is complete. □
Again, we make a brief statement concerning the elementary case 𝑛 = 0

which is related to looking for measures 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) fulfilling (2.8), based

on a constant function 𝑋0 defined on ℂ0 with a non-singular 𝑞 × 𝑞 matrix X0 as
value and a positive Hermitian 𝑞 × 𝑞 matrix G. In view of (3.18) with (2.10) one
can immediately find that appropriate statements are satisfied in that context as
presented in this section concerning Problem (R). In particular, one can realize that
the set of canonical solutions with respect to (2.8) and (2.9) is more comprehensive
as {𝐹 (𝛼)

0,𝑢 : 𝑢 ∈ 𝕋} in the case of 𝑞 ≥ 2 (cf. [22, Example 9.11]).

5. An extremal property of 𝑭 (𝜶)
𝒏,𝒖 in the solution set of Problem (R)

The considerations in the present section are attached to (3.15). In fact, we will
see that this relation results in an extremal property for canonical solutions of
Problem (R) within the solution set in the nondegenerate case. Concerning this
matter, based on Theorem 4.1 we will verify that the (special) canonical solution

𝐹
(𝛼)
𝑛,𝑢 of Problem (R) has an extra behavior with respect to the point 𝑢 ∈ 𝕋.

We first give some auxiliary results in view of (3.15).

Lemma 5.1. Let A ≥ 0𝑞×𝑞 and let B > 0𝑞×𝑞. Then:

(a) The following statements are equivalent:
(i) B−1 ≥ A.

(ii)

(
B−1 A
A A

)
≥ 02𝑞×2𝑞.

(iii) A ≥ ABA.

(iv) A+ ≥ A+ABA+A.

(v) The identity x∗A+x ≥ x∗Bx holds for each x ∈ ℛ(A).
(b) The following statements are equivalent:

(vi) The identity x∗B−1x ≥ x∗Ax holds for each x ∈ ℛ(A).
(vii) A+B−1A+ ≥ A+.
(viii) A+AB−1A+A ≥ A.

(ix)

(
A+AB−1A+A A

A A

)
≥ 02𝑞×2𝑞.

(c) If (i) is satisfied, then it follows that (vi) holds.
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Proof. In view of the definition of the Moore–Penrose inverse A+ of A we have

A = AA+A and A+ = A+AA+.

Thus, taking some well-known results on the block decomposition of non-negative
Hermitian matrices into account and the fact that the complex 𝑞 × 𝑞 matrix A
is non-negative Hermitian (see, e.g., [11, Lemmas 1.1.6 and 1.1.9]), the assertions
of (a) and (b) follow by a straightforward calculation. Furthermore, since (i) is
satisfied if and only if the inequality

y∗B−1y ≥ y∗Ay

holds for each y ∈ ℂ
𝑞×1, obviously, (i) leads to (vi). □

With a view to part (c) of Lemma 5.1 we give now a simple example (with
𝑞 = 2) which shows that, conversely, (vi) does not generally imply (i).

Example 5.2. Let

A :=

(
1 0
0 0

)
and B :=

2

3

(
2 −1
−1 2

)
.

Then A ≥ 02×2 and B > 02×2 hold, where

ℛ(A) =
{(

𝑥
0

)
: 𝑥 ∈ ℂ

}
and B−1 =

1

2

(
2 1
1 2

)
. (5.1)

In particular, the identity x∗B−1x = x∗Ax is satisfied for each x ∈ ℛ(A), but
B−1 −A is not a non-negative Hermitian 2× 2 matrix.
Proof. It is easy to see that A is a non-negative Hermitian 2× 2 matrix and that
B is a positive Hermitian 2× 2 matrix, where the equations in (5.1) are fulfilled.
Therefore, we have on the one hand(

𝑥
0

)∗
B−1

(
𝑥
0

)
= ∣𝑥∣2 =

(
𝑥
0

)∗
A

(
𝑥
0

)
, 𝑥 ∈ ℂ,

which shows that x∗B−1x = x∗Ax for each x ∈ ℛ(A). On the other hand, we get

B−1 −A =
1

2

(
0 1
1 2

)
which reveals that B−1 −A is not a non-negative Hermitian 2× 2 matrix. □
Lemma 5.3. Let A,B∈ℂ𝑞×𝑞 be Hermitian. The following statements are equivalent:

(i) ABx = x for each x ∈ ℛ(A).
(ii) y∗BA = y∗ for each y ∈ ℛ(A).
(iii) y∗ABx = y∗x for all x,y ∈ ℛ(A).
(iv) y∗BAx = y∗x for all x,y ∈ ℛ(A).
(v) y∗Bx = y∗A+x for all x,y ∈ ℛ(A).
(vi) ABA = A.
(vii) A+BA = A+.
(viii) ABA+ = A+.

In particular, if A+x = Bx is fulfilled for each x ∈ ℛ(A), then (i) holds.
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Proof. Obviously, (i) holds if and only if (ii) is satisfied. Furthermore, (i) implies
immediately (iii) as well as (vi) leads to (i). We are going now to the essential part
of the proof. Similar to the argumentation of Lemma 5.1, this will be based on some
fundamental properties of the Moore–Penrose inverse of a (Hermitian) matrix (see,
e.g., [11, pages 13–17] for details). One can see that (iii) is equivalent to

w∗AABAz = w∗AAz, w, z ∈ ℂ
𝑞×1.

Since this holds if and only if A2BA = A2 and since A = A+A2, one can conclude
that (iii) is equivalent to (vi). Similarly, one can find that (iv) is equivalent to (vi).
The equivalence of (vi) and (vii) (resp., of (vi) and (viii)) is an easy consequence of
A+ = (A+)2A and A = A2A+ (resp., of A+ = A(A+)2 and A = A+A2 ). Besides,
in view of A+ = (A+)2A we obtain that (vii) holds if and only if

w∗A+BAz = w∗A+A+Az, w, z ∈ ℂ
𝑞×1.

Thus, takingℛ(A) = ℛ(A+) into account, one can conclude that (vii) is equivalent
to (v). Hence, we have proven that (i)–(viii) are equivalent. Now, let the equality
A+x = Bx be fulfilled for each x ∈ ℛ(A). Suppose that x ∈ ℛ(A). Consequently,
there is a z ∈ ℂ𝑞×1 such that Az = x and we get

x = Az = AA+Az = AA+x = ABx.

Therefore, if A+x = Bx for each x ∈ ℛ(A), then (i) holds. □
Now, keeping Lemma 5.3 in mind, we point out an example which clarifies

that (i) in Lemma 5.3 does not imply A+x = Bx or BAx = x or x∗Ax = x∗B+x
for each x ∈ ℛ(A) in general (not even under the claim as in Lemma 5.1 that
A ≥ 0𝑞×𝑞 and B > 0𝑞×𝑞). In fact, this example is attached to Example 5.2.

Example 5.4. Let
Ã :=

(
1 0
0 0

)
and B̃ :=

1

2

(
2 1
1 2

)
.

Then Ã ≥ 02×2 and B̃ > 02×2 hold, where the equality ÃB̃x = x for each

x ∈ ℛ(Ã) is satisfied. But, for each x ∈ ℛ(Ã) ∖ {02×2}, the relations Ã+x ∕= B̃x

and B̃Ãx ∕= x as well as x∗Ãx ∕= x∗B̃+x hold.

Proof. Because of Example 5.2 and (5.1) one can conclude that Ã ≥ 02×2 and

B̃ > 02×2 hold, where the equality ÃB̃x = x is satisfied for each x ∈ ℛ(Ã). But,
for each 𝑥 ∈ ℂ ∖ {0}, in view of Ã = Ã+ and Example 5.2 we get

Ã+

(
𝑥
0

)
=

(
𝑥
0

)
∕= 1

2

(
2𝑥
𝑥

)
= B̃

(
𝑥
0

)
,

B̃Ã

(
𝑥
0

)
=
1

2

(
2𝑥
𝑥

)
∕=
(

𝑥
0

)
,

and (
𝑥
0

)∗
Ã

(
𝑥
0

)
= ∣𝑥∣2 ∕= 4

3
∣𝑥∣2 =

(
𝑥
0

)∗
B̃−1

(
𝑥
0

)
.

Recalling (5.1), this points up that Ã+x ∕= B̃x, B̃Ãx ∕= x, and x∗Ãx ∕= x∗B̃+x

for each x ∈ ℛ(Ã) ∖ {02×2} (where ℛ(Ã) ∖ {02×2} is nonempty). □
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We turn now to the main result of this paper. Here, we use again the notation
introduced at the beginning of Section 3 (note in particular (3.1) and (3.3)).

Theorem 5.5. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Then

x∗(𝐹 ({𝑢}))+x ≥ x∗𝐴(𝛼)
𝑛,𝑢(𝑢)x, x ∈ ℛ(𝐹 ({𝑢})), (5.2)

is satisfied for each 𝑢 ∈ 𝕋, where equality holds in (5.2) in the case that 𝐹 is a
canonical solution in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Moreover, if 𝑢 ∈ 𝕋, then(

𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1 ≥ 𝐹 ({𝑢}), (5.3)

where equality holds in (5.3) if and only if 𝐹 coincides with the measure 𝐹
(𝛼)
𝑛,𝑢 . In

particular, if 𝑢 ∈ 𝕋, then the inequality
1

det𝐴
(𝛼)
𝑛,𝑢(𝑢)

≥ det𝐹 ({𝑢}) (5.4)

is satisfied, where equality holds if and only if 𝐹 coincides with the measure 𝐹
(𝛼)
𝑛,𝑢 .

Proof. Let 𝑢 ∈ 𝕋. Recall that in view of 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and the

assumption detG ∕= 0 along with Theorem 1.1 we see that 𝐹 ∈ ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋).

Furthermore, we know that (3.2) and (3.3) hold. In particular, 𝐴
(𝛼)
𝑛,𝑢(𝑢) is a positive

Hermitian 𝑞 × 𝑞 matrix. If 𝑌𝑢 : 𝕋→ ℂ𝑞×𝑞 stands for the matrix function given by
𝑌𝑢(𝑢) = I𝑞 and 𝑌𝑢(𝑧) = 0𝑞×𝑞 for each 𝑧 ∈ 𝕋 ∖ {𝑢}, then we get on the one hand∫

𝕋

(
𝑌 (𝑧)
)∗

𝐹 (d𝑧)𝑌 (𝑧) ≥
∫
𝕋

(
𝑌𝑢(𝑧)

)∗
𝐹 (d𝑧)𝑌𝑢(𝑧) = 𝐹 ({𝑢})

for each 𝑌 ∈ ℛ𝑞×𝑞𝛼,𝑛 fulfilling 𝑌 (𝑢) = I𝑞. On the other hand, from [17, Theorem 22]

and (3.2) one can see that there is a 𝑌 ∈ ℛ𝑞×𝑞𝛼,𝑛 fulfilling 𝑌 (𝑢) = I𝑞 and∫
𝕋

(
𝑌 (𝑧)
)∗

𝐹 (d𝑧)𝑌 (𝑧) =
(
𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
.

Thus, we get that (5.3) holds. Furthermore, from part (a) of Theorem 3.9 we
already know that equality holds in (5.3) in the case of

𝐹 = 𝐹 (𝛼)
𝑛,𝑢 .

Now, we shall show that there is no other choice of 𝐹 such that that equality holds
in (5.3), i.e., that 𝐹 ({𝑢}) = (𝐴(𝛼)

𝑛,𝑢(𝑢)
)−1

implies also 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 . In view of (3.13)

one can realize that the setting

𝐹𝑢 := 𝐹 (𝛼)
𝑛,𝑢 − 𝜀𝑢

(
𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1

leads to a matrix measure belonging to ℳ𝑞
≥(𝕋,𝔅𝕋). Moreover, by the already

proven part of the assertion and 𝐹
(𝛼)
𝑛,𝑢 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] one can conclude

that 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 is the unique choice such that equality holds in (5.3) if and only

if the setℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹𝑢)
𝑋,𝑛 ; (𝑋𝑘)

𝑛
𝑘=0] consists exactly of one element, namely 𝐹𝑢.

Consequently, because of [19, Theorem 1] and [18, Theorem 4.4] we obtain that
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𝐹 = 𝐹
(𝛼)
𝑛,𝑢 is the unique choice such that equality holds in (5.3) if and only if

rankT(𝐹𝑢)
𝑛 = rankT

(𝐹𝑢)
𝑛−1 .

Hence, from part (d) of Theorem 3.9 we find that 𝐹 ({𝑢}) = (𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
yields

the identity 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 . Based on that and (5.3), since 𝐹 ({𝑢}) is a non-negative

Hermitian 𝑞× 𝑞 matrix and since
(
𝐴

(𝛼)
𝑛,𝑢(𝑢)

)−1
is a positive Hermitian 𝑞× 𝑞 matrix,

an elementary result in linear algebra (see, e.g., [23, Remark 4.9]) provides that the
inequality (5.4) is satisfied, where equality holds in (5.4) if and only if 𝐹 coincides

with the measure 𝐹
(𝛼)
𝑛,𝑢 . Besides, from (5.3) along with Lemma 5.1 it follows that

(5.2) holds. Finally, if 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then

by using Theorem 2.1 and [25, part (b) of Theorem 4.3] we get the identity

𝐹 ({𝑢})𝐴(𝛼)
𝑛,𝑢(𝑢)x = x, x ∈ ℛ(𝐹 ({𝑢})).

Therefore, an application of Lemma 5.3 tells us that equality holds in (5.2) in the
case that 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. □

By comparing (5.2) with an inequality stated in [12, Theorem 1] regarding a
moment problem for matrix measures on the real line one would expect that

x∗(𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
x ≥ x∗𝐹 ({𝑢})x, x ∈ ℛ(𝐹 ({𝑢})), (5.5)

for each 𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and each 𝑢 ∈ 𝕋, where equality holds in (5.5)

if 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. However, the argumentation

in the proof of [12, Theorem 1] contains a mistake (compare, e.g., Lemma 5.3
and Example 5.4 with the step in [12] from (1.6) to the penultimate formula on
page 314). Of course (cf. part (c) of Lemma 5.1), from (5.3) it follows that (5.5) is
satisfied, but equality does not need to hold in (5.5) in the case that 𝐹 is a canonical
solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. For instance, based on Example 4.13 (and the

value of the matrix measure 𝐹 # concerning the singleton {𝑧1}, {𝑧1}, {−𝑧1}, or
{−𝑧1}) one can get an explicit counterexample for 𝑛 = 1 (note [25, Remark 2.5]
and [18, Theorem 7.2]). Anyway, by a still easier example, the treatments at the
end of this section clarify that even for 𝑛 = 0 equality does not need to hold in
(5.5) if 𝐹 is a canonical solution with respect to (2.8) and (2.9).

Regarding the conception of reciprocal measures in the setℳ𝑞
≥(𝕋,𝔅𝕋) and

Theorem 5.5 (see also Remark 3.12 and Proposition 3.13) we get the following.

Corollary 5.6. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and

let 𝐹 # be the reciprocal measure corresponding to 𝐹 . Then:

(a) For each 𝑢 ∈ 𝕋,

x∗(𝐹 #({𝑢}))+x ≥ x∗𝐴(𝛼,#)
𝑛,𝑢 (𝑢)x, x ∈ ℛ(𝐹 #({𝑢})),

where equality holds if 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].
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(b) If 𝑧 ∈ 𝕋, then (
𝐴(𝛼,#)
𝑛,𝑧 (𝑧)

)−1 ≥ 𝐹 #({𝑧}),
where equality holds if and only if 𝐹 # coincides with the (special ) canonical

solution (𝐹 #)
(𝛼)
𝑛,𝑧 which is given relating to the set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0]

and the point 𝑧. In particular, if 𝑧 ∈ 𝕋, then the inequality
1

det𝐴
(𝛼,#)
𝑛,𝑧 (𝑧)

≥ det𝐹 #({𝑧}) (5.6)

is satisfied, where equality holds if and only if 𝐹 # = (𝐹 #)
(𝛼)
𝑛,𝑧.

(c) Let 𝑧 ∈ 𝕋 and suppose that equality holds in (5.6). Then 𝐹 = 𝐹
(𝛼)
𝑛,𝑢 for some

𝑢 ∈ 𝕋 if and only if one of the equivalent statements in Proposition 3.13 holds.
(d) Let 𝑧 ∈ 𝕋 and let 𝑢 = 𝑧. If equality holds in (5.4) (resp., in (5.6)), then(

𝐴(𝛼,#)
𝑛,𝑧 (𝑧)

)−1
> 0𝑞×𝑞= 𝐹 #({𝑧})

(
resp.,

(
𝐴(𝛼)
𝑛,𝑧(𝑧)

)−1
> 0𝑞×𝑞= 𝐹 ({𝑧})

)
.

Proof. By [24, Remark 2.5] we know that the matrix measure 𝐹 is a canonical
solution in the setℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if the matrix measure 𝐹 #

is a canonical solution in the setℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0]. Thus, taking the defi-

nition of G# and [24, Remarks 6.1 and 6.2] into account, Theorem 5.5 along with
Proposition 3.13 provides us with the assertion. □

Remark 5.7. Relating to Corollary 5.6 (and the conditions there), one can see that,
if 𝑢 ∈ 𝕋 and if 𝐹 is the solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that equality holds

in (5.3), then 𝐹 #({𝑢}) ∕= (𝐴(𝛼,#)
𝑛,𝑢 (𝑢)

)−1
. Moreover, recalling [24, Remark 2.5] and

Theorem 5.5, because of Example 4.13 it follows that the case is possible that 𝐹
is the unique element inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that equality holds in (5.3)

concerning each of its mass points 𝑢, but 𝐹 #({𝑧}) ∕= (𝐴(𝛼,#)
𝑛,𝑧 (𝑧)

)−1
for each 𝑧 ∈ 𝕋.

The special case discussed in Corollary 4.10 is closely related to the scalar
case 𝑞 = 1 in some sense (cf. Remark 4.14). In particular, for that situation, the
proof of the uniqueness part concerning Theorem 5.5 can be done in a more self-
evident manner (cf. [22, Proposition 9.13 and Theorem 9.18]). We give now an
explicit example which shows that the uniqueness with respect to equality in (5.3)
for some point 𝑢 ∈ 𝕋 does not generally lead to the situation in Corollary 4.10.

Example 5.8. Let 𝛼1 ∈ ℂ ∖ 𝕋 and suppose that 𝑋0, 𝑋1 is a basis of the right
ℂ𝑞×𝑞-module ℛ2×2

𝛼,1 . Furthermore, let 𝐹 := 𝜀1A1+ 𝜀iA2+ 𝜀−iA3, where A1 := I2,

A2 :=

(
1 0
0 0

)
, and A3 :=

(
0 0
0 1

)
.

Then 𝐹 ∈ ℳ2,1
≥ (𝕋,𝔅𝕋) and the matrixG

(𝐹 )
𝑋,1 is non-singular, whereas the matrices

A2 and A3 are singular. Moreover, the inequality(
1 0
0 1

)
≥ 𝐻({1}) (5.7)

is fulfilled for each 𝐻 ∈ ℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0], where equality holds in (5.7)

if and only if 𝐻 = 𝐹 . In particular, 𝐹 coincides with the measure 𝐹
(𝛼)
1,1 which is
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defined relating to the setℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0] and 𝐹 ({1}) = (𝐴(𝛼)

1,1 (1)
)−1
,

but 𝐹 ({i}) ∕= (𝐴(𝛼)
1,i (i)

)−1
and 𝐹 ({−i}) ∕= (𝐴(𝛼)

1,−i(−i)
)−1
.

Proof. Clearly, the matrices A2 and A3 are singular and equality holds in (5.7) in
the case of 𝐻 = 𝐹 . Moreover, we have

c
(𝐹 )
0 =

(
2 0
0 2

)
and c

(𝐹 )
1 =

(
1− i 0
0 1 + i

)
which implies (cf. Example 4.12 and use, e.g., [11, Lemma 1.1.9]) that 𝐹 belongs
to ℳ2,1

≥ (𝕋,𝔅𝕋). Therefore, from Theorem 1.1 we get that the matrix G
(𝐹 )
𝑋,1 is

non-singular. Consequently, the choice of the matrices A1, A2, and A3 yields in

combination with Corollary 4.2 that 𝐹 coincides with the canonical solution 𝐹
(𝛼)
1,1

in the solution setℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0]. Hence, Theorem 5.5 shows that

𝐹 ({1}) = (𝐴(𝛼)
1,1 (1)

)−1

and that (5.7) is satisfied for each 𝐻 ∈ ℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0]. Finally, since

A2 and A3 are singular and since 𝐹 ({i}) = A2 and 𝐹 ({−i}) = A3, we have

𝐹 ({i}) ∕= (𝐴(𝛼)
1,i (i)

)−1
and 𝐹 ({−i}) ∕= (𝐴(𝛼)

1,−i(−i)
)−1
. □

Let us now consider the elementary case 𝑛 = 0 which is based on a given
constant function 𝑋0 defined on ℂ0 with a non-singular 𝑞 × 𝑞 matrix X0 as value
and a positive Hermitian 𝑞 × 𝑞 matrix G. Suppose that 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) which

fulfills (2.8). Then, similar to Theorem 5.5, one can see that

X−∗
0 GX−1

0 ≥ 𝐹 ({𝑢}), 𝑢 ∈ 𝕋,

where equality holds if and only if 𝐹 = 𝐹
(𝛼)
0,𝑢 (see also the comments at the end of

Section 3 and [22, Remark 9.16]). One can also conclude that, if 𝑢 ∈ 𝕋, then

x∗(𝐹 ({𝑢}))+x ≥ x∗X0G
−1X∗

0x, x ∈ ℛ(𝐹 ({𝑢})),
where equality holds if 𝐹 is a canonical solution with respect to (2.8) and (2.9). But,
as announced in view of (5.5), the equality x∗𝐹 ({𝑢})x = x∗X−∗

0 GX−1
0 x does not

hold for each x ∈ ℛ(𝐹 ({𝑢})) and some 𝑢 ∈ 𝕋 in general if 𝐹 is a canonical solution
with respect to (2.8) and (2.9). This will be emphasized by the following. Let

X0 :=

(
1 0
0 1

)
and G :=

(
2 −1
−1 2

)
.

So, X0 and G are positive Hermitian 2 × 2 matrix. In particular, X0 and G are
non-singular. Furthermore, by a straightforward calculation one can check that

√
G =

1

2𝑎

(
2𝑎2 −1
−1 2𝑎2

)
, 𝑎 :=

√
1 +

√
3

2
.

The considerations at the end of Section 2 imply that

𝐹 := 𝜀1

√
G

(
1 0
0 0

)√
G+ 𝜀−1

√
G

(
0 0
0 1

)√
G
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is a canonical solution with respect to (2.8) and (2.9) in this context, where

𝐹 ({1}) = 1

4𝑎2

(
4𝑎4 −2𝑎2

−2𝑎2 1

)
.

Therefore, a vector x ∈ ℂ
𝑞×1 belongs to ℛ(𝐹 ({1})) if and only if

x =

( −2𝑎2𝑐
𝑐

)
for some 𝑐 ∈ ℂ. If we look at such x with 𝑐 ∈ ℂ ∖ {0} we get on the one hand

x∗𝐹 ({1})x = ∣𝑐∣2
(
4𝑎6 + 2𝑎2 +

1

4𝑎2

)
and on the other hand

x∗Gx = ∣𝑐∣2(8𝑎4 + 4𝑎2 + 2
)

which yields by 𝑎2 = 1 +
√

3
2 finally x∗X−∗

0 GX−1
0 x = x∗Gx > x∗𝐹 ({1})x.

6. Some conclusions from Theorem 5.5

The condition (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 in Theorem 5.5 is chosen, since we want to apply results

on orthogonal rational matrix functions. In particular, the definition of the special
measure 𝐹

(𝛼)
𝑛,𝑢 with some 𝑢 ∈ 𝕋 is based on such statements (see (3.4) and (3.5)).

However, for the somewhat more general case that only 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 is
claimed, one can conclude at least the following.

Theorem 6.1. Let 𝑛 ∈ ℕ and 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖𝕋. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis
of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a non-singular matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

and let 𝐹 (𝛼,𝑛) be defined by (4.4). Then the inequality

x∗(𝐹 ({𝑢}))+x ≥ x∗𝐴(𝛼)
𝑛,𝑢(𝑢)x, x ∈ ℛ(𝐹 ({𝑢})), (6.1)

is satisfied for each 𝑢 ∈ 𝕋, where equality holds in (6.1) if 𝐹 is a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Moreover, if 𝑢 ∈ 𝕋, then(

𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1 ≥ 𝐹 ({𝑢}), (6.2)

where equality holds in (6.2) if and only if 𝐹 (𝛼,𝑛) coincides with the (special )

canonical solution 𝐹𝑛,𝑢 which is given relating to the set ℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ] and the

point 𝑢. In particular, if 𝑢 ∈ 𝕋, then the inequality
1

det𝐴
(𝛼)
𝑛,𝑢(𝑢)

≥ det𝐹 ({𝑢}) (6.3)

is satisfied, where equality holds in (6.3) if and only if 𝐹 (𝛼,𝑛) coincides with 𝐹𝑛,𝑢.

Proof. Our strategy is based on an application of Theorem 5.5 in the special
context that the first 𝑛 elements of the underlying sequence belonging to 𝒯1 are
equal to zero. The following considerations serve as a preparation of that. Because
of [17, Proposition 5] and 𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] one can see that a measure

𝐻 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) belongs to ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if the measure
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𝐻(𝛼,𝑛) : 𝔅𝕋 → ℂ𝑞×𝑞 given by

𝐻(𝛼,𝑛)(𝐵) :=

∫
𝐵

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)∗
𝐻(d𝑧)

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)
belongs toℳ[T

(𝐹 (𝛼,𝑛))
𝑛 ]. Obviously, for some 𝐻 ∈ℳ𝑞

≥(𝕋,𝔅𝕋), this setting implies

𝐻(𝛼,𝑛)({𝑢}) = 1

∣𝜋𝛼,𝑛(𝑢)∣2 𝐻({𝑢}), 𝑢 ∈ 𝕋, (6.4)

where 𝐻= 𝐹 if and only if 𝐻(𝛼,𝑛)= 𝐹 (𝛼,𝑛). Furthermore, by [25, Remark 2.4] we
know that 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is equivalent to the

fact that 𝐹 (𝛼,𝑛) is a canonical solution with respect to the set ℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ]. In

view of Theorem 1.1 and [18, Remark 5.10] along with detG ∕= 0 we get
𝐹 (𝛼,𝑛) ∈ ℳ𝑞,𝑛

≥ (𝕋,𝔅𝕋),

i.e., that the block Toeplitz matrix T
(𝐹 (𝛼,𝑛))
𝑛 is non-singular. Besides, the choice

𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and (3.2) lead to

𝐴(𝛼,𝐹 )
𝑛,𝑢 = 𝐴(𝛼)

𝑛,𝑢, 𝑢 ∈ 𝕋.

Hence, by using [17, Remarks 12 and 29] one can conclude that

𝐴(𝛼)
𝑛,𝑢(𝑢) =

1

∣𝜋𝛼,𝑛(𝑢)∣2 𝐴𝑛,𝑢(𝑢), 𝑢 ∈ 𝕋,

where

𝐴𝑛,𝑢(𝑢) =
(
𝑢0I𝑞, 𝑢

1I𝑞, . . . , 𝑢
𝑛I𝑞

)(
T(𝐹 (𝛼,𝑛))
𝑛

)−1
(

𝑢0I𝑞, 𝑢
1I𝑞, . . . , 𝑢

𝑛I𝑞

)∗
.

(Note that 𝐴𝑛,𝑢 is the special matrix function given via (3.1) with 𝑤 = 𝑢 in which
𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛 and 𝑋𝑘 = 𝐸𝑘,𝑞 for each 𝑘 ∈ ℕ0,𝑛.) Thus, the assertion
can be finally deduced from Theorem 5.5 and (6.4). □

As an aside we remark that, with a view to Theorem 6.1, similar to the
statement of Corollary 5.6 one can draw a conclusion regarding the conception of
reciprocal measures in the set ℳ𝑞

≥(𝕋,𝔅𝕋) for the somewhat more general case

that 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 is assumed instead of (𝛼𝑗)∞𝑗=1 ∈ 𝒯1.

Unless otherwise indicated, in view of Problem (R), let G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞

and suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ
𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 in the

following, where 𝑛 ∈ ℕ and 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 are arbitrary (but fixed).
With regard to Theorems 4.1 and 6.1 we introduce the following notion.

Suppose that 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. If 𝑢 ∈ 𝕋, then

𝐹 is called 𝑢-proper when the value 𝐹 ({𝑢}) is non-singular. We also say that 𝐹 is
proper if there exists some 𝑢 ∈ 𝕋 such that 𝐹 is 𝑢-proper. Furthermore, 𝐹 is called
totally proper if 𝐹 is proper and if the condition 𝐹 ({𝑧}) ∕= 0𝑞×𝑞 for some 𝑧 ∈ 𝕋

implies that 𝐹 ({𝑧}) is non-singular.
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Remark 6.2. If 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which is proper,

then in view of Theorem 1.1 and [18, Example 3.11] one can see that 𝐹 belongs to

ℳ𝑞,0
≥ (𝕋,𝔅𝕋). Furthermore, if 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

which is totally proper and if 𝑟 is the number of mass points of 𝐹 , then by [18,

Theorem 6.11] one can conclude that 𝐹 ∈ℳ𝑞,𝑟−1
≥ (𝕋,𝔅𝕋).

Based on Theorem 6.1, we now analyze some results of Section 4.

Proposition 6.3. Suppose that G is a non-singular (𝑛+1)𝑞× (𝑛+1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. If 𝑢 ∈ 𝕋 and if 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0],

then the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which is 𝑢-proper.

(ii) 𝐹 is the solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that equality holds in (6.2).

(iii) 𝐹 is the solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that equality holds in (6.3).

(iv) There exists a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖ Δ) = 0𝑞×𝑞 holds, where
det𝐹 ({𝑢}) ∕= 0 and (4.3) are satisfied.

(v) There exists a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ)= 0𝑞×𝑞 and (4.3) hold.

Proof. By Theorem 6.1 one can immediately see that (ii) is satisfied if and only if
(iii) holds. Taking (6.4) into account and that the matrix measure 𝐹 is a canonical
solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if the matrix measure 𝐹 (𝛼,𝑛) given

via (4.4) is a canonical solution with respect to the set ℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ] (see [25,

Remark 2.4]), based on Theorem 6.1 and Corollary 4.2 one can conclude that the
statements (ii), (i), (iv), and (v) are equivalent as well. □
Corollary 6.4. Suppose that G is a non-singular (𝑛 + 1)𝑞 × (𝑛 + 1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑢 ∈ 𝕋 and let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

be a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Furthermore, let

𝐹𝑢 := 𝐹 − 𝜀𝑢𝐹 ({𝑢}).
Then the following statements are equivalent:

(i) The canonical solution 𝐹 in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is 𝑢-proper.

(ii) 𝐹𝑢 is a canonical solution in the set ℳ[T
(𝐹𝑢)
𝑛−1 ].

(iii) rankT
(𝐹𝑢)
𝑛 = 𝑛𝑞.

(iv) The set ℳ[T
(𝐹𝑢)
𝑛 ] is a singleton.

Proof. Recalling Corollary 4.2, the assertion follows from Proposition 6.3 along
with Theorem 4.1. □
Remark 6.5. Suppose that G is a non-singular (𝑛 + 1)𝑞 × (𝑛 + 1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Because of Proposition 6.3 and Theorem 6.1

one can see that, for each 𝑢 ∈ 𝕋, there exists exactly one canonical solution in
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which is 𝑢-proper.

Obviously, similar to Corollaries 4.3 and 4.4, by Proposition 6.3 and The-
orem 6.1 one can deduce results in terms of the notion 𝑢-proper. In particular,
even if Problem (R) depends on the pole location of the given rational matrix
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functions (i.e., on the choice of the underlying points 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋), in
view of Theorem 6.1 one can see that the extremal solution which realizes equality
in (6.2) (resp., in (6.3)) has this property in some sense independently from the
concrete location of the poles. In fact, we get the following universality result.

Proposition 6.6. Suppose that 𝐹 ∈ ℳ𝑞,𝑛
≥ (𝕋,𝔅𝕋). Furthermore, let 𝑢 ∈ 𝕋. Then

the following statements are equivalent:

(i) 𝐹 is the solution inℳ[T
(𝐹 )
𝑛 ] such that equality holds in (6.2) (resp., in (6.3))

concerning the special choice of 𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛.
(ii) There are points 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ∖𝕋 and a basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the right

ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 , where 𝐹 is the solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0]

such that equality holds in (6.2) (resp., in (6.3)).

(iii) 𝐹 is the solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0] such that equality holds in

(6.2) (resp., in (6.3)) for every choice of points 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 and
every basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 .

Proof. Recalling Theorem 1.1, the assertion follows from Proposition 6.3. □
Corollary 6.7. Suppose that G is a non-singular (𝑛+1)𝑞×(𝑛+1)𝑞 matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0], where

𝐹 ({𝑢𝑠}) ≥ 𝐻({𝑢𝑠}), 𝑠 ∈ ℕ1,ℓ,

holds for each 𝐻 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] with some integer ℓ ∈ ℕ and pairwise

different points 𝑢1, 𝑢2, . . . , 𝑢ℓ ∈ 𝕋.

(a) Then ℓ ≤ 𝑛+ 1 and 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

which is 𝑢𝑠-proper for each 𝑠 ∈ ℕ1,ℓ.
(b) If ℓ = 𝑛+ 1, then 𝐹 admits (4.5). In particular, in this case, the canonical

solution 𝐹 in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is totally proper.

(c) Suppose that ℓ ∕= 𝑛+ 1. Then there is some 𝑢 ∈ 𝕋 ∖ {𝑢1, 𝑢2, . . . , 𝑢ℓ} such that
equality holds in (6.2) (resp., in (6.3)) if and only if

𝐹 ({𝑢}) ≥ 𝐻̃({𝑢}), 𝐻̃ ∈ℳ[T
(𝐹 )
𝑛−ℓ],

where 𝐹 is defined by (4.6). In particular, for some 𝑢 ∈ 𝕋 ∖ {𝑢1, 𝑢2, . . . , 𝑢ℓ},
the canonical solution 𝐹 in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is 𝑢-proper if and only

if 𝐹 is a canonical solution in the set ℳ[T
(𝐹 )
𝑛−ℓ] which is 𝑢-proper.

(d) The equality 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞 holds for each 𝑠 ∈ ℕ1,ℓ, where 𝐹 # stands for
the reciprocal measure corresponding to 𝐹 .

Proof. Taking Theorem 6.1 into account, the assertion is a consequence of Propo-
sition 6.6 along with Corollary 4.5. □
Corollary 6.8. Suppose that G is a non-singular (𝑛+1)𝑞×(𝑛+1)𝑞 matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which

admits (3.17) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence
(A𝑠)

𝑟
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices. Then 𝑟 = 𝑛+ 1 and 𝐹 admits

(4.5), where the points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 are pairwise different. In particular, 𝐹 is

A. LasarowB. Fritzsche, B. Kirstein and



Maximal Weight Solutions of a Rational Matrix Moment Problem 295

a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which is totally proper and

𝐹 ({𝑢𝑠}) ≥ 𝐻({𝑢𝑠}), 𝑠 ∈ ℕ1,𝑛+1,

holds for each 𝐻 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], but then 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞 is satisfied,

where 𝐹 # stands for the reciprocal measure corresponding to 𝐹 .

Proof. Taking Theorem 6.1 into account, the assertion follows from Proposition 6.6
in combination with Proposition 4.7. □
Corollary 6.9. Let 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 be pairwise different, let (A𝑠)

𝑛+1
𝑠=1 be a

sequence of positive Hermitian 𝑞 × 𝑞 matrices, and let 𝐹 be the measure fulfilling
(3.17) with 𝑟 = 𝑛+1. Then 𝐹 ∈ℳ𝑞,𝑛

≥ (𝕋,𝔅𝕋) and G
(𝐹 )
𝑋,𝑛 is a non-singular matrix.

Moreover, if 𝑠 ∈ ℕ1,𝑛+1, then the inequality(
𝐴(𝛼,𝐹 )
𝑛,𝑢𝑠

(𝑢𝑠)
)−1 ≥ 𝐻({𝑢𝑠})

(
resp.,

1

det𝐴
(𝛼,𝐹 )
𝑛,𝑢𝑠 (𝑢𝑠)

≥ det𝐻({𝑢𝑠})
)

is satisfied, for each 𝐻 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0], where equality holds if and

only if 𝐻 coincides with 𝐹 , and there again 𝐹 #({𝑢𝑠}) = 0𝑞×𝑞, where 𝐹 # stands for
the reciprocal measure corresponding to 𝐹 . In particular, 𝐹 is a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which is totally proper.

Proof. Recalling (3.2) and Theorem 6.1, the assertion follows from Proposition 6.6
in combination with Corollary 4.9. □
Corollary 6.10. Suppose that G is a non-singular (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 be a canonical solution in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let

𝐹𝑢 := 𝐹 − 𝜀𝑢𝐹 ({𝑢})
for some 𝑢 ∈ 𝕋. Then the following statements are equivalent:

(i) The canonical solution 𝐹 in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is totally proper.

(ii) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence
(A𝑠)

𝑟
𝑠=1 of positive Hermitian matrices.

(iii) 𝐹 admits (4.5) with some pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋.
(iv) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a se-

quence (A𝑠)
𝑟
𝑠=1 of non-negative Hermitian 𝑞 × 𝑞 matrices.

(v) There is a solution 𝐹 ∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] fulfilling the representation

𝐹 =

𝑟∑
𝑠=1

𝜀𝑢𝑠A𝑠

for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of

non-negative Hermitian 𝑞 × 𝑞 matrices, where 𝐹 ({𝑢1}) = 𝐹 ({𝑢1}).
(vi) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the measure 𝐹𝑢 is a canonical solution

in the set ℳ[T
(𝐹𝑢)
𝑛−1 ].

(vii) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the identity rankT
(𝐹𝑢)
𝑛 = 𝑛𝑞 holds.

(viii) For each 𝑢 ∈ 𝕋 with 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, the set ℳ[T
(𝐹𝑢)
𝑛 ] is a singleton.
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Moreover, if (i) is satisfied and if 𝑢 ∈ 𝕋 is chosen such that 𝐹 ({𝑢}) ∕= 0𝑞×𝑞 holds,
then equality holds in (6.2).

Proof. Use Proposition 6.6 in combination with Corollary 4.10. □
Corollary 6.11. Suppose that G is a non-singular (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which admits

(3.17) for some 𝑟 ∈ ℕ, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence (A𝑠)
𝑟
𝑠=1 of non-

negative Hermitian 𝑞 × 𝑞 matrices. Furthermore, let

𝐹𝑢,A := 𝐹 + 𝜀𝑢A,

where 𝑢 ∈ 𝕋∖{𝑢1, 𝑢2, . . . , 𝑢𝑟} and A > 0𝑞×𝑞. Suppose that 𝑌0, 𝑌1, . . . , 𝑌𝑛+1 is a ba-

sis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛+1. Then 𝐹𝑢,A belongs toℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋) and the

matrix G
(𝐹𝑢,A)
𝑌,𝑛+1 is non-singular. Moreover, the following statements are equivalent:

(i) det𝐴
(𝛼,𝐹𝑢,A)
𝑛+1,𝑢 (𝑢) =

1

detA
.

(ii) 𝐴
(𝛼,𝐹𝑢,A)
𝑛+1,𝑢 (𝑢) = A−1.

(iii) 𝐹𝑢,A({𝑢}) ≥ 𝐻({𝑢}) holds for each 𝐻 ∈ ℳ[(𝛼𝑗)
𝑛+1
𝑗=1 ,G

(𝐹𝑢,A)
𝑌,𝑛+1 ; (𝑌𝑘)

𝑛+1
𝑘=0 ].

(iv) 𝐹𝑢,A is a canonical solution inℳ[(𝛼𝑗)
𝑛+1
𝑗=1,G

(𝐹𝑢,A)
𝑌,𝑛+1;(𝑌𝑘)

𝑛+1
𝑘=0 ] which is 𝑢-proper.

(v) 𝐹𝑢,A is a canonical solution in ℳ[(𝛼𝑗)
𝑛+1
𝑗=1 ,G

(𝐹𝑢,A)
𝑌,𝑛+1 ; (𝑌𝑘)

𝑛+1
𝑘=0 ].

(vi) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Proof. Apply Theorem 6.1 and Proposition 6.6 along with Proposition 4.11. □
It is possible that the inequality in (6.2) is fulfilled for some solutions in the

strong sense. In the following, some information on this situation will be given.

Proposition 6.12. Suppose that G is a non-singular (𝑛+1)𝑞×(𝑛+1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

If 𝐹 ∈ ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋) and if 𝑢 ∈ 𝕋, then(

𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
> 𝐹 ({𝑢}). (6.5)

There again, if 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and if 𝑢 ∈ 𝕋

is chosen such that 𝐹 ({𝑢}) ∕= 0𝑞×𝑞, then (6.5) does not hold. In particular, if 𝐹 is
a canonical solution, then there exists a 𝑢 ∈ 𝕋 such that (6.5) does not hold.

Proof. Let 𝑢 ∈ 𝕋 and suppose that 𝐹 belongs toℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋). Furthermore, let

𝛼𝑛+1 ∈ ℂ ∖𝕋 and let 𝑌0, 𝑌1, . . . , 𝑌𝑛+1 be a basis of the right ℂ
𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛+1.

Thus, Theorem 1.1 and 𝐹 ∈ ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋) imply that the matrix G

(𝐹 )
𝑌,𝑛+1 is

non-singular. Besides, an application of [20, Corollary 4.7 and Lemma 5.1] yields

𝐴
(𝛼,𝐹 )
𝑛+1,𝑢(𝑢) > 𝐴(𝛼,𝐹 )

𝑛,𝑢 (𝑢) > 0𝑞×𝑞.

Consequently, based on (3.2) and Theorem 6.1 with respect to the solution set

ℳ[(𝛼𝑗)
𝑛+1
𝑗=1 ,G

(𝐹 )
𝑌,𝑛+1; (𝑌𝑘)

𝑛+1
𝑘=0 ] we get(

𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
=
(
𝐴(𝛼,𝐹 )
𝑛,𝑢 (𝑢)

)−1
>
(
𝐴

(𝛼,𝐹 )
𝑛+1,𝑢(𝑢)

)−1 ≥ 𝐹 ({𝑢}).
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Thus, we have shown that (6.5) is fulfilled for each 𝑢 ∈ 𝕋 in the case that 𝐹

belongs to ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋). Finally, we consider the case that 𝐹 is a canonical

solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Furthermore, suppose that 𝑢 ∈ 𝕋 is chosen

such that 𝐹 ({𝑢}) ∕= 0𝑞×𝑞 holds. Obviously (note (2.2)), there exists such a point 𝑢.
So, we find some x ∈ ℛ(𝐹 ({𝑢})) ∖ {0𝑞×1}. From [25, Proposition 4.7] (cf. part (b)
of Theorem 3.9) we obtain the identity

𝐹 ({𝑢})𝐴(𝛼)
𝑛,𝑢(𝑢)x = x. (6.6)

Since x ∕= 0𝑞×1 and since the matrix 𝐴
(𝛼)
𝑛,𝑢(𝑢) is non-singular (cf. (3.3)), the vector

y := 𝐴
(𝛼)
𝑛,𝑢(𝑢)x is not equal to 0𝑞×1 as well. In view of (6.6) we also have(

𝐴(𝛼)
𝑛,𝑢(𝑢)

)−1
y = x = 𝐹 ({𝑢})𝐴(𝛼)

𝑛,𝑢(𝑢)x = 𝐹 ({𝑢})y.

In particular, y ∈ ℂ𝑞×1 ∖ {0𝑞×1} satisfies
y∗(𝐴(𝛼)

𝑛,𝑢(𝑢)
)−1

y = y∗𝐹 ({𝑢})y.

This implies immediately that (6.5) does not hold for this case. □

Corollary 6.13. Suppose that G is a non-singular (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞 matrix such
that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Furthermore, let 𝑧1, 𝑧2, . . . , 𝑧𝑛+2 ∈ 𝕋 be 𝑛 + 2

pairwise different points and let 𝐹∈ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] be such that the value

𝐹 ({𝑧𝑠}) is non-singular for all 𝑠 ∈ ℕ1,𝑛+2. Then (6.5) holds for each 𝑢 ∈ 𝕋.

Proof. Since the choice of 𝐹 leads in view of [18, Remark 5.12 and Theorem 6.11] to

𝐹 ∈ ℳ𝑞,𝑛+1
≥ (𝕋,𝔅𝕋),

the assertion is a simple consequence of Proposition 6.12. □

The particular case studied in Corollary 6.10 is far from the general situation
in a sense (see Example 5.8), but significant for the scalar case 𝑞 = 1. In fact,
with a view to Remark 4.14 one can see the following. (Note that, for 𝑞 = 1, the
differentiation between canonical solutions, canonical solutions which are proper,
and canonical solutions which are totally proper is not needed.)

Remark 6.14. Let 𝑛 ∈ ℕ and 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖𝕋. Suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛

is a basis of the linear space ℛ𝛼,𝑛 and let G be a non-singular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let 𝐹 # be the

reciprocal measure corresponding to 𝐹 . By Theorem 6.1 and Proposition 6.6 along
with Remark 4.14 one can conclude that the following statements are equivalent:

(i) 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) There exists some 𝑢 ∈ 𝕋 such that the inequality 𝐹 ({𝑢}) ≥ 𝐻({𝑢}) holds for
each 𝐻 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(iii) There exist 𝑛 + 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 such that
𝐹 ({𝑢𝑠}) ≥ 𝐻({𝑢𝑠}) for all 𝑠 ∈ ℕ1,𝑛+1 and all 𝐻 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(iv) 𝐹 admits (3.17) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑢1, 𝑢2, . . . , 𝑢𝑟 ∈ 𝕋, and a sequence
(A𝑠)

𝑟
𝑠=1 of non-negative real numbers.
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(v) 𝐹 # is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0].

(vi) There exists some 𝑧 ∈ 𝕋 such that the inequality 𝐹 #({𝑧}) ≥ 𝐻#({𝑧}) holds
for each 𝐻 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0].

(vii) There exist 𝑛 + 1 pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛+1 ∈ 𝕋 such that
𝐹 #({𝑢𝑠}) ≥ 𝐻#({𝑢𝑠}) for 𝑠 ∈ ℕ1,𝑛+1 and all 𝐻 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0].

(viii) 𝐹 # admits (4.8) for some 𝑟 ∈ ℕ1,𝑛+1, points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence
(A#

𝑠 )
𝑟
𝑠=1 of non-negative real numbers.

This reasoning yields also that, if (i) holds and if 𝐹 ({𝑢}) ∕=0 for some 𝑢 ∈ 𝕋, then
𝐹 ({𝑢}) > 𝐻({𝑢}) for each 𝐻 ∈ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∖ {𝐹}, but 𝐹 #({𝑢}) = 0.

In particular, for 𝑞 = 1, Remark 6.14 shows that the weights of the reci-
procal measure corresponding to a solution 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] which

fulfills (6.2) with equality are extremal in this regard concerning the solution set
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G#; (𝑋𝑘)

𝑛
𝑘=0] and associated mass points as well. Note that Exam-

ple 4.13 points up that this is a special feature of the scalar case 𝑞 = 1.
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